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PREFACE.

[1.] Ths volume w>w offmd lo the pubUe ie designed as an M8i*>

tanoe to-thoM penoDs vbo ouy be dbpoaed to study and to em«
ploy a oertain ' oeir nMthematioal iDetbod» which has* for some

yean paat^ occupied much of my own attention, and for which I

have ventured to prupoiie the name of the Method or Caiculuii of

(^tiatemioiis. Although a copious analytical index, under the

tortn of a i able of Contents* will be found to have been ^reiijced

to the work, yet it seems proper to offer here some general and

prelifluoary*' lemarks: espeeiaUy aa regards that eoaeeptioo from

vhklithe whole has been gradually evolved* and the motives for

giving lo the resulting method an appellation not previously in

use.

[2.] The difficulties which so uiaiiy have felt in the doctrine

of Negative and Imaginary Quantities in Algebra foreed tlum-

selvea long ago on my attention; and although I early formed

some aequaintance with various views or suggesUons that bad

been proposed by eminent writers* for the purpose of removing

*taM ffwidiri aajfiad it eonvMiient topaw evw for tbe pnmak tbm pr^
flktory reaiarkiyMid to proceed at ooce to tbo VolanMb of whiefa a largo parthoe

boea drawn np eo as to suppose less of pronoof and todinical preparation than

OOBO of the paragraphs of tbie Pr«fMO> ladaod, great pains have been taken

to render the early Lectures as elementary as the subject would allow ; and it

is hoped th.it lh<»y will b*> found perfectly and oven eatilv intfl!ij^'»hl»> hy persons

of motlpi :it ( '-(itntific at i ;iiiiment'«. It is trn«» that some ol the subM-qii nt \mr-

tion^ ol ihf Course (fs]>.-i ialiy parts nfihi' mrn [uiiing I.»ecturff) maj pu.'.^Ujljr

appear difficult, from the novel nature ot thv caU-ulations employed: but perhaps

en that very acconot tfioee later portioa* may repay the attention of nore ad-

faaoed aatheMitkal itodepta.

a
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or eluding tiiose diflficulties (such as the theory of direct and in-

verse quaiiiiiies, and of indirectly correlative figures, the method

of constructing imaginaries by lioes drawn from one point with

varioos directions in one plane^ and the view which refers all to

the mere play of algebraical operations) and to the properties of

symbolical Unguage), yet the whole subject still appeared to roe

to deserve additional inquiry, and to be susceptible of a more

complete elucidation. And while a«^reeing with those who had

contended that negatives and imaginaries were not properly

quantities at all, I still felt dissatisfied with any view which

should not give to them, from the outset, a clear interpretation

andmeontii^; and wished that this should be done, for the square

roots ofnegatives^ without introducing considerations »o expreutjf

geemetHeeUi as those which involve the eonception of an an^le*

U early appeared to me that these ends might be at-

tained by our consenting to retrrird Algebra as being^ tio mere

Art, nor Language^ nor pninariiy a Science of Quantity ; but

rather as the Science of Order in Progression. It was, how-

ever, a part of ibis conceptic^, that the proffrtasitm here spoken

of was understood to be eonHnitous mduntdimeimanai: extend-

ing indefinitely^noorif and backward^ but not in any lateral

direction. And although the successive sttttes of such a progres-

sion might (no douht) be represented by points uj>i>n a line, yet

I thout^ht that their simple successiveness was better conceived

by comparing them with moments of lime, divested, however, of

all reference to came and effect s so that the <*time" here consi-

dered might be said to be abstract, ideal, orjwre, like that space"

which is the object ofgeometry. In this manner I was led, many
years ago, to regard Algebra as the Scibncb of Purb Time ;

and an Essay,* containing my views respecting it as such, was

pubiishedt in 1835. IfI now reproduce a few of the opinions put

• Tbnory of Conjugate Functions, or Algohrai?' Tonplos; with a Freliminary

and Elementary Essay on Algebra a>s thf Science of Pure Time. (Read Novem-
ber 4th, 1833, aiid June Ist, 1835)—Transactions of the Royal Irish Academj,

VoL XVII.. Part u. (Doblin. 1835), pages 2d3 to 422.

f I WIS eaooqrag«d to «nt«rtsiii siid pobHdi thii Tiew, by ramemlwriiig some
passages in Kaat'a Critldsm of the Poro Bomob* whieh sppesred to JosUfy the

•xpectatioii that it thould be poMle to ooottruet, ^ pHorif a Bcieiiee of Time,
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forward in that early Essay, it will be simply because they may
assist the reader to place himself in that point of view, as regards

the first elements of tUgebrOf from which a passage was gradually

made by me to that comparatively geametrieal conception which

it is the aim of this volume to unfold. And with respect to any-

thing unusnal in the interpretations thus proposed, for some sim-

ple and elementary notations, it is my wish to be understood as

not at all insisting on them as necessary^* but merely proposing

them as consistent, among themselveSy and preparatory to the

Study of tlic quaternions^ in at least one aspect of the latter.

[4.] In the view thus recently referred to, if the letters a and

B were employed as datUt to denote any two momtnts of time»

which might or might nothe distinct, the ease ofthe coincidence or

identUy of these two moments, or of equivalence of these two

dates, was denoted by the equation,

bb a;

which symbolic assertion was thus interpreted as not involving

any orujinal reference to quantity^ nor as expressing the result

as well as a Science of Space. For example, in his Transcendental /Ivsthetic,

Kant obst^rvea :— " Zeit und Rautn sind demnach 2wey ErkenntDlssquelleu, aus

denfin a^TMri vmclii«d«iie synthetiiolie BrkenntnisM gMdiopfl werden konnfln,

trie TOTMlinfidi^ reiae Mathenuttik ia Aiuehang der BrkanntiiiaMTom Rftome

xaA dMMn Verhiltiilswii eiii glioModet Bejspial gibt Sle siod ninlleh bdde

maouiMngMKMBiiieD reim Fomen idlflr wudicheii Antcfaairoiig, and nadieii

dadurdi syiitiiettfcbe 8iitM apHoH moglich.* Which inaj b« ruddy rvndered

thus Time aod Space are therefore two knowledge- sources, from which

different synthetic knowled;:;^os can be d priori derivod, as emincnUy in reference

to tht> knowU'clc''^ of space and of its relations a brilliant example is given by the

pur^» mathr rnatics. For they are. both together [space and time], pt^rp forms of

all s( nvuous intuition, and make thereby synthetic positions a prtori possible."

^Critik der reinuu Veruuatt, p. 41. Seventh Edition. Leipjiig: 1828).

• For Axample, the usual ideatitj (a- a) + a = b, which in the older Essay

was iaterpreted with refereaoe to Hnu, as ia paragraph [8] of this Prefhce^ tha

latter* A and a denotiag mm«ni»f it ia the present work (Lectore L, artiolaSS)

iaterpMCed, oa an aaalogona plaft indeed, hat with a refereaee to ijpaee, the lei-

tendeaoting pobU$, Still it will be peroei^ed that there exists a elose oonnezion

between the twa Tiewe t a tfcp, in each, being conceiTed to be applied to a afafe

of a progressloni so n<! to generate (or conduct to) another state. And generally

I think that it may be found useful to compare (he interpretations of which a

sketch it giTon in the present Preface, with those proposed in the body of the

worlc
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of any comparitoii between two dmratknu as measnred. It cor-

responded to the conception of simultaneity or synchronism ; or,

in simpler \voriIs,it represented tjie thought of the pres< nt in time.

Of all possible answers to the general question, ^''Whetiy" the

• nmpktt is the aMwer, " Now i" and U was the attitude qfwUmlf

aNomed la the making of tbie nniwer, wliiefa (in tlie ayateai bere

described) miglit be said lo be originally symbolised by tbe

egwuiom obof« written. Aad» in like manner, tbe two ibmaki
of non-cqui?alence,

were interpreted^ without any primary reference to qoantity, as

denoting tbe two contrasted rebttons of subsequence and ofpre-

eedmce^ which answer to the thoughts ofthefitture and thepaH
fn time; or as expressing, simply, the one that tbe moment B*is

conceived to be later than a, and the other that b is carUer than

A : without yet introducing even the concej>(iun of a measure, to

determine how much iaier, or bow much earlier^ one moment is

than the other.

[5.] Such having been proposed as thefirst meanings to be

assigned to the three eleiMiitary marks - it was next sng^

gested that theJlrsi use ofthe mark in constructing a sdetux

ofpure time, might be conceived to be the forming of a complex

symbol b - a, to denote the difference between two i/ioments, or

the ordinal relation of the moment b to the moment a, whether

that relation were one of identity or of diversity ; and if the lat-

ter, then whether it were one of subsequence or. of precedence,

and in whatever degree* And Aere, no doubt, in attending to

the degree of such diversity between two moments, the eonoep-

tion of duration, as quantity in time, was introduced : the JuU
meaning of the symbol B - a, in any particular application, being

(on this plan) not known, until we know how long after, or how
long before, if at ail, b is than a. But it is evident that the no-

tion of a certain guoHtif (or kind) of this diversity, or interval,

enters into this conception of a difference between moments, at

least as fully and as soon as the notion of quantUyf amount, or

duration. The contrast between the Future and the Past appears

to he even earlier and more fundamental, in human thought, than

that between the Great and the Little.
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[6 ] After comparing moments, it \vas easy to proceet? to

compare relations; and in this view, by an extension ot the recent

aigoificatioB [4] of the tiga it wm «sed to denote anahffg in

tnae; or, more pfeebely, to cxpmstlie cgnioflrfawcg q^lm mohb
coMam «nftMl rBteibii, bcCWMi iwapain of iMiMBti*

Tim* tiie Ibtmula,

D - C = B - A,

cuDo to lie interpreted as deDodng an equality hUweem two

imtervah in time ; or to express that tiM moment o is reiaUd

to the moment c, exactly as b is to a, with respect to identity

or diversity : the rjU(uUi(i/ and quality of such diversify (when

it exists) being iiere both taken into account. A formula of

this sort was shewn to admit of imtenioH and altemaUm
(c-B*A-By o-b-c-a); and generally there eould be per-

formed a number of iranifcrwuiiiom and ccmMnatiimM of equa-

tions soch as these, which all admitted of being interpreted and

Justijied by this mode of viewing the subject, but which agreed

in all respects with the received rules of algebra. On the same

plaOf the two oontiasted formalm of inequalities of differences,

D-C<B-A,"

were interpreted as signifying, the one that o was iater^ rtUUioel^

to than b to a; and the other that d was relaiivei^ earlUr.

[7.] Proceeding to the mark I used this sign primarilyn
a matfc of combinatbn between a symbol, such as the smaller

Roman letter a, ot a sltp in timt , and ihe symbol, such as a, of

the momentfrom wiiich this &ltp was conceived to be made, in

order to form a complex symbol, a + a, recording this conception

oftranaHum^ and denoting the moment (suppose b) to which the

step was supposed to conduct Tlpe step or transition here

spoken ofwas regarded as a mtnial oft^ which might as easily be

supposed to conduct backwards asforwardt in the progresuon of

time; or eyen to be a null step, denoted by 0, and producing no

effect (0 + A « a). Thus, with these meanings of the signs, the

notation

B-a-i-A,

denoted the cOMcptton thai the nonent b might be attmimedf or
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(6)

mentally generated, by making (in thought) the step a Irom the

moment a. And it appeared to me that without ceasing to re-

gard the symbol B ~ a as denoting, in one view [5], an ordinal

relation between two moments, we might aUo use it in tbe co»-

meted sefiie of denoting this siqffrom one to another : wbieh

would allow us (ss io ordinary algebra) to writey with the leoent

suppontions,

B~A :»a;

the two members of this new equation being here symbols for

one common step.

[8.] The usual identity,

came thus to be interpreted as signifying primarily (in tbe

Science of Pure Time) a certain coiicciveil ron/ifrion lietweeii the

operations, of determining the difference between two moments

as a relation^ and of applying that difference as a itep. And tbe

two other fiimiliar and connected identities,

C - A = (c - b) -f (b - a), c - b = (c - a) - (b - a),

were treated* on tbe same plan, as originally signifying certain

eompot$Hon$ and deeompomHone of ordinal relations or of steps

in time. A special symbol for opposition between any two such

relations or steps was proposed ; but it was remarked that the

more usual notations, + a and - a, for the step (a) it«elf, and for

tbe opposite of that step, might, in full consistency vv itii the same

general view, be employed, if treated as abridgments for tbe more
complex symbols 0 + a, 0 - a : the latter notation presenting here

no diflBculty of interpretation, nor requiring any attempt to con-

ceive the ntbtraction of a quantity from nothing^ but merely tbe

decomposition ofa ntUl step into two opposite steps. But opera-

tioii^ on steps, conducted on this plan, were shewn to agree in

all respects with the usual rules of algebra, as regarded Addition

and Subtraction.

[9«] One time-step (b) was next compared with another (a),

in the way of algebraic ratio^ so as to conduct to the conception

ofa certain complex relation (or quotient)^ determined^partly by
their relativelar^nese, but partly also by their relative direction ^
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as similar or opposite; and to the closi^ly connectecl conception of

an algebraic number (or muHfpHer}^ which operates at once on

the qaantity and on the direction of the one step (a), so as to

produce (or mentally generate) the quantity and direction of the

other step (b). By a combination of these two conceptions, the

usual identity,

b , , ,-b »

-xa-b, orbsaxa» if-^n^
a a

received an interpretation ; the factor a being a positive or a coii-

ira-positive (more commonly called negative) number, according

as it preserved or reversed the direction of the step on which it

operated. The four primary operations, for combininsc any two

such ratios or numbers or factors, a and by among themselves,

were defined by four equations which may be written thus, and

which were indeed selected from the usual formolsD of algebra,

but were employed with new interpretations:

(6 + a) > a = X a) + (a X a) ; (6 - a) x a = (^» x a) - (a x a)

;

(6 X a) X a-> 6 X (a X a) ; 6 -s- a - (6 x a) -s- (a x a)»

[10.] Operations on algebrme numbers (posttire or contra-

positive) were thiis made to depend (in thought) on operations

of the same names on steps; which were again conceived to in-

. volve, in their ultimate analysis, a reference to comparison of

moments. These eonceptions were found to conduct to results

agreeing with those usually received lo algebra ; at least when 0
was treated as a symbol of a null numbert as well as of a null step

[7], and when the symbols, 0 + a, O-a, were abridged to -fa

and - a. in this view, there was no difficulty whatever, in in-

terpreting ihe product of fico negative numbers, as beirjg equal

to a positive number : the result expressing simply, in this view

of it, that two successive reversals restore the direction of a step*

And other difficulties respecting the rule ofthe signs appeared

in like manner to fiiU away, more perfectly than had seemed to

me to take place in any view of algebra, which made the thought

of quantity (or of magnitude) the primary or fundamental con-

ception.

[11.] This theory of algebraic numbers, as ratios of steps in

time, was applied so as to include results respecting powers and
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voot» and lagaiiyiiBt : bol wluit it w at pvemt chkfly inportant

to ohmm ii» that beeaniey Ibr the leMOs jutt assigned, the

square of every number is positive^ therefore no number^ whether

positive or neg^ative, could be a square root ofa negative num-

ber, in this any more than in other views of algebra At kast

it was certain that no single number, of the kinds above coo-

sideiedy could possibly be such a root : but I thought that with-

out going oat of the tame general ekuB of iaterpretationsi and

especially witho«il eea«ng to lefer all to the notion of lime, ex-

plained and guarded as aboye, we might conceive and compare

couples of moments ; and so derive a conception of cou2)les of

steps (in time), on which might he founded a theory of couples

qfnumberSf wherein no such diihcuUy should present itself.

[12.^ In this extended view* the symbols and Aa being

employed to denote the two moments of one such pair or conple,

and B|» Bt the two momenta of another pair, I waa led to write

the formnla^

(Bu B») - (Ai, Aa) = (Bi - Ai, B, - A^ ;

and to explain it as expressing that the complex ordinal relation

of one moment-couple (Bi, Bj) to anoiher moment-couple (ai, Aj)

might be regarded as a reiatt'otircouple ; that is to say, as a sys-

tem qftwo ordinal relations , Bi - Aa and Bt-At, between the c#r-

re^HntBRng momenU of those two moment-couples : the primarg

moment b^ of the one pair bsing compared with the primary mo-
ment Ai of the other; and, in like manner, the secondarymoment
B« being eompared with the secondary moment Aj. But, Instead

of this (analytical) comparison ot moments with moments, and

thereb) ot with pair, 1 thought that we might also conceive

a (synthetical) generation [7] of one pair of moments from ano^

ther, by the application o£tLpair ofsteps [1 1j« or by what might
be called the addition (see again [I]), of a ^l^p-cony^i^ to a mo-
ment^ouple ; and that an interpretation might thus be given to

the foUowbg identity, in the theory of couples here referred to:

(b„ b.) - |(b„ - (ai, a,)) + A,),

And other results, respecting the compositions and decomposi-

tions of single ordinal relations, or of single steps in time, such
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*

as those referred to in paragraph [8] of this Preface, were easily

extended, in like manner, to the corresponding trLatinent ofcowi-

pUx relations, and of complex steps^ of the kinds above described.

[13.] There was no difficulty in interpreting, od this plan^

such fonnulsB of multiplicaium and divisianf as

a X (ai, a,) « (oai, oa*) ; (aai, aa») -j- (ai, a*) «a;

where the symbols a,, aj denote any two step^ in time, and a any

number, positive or neg^ative. But the question bt^canie leas

easy, when it was required to interpret a symbol of the form

(bi, bj) -i- (at* Si).

where bt» b« denoted two steps which could not be derived from

the two steps ai, at, through multiplication by anp tingle numheTf

sueh as a. To meet this case, which Is indeed the general one

in this theory, I was led to introduce the conception [H ] ofnum^

ber-coupleSy or of pairs ofnumbers, such as (a,, a^ ; and to re-

gard every single number {a) as being 'Adeyencrnte form of such

a number-couple, namely of (a, 0); so that the recent formula,

for the muUipHcaiion ofastep^ouple by a number^ might be thus

wiitteo

:

(«„ 0) (a„ a,) « (fl, at, Ui a,).

It appeared proper to establish also the following formula, for the

muiiipUeaiion ofa primary siep^ by an arbitrary number-couple:

(flii Ot) (ai, 0) = (Oi ai, Oi aj

;

and to regard every such number-couple as being the sum of two

others, namely, of u jyure prinuarff and a pure neondarg^ .as fol-

lows :

{flu Oi) = (cii, 0) + (0, aj) :

the analogous decomposition ofa stepMsouple having been already

established.

[14 ] The difficulty of the general multiplication of a step-

couple by a number-cuuple came thus to be reduced to that of

aadgning the product of one pure secondary by another : and the

spirit of this whole theory of couples led me to eonceive that, for

•och a product, we ought to have an expression of the form,

b
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(10) l^HKFACS.

(0, Ot) (0, a,)-(7ia,aa» y»(h^)i

the coefficients yi and yt beings some two constant nmnbers, in**

dependent of tlie step a^, and of the number r/a : which two coef-

ficients I prof>osed to cull the constants of multiplication. These

constants might be variously assumed: but reusons were given

for adopting tbc following selection* of valuesi as the basis of all

Bitbsequent operations

:

yt-0.

In this way, the required law of operationj of a general number-

oottple on a general step-eouple, as multiplier on multiplicand,

was found, with ihb choice of the catutants, to be eipressed by

the formula:

Ot) a») = (fli a» - a, a», Oa ai + Oi ai).
*

And in fact it was easy, with the assistance of this formula, to

interpret the quotient [13] of two step-pairs^ as being always

equal to a number-pair, which could he definitely assigned, when

the ratios of the four single bleps were given.

[15.] With these conceptions and notations, it was allowed to

write the two following equations

:

(1, 0) (a, b) = (a, b) J (0, 1) (a, b) = (- b, a);

and I thought that these two factors, (1, 0) and (0, 1), thus used,

might be called respectively the primary unity and the eeeondary

unity of number, ll was proposed to establish, by definition, for

the chief operations on number-pairs, a few rules which seemed-

to be natural extensions of those already established for the cor-

responding operations [9] on HngU numbere : and it was seen tha't

because

(0, 1) (-b, a)-(-a.-b)-(-l, 0) (a, b),

we were allowed, as a consequence of those rules, or of the con*

ception which had suggested them, namely, (compare [33] ), by

a certain abstraction of operators from operand, to establish the

formula,

(0, 1)» = (-1,0) = -1.

* In tome of mj nnprintcd invettlgationt, other •eleetiont of tboM eonstsatt

were employed.
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A new and (as I thought) clear interpretation was thus assigned,

for that well-known expression in algebra, the square root of ne-

gative unity : for it was found that we might consistently write,

on the foregoing plan,

(0, l) = (-l,0)» = (-.l)*-l/ir;

without anything obscure, impossible, or tmn^'fiai^y, heingin aDy

way inTolved in the conception.

[16.] In words, if after nvermg the direction of the tteond

of any two steps, we then transpose them, as to order; thus

making the old but reversed second step the Jirsi of tlie new ar-

rangement, or of the new step-cooplc ; and makino^, at the same

time, the old and unreversed first step the second of the same

new couple; and if we then repeat this complex process of rever-

sal and transposition, we shall, upon the whole, have reHored the

order of the two steps, but shall have reversed the directian of

eoeh, Nowj it is the e&neehed opa^aior^ in this process of

passingfrom one pair of steps to another^ which, in the system

here under consideration, was denoted by the celebrated sym-

bol so often called imaginary. And it is evident that the

process, thus described, has no special reference whatever to the

notion of space, although it has a reference to the conception of

PBOOHBSSiON* The symbol - 1 denoted that nboativb unit of

number, of which the effect, as a^^foi*, was to change a eingU

step (+ a) to its own opposite slip
(

a) ; and because two such

reversals restorjBf therefore (see [lOJ ) the ubUiii algebraic equa-

tion,

(-1)^ = 4-1,

continued to subsist, in this as in other systems. But the symbol

was regarded as not at ail U$s real than those other symbols

-1 or 4 1, although operating on a different subject, namely, OA a
pair ofdeps (a, b), and changing them to a new pair, namely,

the pair (- b, + a). And theJbrin of this well-known symbol,

V- 1) as an expression (in the system here described) for what I

Jiad previously written as (0, 1), and had called (see [15] ) the

SBCONDABT VMiT of number, was justified by shewing that the

«ffeat of its operaHtm^ when twice performed, recereed each dq^
of the pair.
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[17.]* The more general expression of algebra* ai-^\/~\a»

for any (so called) imaginary root of a quadrade or other equa-

tion, was, on this plan, interpreted as being a symbol ot tlnj num-

ber'Couple which 1 had otherwise denoted by (<Zi, fls); and of

which the law of operation oh a Mtep'Couple had already [14]

been assigned : as also ihe analogous Uw» thenoe derived/ of its

muUiplieaium ^ amiher mumber-compUf namelyi that which is

expressed by the formula*

bt) (ai, «,) = (6ia, -6,0^ fctfi +

In this view, instead of saying that the usual quadrat equation,

where a and b are supposed to denote two positive or negative

numbers, has generally two roots, real or iincnjtnart/f it would

be said that this otherform of the same equation,

(», jf)» + (II, 0) (x, y) + (6, 0) « (0, 0),

is generally satisfied by two (real) nunUter'COuples } in which, ac-

cording to the values of a and 6, the secondary number (y) might

or might not be zero. An equation of this sort was called a com-

pU'equationf and was regarded as equivalent to a system oftwo

equations^ between numbers: for example, the recent giMnira/ic

couple-equation breaks itself up iutu the two following separate

equations,

«' + aa? + 6 = 0, 2xy ^ ay "Of

which ;i! w:iys admit of real and numerical solutions, whether Ja'-6
be a positiv^e or a negative number; the difference being only

that in the former case we are to take the factory » 0, of the ae»

• Tho principles of sudi derivation were only hinted at in the Essay of 1835
(see 403 oftheVolnmo ahovo cited): but it was perliaps ^ufliriontly ob-
vious liuit they depended ou the separation of Rynibols,"or on thu abstraction

of a common operand. (Compare paragraphs [15], [33j, of the present Preface.)

flLCaiiehj, in bis Coon Analyse (Paris, 1821, p^go 176), baa the re-

tnaxk Tirate ^oation imaginaire n^t que la repr^sentaUoo ^mboliqae de
deux iqtt»ti«as ratre qnantitte relies.** Tbat valnable work of M. Canehy wm
oirlj Icnown to me: bat it will baro boon porooived tbat I was Induced to look
at the wbolc subject of algebra from a aomewlint different pobt of tIow, mt leant

on tbo metapbjaical ride. At to tbe word " nnmbere,'* too n note to [SS].
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i'Aiii-ACE. (13)

cond equation oi the pair, whereas in the latter case we are to

take the otherfactor of that equation, and to suppose + a = 0.

And umilar remarks might be made on equations of higher or*

den: all notion of anything imaffinarpf unreal^ or impouible^

beio^ quite excluded from the view.

[18.] The same view was extended, so as to inelude a theory

of powers, roots, and logarithms of number-couples ; and espe-

cially to confirm a remarkable conclusion which my friend John

T. Graves, Esq., had communicated to me (and I believe to

others) in 1826, and had published in the Philosophical Transac-

tions for the year 1829 : namely, that tAe general tynUfolical

ju^euiamfir a iogariihm is to be eontidered a$ meohsmg two or-

bitrarp and ind^^entkni iniegen;^ the general logarithm of

unitgf to the Napierian base, being, for example, susceptible of

the form,

, - 2c»i' ir

*^«^"2u.^-V-l'

where e*' denote any two whole mimtov, positive or negative

or null. In fact, I arrived at an equivalent expression, in my
own theory ot number-coupies, under the iurm.

log (1,0)^ ^ ^

and generally an expression for the hgariikm^eoiupie^ with the

order M, and rank ^\ of any proposed numher-eaupk (yt, y,), to

any proposed htue-eouple (b^ bt), was investigated in such a way

aa to confirm! the redults of Mr. Graves.

* It !• proper to nwntioQ, that tetnlti tttbttuktially the tme, respeetfaig tb«

mlbrwmtm of two arUtrwrj wholo nombwi Into tbo gonend fom of• logarithm*

av« given byOhm.la tho aeeoBd Tohuoo of hii volmblowork* oatlUed : 'lYertadi

eines oUkommoo consequenten Systcmi dor BfothemotUi, Tom ProfOMOr Dr.

Martin Ohm" (BerM, 1820, Second Edition, page 440. I have not mod tho Artt

Edition). For other particulars respecting the history of such inTestlgattons,

on the subject of gmeral lor/nn'thmi, I must horo be content to rofor to Mr.

Grarcss iTih'f.'inriii l'a]h» r, ]irin(kil in the Prorpcdin?^^ of the Sections of the

British As.-ioviatiaa for the jear IbiH (Fourth lieport, pp. 523 to 531. Lon-

doa, 1835).

t Anotber oonAraiotioii ofthomm reaoltsi derired from a peculiar theory of

eonjugato ftwctiopa, had been oooumniootad by om to tho Brititb AMOoiodon
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[19.] After remarking that it was he who had proposed thste

names, of orders and ranks of logcurithmSy that early Essay ofmy

own, of which a very abridged (although perhaps tt tlious) account

has thus been given, continued and concluded as follows:—*

But because Mr. Graves employed^ in his reasoning, the usual

** prineiples respecting^ Jmaginofif QuanHHeg^ and was content

** to prove the symbolical necessity without shewing the interpret

tation, or inner meaning, ofhis formaI», the present J^ory of

Couples 19 published to make manifest that hidden meaning :

**and to shew, by this remarkai)Ie instance, that expressions

** which seem, according to commoi) views, to be merely symbo-

** lical, and quite incapable of being interpreted, may pass into

** the world of thoughts, and acquire reality and significanoe» if

** Algebra be viewed as not a mere Art or Language, bat as the

** Sdence ofPore Time.* The author hopes to publish heieafter

stBdlidniiilltinim^aiidnsylwftniidrBporCada^ ofllM

Seettoos for that year, at pp. 519 to 583 of tfaeVoloBie lately cited. The pirtitl

Aflbrential ** eqnalioiie of eo^jngatloB,* then glfen, liad, ae I afterwarde

l^ymed, pfeeented themselves to other writers: and the Bstaj on C<HijQgate

Fimetione, or Algebraic Cooplee," there mentioned, was considerably modified,

in many respects, before ite pdUieaUonin 1835, in the XreiiMetioiii ofthe Bojai

Irish Academy.
* Perhaps I ought to apologi/o for having thus rentured here to reprorlnce

(althoQgh only historically, and as marking the progress of ray own thonghts)

a view so little supported by scientific authority. I am ?ery willing to believe

that (thongh not unnsed to calculation) I may have habitually attended too little

to tlio fyM^fiMldiaraeter of Algebra, ae a Language^ er orgaideed eystem of

f%pt .* and toe mnch On proportion) to what I have been aeeoitonied to oon^dor

iti acMmffie charaeter, as a 0oetrine aaalogone to Oeometry, tbrongh the Kan-
tian paralMfiem between the tefiwftew of Tiiae and Spaee. This ie not a proper

opportmlty for seeking to do justice to the views of oChen, or tomj own, on a
subject of so great subtlety : especially since, in the present work, I have tbonght

it convenient to adopt t}iroii]!Thont a geometrical basis, for the exposition of the

theory and calculus of tlie Quiit* rmons. Yet I wish to staffs, that I (?o not do-

spair of being able hereafter to bhew that my own old views n ^ptn tin^^ A l^i bt ;i,

perhaps modified in some respects by subsequent thought and reading, ave nut

fundamentally and irreconcileably opposed to the teaching of writers whom 1

so mnflh respeet aa 0r«« Ohm and Peeooek, Tho '*Vereaoii,*'lto.,ofthe fomer
Ihave cited (the date of tho fini Volsiae oTIIm Beoood EdHton ia BotUb^
1898): and It need learodj bo eaid (at leaet to readere In these eouitrlaa^

that ny other nfocenee la to the AtgOrm (Caadwidge^ 1880)i the Rtpori on
drtamBrmukn ^^iia»wi,printed in the ThhdBepoH ofthoBritiA Aeaoein^
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"many other applications of this view; especially to Equations

**miid integrals* and to a Theory of Triplets and Sets of Mo-

tion for the Advancement of Sci'^nm (London, 1834); thf .irithmetical Algebra

(Cambridge, 1842); and tho SymboUcul Alyebra (Cambridge, 1845): all by

Uie Rev. Gt'org^e Peacock. 1 by no means dispute the possibility of constructing'

» consistent and useful sjstem of algebr^cal calculations, bj starting with the

aotka «f mCcyfPiniiiiitr ^ imfoldiiig that notion info its nooeuacy oonrnqnonoM;

tsprewdiig thoM oonaeqaeneeo with the help of tpAth, wliieh an alrendy ge-

nml in/bm, nithongh supposed at first to be lindted in their rfgnifioatlon, or

ooIm.- and then, by d^mHom, for the sake of tgmboUe peturalUjf, rsMOOM^ the rs-

airietion* frfildi tike original notion had imposed; and so resolring to aidpfi as

perfectly general in caleulation^ what had been only proved to be true for a cer-

tain subordinato and limitod extent of meaning, Such seems to be, at least in

part, the view taken by each of the two original and thoughtful writers who

have been referred to in the present Note : although Ohm appears to dwell moro

on the study of the relations between the fundamental operations, and Peacock

more on th« permemenee of eqaiTalentybmif. But I confess that I do not find my-

•elf able to irame a distfnot fiONe^pAnm of MmSer, withoutmm referenoe to the

thought of Hme, althoqgh tliis referenoe nay be of a somewhat ahstraot and

tranaoendentalldnd. I cannot myself as comIm^ any set of things, with^

ont first «ritn^ them, and treating them as sMceesmw .* however eafbUrmiy and

mmtal (or sii5/er/iOt) tlds assumed succession may be. And by consenting to

ftis^ with the abstract notion (or pure intuition) of time, as the basis of the ex-

position of those axioms and inferenre?* which are to he expressed bv the svnibols

of algebra, (;iltlMiii;_;h I grant that the commencing with the more familiar con-

ception of whole numhrr mny bo moro conronient for purposes of elementary in-

struction.) it still appears to me that an advantage would begsuned; because the

iMcessity for any merely tymboUcal extension of formula) would be at least conai-

derably postponed tliereby. In faefc (as lias been partly shewn abore), negative

woold then present tlwoudTOS as easily andnntnrally as podtlTes» throngh the

ftmdaasental eontrast between the thongbts of pott Md/iUun, nsed ken as no

nsfo tlhsftrfisn ofn result otherwise and symbolically deduced, without any

clear comprehension of its meaning, but as the very ground of the reasoning.

The ordinary imaginaries of algebra could be explained (as abore) by couples ;

but might then, for convenience of calculation, be denotedhy sinqh Jcttrrft, sub-

ject to all the ordinary rules, whit h rules would follow (on this plan) from the

combmation of distinct conceptions with dijinitions, and would offer no result

which wam not perfectly aud easily mtcUigible^ iu strict consistency with that

original thought (or intuition) of time, from which the whole theory should (on

this supposition) be evolved. The doctrine of the n roots ofan equation of the

H* degree (for esample) would thus soifer no attaint as to/orei, bnt woold ae-

qdf (I thbik) new deamess as to SMem'ii^, without any assistanoe from geo-

metiy. The ^uolemioM, as I hare elsewhere shewn (in VoL XXL, Part xx., of

the Transactions of the Royal Irish Academy), and even the biqvatemtons (as I

hope to shew hereafter), might hare their laws explained, and their symbolieal

reeuUs Interpreted, by comparisons of eels sunueiils, and by operations on ssfs
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**ineDts, Steps, and Numben^ which iocladw this Theory of

"Couples."*

[20.] The theory of triplets and sets, thus spoken ol at the

close of the Essay of 1835, had in fact formed the subject of va-

rious unpublished investigations, of which some have been pre*

served : and a brief notice of them here (especially as lelates to

iripletst) may perhaps be neefiil, by assisting to thiow light on

the nature ofthe passage, which I gradually came to make, from

couples to quaternions.

Without departing from the same general view of algebra, as

the science of pure time, it was obvious that no necessity existed

for any limitation to pairs, of moments, steps^ and numbers.

Thusy instead of comparing, as in [12], two momentM, Bt and

with two other moments, Ai and it was possible to compare

lAfee moments, Bi, B|, b*, with three other moments, ai, At, As

;

that isi more folly, to compare (or to conceive as com|tered) the

^«lgM in time. Thiis,in thepbraMolegy of Dr. Peaoodc,we ihoald lutve a vevy

iride **eoEeiice of euggettioa'^ (or rather* •(igfettlve edence) as our batU, on
which to build ap afterwards a new structure of purely symbolical geMeratUatiimt

if the tcienct of time were adopted, instead of merely Arithmetic, or (primarily)

the doctrine of integer number. Still I admit fully that the actual calculations

suggested hy this, or by any other view, must be performed according to some

fixed Ai r ; nf rombination of si/mboU, such as Professor De Morg^an has sought to

reduce, for or/nn.iry alf^cbra, to the smallest possible compass, in liis Second

Pupc r on the Koumiation of Algebra (Camb. Phil. Trans., Vol. VIL, Part

and in his work entitled " Trigonometry and Doable AJgebr*** (London, 1649):

and thet In following out nieh 2awt to their ijmboUonl eoQMqneneet, nfnter-

pretable (or st lesst vainferpfeted) reuiiU may be expected to arlee. in tlie

preeent Voliune (as hae been already obeerred), Ihm thongfal H expedient to

preeent the qamlernions nnder a gemeMeal eqMCf, ae one which it may be per.

haps more easy and interesting to eontemplate, and more immediately adapted

to the subsequent applications, of geometrical and physical kinds. And in the

passafjo which I have ma(h'(inthe Seventh Lecture), from 7MM/rrnt'>ns ronsk^frrrl

as real (or as fjoomi.'tricallv inttrprttid], to hirjffntrrnifiv cioiMdi i liI ;is unaijinary

(or as geometrically unintei prctt'<i), but as h)iiilHjhca.llj) HutjytaiLd ihv gene-

ralization of quaternion formuhc, it will iKi perceived, hy those who shall do me
tile honour to read this work with attention, that I hare employed a m^hod of
irmtitioit, from tkMrmtpmed for thepaHkmlat to exprettkma amnMd for the

genm^ which heart a very cloee mato^ to the method! ofOhm and Peacock

:

although I have wbtee thoaght ofa way of^eoiaelricd^ iiittrfnikig like bigmater'-

asMMdeo.
• Trans. R. L A., Vol. XVIL, Part u.. page 422.

t These remarks on tripUt$ are now for the first Ume pablislied.
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homo/otjous moments of thesis two triads, primary with primary,

secondary with secondary, and tertiary with tertiary ; and so to

obtain a certain system or triad of ordinal reUUions, or a triad

ofiUp9 in time, which might be denoted (compare [6], [7J, [12] )
by cither member of the following equation

:

(Bi, B,} B,) - (Ai, Aa, A») » (Bi - A|, Bt - A„ B* - A,).

And on the same plan (compare [7], [8], [1 2] ), ifwe denote the

three constiluetd steps of such a triad m fuiiuws,

Bi — Ai » Biy — At B a^i Bt — A|

it was allowed to write^

(bi, b„ B5)«{ai, a,, a8) + (Ai, a„ A3);

a triad of atepa being thus (symboiically) added (or applied) to a

triad of moments^ so as to conduct (in thought) to another triad

ofmoments. It appeared also oonFcnient to establish the follow-

ing formnlay for the addiium ofstep-triads,

(bi, bt, b,) + (au a„ a,) « (bi + a^ b, + a„ b. + a,),

as denoting a certain composition of two such trinds of steps, an-

swering to that successive application of ihem to any given triad

of moments (a^ a,, As), which conducts ultimately to a tkird

triad of moments^ namely, to the triad (Ci, Cg, Cs), if

Ci B| » bjj Cg ~" Bj — bjj C3 — B3 = ba»
•

Sffbiraction of one step-triad from another was erplained (see

again [8]) as answering to the analogous decomposition of a

given step-triad into otheis; or to a system of three distinct de-

compositions of so many single steps, each into two others, of

wiiich one was given and it was expressed by the formula,

(ci, Cj, C3) - (ai, a„ as) = (ci - a^, c^ - a., c^ - a^) :

while the usual rules of algebra were found to hold good, respecl;i

iog stick additions and subtractions of triads.

[21.] MuUiplieation of a step-triad by a positive or negative

number (a) was easy, consisting simply in the multiplication of

each constituent step by that number ; so that I had the equation,

a (ai, a„ a,) » (oat, oat) :

c
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and eonreriely it was natural (compare [13] ) to establish the

following formula for a certain case oj divmon of step'iruidtf

(oat, aa,) -i- (ai, a», a») - a.

But in the more general ease (roinpare ag-ain [13]), where the

steps b,, bj, bs of one triad were not proportional to the steps at,

a«» at» it seemed to me that the ^tioliVn^ of these two step-trisds

was to be interpreted, on the same general plan, as being eqnsl

to a certain triad or Ir^pfel ofnumberSf Oi, at» a»; so that there

should be oonceived to exist generally two equations oftbe fonnf

(b„ bj, b,) ^ (ai, aa, a,) » (ai, Oi, a«);

(bt, bto b») - (a,, ai, Oi) (ai,a«a,):

the three (positive or negative) constituents of this numerical

triplet ((7s, a-i, a,) depending, according to some definite laws, on

the ratios of the 9ix steps, ai at a« bi b, b,«

[22.] In this way there came to be conceived three distinct

and indqtendext WMt^itepB, a primary, a secondary» and a ter-

tiary» which I denoted by the symbols,

lit 1ft la

;

and also three tmit^mberSf primary, secondary, and terdary,

each of which might operate^ as a speeies oi jaclory or multiplier,

on each of these three steps, or on their system, and which 1 de-

noted by these other symbols,
«

or sometimes more folly thus,

(1, 0, 0), (0, 1, 0), (0, 0, 1).

A triad qfstqu took thus the form,

jrhere r, #, t were three mtmerieai eoqffieUnie (positiTe.or neg^
tive), although li I9 1, were still supposed to denote ihree steps

in time; and any triplet factor^ sueh as (>;?, p), by which this

step-triplet was to be multiplied, or operated upon, might be put

under the analogous form,

mx| -f UK, 4- px|.
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Continuing then to admit the distributive property of mulripli-

cation, it was only necessary to fix the signitications of the nine

products^ or combiDationSy obtained by operating separately with

eoeA of the three anita of namber on eacA of the three aniti of

•tep ; erery eaeh prodoet, or reaiilt» beings coneeiyed» in thia

theory, to be iiHt^^ in general, a siep-iriad^ of whieh, however*

bome of the component steps might vanish. Hence, after writing

I proceeded to develope these nine step-tripleU into nine irituh

wnalescpressions of the forms,

where the twmUif-^eoen symbols of the form lf,g,h represented

eertaSnJixed nmmerieal coejfkienti, or cotuiaHia qfrnuU^Heaiumf

analogous to those denoted by and jt in [14], and like them

requiring to have their values previously assigned^ before pro-

ceeding to miiltiplicLition, if it were demanded that the operation

of a given triplet of numbers on a given triplet of steps should

produce a perfectly d^nite st^iriad as its result.

[23.] Conversely, when once these numerical conjAmli had

been assigned, I saw that the equation of multiplication,

(mxi4 fix«+pxg) (rli +sU+ iU) « 2I1 + yl t -1- zln

was to be regarded as breaking itself up, on account of the sup-

postd mutual independence of the three unit-steps, into three or"

dinary algebraical equations^ between the nine numbers^ m, n, p,

r, «, /, X, tfy 2 ; namely, between the coefficients of the multiplier^

multiplicand, and product. These three equations were lineart

idatiYeiy to m, 11,p (as also with respect to f, t, I, and jr, y, x) ;

and therefore while they gave, immediately, expressions for the

coefficients xyz oi the product, aiul so resolved expnssli/ the

problem of v nilI iplication, tlu y enabled me, through a simple

system of three linear and ordinary equations, to resolve also the

converge problem [21] of the division of one triad of steps by

another ; or to determine the coefficients nuip of the following

quotieni of two such triads,

MXi -f nxt +px,- (xli + yU -i- zU) «f- (rli + si, +
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[24.] Such were the most essential elements of that penerai

theory of trijilots, wiiich occurred to me in 1834 and 1835; but

it is clear that, in its applications i everything depended on the

choice of the twenty-seven consiauU of muUiplictUion^ which

might a// be orhUrariljf assumed^ before prooeediog to operate^

but were then to be regarded asfixed* It was naturaif indeed, to

. consider the primary number-unit X| as prodacing no change in

the ste[) or triad on whicli it operates j and it vf^x^ desirable to de-

termine the constants so as to satisfy jtbe condition,

X, Xj m Xj X|,

for the sake of conforming to analogies of algebra. Accordingly,

in one ofseveral triplet-systems which I tried, the constants were

so chosen as to satisfy these conditions, by the assumptions,

Xi li = li, Xi I3 = la, X, I3 = I3,

X,l,«l„ Xal,^l, + (6-6-»)la, Jj^ftl,,

x,l|»l„ x»1,»^1m Xsla»li4-M,-i-clt;

which still involved two arbitrary numerical constants, 6 and

and gave, by a combination of successive operations^ on any ar-

bitrary step-iriad (such as rli + «1, + /I3, whatever the confficietits

r, #, I of this operttnd triad might be), the following eymboUe

eguation$f* expressing ihe propertiee of the assumed operatorSf

x„ x,, and the laws of their mutual combinations

:

x,»»(*-6-»)x, + l;

XjX|sx«x,Bdx,;

x>* = <?x,+ &Xs4 1;

while the factor xi was suppressed, as being simply equiTa-

lent, in this system, to the factor 1, or to the ordinary unit of

number. But although the symbol x, appeared thus to be giren

by a fuadratic equation, with the two real roots b and - 6~ >, I saw

that it would be improper to confound the operation of this pe*

culiar symbol xg with that of either of these two numincal roots,

of that quadratic but symbolical equation^ regarded as an ordi»

nary multiplier. It was not either^ eeparaiely^ of the two ope-

* These symbolic equations are copied from a manuscript of February,

im

Digitized by Google



PHBfACB

rations y^-h arid Xg+i"*, which, when performed on a general

step-triady reduced that triad to anoilier with every step a null

one: but the combination of these two operatiou»» successively

(aod in either order) performed.

[25.] In Ihe same particular triplet sy8teiii> the three gene*

ral equations [23] between the nine numerical coefficients, of

miiltiplier, multiplicandt and product, became the following : •

z^mt+pr+b{nt + ps) + cpt ;

whence it was possible, in general^ to determine the coefficients

H) of the quotient of any two proposed step-triads. The
flame three equations were found to hold good also, when the

nmmbtT'-iripht (x, z) was considered as the sffmboUealproduct

qflhs two numb0MripletSt (m^nyp) and (r,#,l); this product

being obtained by a certain detachment (or separation) of the

symbols of the optralurs from that of a common operand^ namely

here an arbitrary step-triad. In other words, the sa7ne algebraical

equations between the nine numerical coefficients, xpz, mnp^ rst,

expressed also the condittons involved in the formula of sym-

bolical multiplication,

(x, y, z) = (wi, n, p) (r, <)»

regarded as VB^ atridgmmt of the foUowingJii^ formula:

(«f y% (a** a»> ^ = w> 9) 0 a,) 5

where a^ ftti u% might denote fSK§ three etepe in time. Or they

might be said to be the conditions for the correctness of this

other symbolical equcUion^

interpreted on the same plan as the symbols xj*, x^x^, X|)<89 x/,

in [24].

[26.] All the peculiar properties of the lately mentioned

triplet system might be considered to be contained in the three

ordinary and algebraical equations, [26], which connected the

nine ooefficients with each other (and in this case with two arbi-

trary constants). And I saw that these equations admitted of
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tbe three following combinations, by the ordinary proceaees of

algebra

:

X - Ir^ y - (m - b'^ n) (r - b'^ s)

;

X -¥ by + az= {m-¥ bn-¥ ap) {r -vbs at)\

»-¥^-¥azm(m+bn-¥a'p) (r+bt + a't);

where a, a were the two real and unequal roots of th& ordinary

quadratic equatioot

a^"ca + ^'*f 1.

Here, then, was an instcmce of what occurred in every other tri-

plet system that I tried, and seemed indeed to be a general and

necessary consequence of tbe cubicfonn of a certain function,

obtained by elimination between the three eqoationt mentioned

in [23], at least if we still (as is natnial) suppose that xi-1:

namely, that Me product two tripUU may vamek^ wUhoiU

miherfactor vanishing. For If (as one of the ways of exliilnling

this result), we assume

the recent relations will then give

««0, jf-0, «-0;

80 that, whatever values may be assigned to we have,in

this system, the formula

:

(m, bm^ p) (- bs, 8, 0) « (0, 0, 0).

For the same reason, there were indetermiwUe eaeee, in the ope-

ration of divieion oftr^i^te: for example, if it were required to

find the eoeffidents mnp of a quotient, from the equation

(m, n, p} (- bs, 0) = («, jf, z),

we should only be able to determine the function m - n, but

not the numbers 7n and n themselves; while p would be entirely

undetermined: at least \{ x + by and i were each =0, for other-

wise there might come infinite values into play.

[27.] The foregoing reasonings respecting triplet systems

were qnite independent of any sort of geometrical interpretation.

Yet it was natural to interpret the results, and I did so, by con-

ceiving the three sets of coefficients, (m, n,^), (r, «, t), {i, z).
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which belonged to the three triplets in the multiplication, to be

the co-^Mrdmaie prqfedunu, on three rectangular axes, of three

figlu Hmeg drawn from a common origin ; which Hnet might (I

thought) be said to be» respectively, in this system of interprettp

tion, the multiplier line, the multiplicand line, and the product

line. And then, in the particular triplet system recently de-

scribed, the formulse of [26] ^ave easily a simple rule, for con-

Mtructing (on this plan) the product oftwo lines in space. For

I saw that if threefixed and rectanffular Unti, A, B, C» distinct

from the original azes» were determined by the three following

pairs of ordinary equations in co-ordinates

:

^ + 6y = 0, ^ = 0, for line A
;

y - 6a; = 0, <^ - a» = 0, . . . B\

we might then enunciate this theorem:*

" If a line L" be the product of two other lines, L'f then

on whicheTer of the three rectangular lines C we project

the two factors L\ the product (ya the ordinary meaning) of

their two projections is equal to the product of the projections

(on the same) of L," and U, U being the primary uuit-line

(1, 0, 0).-

[28.] I saw also that it followed from this theorem, or more

imniediately from the equations lately cited [26]» from which the

theorem itself had been obtained* that if we considered three

rtdemgular planes^ A\ C, perpendicular respectively to the

three lines A, 3,0, or having for their equations,

then every line in any one of these three fixed planes gave a null

product line, when it was multiplied by a line perpendicular to

that fixed plane: the line Af for example, as a ftctor, giving a

null line as the prodo€t« when combined with any factor line in

the plane A'. For the same reason (compare [26] ), although

the division of one line by another gave generally a determinate

* This theorem is here copied, without any modification, from the manuscript

inTestigatioii of February, I8S6t which wm meotiooed in a former sole.
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guoiuut-b'ne, yet if the divisor-line were situated in ai»y one of

the thrcL planes A\ /?', C, thi.s quotient-line became then iit-

finiie^ or indeterminate. And results of the same general cha-

racter, although not all so simple as the foregoing* presented

themeelves in my examinations of various ether triplet systems

:

there being, io all those which 1 tried, at least one system of

line and plane, analogous to {A) and {A')^ but not always three

such (real) systems, not al ways at riqht angles to each other.

[29.] These speculations interested me at the time, and some

of the results appeared to be not ^together inelegant. But I was

dissatisfied with the departure from ordinary analogies ofalgebra* «

contained in the evanescence [26] [28] of a product of two trip-

* lets (or of two lines), in certain cases when neitherJhctor was

null ; and in the connectinl indttcrwinatcness (in the same cases)

of a i/uof it/it, while tho divisor was different from zero. There

seemed also to be too mucli room tor arbitrary choice of cori'

status^ and not any sufficiently decided reasons for finally prefer-

ring one triplet system to another. Indeed the awomption of

the symbolic equation [24], x, » 1, which it appeared to be conve*

nient and fiafairisl to ouike, although not eaeenikd to the theory,

detennlned immediately the values of nine out of the twenty-se-

ven constants ot multipliealion ; and six others were obtained

from the assumptioas^ which also seemed to be convenient (al-

though in eome of my investigations the latter was not made).

The supposed convertibility (nee again [24] % of the order of the

two operations and x,, gave then the three following condi-

tions,

Xg Ij = Xj Ij, Xj Xj Ij = Xj Xj 1}, Xj Xg Ig = Xj Xj Igy

ofwhich the first was seen at once to establish three relations be-

tween six of the twelve remain in<if coefficients of multiplication,

namely (if the subscript commas be here iui conciseness omitted),

The two other equations between step-triads, js^iven by the recent

conditions of couverubiUty» resplved themselves into six equa-

tions between coefficients, which were, however, perceived to be
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not all inilependeiit of each other, being in fact all satisfied by
satisfy ing the three iollowing ;

of which tlie two former presented themselves to me under forms

a little simpler, because, for the sake of preserving a gradual aS'

cent from couples to triplets, or for preventing a tertiary term

from appearing in the product, when no such term occurred in

either factor, 1 assumed the value.

There still remained^ve arbitrary coefficients,

Im* Ins* lsM> Isaa* ^mi

which It seciiifd to be permitted to choose at pleasure : but the

decompof^ition of a certain cubic function [26] of r, t into fac»

tors, combined with gecmetriciU coneidereUiona^ led me, for the

sake ofsecuring the reality and rectangulanty of a certain sys*

tern of lines and planee^ to assume the three following relations

between those coefficients

:

which gave also the values,

Rut the two constant coefficients l^.j and I^i still seemed to re-

main wholly arbitrary,* and were those undetermined elements,

denoted by b and c, which entered into the formulas of triplet

multiplication [25], already cited in this Preface.

[30.] I saw, howerer, as has been already hinted [19] [20],

that the same general view of algebra, as the science of pure

time, admitted ea<iily, at least in thought, of an extension of this

* The tjiteoi of consUiiti fte 1, e« 1, mighthm deserved attentioa, but I

do not find tb»t U ocenmd to me to eonsider it. In eoiiie of those old inveeCU

gntioBS respeeti^g tripleU, the •jmbol V- 1 presMited itself ae a eeofllclenti bvl

this At tho time appeend to me unsatiifectotj, nor did I see bow to interpret it

in euch e ooonesioo.

d
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whole theory, not only from coupler to triplets, but also from

triplets to set.^, of moratjnts, steps, and numbers. Instead of ^mjo

or even three moments (as in [12] or [20]); there was no diiiiculty

in conceiving a system or tet of n such moments, Ai, As, . . a»,

and in siippoung it to be compared with another equimmerous

mametttal seif Bi, Bi, • • in such a manner at to conduct to a

new complex ordinal relation^ or step-set^ denoted by the formola,

(Bi, Bs9 • • Bji) — (Ai, Afy • • All) = (Bi — A|» B« — At* • • B* — A^)*

Such step-sets could be added or subtracted (compare [20] ), by

adding or subtracting^ their component steps, each to or lium its

own corresponding step, as indicated by the double formula,

(bi, b,, . . b„) ± (a„ as, . . a„) - (b, ±aj, b,±a2, . • b^t &«);

and a step-set could be multiplied by a number (ct), or divided by

another Mtep^et, provided that tlie component steps of the one

were proportUmal to those of the other (compare [13] [21] ), by

the formula:

a (ai, as, . . a„) = (aa,, aa,, . . aa„)

;

(aai, aai, . . aa„) -i- (a„ aj, • • a,) = a.

[31.] But when it was required to divide one step-set by ano-

ther, in the more general case (compare [i3] [14] [21] ), where

the components or comiiiuent tieps Si, a*, • • a. of the one set

were not proportional to the corresponding components b,, bj, .

.

bfl of the other set, a difficulty again arose, which I proposed still

to meet on the same general plan as before, by conceiving that a

numeral sett or set or system ofnumbers, (ai, iis» • • o»)» might
operate on the one set of steps, (at, an • • a^), in a way analogous
to muUiplieationf so as to produce or generate the other given

step-set, as a result which should be analogoue to a product. In-
stead of three distinct and independent unit-steps, as in [22], I

now conceived the existence ofn such unit-stepa, which might be
denoted by the symbols,

li, la, • . l.;

and instead of three unit-4Ut$nbere (see again [22] ), I conceived
n such umt'Operators, which in those early investigations I de-
noted
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and of which I conceived (hat eacJi might operate on each unit-

step, as a species of niuilipii( orfactor, so as to produce (gene-

rally) a new step-set as the result. There came thus to be con-

ceived a number^ of such resultant 8tep*sets, denoted^ on the

plan of [22], by symbols of the forms

:

where the symbols ofthe form lf,g,h denoted so mvaymmerieal
coejficients^ or constants ofmultiplication^ of the kind previously

considered in the theories of couples [14], and of triplets [22],

which all required to have their values previously assumed^ or

assigned, before proceeding to multiply a step-set by a number-

set, in order that this operation might give generally a definite

etep^i as the result.

[32.] Conversely, on the plan of [23], when the »* numerical

values of these coefficients or constants lf,g,h had been once fixed,

I saw (hat we could then definitely interpret a product of the

form,

(mxi+ . . -i-m,Xp+. .mi|X«) (nli-f . .-f r/l/*f

«

•^rnlm)9

where nii, . . m^, . . m« and ri, . . r/, . . r, were any 2« given

nombers, as being equivalent to a certain new or derived step*

set of the form,

where dPi, . . d^, . . x» were n new or derived mmbertf determined

by n expressions such as the following

:

the summation extending^ to all the combinations of values of

the indices / and g. And because these expressions might in

general be treated as a system of n linear equations between the

n coefficients tn^ofthe multiplier set, I thought that the division

ofone eiep^ by another (compare [14] [23]), might thus in

general be accomplished, or at least conceived and interpreted,

as being the process of returning to that multiplier^ or of deter^

mining the numeral set which would produce the dividend step-

set, by opt/ aiiftfj on the divisor step-set, and which might there-

fore be denoted as tbiiows

;
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(rili+..r/l/+.. + r,U);

or more concisely thus,

while the nnmeral set thus found might be called the quotient of

the two step-sots.

[33.] It may imiemberecl that even at so early a Stage as

the interpretation of the symbol by a, for the algebraic product

of two positive or negative numhersy* it had been proposed to

conceive a reference to a step (a)» which should be first operated

on by those two numbers eueceeswely, and then abetraetedfrom^

as was expressed by the elementary formula [9],

(i^xa)xa»dx(axa).

Thus to interpret the [Holuct - 2x-3 as = + 6, I conceived that

some time-step (a) was first tripled in length and reversed in di-

rection ; then that the new step (-3a) was doubled and reversed;

and finally that the last resultant step (-f- 6a) was compared with

the original step (a), in the way of algebraic ratio [9], thereby

conducting to a result which was independent of that original

step. All this, so far, was no doubl exticniily easy; nor was it

difficult to extend the same mode of interpretation to tlie case

[17} of the multiplication ot two number couples^ and to inter-

pret the product of two such couples as satisfying the condition,

(^11 {flu Oi) X (ai, Ea) = {bi, bi) X (fli, 02) (ai, aj)

;

the arbitrary step^oupte (ai, a^) being first operated on, and af-

terwards abstracted from. In like manner, in the theory of

triplets, it was found possible [24] [25] to abstractfrom an ope*

rand step-tnady and thereby to obtain formuliti for the symbolic

•This word "oumber," whether with perfect proprkly or not, is used

thronghoQt th» present Prefiuse and work, not as contrasted with/rac^tons (cx-

oopt wbun accompanied by the word whok or vnteger)^ not with incoanaenanra^

blea, but ratber with tboae 9tep§ (in time^ or on one axis), of some iwo of which it

reprMonta or donotei tlw retio. In short, the mmbtn liere spoken of, and else-

where denondnated '*scalars" bk this work, are simply those jmiliivs or ne^a*

Uvea, on the tcale of progression from «o to + « , which are commonly called

rgal$ (or real qnantittes) in algebra.

Digitized by Google



PBBFACB. (29)

Hi all iplication of the secondary and tertianj number-unitft^ x,, x„

aad more generally of any two numerical triplets among them-

selves. But wheD it was sought to extend the same view to the

«tiU more general muUiplicttHom qf numeral seUf new difficuUiea

were introduced by the essential complexity of the subject^ on

wbich I can only touch in the briefest manner hefe>^

[34.] After operating on an arbitrary step-set r/ 1/ by a

nuoiber-set Sm^ x^, and so obtaining [32] another step-set,

Sjta we may conceive ourselves to operate on the same gene-

ral plan, and with the same particular constants of multiplication^

on this new step-set, by a new number^eetf such as Sm^x^ and

so to obtain a third eiefheei^ such as Sas^ib^ which may then be

supposed to be divided (see again [32] ) by the original etep-eet

Sr/-!/', so as to conduct tu a quotient, which shall be another nu-

hierai set, of the form ^m'^^g,* Under these conditions, we may
certainly write,

but in order to justify the subseqnent ahsiraetum qfihe operand

et^heei, or the abridgmmit (compare [25] ) of this formula ofme-

ccjfte opera^on to the following,

Sim^ . Sm^'x^ b ^m^g, x^,

which may be called a formula for the (symbolic) multiplication

oftwo number^setSf certain conditions ofdetachment are to be sa-

tisfied, which may be investigated as follows.

[3d.] Conceive that the required eeparaiiiim qfe^mbole has

been found possible, and that it has given, by a generalisation of

• A fuller account of this theory of «e<«, with a tomawbat Afferent notation

(the sjrobols Cr, «, « and rtr, r' being emplojeii, for example, to denote the e<k

efficienta which woold here be written as 1$, , and IV, f', t^), eod with a special

application to the theory of gealemieiit, wUl be found la an Essay ei^tled : ** Re-

•earehes mpeettag QnaterDlone. First Series." Tmns. B.L A. Vd. XXL,
Part n. Dnblin: )84a Pages 199 to 296. (Bead NoTember ISth. 18^3.) This

Satay wasnot folly printed till 1847i but peroral copies of it were distributed in

that year, especially during the second Oxford Meeting of the British Associa-

tion. The discussion of that portion of the subject which is here oonaidered ia

contained cliiefly in pages^ to 231 of the volume above cited.
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the process for triplets in [24], a system of symbolic equations

of the form,

where l'^.^;*.^ is one of a new system ofn* numerical coefficients

^

and the sum involves n terms, answering to n different values of
the index y". Under the same conditions, the recent formula for

the multiplication of numeral sets breaks itself up into n equa-

tions, of the form,

the summation here extending to ti^ terms arising from the com-

binations of the values of the indices g aud g. For all such

combinations, and for each of the n values of we are to bavo

(if the required detachment be possible) the following equation

between step-sets

:

and conversely, if we can satisfy these equations between step-

sets, we shall thereby satisfy the eonditiont qfdetackmsHi [34],

which we have at present in view« But each of these equa^

tions between sets resolves itself generally into n equations be-

tween numbers: and thus there arise in general no fewer than n*

numerical equations, as expressive of the conditions in questioD^

which may all be represented by the formula,*

all combinations of values of the indices/, ^, p^, h' (from 1 to »

for each) being permitted, and the summation in each member
being performed with respect to h. Now to satisfy these

equations of condition, there were only 2n^ coefficients, or rather

their ratios, disposable : and although the theories of couples and

triplets already served to exemplify the possibility of effecting

the desired detachment^ at least in certain cases, yet it was by

no means obmom that any such extensive redu^ions\ were likely

* A formvlA miiiivAleiit to this, but witli % somewlkst different notfttloa, will

tw found at p«g« S31 of tbo Essay and Volomo referred to In a recent Note.

f On the subject of such gcDeral reductions, some remarks will be found at

pige of the Bssaj and Vdome latelj died.
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to present themselves, as were required for the accomplishmLiit

ot \he same object, in tlie more t^eneral tlieory ut sti^. And I

believe that the com|>a68 and tiiiiiculty, which i thus perceived

to exist, in that yery general tlieory, deterred me from parsaing

it &rtlier at tbe time above referred to.

[36.) There was, however, a motive which induced me then

to attach a special importance to the consideration of triplete, as

flisiinguished from those more general sets, oi which some ac-

count has been given. This was the desire to connect, in some

sew and usefiii (or at least interesting) way, eahukUion with geo^

fltffry, through some undiscovered extension^ to vpaee of three

dmetmonef of a method of consirudton or representation [2],

which bad been employed with success by Mr. Warren* (and

indeed aUo by other authors,! of whose writings I had not then

• ** TrMitiM on dM Oeometrleftl RepreientsUoo of the Sqasre Roots of Ke-

gstlva Qmotitks. By the Rev. John Warren, A. M., Fellow end Tntor of

Jema College^ Cambridge.* (Cambridge. 1828.) To saggettions from that

Treatiie I gladly aeknowledge myielf to have been indebted, although the fah>

terpretatiofi of the symbol V--I, employed in It, is entirely distinct from that

vhieb 1 bave sinee oome to adopt in tbe geometrieal applicati<«s ofthe 4|nater^

f Several important particulars re.«p«»rtin'? «niph authors havf* been collected

in tbe already cited * Report nn certain Jtranclu s of Amil v^is " ( soo p^ppcially

pp. 2*2?* io 235). by Dr. Peacock, uhose remarks upon their w riim^'';, and whoso

owe unotigatioDi? on the subject, are well entitled to attention. As relates to

the method described above (in paragraph [36]oi i'rt face), ii multtplication.

(as well as ttddUion) ofdirecUd Bnei in one piano be regarded (as I thinli it ought

to be) as an muaUui eimeni thereof, I Yentvre here to state the impression on

my own mind, that the trne inTontor, or at least the^sf definiie prtmufyutor of

that aMtbod, will be found to have been Argand, in 1806: althongh his ** Essal

ear mm BlaiK^re de leprlsenter les Qoantit4s Imaginaires,'* whieh was published

at Paris in that year, is known to me only by Dr. Peacocli^ mention of it in his

Report, and by the aoeonnt of the same Ef^^ay given in the coarse of a '^nb^'^--

qnent correspondence, or series of commnmcations (which also has been noticed

in that Report, and wa«! in consrqncnce consulted a few years ago by nic), car-

ried on between I'*raD9ai.s, Servois, Ger^onne, and Arj^aud himself; whir h series

rtf pap<^ r.s was published in Gergonne's Annales des Mathematique^^, ui or about

tiie year 1813. ^fy recollection of that correspondence is, that it was admitted

to establish tuUy the priority of Argimd to Franvais, as regarded the method

[d6j of (not merely addinjf, but) muUiplying togctiier directed lines in one planc^

vbieh b briefly dcseribed aboTo: and which was afterwards Independently re-

prodaeed, by Warren in 1828^ and in the same year by Mourey, in a work enti-

tled : •« La Vraie Thterie des Qoantitts Ntgatires, et des QoantitCs pr^tendnes

Uigiiizeo by LiOOgle



(32) PRBFACB.

heard), for operations on rtfj/ii Inn s in one plane : \sh\c\\ method

ba*1 g-iven a species of f/f ot/utneai inttiprttation to the usual

and well-known imaginary symbol of algebra. In the method

thtts referred to, additUm qfUne§ was performed according to the

same rules aa eampontiam ofmoIiom, or of forces, by drawing

Imaginaires" (Paris, 1828). If the list of such independent re-inventors of this

important and modern method of constructtnp by a line the product of two di-

rected linen in one fixed plant (from which it is to be reumrkvd, in passing;, that

niy fiwn inoilc of rcprosenting by u rjuaterniou the prodnet of two directed lines

in space in altugt;tbur ditfereot) were to be continued, it would include, as Ihave

latelj leamedt the il]iittfi<ma iiaai* of Gauss, In cotukftxioti with fak Theorj

of Btqiiadratie ResidoM (OottingoB, 1682). On the other haad, I cannot per*

oelve that mqf ^imet MlieijMlum oftine method of MufttpfieaMim i^direeiedlmu

ie oenteined in Biiie*li Tngue hat original and often eited Paper, entitled **

moire rar lee Quantit^s Imaginaires," which ef^eered in the Philosopbioil

Traaiectioas (of London) for 180G, having been read in June, 1805w The inge-

nlOttS author of that Paper had undoubtedly formed the notion of representing the

direetiont of lines by algebraical <;vmhDlH ; he even uses (in No. ^6 of his Memoir)

such exprt'ssions as v2 (cos 4.5 4 sin 4a' V' - I) to denote two different and A-

reclcd duiyvHak of a iti|uure: and there is the high authority of Peacock (Report,

p. 228), for considering that the geometrical iDtcrprctatioQ of the symbol V-1,

ae dmotiog perpeMdietUarity, was ** irst formally maintained by Bu^, though

more then once suggested by other nnthore.* In No. 4S of the Paper reflmred

Ut, Bote conetmcte with m«eh deganoe, bj a buU Ime au, or by an meJiiwd

line aa (where xa ie a perpeadleuler, « i«. erected at the middle point a of a
given lino An, or«),na imaginary root (x) ofthe quadratic equation, x (c -x)tB |

which had been proposed by Carnot (in p. 54 of tiio CLometrie de Position, Pa.

rls, 18()4). But when he proceeds to pxplein (in No. 4<; of his Paper) in what

gense he regards the two lines ae and Kn (or tlio two construct* *? rnnft uf tho

quadratic) as having their product equal totlie j^iven value la" or | ab', ]>ti('«e £*-

preMtly limits the signification oi such a product to the result obtained by multi-

plying the arithmetical valuetf ami expre^fy excludes the Consideration of the

pomiioHi 9f9kefMior4mu from hie oenoeptioa of thdr wutUipUceOioH i wberoae

it teems to me to bd«ng to the very eiMiice of the method [96] of Argand and
othere, and generally to that eyttem of geometrical interpretation wfaeroon ia

bated what Prelbeior De Morgan haa happily named DouhU Ah/Arm, to teAe

oecoami ^ihot» poeitiont (or directions), when lime$ are to be mmkipUed together.

My own conception (as has been already hinted, and as will appear foUy in the
course of this work), of the product of two directtd lines in space as a qcater-
NIOW, is nlloycther dialinrt, t)oth from the purely arithmetical product of nume-
rical va1u> s of liuce, and tVum the Unear product (or third eoplanar hue), in the

method of Argand : yet I have thought it proper to submit the foregoing re-

marks, on tlie invention of this latter method, to the jttdgmont of persons
better Torted than myself in •cieatifto Inttory. A Ibw additional remarka and

^SQvenoee on the mbject will be fonnd la a tiibsequent Note.
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the diagonal of a parallelogrram ; and liie multiplicatuMi ol two

lines, in a given plane, corresponded to tlie con^t^lu:tio^ of a

•pecies offourth proportionaly to an assumeci Una in the sama

piane, aelooted as the repmentative of potiiive vml^i and lo ihe

two propoaedfaetor-tims : sueh fourth proportional, or produei"

IdM^ baingtfic/tiie<l to one iactor»ltno at lha same rnngU^ maaturad

in the fame #efi«e, aa that at which the other factor-line waa in-

clined to the assumed unit-line ; while its length was, in tlie old

ami usucil sig'nificution of the words, a fourth proportional to the

kni^rhs of the unit<iine atui the two factor-lines. Subtraetioni

division, elevation to powers, and extraotion of roots, were ex-

plained and conatrueted on the same general principles, and by
proceasea of the same general character, which may eaaily ha con*

oci?ed from the alight akatob juat giveoy and indeed are by this

ttBMknown to a pretty wide circle of readers : and thus, no doubt,
by operations on right lines in one plane, the symbol re-

ceived a pt rfcctly clear interpretation, as denoting a second unit'

line^ at right ongleM* to that line which had been selected to re*

* BctMes what has bMB alrMidj vafiwred to, as hsfiag btta doat oa tbli

•object of the hit«rpr«UUoa of the tjmbot V-l bj theAM Bnie, It has btea

tanarked hj Mr, Btn^^Mu^ Gooperti* at paga vL of his rwjf Ingenioat

Tract oa Tho Prlaoiple* aad ApplloatloBs of Imagiotr; QnsatltSef, Book II.,

derived from a particular case of Functional Projeetions" (London, 1818), that

the celobrated Dr. Wallia of Oxford, in his " Treatise of Algebra*" (London,

1685), proposed to interpret the imag;inary roots of n quadrut'ic £'(juati<)n, bjr

going oiU of the linr, on which if real they .>,hou!'! h<' m<*n»inrc(l. Thus Walli'i fin

his chapter Ixvii.) ob l i vcs 80 that whoreaH in case of N'-^iitivi? Honir< wc

**arc to say, the point n caanot h*i found, m as is supposed 111 ac iorward, but

"Backward it may in the same Lino: wo must here say, in caso of a Nogativt
*' Square, the point a eannot bo fowid so ai was iopposed, in the Line Act bat

*'AboTo that Llao it may in the same PUhi. This I havO the moro largely ta>

"iiatod 00, boeaasft the Notion (I think) is now; and this, the plalaost Doolarv
**iiaB that at pnaoat I eaa think of, to oxplioato whatw oommonly eall tha
" ImayUofy Roots of Quadratick Equations. l or »iioh are thos«»'* Aad Sfata
(in his following chapter lafiiL, at page 264^), Wallia proposes to constmot thns

the roots of the equation oaTfta + « 0 • - On ACa ~ 6, biwctcd in c, erect a
•* p<»rpctidictilar CP* V«. And talting pb - ^h, make (on whffhf r ^ifli- jnu pl<.'aiia

'•of CI'). pBr, a rectangled triangle. Whose right anj^jy wili Lhuruloru be at 0
*' or a<xording as pa or PC Ih bigger ; and accordingly, ac a sinu or a tangent,

"(to Uie radius pb,) termioated in pc. The streight lines aOi Bo, are tha two
" vilnea of a. Both aflrmatifo if (in the equation,) it bo * An. Both aegatlvo.

"m^hm, VMobTalnesbe(whatweoall)JlM/,tfthorfgfatnag1oboato. Bat

e
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FRBFACB

present positive unity But when it was propofsed to leave the

plane, and to construct a system which should have some general

analogy to the known system thus describedi but should extend

io tpaee^* then difficulties of a new character arose, in the eoiisi-

^•ImagituarfiltAM.' Thwe puisyi mmt always (I tliiok) p<MMM as hbl«»»

rieal ittteraat> at Mnniplifyiiig tba maaiMr in wlndi, la tht aaTiBteMtii ontary*

one so aouiMBt for his powers of mterpntation of aaaljtioal azprassioBS, as

Wallis wai^ sought to apply those powers to the geometrical corutruction of the

imaginary root* of an equation: and for the decision with which he held that such

roots were quite as clearly interpretabU, as ** w/tnf icc rail real" values. His par-

ticnlar interpretation of those imaginary roots of a quadratic appears indeed to

me to be inferior in elegance to that which was long afterwards proposed by

Bu*e. But it may be noticed that, whether his point n were oh or o/f the line

ACa, Wallis seems (like Bu^e, and many other and more modern writers) to have

regarded tkeU right Umty as being m aoMt isast a noa, or at kasi aaaliyoat Is a
mm, oftha two saeeefit'vs iiass ab, aa; wUeb latter liaet coodnet, vfmt tka

wholetfnm the Initial point a to the final point a ; aad coostmet aocording to

hia the two roots of the fiaadratie, whose algebraic sam Is is ft. Indeed, WalUs

fomarks (in the same page 989) thatwhen thosetwo roots are algebraically tma--

ghmn/, or are geometrically coastracted (according to him) by the help ofapofalt

B which is al)Ove the line ACa, then that straight line is not equal to the agprerfate

of AB 4 v.n; but this seems to be no more than pfnarding himself against being

supposed to assert, that two sides of a triangle can be equal in lenyth to the

third. In chap. Ixix., p. 272, he thus sums np:—"We find therefore, that in

M Equations, whether Lateral or Quadratick, which in the strict Sens^ and first

< Prospect, appear Impossible ; some adtlgatioa SMy be allowed to SMha then
" Posdble ; aad la sadi a mitigated interpretation they may yet be nsefnL" For
Irtsrvl eqvations (eqpatioBS of the first degree), the wHi^aiMt hare spoken of

aonsbts rfnplj In the asaal representaUon of as^alita roofs* by lines drawn hutk»

ward from a polat, whereas they had been at first supposed to be drawnforward.

For quadratic equations with imaginary root», Wallis mitigate* the problem, bj
8ub8titutinr»^ a h<>nt line .\na for that atraiijhi line KCa, which constructs the given

alqehrniciil sum {h') of tho two roots of the L quation, OT parts of the bent line.

Ai'., mi. 1: is also to be noticed that he appears tohnro regarded the alijehrcncal

semi-dijfcrence of those two roots, ab, bo, as being in ail cases constructed by the

Um bc, drawn to the middle point c ofthe line Aa : which would again agree with

many modem systems. Thas Wallts seems tohave possessed, in 1$8S, oi boMt w
fsna (fiar I do not prstend that be fUUy and eonsdovsly possessed them), aoaaa

deaMnla of the modem methods vHAdditkm and ^aMracfiba of dfaraetad Uaaa.

Bat on the e4|aally esssntial pobt ofifaftijplieelioa of directed lines in ona plana,

H does not appear that Wallis, any more than Bate (see the foregdnf Nota), bad
l^icipated the method of Argand.

• At a much later period I h'arnod that others had sought tO aecODDpliall

one such extension to space, but in ways different from mine.
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vour at surmounting whicli 1 was encouraged by the friend al*

fcady mentioned (Mr. John T. Graves), who lelt the wish, and

feroied Uie projeely to stmnooot lliem in 9ome way or other, at

cailjr, or perhaps earlier than rajielf.

[37.] A coDjeetoie respecdiig such ezteiwion of the role of

multiplication of lines, from the plane to spaoe, which long ago

occurreti lo me (in 1831), may be stated briefly here, as an illus-

tration of the general character of those old speculations. Let

denote a point assumed od the surface of a iixed sphere, de-

•eribed about the origin o of co-ordinates, with a radios equal to

the unit of length ; and Jet this point a be called the unH^ftoimi.

Let also b and c be supposed to be twoJlBUor^pomitf on the

same surfece, representing the directiims oa, ob, of the two/iww

tor-lines in space, of which lines it w required to perform, or to

interpret, the multiplication : and so to determine, by some fixed

rule to be asssigned, the product-point d, or the direction of the

CD. Then it appeared that the analogy to opera-

tions in the plane might be not ill obsenred, by concd?ing d to

be taken on the cM€ abc ; the arew^ ab, co, of that (generally)

mnaU eireU ofthe sphere being equaUff Umg^ and mmUariif aisa-

mtred; so that the two ehordt ad, bc should be partUlel: while

the old rule of multiplication of lengths should be retained : and

addition (jj' Inits be still interpreted as bel'oie. But in this sys-

tem there were found to enter radicals andfractions into the ex-

pressions for the co>ordinates* of a product ; and although the

ease of squares ofKneSy or products of equal factors, might be

rendered deUrminaU by agreeing to take the (freat dreie ab,

when the pobt c coincided with b, yet there seemed to be an es-

sential imdMierwiinaikm in the construction of the reeiproeid of a

line : it being sufficient, according to the definition here const-

• Th« rectangular ca-ordiaates (or projoctions) of the two factor4mes and

of Lbe proditet-Uiie beiog dMiot«d bj xyz, jtyz\ sy's.\ if w* alio write, for coo-

raV(<*4-y«-l-«*), r'-V(«*+y»+«*), p«4rj^+l8<+«;

Uico the expressioos wlucb 1 found for j: ^ 2 majr be included brieflj in |he

•quatiooi

:
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dmdt to take the obord bc paimllel to ilie tftiifeiit pltne to Uw
sphere at the unit-point, in order to make the product point d

coincide with that jioint a. There w as also the great and (as I

thought) fatal objection to this method of construction, that it

did not preserve the diUriimUve principle of inuUi plication; a

§froduci ofsums not being equal, in it, to the sum qfike prodmeUt

and on the wfaole, I abandoned the oonjeetnre.

[38.] Another eonatruction, of a somewhat timilar ohaiacteri

and liable to emiilar objeetione, for the product of two lines in

space, occurred to me in 1835, and also independently to Mr. J.

T. Graves in 1836, in which year he wrote to me on the subject.

It in ay bc briefly stated, by saying that instead of considering,

as in the last-mentioned system, the small circle abc, and draw-

ing the chord ad, from unit-point to prodnct^int, so as to be

jNMlle/ to the ebord bc from one ftctor*point to the otbeff it waa

now the arc ad of a freiU circle on the sphere, which was to be

drawn so as to hisset the ate bc, of another great eurcle, and he

hisecitd iliereby. Or as Mr. Graves afterwards expressed to me
the rule in question :

— ** Bisect the iDeliiialion ot the factor-lines,

and then double forward the angle between the linear unit and

the bisecting line:" the rule of multiplying lengths being under-

atood to be still obsenred. Idr. Gravea made several acute n-
aiarln on the conseqaeoces of this constroetioni and propeeed a
lew supplementary ruUe to lennove the ponsmaHe character of

some of them : hot obserred that, with these interpretations, the

square-root oj' the negative unit-line, or the triplet (-1, 0, 0)*f

would still be indeterminate, and of the form (0, cos 0, sin(^),

where Q remained arbitrary: while cases might arise, in which the

•'minutest alteration" of a factor-line would make a considerable

change" in tbe position of the product*Une : and this result he
conceived to be, or to lead to, a breach of the grand property

of multiplication," respecting its operation on a eann* He left to

me the investigation of the general expressions for the •* consti-

tuent co-ordinates" of the resultant ** triplet," or product-line, in

terms of the constituents of the factors : arid in fact I had already

obtained such expressions, and had found them to involve radi-

cals and fractions^ and to violate the distributive principle, aa in

the system recently described [37] ; with which indeed the one
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hm ncBtkmod hmd been peroeiTed hj tt« to have a vaiy eloia

ndytical connexion.*

[39.^ ^Ir. J. T. Graves, however, communicated to me at the

s&me tinie another method, which he said that lie preferred^

BBong aU the modes that he had tried, of representing lines in

^rntty and of multiplyUi|^ tnch lines together." This method

esontted m eoaaidering such a lioe as a species of ** oompouad

eoQpW,*' or as detemuBed by ftifo couples, one in the plane of 49^

and the other perpendicular to that plane : it having been easily

f^rceived that the rules proposed hy nie tor the addition and

BttUiplic^tion tilj ot couples^ agreed in all respects with the pre-

masly known method [d^], of lepresenting the operations olthe

same aaiMa on Uiuu im omefhm* From this ooocepdon of coai^

pomd eoyples Mr. GraTSs derived a ** general rule for the moltio

plication of triplets/' which I shall here transeribe,t only abridge

ing the notation by wriling p and to represent the radicals

^{x'-ty-) and VC^i^ + ^iO' ^^^^ {irojections of the factor-lines

on the pUme of : ''(•p, z) {x^ yi, Zi) - zn)^ where

This pardcnlar system of expressions he does not seem to hare

developed £srther, nor did it at the time attract mach of my own

• With the notalions noently employed, the ezpmdMis ubidi I bad found

for tiie eo-offdiaatei of <h« prodeet, in tbo caaa or sjitom [38], are indiidod in

Uk eqiiatieiks»

x" ' rr'
J/' _ r' rjr' + r'x

^

n'-^t^m^ r^W9~ n^-^f^m" p + n'
*

which only differ from tliose for the formor oaoo [87]i by a change of sign in the

radical r (or r), whiflb regwionti tha langth of a iMtar-Uae. Tha eoodltions

for both aytteaia are eont^nad in thaae odiar equatiooa,

and the qnadrafle elation in i*, obtaiaad by elimination off and «r, raiolm

itaalfInto two Mporalo liMton» oodl Unair vaiattTalj to jT, namalj,

The first corresponds to the syst* m [37] ; the second to the system [38j.

t From Mr. Grates's Letter 01 August btii, 163(3.
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atteotion : but I have thought it deserving of being put on re*

cord here, especially as, by a remarkable coincidence, it came to

be indepeiidcntly and otherwise arrived at by another member of

the same family, at a date later by ten years» and to be agaia

communicated to me.* And perhaps 1 may be ezciiaed if I hero

leave the order of time» to give some short aoeontit of the traia

of thought by which his brother, the Rev. Charles Graves, ap-

pears to have been conducted, in 1646, to precisely the tame re>

lations between the constituents of three triplets.

[40.] Professor Graves employed a system of two new iwo-

ginaries, i and j, of which he conceived that t had the effect of

causing a rotation (generally conical) through 90° round the axis

of jr, whileJ caused a line to revolve through an equal angle ia

its own vertical plane (that is, in the plane of the line and of z)
;

and then he proceeded to nmiHply together the two triplets

je+ iy-yjZi af iy-hjz', by a peculiar process, and so to obtain a

third triplet x" + li/ ^jz" : the relalioas thus resulting, between

the co-ordinates or constituents, being (as it turned out) identi-

cal with those which his brother had formerly found. These

symbols t andJ were each a sort offimrik root of unity: and the

first, but not the second, had the property of operating on a wm
by operating on each of its parte separately. Thus, as Proles*

sor Graves remarked, multiplication of triplets, on this plan,

would not be a distributive operation, although it would be a

cotnmutative one. The method conducted him to an elegant ex-

ponential expresBion tor a line in space, namely, rt^'c^^, where r

was the radius vector, and /, X might be called the longitude and

iaiitude of the line^ so that the co-ordinate projections were

(some pecuUar contidevattons being employed in order to justify

these expressions of them, as connected with that of the line)

:

a; r cos / cos A, ^ = r sin / cos A, « • r sin A.

And then the rule for the muUipUeation qfiwo Haee came to be

expressed by the very simple formula

:

" By ih« lUv. Obarles Graves, Profotsor of Matbantlim in th« University

of DobUn, in a l«tt«r of Kovembor 14tb, I8i6^

•
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the lengths being thus multiplied (as in the other systems above

mentioned), but the longiludes and latitudes of the one line being

RspectiTely added to those of the other : which was in fact the

role expressed by Mr. J. T. Graves's co-ordinate formuI» [393*

[41.] It will not (I hope) be constdeied as claiming any me«

Tit to myselfin this matter, but merely as recording an unpursned

(jiicssy which may assist to illustrate this whole inquiry, if I ven-

ture to mention here that theJirst ro?ijecture respecting geometri-

cal triplets f which I find noted among my papers (so long ago as

1830)» waSy that while lines in space might be added according

to the same rule as in the plane, they might be multiplied by

mnltiplying their lengths^ and adding their polarangles. In the

method [36], known to me Chen as that of Mr^Warren» ifwe write

x^r cos 6, y=r sin 0, we havey for multiplication within the

phme, equations which may be written thus, r" = rr', 6* = b - 0\ It

hence occurred to me, that if we employed for space these other

known transformations of rectangular to polar co-ordinates^

safcosO, |r»r sin 0 cos^, sarstnOsin^,

it might be natural to dejine muItiplicatioD of lines in space by

the slightly extended but analogous formulasy

wbicbt howerer, conducted to radicals, as in the expression^

whereas within the plane there were rational values for the rect-

angular co-ordinates of the prodoctf namely (compare [17] )s

But this old (and oncommunicated) conjecture of mine, which

was inconsistent with the distributive principle, though possess*

ing some general resemblance to the lately mentioned results [39]

[40] of Messrs. John and Charles Graves, caiuiot be considered

to have been an anticipation of them. For wliile we all agreed

in adding the longitudes of the two factors (in the sense lately

mentioned), they added latitudes also; while 1, less happily, had

thought of adding ike eokUitudeSf or the angular distances from

a Iffie (#), instead of those from a plane (xg). And this diffe-
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rence of plan produced a very important diiTerence of results.

Indeed tiic two <(y^tems are totally dUtinct, allhoogh there eiisU

•ome sort of analogy between them.

[42.] 1 tbftll here mention one Biore system, wbkh was con*

nmiieated to me* in 1840, by tbe elder of those two bfothers,

and which involved a method of tepresenting the usual imtgi*

aary quantitiee of algebta, eaek ^ a ewnnsptmding unique pomt

on the surface ofa sphere, described (as in [37] ) about the ori-

gin with a radius = Ijrwlitiiee it ap[>eared that the ordinary ima-

ginary expression r (cor (9 V- 1 sin 0) migiit be denoted by a

triplet (x, under the condition^ ^* + + 2^ » 1: and that the

rmUt thus obtained, for the multiplioation of wch triplets, ought

perhaps afford oome amahg§9 suggesting ralesf f6r the mote^
fieral ease, where the constituents x^f^z^i^ mMXj iml^pmiimi

of each other. Mr. J« T. Gravest mode of representing quan-

tity spherically" was stated by him to me as follows:—**Aii po-

** sitive quan lilies r may be represented by points on an assumed
** semicircle, by taking the extremity of the arc 2 tan" ^ r (counted

from one end (a) of the semicircle) to represent r. Next let us

consider onr sphere as generated by the revolution of the semi«
** circlet abc round the axis ac (forwards or backwards, according-

*'to arbitrary convention). When the semicircle has moved
throagh an angle 0, let the poMtion of a point on its circumfe-

•* rence denote r (cos 0+ V^-I sin 0), if the same point in its ori-

*«ginal position denoted rV I make a very easy transtormiition

of this statement, when 1 present it thus:— Construct all quan*
titles (so called), real and imaginary, according to the known me«
thod already described in [36], by drawing right lines from
the assnmcd point (a) of the nnitpsphere, in the tangent plane at

that point; doable all the lines so drawn, and treat die ends of

*Iaal«tt«rof Ovtobtt 17th, 1840^fri»i J. T. Graves, Esq.

f Mr. GraTes appvars not to have actually worked out saeh rnleSf at loeat I
do not find that he commonicated them to mc. They would probably have been,
on the plan dp-^rribed in [42], to havo mulitjdied (as before) the lengths, and (at
before) added the longitudes : hvX to have tlien multiplied the tanyenti ofthe hah'^a

of die coladfude* of the facton, in order to obtain the taqgtnt of the half <^ tlie

colatitudc ot the product.

X A. figure, which it seems unneoessarj here to reproduce, accompanied Mr.
GraTM'k Mttf.
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the doubled lines as the stereograpbic projoctions of points upon

the sphere. Infinity was thus represented, in the particular system

of Mr. Graves here described^ by the point diametrically oppo-

«(• to A. Aod in tkh endeavour of mine, lo faraiiii faitiifaily a

leoord ofevery eircQsistence, whlchi even m remotely mgge$Hn§

to afrimi a tnutt of thoaglit» may liare mUrectly stimulated

myself^ I must not. sapprets the following acknowledgment of

Mr. J. T.Graves:—** Wiuit led me to this was a passage in

**a letter from De Moru;an,* in \vlilch he expressed a wish to be

able to represent quantity ao'cuiariy, in order to explain the

passag-e from positive to negative through infinity.'*

[43«] The fi»regoiog specimens may suffice to exemplify the

attempts which were made, a considerable number of years ago^

by Mr. Graves and by myself: on tiie one hand, to extend to

space that ereometrical construction for the multiplication of lines,

which was known to us from the work of Mr. Warren; and on

the other haud, to render more entirely deJiniU my conception of

algebraical triplets. I will not here trouble my readers with any

further account of the conjectures on those subjects which at

rions times occurred to him or me« before 1 was led to the qua^

teniionsy in a way which I shall presently explain. But I wish

to mention first, that among the circumstances which assisted to

prevent me fi oni losing sight of the general subject, and from

wholly abandoning the attempt to turn to some uselul account

those early speculations of mine, on triplets and on sets, was pro-

bably the publication of Professor De Morgan's first Paper on

the Foundation of Algebra,t ef which he sent me a copy in 1841.

In that Paper, besides the discussion of other and more impor-

tant topics, my Essay on Pure Time was noticed, in a firee but

friendly spirit; and the subject of triplets was alluded to, in such

pabsaf'-es, for instance, as the following :
—" But in this branch

of logical algebra" (that referred to in paragraph [36] of the pre-

sent Preface), the lines must be all in one plane, or at least

affected by only one modification of direction : the branch which

shall apply to a line drawn in any direction from a point, or mo-

• A ug:iutas Y>^ Morgan^ JBtq., ProfMsor ofJMathematics in Univertity CoU«g«,

f In VoL ViL, Part u., of the Cambridge PhUo&uptucai Truisactioas.

/
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dified by two distinct directions, is yet to be foandv" . . "An

extension to geometry of three* dimensions is not practicable

until we can assign two symbols, O and wy such that a + bQ + cto

mQi + h Q + Ciij gives a-a^ b=bi, andcnCi; and no definUe

symbol of ordinary algebra, will fulfil this condition." My sym*

bols x„ X, (of 1834-^) had not then been pnblished, nor others

wise exhibited to him
;
they were designed to fulfil precisely the

foregoing conditions : but I was not myself satisfied with them,

as not considering them ** definite** enoujBfh (compare [29] ).

[44.] In the early numbers of the Cambridge Mathematical

Journal, there appeared some ingenious and original Papers, by

the late Mr. Gregory and by other able analysts^ on the signs +

and on the powers of -i-, on branches of cnrm in different

planes, and on other connected subjects: but I hope that it will

not be thought disrespectful if I eonfess that I do not remember

their having- bad much influence on my own trains ot thought.

Perhaps 1 was not sufficiently prepared, or disposed, to look at

algebra generally, and its applications to geometry, from the

same point of view, and was thereby prevented from studying

those Papers with the requisite attention. At least, if anything

in my own views shall be found to be inconsistent with those put

forward in the Papers thus alluded to, 1 wish it to be considered

as offered with every deference, and not iu a cuiitioversial spirit.

And if for the present I omit all further mention of them, it is

partly because, without a closer study, I should fear to do them

injustice ; and partly because I make no pretensions to be here

* Professor De Morgan proposed at tho some time a remarkable coDjecture,

whidi he may be oootidered to haye aftsrwwls itliutr«t«d and syttMMtiied, by

hit theory of mfte-roofB of negatiTO uidty, employed as geimUricai ojxroton, in

hia Paper on TVipk Alff«hn (Cuab. Phil. Traas., VoL VIIL, Port iii.); oamely*

that "aa extenaioa to three dimeoeiono** might ** re4|idre «. eolotlon of tho o^oa-

tioof jrs - I modi regret that my plan will aot allow me to Attempt the

giriag any further account, in this Preface, of that verj original Paper of Pro-

fessor De Morgan, the first suggestion of which he was pleased to attribute to

the publication of my own remarks on Quaternions, in the Philosophical Mag&>
zin" for July, 1844: anda similar expression of regret applies to tho ind»^pondeat

hul isumewhat later researches ut Messrs. John aud Charles Graves, in the same
year, rc;jpt'Ctiiig other i riplet Systems, which inTolved cube-roota of poailive

unity, and of which some account has beea preserved in the Proceedings of tho

Bojal Irieh Academy.
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an hisloriaji of science, even in one department of mathematical

speculation, or to give anything- more than an account of the pro-

gress of my omn thoughts^ upon one class of subjects. For the

same reasons, I pass over some other invettigetions having refe-

leace to the imaginary* symbol of algebra, which were not used

ai snggeationB by mytelfy and proceed at once to the qnateraions.

[45.] With each preparationa as I have described, I resumed

(in 1843) the endeavour to adapt the general conception of trip-

lets to the multiplication of lines in space, resolving to ntainihe

distributive principle, with which some formerly conjectured sys-

tems had been inconsistent, and at first supposing that I could

preserve the commuUUive principle also, or the convertibility

[24] [29] of the factors as to their order• Instead ofmy old

symbols x« (see [22] ), I wro|e more shortly 1, t,^; so that

a nmnerical triplet took the form x-\-iy-\-jz^ where I proposed to

interpret Xy y, z as three rectangular co-ordinates, and the trip-

let itself as denoting a line in space. From the analogy of cou*

• I am anwOliag, howevsr* to loavo immintiflndd h«n (alclunigh it 4id not

b^p«ft to tuppljrme tHth aoy aaggcstion)* a roaisrkable me oftho vjmhA
V—t, wUdi was made by the lata Profeuor Mao Callagb, ofIhibli]|« whose great

and original powers in mathematical a&d physical seieDoe mtist cror be remem-

bered with admiration, and which he seems to hare connected (in 1843) with in-

Tcstlgations respecting th<> total reflexion of light. (See Proceedings of the

R. I. A. for the date of January 13, 1845.) This use of imaginarics was founded

on a theorem relative to the ellip'^o, which was expressed by him as {Mllows, in

a qu<^&tioa propo&b>d at the E.xuniiuation for the Election of Junior Feiiows in

1842 (see Dublin UniTersity Examination Piters for that year, published in

1843, p. IsaxiT.)^** Detnr in spatio ellipsis, agns oentmni est origo co-ordina-

tanua. Paaeta «yt, in elttpil slat teradai diaiaetroram eonjtiigatannn*

OstendsndBa est qoaatitatee iaaai^nariti

const %nte« esse pro quolibet systomate diamctrorum conjngatarum," This

elegant theorem of Professor Mac Cullagh may ca.sily be proved, without em-

ploying any but tho usual principles respecting the symbol v~l, by observing

tiiat the following expressions, for the six co-ordinates in question,

x = a cos a sin v, y — h COS u + ft' sin r, * = c COS v -V c' sin r,

d^a cos c - a biu p, y ~b cos v-^h sin o, z — c co» v - c bux u,

gift
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pies, 1 assumed t' = - 1
;
and tried the effect of assuming also

j^^-l, which I interpreted ;is answering to a rofation through

two right angles in the plane of xz, as ^ - 1 had corresponded

to Boch a rotation in the plane of ay. And because I at first

SQppoBed that ^ and were to he tqualf as in the ordinary caU
eulations of algebra, the product of two triplets appeared to take

the form,

(«

+

ib +jc) (x+ ry +jz) = (ax-by- ez) + • + bx)

+j {ax+cx) + if(bz + cy) :

but 1 did not at once see what to do with the product ij, 1 he

theory of triplets seemed to require that it should be iUe{f a

triplet, of the form,

ij - a +

the coefficients a, 0, y being some three constant numbers : but

the question arose, how were those numbers to be determined, so

as to adapt in the best way the resulting formula of multiplica-

tion to some ijuiding yeometrical analvjies,

[46.] To assist myself in applyinjr such analogies, I consi-

dered the case where the co-ordinates 6, c were proportional to

y, 10 that the two &ctor*lines were in one common p/aite, con-

taining the unit-line, or the axis of «. In that particular oii««,

there was ready a hnmon signification [36] for the product line,

considered as the fourth proportional to the unit-line (assumed

here on the last-mentioned axis), and to the two coplauar factor-

lines. And 1 found, without dithculty, that the co-ordinate pro-

jections of such a fourth proportional were here,

ax - hy - cZf ay f hx^ az + cx,

that is to say, the coefficients of I, t,^', in the recently written

expresnon for the product of the two triplets, which had been

supposed to represent the factor-lines. In fiset, if we assmne

y-\b^ z = Xc, where A is any coefficient, we have the two iden-

tical equations,

(«c - X&»- Xc»)' + (Xa + + c») - (€i^»+ i» + c») (*»+ X» ft» -I- X» c»),

tan'» ^ ~jTz—TT- " tao-» ^ ^ + ten'' »
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which express that the required geometrical conditions are satis-

fie<i. It was allowed then, in this case c^/ coplanarity^ or ander

the particular condUtoih

to treat the triplet,

{OM ^hy - cz) +i (ay + bx) +j {az + cx)^

as denotiog a line which might, eoDsistently with known analo-

gies, be regarded as die pradvei of the two lines denoted by the

two proposed triplets,

a + ib +jc, and x + iy ^jz»

And here thi^fowrth term,

^(bz+ey),

appeared to be simply superjiuous : which induced toe foe a mo-

ment to funcj that perhaps the prodmU v was to be regarded as

m 0. Bat I saw that this fourth term (or part) of the piodoot

was more immediately giren, in the csleulation, as the sam of

the two following,

ib Jz, jc,iy\

and that this mm would Tanish, under the present ewdiium

bz^cy^\Sme made what appeared to me a Ism karah sapposition,

namely, the supposition (for which my old speculations on self

had prepared me) that
• • • •

or that

the value of the product k being still left undetermined*

[47.] In this manner, wUkout now assuming cy^ 0, I

had generally for the product oj two trtjjitU^ the ejcpressiou of

quadrinomiai Jonn^

•¥j (jaz+ex)-¥k(bz~ey)i

and I saw that although the product of the soma of squures of

the constituents of the two figictors could not in general be decom-

posed into three squares of rational Amotions of them, yet it

coM be generally pmentcd as the tuni aifimr such squares,
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namely, tbe squares of the four eoeffieients of 1, t, j, h, in the

expression just deduced : for, without any relation being assumed

between a, b, d y, Zy there was the identity,

(o^ -I- («*-fy>-i'^)-(«r-6y-€9)« + (i9<i-te)*

•I- (as H- car)* -i- (&2r - cy)*«

This led me to conceive that perhaps instead of seeking to con-'

Jine ourbeives to triplets, such as a + ib +jc or (a, 5, c), we ought

to regard these as only imperfectforma ofQUAXsaNioNSy suchaa

a+tfr 4/04-44 or (a» e, d)^ the symbol k denoting mie mem
$ori {^mmUtpenUmr: and that thus my old eoneeption ofuU
f30] might receive a new and useful application. But it was ne-

cessary, for operating definitely with such quaternions, to fix the

value of the square k*, of this new symbol and also the values

of ihe products^ ik^jk, Jdy kf It seemed natural, after assuming

as above that » - 1, and that ij = k,Ji ^-k, to assume also

that Jbi«>-i;ib--iV'-+>9 undl^m-jkmj*im^i. The assump.

tion to be made respecting A* was less obvious; and I was for a
while disposed to consider this square as equal to pontine unity,

because i^j*--¥ 1 : but it appeared more convenient to sup[iosu, in

consistency with the foregoing expressions for the products of

h, that — <iw—»V— (-0 (-1)—1.

[48.] Thus all the fundamental assumptions for (be inultipli-

cation of two guatemions were completed, and were included in

the formulas,

it«^.jfc.«-l; t>'«-jt«it; J*— «— tit-i:

which gave me the equation,

(a, b, c, d) {d. If, c\ d') - c^, dO.

or

(a+t6+yc+w) (flT+ift'+yc^+fco iw^

when and only when the loUowiog^ttr sqMxrate eqwUiana were

satisfied by the consiUuenii of these three quaternions

:

d'-ao'-W-cc-rfJ',

b" = (ab' + ba) + (cd' - dc),

c" «= (ac + cc^) + {db' - bd'),

dr''lad-¥da') + {bc''-cb').
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And 1 perceived on trial, for 1 was not acquainted with a theorem

of Enler respecting" sums offour s(/uares, which might have

enabled me to anticipate the result, that these expreiaioDS for

«% ^9 c% d" had the following moMar properiif

:

I taw alao that if» iattead of repregenting a line by a triplet of

the form « -i- ii/ -^Jz, we should agree to tepresent it by this other

trinomial/brm,

ix + + kz,

we should then be able to express the desired produd uftwo Umei

im $paee by a quatbrniok, of which the eonstitoents have yery

simple gtometrical significations, namely, by the ioUowiug,

(ix +jy + kz) (i^-^j^+kz) « iiT+^+ ib^,

wliere

so that the part w% independent of ijk^ in this expression for the

product, represents the/^roifticl ofthe kngthz ofthe twofietor*

lines, multiplied by the cosine of the supplement oftheir inclina-

tion to each other; and the remaining part ix" -ijy" ^ kjs" of the

same product of the two trinomials represents a line^ which is in

length the product ofthe same two lengths, multiplied 6g the sine

ofthe eame ineUnatumf while in direction it is perpendicular to

the pkme ofthejaetor^inee, and is snch that the rotation romut

the muitipUer4ine, from the multiplicand-line towards the pro*

duct-line (or towards liie line-part oi tiie whole (quaternion pro-

duct), has the same rtght-handtd (or left-handed) chdracter^ as

the rotation round the positive semiai^is of k (or of z), from the

positive semiaxis of t (or ofx), towards that ofj (or of y),

[49.] When the conceptiont above described, had been so fiir

nnfolded and fixed in my mind, I felt that the new instrument for

applying eafeulation to geometry, for which I had so long sought,

was now, at least in part, attained. And although 1 had left se-

veral former conjectures rpspectinq^ fr/pltis for many years uacom-

monicated, except by name, even to friends, yet 1 at once pro-

ceeded to hiy these results respecting quaternions before the
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Royal Iridi Aeadmy (at a Meelinf d Cooncii* im October,

1843, and at a General Mcctin^^t shortly subsequent) : introducing

also a theory of their connexion wit h spherical trifronometry, some

sketch ofwhich appeared a few months later iiiLoadoti (io the Phi-

losophical Magazine forJuly^ 1844). On thatconnextoii q/*quater-

niont mih spherical trigonomeiryf and generally with tpherieal

geameiFjft I need not at present dwelU since it is snffieiently ex-

plained in the oonclnding Leetures of this Volnme : hot it may be

not improper that a brief account should here be giren, of a not

much later but hitherto unpublishtd speculation, of a character

partly geometrical, but partly also metaphysical (or a priori), hy

which I sought to explain and confirm some results that might

at first aeem strangei among thoae to which my analysu had cod*

ducted me^ respecting the qmadnmomiaifirm^ and nm^ommuta^
H9e property, of the product of two directed lines in space.

[50.] Let, then, ^e paoDfJCT of two eo-initial lines, or oftwo

vectors from a common orig^in, be conceived to be something which

has QUANTITY, in the sense that it is doubled, tripled, &c., by dou-

bling, tripiing, &c., either factory let it also be concei?ed to have

in some sense^ qoalitt, analogous to direction, which is in some

way defimidyeonmcied with the directions of the two factor lines.

In particular let ns concei¥e, in order to preserve so lar an ana^

logy to algebraie mulHpiicationf that its direction is in all re*

spects reversed, when either of those directions is reversed ; and

therefore that it is restored, when both of them are reversed. On

* The liinutM of Goimea of the It I. A., for Ootob«r ]6th, 1843, rveord

** Leave given to the Preeident to read & paper on a new epeeies of imeginarj

qnantiCiei, oonnected with • theory of qnateniUms." It may be neoetMry to

etate^ hi eiptenation, that the Chidr of the ikeadeaij, wMdi hat tfaioe been eo

well Ailed bj my friende, Dn. Lloyd end Bobineon, wu at that tfane oeevped

by me.

t At the Meeting of Norember 13th, 1843, as recorded in the " Proceedin(/»*'

of that dato, in which the fundarnontal formula? and intt rprftations respecting

the svra^nls ijh are 'jrivon Two letters on the subject, which have since been

printed, were also written in Uctoher, 184^, to the friend so often mentioned in

thiK Preface, Mr. J. T. Grares : snid the chief results were also exhibited to hie

brother, the Rer. C. Graves, before the public eommunioetion of November,

1848. Theee dronmstancei (or tome of them) hare been etated elsewhere : bat

It teemed proper not to pate them over without tome thort notlee here, at coo-

neeted with the date ofthe invention and poblieatlon of the qoatendona.
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the other hand, for the sake of recogiiisiiig what may be called

the symmetry oj space, let this direction ofthe product, »o £ur as

it can be conalnicted or represented by that of aoy Hne in spctce^

be coDceived aa noi changing itt reiaUtm to the tyHem qftkoM
twojbeior direeiioiUf when that system is ia any maooertwned ht

ipaee s its own direction, as a line, being at the same time iitmed

with them, as ifit formed a part ofone common and rigid system

;

and the numerical element of the same product (if it have any

SQcb) underefoing' no chaiKja hy such rotation. Let the product

in question be conceived to be entirely e/e^mtVied, when the fao-

tors are determined; let it be made, if other conditions will alioWy

for die sake of general analogies, a distributivefimetien of those

two foctors, summation of lines being performed by thesame rates

as composition of motions; and finally, if these various conditions

can all be satisfied, and still leave anything undetermined, in the

rules for multipiicalion of linesy let tlie indeterminateness be re-

moved in such a way as to make these rules approach as much
as possible to the other usual rules for the mulUpiicatian of niim-

hern in algebra.

[51.] The sqeare ^fa given Hne must not be anp line in-

dined to that given Bne; for, even if we ehose any particalar

angle of inclination, there would be nothing to determine the

plane, and thus the square would be indeterminate, unless we
selected souiq one direction in space as eminent^ u hieh selection

we are endeavouring to avoid. Nor can the square of a given

line be a line in the same direetion, nor in the direction opposite;

for if ciCAsr of these directions were selected^ by a definition, then

this definition woold oblige as to consider the square as reversed

in direction, when the line of which it is the square is reversed

;

whereas iflthe two factors of a product both change sign, the di-

rection of the product is always (by what has been above agreed

on) preserved, or rather restored. We must, therefore, consider

the SQUARE OF A LiNB as having no direction in space, and there-

fore as befng not (properly) itself aline: but nothing hitherto

prevents us from regarding the square as a numbbr, which has

always one determined sign (as yet unknown), and varies in the

duplicate ratio of tlie length of the Hne to be squared. If, then,

the length of a line u contain a times the unit of length, we are

9
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led to coDflider aa or a* as a symbol equivalent to laS in ivluch I

is some numerical coefficient, positive or negative, as yet un*

knovvij, but constant for all lines in space, or liaving one common

value for all. And, consequently, if a, j3 be any two lines in any

we common direciioHt and having their lengths denoted by th^

numben a and by we are led to regard the product a/3 as equal to

the number I being the same co0icieni as before. But if the

direction of^ be exactly cj^poiiie to that of a, their lengths being

sdll a and their product is then equal to the opposite number,

^lab. 1 lie same general conclusions might perhaps have been

more easily arrived at, if we had begun by considering the pro-

duct of two equally long but opposite lines; for it might perhaps

then have been even easier to see that, consistently with the 4yin-

metry ofMpaeet no one line rather than another oould represent^

€Ten in part^ the direction of the product.

[52.] Next, let us consider the product a0 of two mmiuaily

perpendicular lines, a and J3, of which each has its length equal

to 1. Let a', /3' be lines respectively equal in length to these,

but respectively opposite in direction. Then a^3 ^ - a)3 = a/S';

o'/3'">cij3. If the sought product were equal to any number,

or e?en if it contained a number as tLpart of its expression, then»

on our changing the multiplier e to its own opposite line a\ this

product or part oughtfor one reaatm(thesymmetry ofspace) to re-

main eonetmU (because the system of the lectors would have been

merely turned in space) ; and for another reason (a/3 = - aj3) the

same product or part ought to change sign (because one factor

would have been reversed) : but this co-existence of opposite re-

sults would be absurd. We are led therefore to try whether the

present condition (of rectanguUtrity ofthe twofactor*) allows ua

to. suppose the product a|3 to be a line. •

[53.] Let 7 be a tbiid line, ofwhich the length is unity, and
wbieh is at the positive side of j3, with reference to a as an axis

ot rotation ; right-handed (or left-handed) rotation having been

previously selected as positive; let also -y be the line opposite

to y. Then any line in space may be denoted by ma + njj^^py ;

we are therefore to try whether we can consistently suppose

>*M4i+n/34p7» nt^n^p being some three numerical constanta.

If sOft we should have (by the prindple ofthe symmetry ofspace)
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itfi
tt wul + -fpy' ; and therefore (by a change of all the signs)

o3 sma -f +py ; therefore a/^ - isjS, and consequently-n» n, or

finally « - 0. In like nuinner, nnce a0» - a/3' = - (ma

+

np -kJ97')

ma'-t-M^ + ITY, we should have ma'«ma» and therefore moO*
Bat there Is no objection of Mt>kind against supposing aj3 = py»
p being some numerical coefficient, constant for all pairs of rectan-

^lar lines in spnce : for the reversal <>t the direction ot a factor

has the effect of turning the system through two right angles

nond the other fector as an axis, and so reverses the direction of

the product. And then if the lengths of these two lines a, /3» in-

•lead ofbeing each are respectively a and ft» their product a/3

will be ^paby ; that is, it will be a line perpendicular to both fac-

tors, with a length denoted by pah, and situated always to the

podtive or always to the negative side of the multiplicand line /3,

with respect to the multiplier line a as an axis of rotation, accord-

ing as the constant numberp is positive or negative.

[54.] So fiir, then, without having yet used any property of

multiplication, algebrmcal or geometrical, beyond the three prin-

ciples: 1st, that no one direction in space ie to be regarded as

eminent above anothtr; 2nd, that to mulliphf eitherfactor by any

number^ positive or negative, multiplies the product by the name}

and 3rd, that the product oftwo determinedfactors is itselfSe~

Unmmeds we are led to assign interpretations : 1st, to the pro-

duct of two eo-axal rectors, or of two lines parallel to each other,

or to one common axis; and 2nd, to the product of two reetaiu

^ii/ar vectors ; which interpretations introduce only two constant,

but as yet unknown, numerical coefficients^ I and p, depending,

howcFcr, partly on the assumed unit of length. And we see

that for any two co^al vectors, a, p, the equation a/3 - /?a = 0

hoUs good; but that for any two rectangular vectors, ojS + j3a » 0.

kproduei itftmo reetanguiar Unes is, therefore, so far as the

lorec!:oinx investigation leads us to conclude, nai a commutative

fimclton of them.

[55.] Since tiien we are compelled, by considerations which

appear more primary, to yioe up the commutative property of

niildpUcatioD, as not holding generally for lines, let us at least

try (it was proposed) whether we can retain the dietrUmiive pro^

perty. If so, and if the multiplicand line J3 be the sum of two
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Others, /3i aod /3a, of which one (/3i)h oo-azal with the multiplier

line a, while the other (/Ss) is perpendicular thereto, we must in"*

terpret the product a/3 as equal to the s/t/n of ike two partial

products^ aj^i and 0^3. But one of these is a number, and the

other is a line ; we are^ therefore, led to consider a number as being

under these circumstances added to a line, and as forming with it

a certain fum^ or tjfsiemf denoted by vfii-^afiat or more shortly

by aj3. And such a smn of U»e 4Mnd nmmber may perhaps be

called a grammarithm,* from the two Greek words, ypafifitif a
line, and afjiOfior^ a number, Agiannnaiithm is thus to be con-

cei ved as being entirely determined^ when its twoparts ur elements

are so ; that is^ when itsgrammie part isa Ituown line,and its arUhr
" mte part is a known number. A change in eiiker part is to bo

conceived as changing the grammarithm : thuss on equaiUm 6e*

twemtwo fframmariihwu ineiud€$ gmeralty two other equations^

une between two numbers, aad another between two lines.

Adopting this view of a grammarithm, and defining that a|3 » a/3i

+ a/3s> when ^ = /3i + /3a, /3i [ a, j3t ± o, the product of any deter-

mined multiplier line and any determined multiplicand line will

be itself entirely determined, as soon as the unit of length and

the numbers / and p shall have been chosen ; and it remains to

consider whether these numbers can now be so selected, as to

make thu rules of multiplicaiiun of lines approach more closely

Still to the rules of multiplication of numbers.

[56.3 The general distributive principle will be found to give

no new condition; and we have seen cause to reject the commU'

tative principle or property, as fiol gtMiraXtg holding good in tho

present inquiry. It remains, then, to try whether we can deter-

mine or cofuiec^ the two coefficients, I and jo, so as to satisfy the

asjivciaUue principle, or to veniy the formula,

a . fSy " cjB • 7>

* Th» word "gnmiiiaritlim* mm anbieqiMntlj propoMd in a ootniwuiinstfatt

to tlw Boyal Iriih Aeatey (see the Froo«ediiigi ofJuly, 18M), m cm wldoh

mghi replace the word " qoatcrnion,** at least in the geometric&l rlew oftlie

8td»ject : but it did not appear that there would be anything gained by the sys-

tematic adoption of this chang^o of expression, although the more sugye»tion of

another nnme, as not inai>plioable» seemed to throw » little additionai ligfat on
the wboio thuory.
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For thk purpose we may first diatriUmie the fiwtors ^, y into

others, /3i /B; 7, 73^3 which shall be parallel or perpendicular to

it and to each other; and iLcn shall have to Hatinfy, il possible,

9ix couiiitions, which may be reduced to the hisL ioUowiug

:

a.aasaa.a; a«aa'Bo«.a'; a.a(/'->oo.o';

a.aa = aa>o; a. ad — ad, a ; a . du - ad. d
;

Of a, u being three feetangolar unit-lines, so placed that the ro-

tation round a from a to a'' is positive. Then, by what has been

already founds the following relations will hold good:

''"It I t H

* • ^ t * $1 It
oa =-«a"'-/>o ; aa e-aa ^-f-JHi;

and the six conditions to be (lati&iied become.

a.l-l.a; u^pa^l^ul a^-^'^/^oT;
u»^pa^pa*a\ a. I— pa , a; a,pa=pa''»a\

Of these the first suggests to us to treat an arithmic factor ai

commutative (as regards order) with a grammic one, or to treat

the product line into number^' as equivalent to number into

line;" the fourth and sixth conditions afford no new infonnation}

and the second, third, and fifth become,

-f^d^Ui -f^a^lai -p^a'^ia.

The ctrndtHcm ofa»soeiaHon are therefore' all satisfied by oor

assuming, witli the present hignification of ibc symbols,

almlof and /->-^;

and they cannot be satisfied otherwise. The constant I is, tliefo-

fore, by those conditioiis, necessarily negative; ami lvlhy line

in tridimensional space has it? sqitare ^on this plan^ equal to a

VSGATIVK number: which is one oi the most novel but ensential

ilrim nis of the wh<^ qnntemion theory. (Compare llie recent

paragraph [48] ; also art. 85, pnges 81, 82, of the Leetnrcs.) And
that a grammariikm [56] may properly be called a quaternion^

appears from the consideration that the /me, wliieh in it is added

tu a number y
depends itself upon a system ofthree numbers^ or

may be re[)re«^ented by a Irmutmal erjircfi^iuiiy l)ccause it iw al-

ways the turn three Unes (actual or nuil^, which are paialiel
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to three fixed directions (compare Lecture 1 1 1.). The coefficient

p remains still undetermined, atid may be made equal to positive

one, by a suitable choice of the unit of leng^th, and the direction

of positive rotation. In Cbis way we shall have finally the Toiy

simple values^

p = +l,

and tbe rules for the muUiplic€Uian of lines in space will then be-

come entirely definiief and will Offtee in all respects with the re-

lations [48], between the symbols yk,

[57.] Another train of d priori reasoning, by which I early

souiJfht to confirm, or (if it had been necessary) to correct, the

results expressed by those new symbols, was stated to the R. I.

Academy* in (substantially) the following way Admitting* for di<-

reeted and cop/oimr lines, the conception [36] of proportion : and

retaining the symbols ffA, or more fully, +jf +k, to denote

three rectangular unit-lines as above, while the three respectively

opposite lines may be denoted by -
» , -j, ~k ; but not assuming

the Ivtiowledge of any laws rcHpectiiig their mnUipUcationy I

sought to determine what ought to be considered as tlie fourth

PEOFORTIONAL, ti, to the three rectangular directions^ i, A,

amdsienify with that hnown cane^tion [36]>&r direetitms ufithin

the pUmet and with some general and guiding principlee^ respect-

ing ratios and proportions. These latter assumed principles

(of a regulative rather than a constitutive kind) were simply

the following: 1st, that ratios similar to the same ratio must

be regarded as similar to each other; 2nd, that the respec-

tively inoerse ratios are also matually similar; and 3rd, that

xatioa are similar, if they be eimUarlg compounded of similar

ratios: this sunilarity of compatitian being understood to indode

generally a sameness of order. It seemed to me that any pro-

posed definitiQual:^ ui»e of the word itATiu, wiiich should be in-

• See the Prooesdiogs orNoTenbar lltb, 1844

t In the atetriiot pnbllihsd Intlie Proceedings, the words **8oatii, Wett,

Up" were vsed et first faitteod oltbe ejmbola k\ sad the Mnight fourth pm-
poftionel to^, whloh is here denoted bj «, wee oelled, profisionally, «* Forward."

I As an ezanple of the use of the lint of tfaeae Tery aimpte principleo, in

erving to exdude a definition which might for a moment appear planrible, letns

take (he ooostrnfition [a8J, and inqnire whether (ae thnt eonatmction wool^
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consistent with these principles, would depart therchy too widely

from known analogies^ mathematical and metaphysical, and would

inyolve an impropriety of UmgmagesythiXefOii the other hand, it ap-

peared that if these piinciplea were attended to,andother analogies

pbaervedyitwae permitted to extend the uie ofthat word raUotand

Miggect) w» vtApntpnhf «qr Ibtt^biir dknelkm (or foor diverging unit-lioetX

Op /9k Y« form pmnXLj%froporiimm9ftmt whoa tbo oaglM /^,lMt«wa
tbo oxtremeo and aiMsif hovo ODO comoM fttMcfor (f). If so^ wImb the thrte di*

toeliOBi a» iSt 7 became rectanpilar, wc should liftTO aifi:ty:-a, aad 7 1—

a

: : )3 : - 7 ; btit we should have also, a : /3 : : ^ : - a, and no< o : j9 : 1 /3 7 { 10 that

the two ratios, a : /5 and /Sr - y, would bo said to bo similar to one commrtn ratio

: — o), w»tbout being similar to fnrh other, if tho foregoing' ronstructiou for ft

fourth projiortional were to be, hy Jiitinition, adopted: and this objection atone

would be held by me to be decisive against the introduction of such a definition ;

and therefore also against the adopUon of the connected mle mentioned in [38],

Mbaviiv at om tbDO oeeufod to a Mead (I. T. G.) and to myself, for tiM mid-

ti|iUeatlon ofUbm tnapMo, oveniftbm wore no oiktr nammt (tm in &«t tliaro

aro),ftrtberc9oetioaoftbatndft. Aii]Bi]ArobJ«etionopplioi,wlthM|naldodilTO«

noia, against tbo nite]iwDtioiMdiii[87]>Maa«aril«rcoejoetaro ofnyowD. Oa
thoothor faaad,oaiaol€gous and equally simple argumentmoy Mrre to^'vslt/lf tho

notation d - c

=

b - a, employed by me in the following Lectures, and elsewhere, to

express that the two right lines ab and co are equalfyhnr; and similarly directed^

apainst an objection made some years ago, in a perfi'ctly ( aiuiid spirit, by an

able w riter in the Philosophical Magazine (for June, l^li*, p. 411)^; wlir> tfn u-lit

that interpretation more arbitrary thau it bad appeared to mti to be ; und

Buggt->ted tbot the iome tu>UUum might as well h»TO been employed to signify

this olfter opneqifiMi.-f-tbftt tho two equally long tinea ab^ cd mH iOfn«wA«ro, «|

a floito or inflnlto dittanoo. I oonld not admit tUa oztonrion ; fbr it woald load

to the oondnaion that two linaa an, sr might bo equat to tho tamo third lino CD^

withoot bang eqoal to M«A olher : whloh wonld (in my opiidon) bo so great a

violation of analogy, aa to render tbo nao oftba word " kqual," or of the «^ m,

with the interpretation referred to, an embarrassment instead of an assistance.

But I do not feci that analogies arc thus riolatt-d, hy the simultaaeoua admit*

aion of the two coiUrtutcd proportion* (see (3) (4j (5) of [67] )i

for tho alomentary theorem called ofken * aUemando,** (iyoVXdC Xoyoc, Ene. Y,

Def.] S, aad Prop. 1 6) is by its nature Ihnitod (in Ita original meaning) to the caaa

where tho Means which dmngo placet are Aoauiyeaeoiii wlUi each other : whereaa

two reHttn^lar direetiomi aa here I and^, are in this wholo theory raganM aa

bdagin some sense ilelffreyeiieoiM. ThejbaTO at least no rclatir n to « ach other,

whidi can bti represented by any ratiOf such as EvcUD considers, of magnitude

la mmgnitude; and therefore wc have no right to expect^ from analogy to old re-

sults, that nUfmntlnn i\\dX\ generally he allonrd In n proportion involving,' such

directions : although, within tlie plane, alternation isJound to be admissible.
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the connected phrase proportion, not only from quantity to direc"

iioHf within one pUmCy as had been done [36] by other writers,*

• Sineethe note to paragraph [36], pp. (31) (32), wm in type, I tttTO had an
opportunity of nMwnsnltlng tbe fonrtli oiome ofthe Annales de Malhfmatlqaes,

and have found my reeolleetiona (agreeing indeed in the main with the formeriy

dted page 928 of Pr. Peacoek'a admirable Mepori), retpecting the ^^H^^
priority of Argand, oonfirmed. Frangais, indeed (in 1813), published in thoan

Annales (Tome IV., pp. 61, . . 71) a paper whieb contulned a theory of **pro>

portion de grandeur ot de position," with a connected theory of multiplication

(and also of addition) of lines in a ijivpn plan*' ; but he expressly and honourably

stated at the same time (p. 70;, that he owe<l the substance of those new idoaa

to another person ( " le fond do ctis iUees nouvellos ne m' appartient pas")

:

and on being soon al ur wards shewn, through Gerguuae, whose couiiut t in the

whole matter deserves praise, a copyofArgaad's earlier and printed Essay (Paris,

1806), Fran^aiamoat folly and distinctly recognised (p. 2a&)that the tme anthor of

the method was Argand (<* U n'y a paste mmndre donte qjn'on ne doive k H* Aiw

gand la premiere idee de repr^tenter g^omttriqiiement lea qnantit^a imagU
nairw*0* Nothing more Ineid than Ai^and^ own atalements (see the aaaaa

Tolame, pp. 196^ 137t 138), as regards tbe>lMd!BaMN<«l|ircacyilH ofthe theory of

the additiem and wiulUpUcation of coplanar linesi has ainee (so far as I know)
appeared ; not even in the writings of Professor De Morgan on Double Algebra,

referred to in former notes. But Argand had not anticipated De Morgan's

tiieory of Log<mieters } and was on the oontrary disposod (pp. 144| • . 146) to

regard the symbol V- 1 , notwithstanding Ealnr's wdUknown result, as de>

noting a line (&p), purpeiuUcuhr iothe p&me ofthe lines 1 and V^: and to eon-

rider it as offering an example of a quantity whidi was ^redmeiMt to thtform

p-¥q^-lt and was (aooording to him) «s ktterogtmeoiu with respect to V- 1, na

the latter with respeot to + 1 (** anssi h^tCrogCne" &o.). The word modnlna
(«t module'*), so well known by the important writings of M. Caaehy, ooours in a

later paper by Argand, in the following volume of the Annales, as denoting

the real quantity Vp* + 9'. If I have seemed to dwell too much on the specula-

tions of Argand (not all adopted by myself), it has been partly because (so far

as 1 have observed) his merits as an original inventor have not yet been suffi-

ciently recognised by nnathomaticians in these countries : and partly because one

0fthe tttfo most es.^cniuil links {t\iQ Other being a</</itton) between Double Algebra

and Quaternions, is Aboamd's main and/undamentalprinciple respecting coi>l,a-

MAB paopoBTioN, exproised bylum aafollows (Aunales, T. IV., pp. 136, 137):—
«• Si (fig. 2) Any. AXB«wlay. aW, on a, abstraction faite dos grandeura abso-

lues, XA ; KB : : k'a' ; K'n . Cest U le prinmpe fondamental de la theorie dont

nous avons essays de poser lea prenudres bases, dans V eorit dont nona donnona

id un extrait" (namely, Argandls Rioted Essay of 1806, exhibited by Gergonno

to Fran^ais, after the appearance of the first paper of the latter ilithor on the

anbjeotin 1813). Argand continued thus (in p. 137): **Ce principe n*a Hon
au fond de plus strange que celui sur leqoel est fond^ la conception du ra|^rt
gfometrique entre deux llgnos de signes ditT^n-ns, et il n'en est proiprement

qu' une gtotoalisatioo a remark in which i perfectly concur.
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bat also iiom the plane to jpoce.* The supposed propor-

j:i::kiUt (1)

gave thus, by invenion*

ti:A (2)

but also, in the planes ot y, ik, there were the two proportions,

itj iiji^if 9Mkd kit ii-iiki (3)

eompoundiiig therefore, on the one hand, the two ratios, u:k and

i:t, and, on the other hand, the two respecdrely «nukr nUioSy

ji'if wad ' • : A» tbeie resulted the new proportioni

u:%i:j:k; (4)

wMch difiered from the proportion (2) only by a cyclical Irani'

J*

• Alth u:;h the observations in par. [571 relate rather to proportions than to

im^ijktLTie^ vtt tho present may bo a conveuient occasion for remarking that

Bote, and even Wallis, bad speculated, before Argand and Fran^ais, on inter-

ynmiyiM the sjmbfllV^, wUehdioeideitaidto^NMflniltliatthtiiMrtfit

^fnoA to an atKtcyafww of the qtuO/ermoiiMt or at least to an atfjc^poluMi i^

tiifku, aeena to mo to faavo boon mado bj BorroU, in a pusago of tho latoly

dtad vdaBo of OorgonncPo Annaloi, wbieh i^poan earioot and appropriato

MmhtobooxtraetedlNro. Somia badboaelUk^iliVipaUBt of€tai|pon^

tNpeetiog tlio ropresentation of ordinary imaginarfea of tho form x-f^ V-

1

{x and jr bein^ whole numbers), by a ttMe ufdomkU argiment (p. 71); and

(bought (p. 235) that such a table might be regarded as only a slice (unc tranche)

nf a t.n>l. if TRIPLE argument, for represent innf pnwfn (or lines') in sr\rc. ITo

tinis coQtinuod :
— " Vous donneriez sans douti a ohacuno terme la I'ornif (rino-

*' maU ; mais quel co^-fficient aurait le troisidme ti rmp ^ Je no Ic voia pas trop,

" L anaJogie seml li rait exiger que le trindmc fiit do la forme, p cm a-^-q cog /3

** ir cos y, a, /Li, y etant ies angles d'une droitc avcc trois axes rectangulaires

;

*•! qn'oQ eilt

"(p cos a + 9 COS /3 i- r cois y ) (/)' C09 a > 7'cos^+ r' cos = cos* a + cos«/3 + cos^ y^l.

*'1a< vaJevirs de p. 7, r, p', 7', r (jui satisferaient A c* tto condition seriiient

*'mrd€i' (*' quantit^s non-retiles," as he shortly rdlerwards calls them) : "mais

** fcraient-elles imaginaires reductibles ^ la forme g^nerale A + B^—Xl Voila

" sne question d' analise fort singu|i^re, que je soumets & tos lomi^res." Tho
lb aox-msAM whidi Serroia thns with romarinbto i^acity/or«Mw, wllhovt

liMQg ablo to dtiiAmiM thon, may now be idoati6ed with tlio then nnknown sym-

bols -h^ 4-^ 4. A, ~ ^ ^j, -ii, of tlie quaternion theory s at loait, thote latter

tfabob IU61 preeiaelj liio tamdHiam proposed byhim, and Atmiih an eafioar to

1^1 '*nBgn]ar qnoatlon.'* It may ho proper to state that my own theory bod

beea constmeted and published for a long time, before the lately oited psMog

e

bipoMd to moot my oyo.

h
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potition of the three difeetions t;*. For the same leason, we
may make anothw eycUeal change of the flame sorty and may
write

u:j :xki$; (5)

while, in this cycle of three rectangular directions, ijk, the right-

handed (or left-handed) character of the roiaiion^ round the first

from the aeeond to the thirds ia easily seen to be unaffected by
iuch a transposition. Again compounding the two similar ratios

(1) with these two others, which are evidently similar, whatever

the unknown direction u may be,

. t: (6)

we find this other proportion,

ji^iiikz-ui (7)

and therefore, by (2) and (3),
*

uik k:-u. (8)

In like manner,

a : t :: t and «:j (9)

and in any one of these proportions, any two terms, whether be-

longing to the same or to different ratios, may iiave their sit/nji

changed toi^Gther. All these j)r(iportions, (2) . . (9), follow from

the original supposition (1), by the general principles above

Btated, without the direction a being as yet any otherwise deter-

mined.

[58.] Suppose now that the two rectangular directionsj and

k are made to turn together, in their own plane, round t as aa

axis, till they take two new positionsJi and iti, which will there-

fore satisfy the proportion,

jlklljiiku (10)

We flhaU then have^ by (4),

uiiiiji'.ki; (II)

and therefore, by a cyclical change of these three new rectan-

gular direettonfly

uiji :i kti % I : (12)

if I and ii be obtained from ki and t by any common rotation

ronnd^i. Another cyclical changOi combined with a rotation

round the new Ibe /, gives finally.
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m:l : : ii'.ji :: mm; (13)

where ifM^n may ropresent any three recianguiar direciiom

.

wkaieverj subject only to the oondition that the raiaHom round

/ from » to » sliall be ofthe Mne d^araeter as that Tound i from

JtoL With this condUion, therefore, the first assumed propoi^

tion (I) may be replaced by this more ymeraL ouc;

ii:«i::/:f»; (14)

wlule for (8) and (9) may now be written, ^th the same signi*

ficadon of the symbols,

ml II li-u\ uim II mi-u\ «:»::«:-»; (15)

sadhecause »: sn : : m : - we hare these other and not less ge-

Bcnl proportions,

m : - n / : w ; 7W : n : : / : - ti. (16)

14 then, there be any such fourth proportional, tf, as has been

sboTe supposed* to the three ^oen rectangular directions7, f\ ^
the M»e direction «, or the oppoit^e direction - «, will also be,

b the same sens^ the fourth proportional to any other three rect>

sngnlar direcdons, n, m, /, or m, tij /, according as the character

of a certain rotation is preserved or reversed.

[59 ] This remarkable result appeared to me to justify the

regarding the directions here called + u and - u rather as name-

fical (or algebraical) than as Unear (or geometrical) units; and

to make it proper to denote them limply by the symbols 4-

1

sad - 1 ; because their directions were seen to admit only of a

certain contrast between themselves, but not of any other change:

all that fji o)/ufncal variety, which results from the conception of

tridimefisioHal spacer having been found to disappear, as regarded

tbem, in an investigation conducted as above. And in fact it is

Mof permiiiedt on the foregoing principles, to identify the dire<s

tion u with that of any Une (!) whatever: for in that case the

proportion (13) would give the result I : I : : m : ti, which must be

legarded io tiiis theory as aii absurd one, the two terms of one

rauo being coincident directions, while those of the other ratio

ire rectangular. But there is 00 objection of this sort against

our sopposmg, as above, that

+ (17)

and then the proportions^ derived from (13), (15),
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l:l;:m:ii::ii!*iit; I;!::!:-!, (18)

may he conveniently and coociiely expressed by fomiulsB of mat/*

UpliccUwnf as ioilows:

lm«»; Imm^m; ^m^l. (19)

[60.] In this way, then, or In one not ewentially diffetenty

the fundamental lormulse [48] of the calculus of quaternions, as

first exhibited to the R. I. A. in 1843, namely, the equations,

i»=-l,>a«.l, ^,.1, (A)

^m+ k,jkm+i, ki'^'^J^ (b)

ji,-k, A;.. I. a—y. (c)

were shewn (in 1844) to be consistent with ^prtort* principles, and

with considerations of a general nature; a product being here

regarded as a fourth propobtional, to a oertain extra-^atial*

imitf and to two directed factor-lines in s[Nice : whereas, in the

Investigation of paragraphs [50] to [56], it was viewed rather as

a certain fukction ofthose two fectors, theform ofwhich fttoo*

6on was to be determined in the manner most consistent with

some general and guidlntr analogies, and wilh Liie conception of

the symmetry of space. l)ut there was still another view of the

whole subject, sketched not long afterwards in another commu-

nicatioQ to the R. I. Academy,! on which it is unnecessary to say

more than a few words in this place, because it is, in substance^

the view adopted in the following Lectures, and developed with

some fulness in them : namely, that view according to which a
QvATBRNioN is Considered as the Quotient of two directed lines

in tridimensional space.

•II SMMd (aad ttiU MBt) to iM osftwml to MoaMi lilt

witbtb«ooiMeptioii[8]or«ura,rcgwMhweBMnfyM aa wtU^wMmmm
md wMhMittkmt frogrttrinm^ Bet whether we thos «mAr/0Mli^ ftec

apace, or conceivo generally any gygiem offour independent ares, or scales of pro-
grossion (u, i

,
k), I am (Hsposi'il to infer from the above inTOStigattoa the fol-

lowing LAW OF TjfK FOUR BCALES, as opp wliirh is ftt least oonshtont with

Onalngy, and u»iini!>.siblo as a tltjinitional ej /msi n lit' till' ru[l(ljini( iit;il cijualions

of t|UUti-riU0US:->" A formula of proportton Inia ttH Joui indfj/endtni and litrccted

wUU is to be considered as remaining true, when an^ two of them change placr*

with eadi other (in the formiila), provided thtt the Srttihn (or <tpt) of Me be
mtrHd," Whatover 11147 ^ thought oftbeoe abstnuit and eeni-meUphytieal
9ltmt, a»/brmiam (a) (b) (c) of par. [00] are in aiij ovent a tnlBeieot bodt ftr
the erection of a OAidCin.us of qnatemione.

t 8m the PkoosoiHngi of Fbb. lOlh. 1849.
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[61.] Of such a gtomeii ical quotient,* h -i. a, the fundamen-

Ui pro{>€rty is ii^ this theory conceived to be, that by oju rathig^

multiplier (or at least io a way analogous to mulupiication),

€0 the divisor-Unei a, it produces (or generates) the dividend^

Uu^ b; and that thai it may be interpreted as satisfying the

general and ideDtieal formula (compare [9] )

:

(b -s- a) X a^B b.

The analogy to multiplication consists partly in the operation

being i ne which is performed at once on length and oji du cclion,

as in the ordinary multiplication of a line by a positive or nega-

life number; or as is done in that known generalization [36] of

Midi mnltiplication, for lines within one planoi whieh (for reasons

MHgned in notes to former paragraphs) onght (I think) to be

called the Method of Argand: and partly in the dreumttanoe

that the new operation possesses, like that older one (from which,

however, it is entirely distiricty] in man) otlicr and important re-

spects), the disiriiruiive and aSMO<MUive,t though not like it (ge-

nerally) tlie ecmmuuaive properties, of what is called mulUpU^

* TMt riew of a geometrical quotttnt was also dereiopcd to a certain rxtcnt«

hs an anfini^.bcd «»ori»'s of papor«, wliifh appeared a few years ago in the Cam-
l)ridgo and DuMin Mathematical Jonrnai, under thp head of Symbulical Gcomt'

try : a title ad'ipted t * mark that I had ntt*^mpti in the composition of that

jjarticular series, to nllnwa more prouuuent intiuonco to the genera! laws of

^fnbolicai languayc than in somo former papers of mine ; and that to this extent

I had on that occasion sought to imitate the Symbolical Algebra of Dr. Peacock,

tad Io frollt alto bj aone of the remaTlts ofGregory and Ohm.

f AaMng tfioM dMiRcMoM ofmethod, HU imporUBt to boor In mind that no

MwJhebtakoa, in mjejotem, ao roproseatiiig thodbvtto of^onMNiMl^.* aad
ttat, OB tiio oontrafjt mny tetUfr-mM i« logardod aa on* </lft« •fnort roote

tfliiii. omfy. It b^to be TCBMrked, also, that thepndiui dt two Inottoed bi^

aiiiretitaugular vectors i- rnnsidered in this theory as not a Nm, but a giMfir^

i&Ni .- an which will bo found fully iUostrated in the Lectures.

t To this ns.sociath'f principle, or property of multiplication, I attach much

importance, and hnxp taken pains to shew, in the Fifth and Sixth Lectures, that

it can lie gromf iricalty proved for quaternions, intlept-nrh rttJi/ of the diitrihuHvt

principle, wliich may, however, in a different arrangement of the subject, bo

made to precede and tusitt the proof of the associatire property, as shew-n in th«

SsTcnth Lecture, and elsewhere. The ahtence of the associative priaciple ap-

pein to me to be an huemtvtitSimet fo the qdowt or ootooomialsiof Moesra. J. T.

Oram and Artbnr Cayloy (mo Appendix B, p. 790) s that In the aotatloa of tha

fonaer we ihoold faideod haTO, ai In qnatemlona» ^'»Jfc» bnt wt gmtfdijf LJtf

•W, if« fepreeeoi an oetave; for s.j7«i«iss«oM-»W«-{f.iL
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cation in algebra;^ at least vihtu a few definitional formulae

(rescml)lin^ those in par. [9] ) are established. And the motive

(in this view) for callint^ such a quotient a Quaternion, or the

ground for connecting its conception with the mumbbk Four» i«

derived from the consideration that while the bblativb LBKGtb

of the two Hdos compared depends only on one number^ ezprew*

ing their ratio (of the oidinary kind), their rblativb dirbc-

TioN depends on a aysiem ofthree numhere f tme denoting the

ANGLE (a'^ b) between the two lines, and the ttio others serving

to determine the aspect of the plane of that angle, or the direc-

tion of the AXIS of the positive rotation in that pitune^Jrom the

divisor-line (a) to the dividend-line (b).

• The oTprpsfiion '* algebra," or "orcimary :il<2;ehra," ocrurs soveraJ times ia

these Lerturi s, as denoting merely that umuu! f-ptcii-s of algebra, in which the

equation ab = baXB treateil as uniTersally true, and not (of course) as implying

any degree of disrespect to those many i^d eminent writers, who have not hi>

tbirlo ehoMiB to adult int» their calmilAtioiia simIi eqnationt as a/3 s: -/3a, foe

the mnHiplieatioo oftwo rectangular finea, or for other and aiore abtCraet par-

peeei. It ia proper to itate hwa, that a ipedaa ofwwi eoamafaliw awft^yfaaltoi

for ineliiMd Unea (anaaero Ualtlplihation) oeoors in a Tery original and renaik-

able work by Prof. H. Grasfnann (Ausdehnungslehrc, Leipzig, 1844)* wlUoh I

did not meet with till after years had elapsed from the inyention and communi-

cation of the qnatpmions : in which work I have also noticed (when too late to

acknowlcdt^o it elsewhere) an emplnyment of the symbol /3- a, to d«>note the

directed line (Strecke), drawn from Ihc {jint a to the point fi. Not ti with stand-

ing these, and perhaps some other coincide noes of riew, Prol. (iiassiiiana's system

and mine appear to be perfectly dbtinct and independent of each other, in thuir

ooQceptions, methods, and reaolta. At leaat* that the profomd and philosophi-

cal author of the Aaadehnnngslehre waa not, at tho tiino of ite pidrfieatioii» In

poawidoii of the theory of tho quaUmkm, whidi had hi the praeeding year

(1843) been applied by no aa a aort of organ or cakuhiMjbir tpktrieal tngoitmt"

irff seems clear from a passage of his Preface (VorredOi p. livOf whloh ha
states (nnder date of June 26th, 1844), that ho had not then succeeded ia a»-

tending the use of imaginnriesfrom (he plane to tpace; and generally that unsnr-

monnfcd difficulties had opposed themselves to his attempts to construct, on his

principles, a theory of angles in space (hingegcn ist es nicht mehr moglich, ver-

mittt'lst des Imaginiiren auch die Gesotse fiir den Ranni abznlciten. Auch
Stellen sich iiberbaupt der Bctraebtung der Wiokel im Haume Scbwierigkeitea

^\lN!&tgegoQ, za deren alladtigor Losnng mir aooh nldit liinrdohende Mnsse gewor-
"
^a lot). The earlier treatiae by Prof. A* F. Mobius (der barycentriaoho Galoiil«

fprig, IttZT), referred to fat the aame Prefhoe hj OraasnBaiiii. appaara to be
iroric whioh Uhewiao well deaerrea atten^oo, for ita ooDooptionSt notationab

>Bd resiUts ; as does also another work of Mobiaa (Mediaidk doa ffiiiimtlifi,

lioipilg, 1843}, olaewhara refcrred to in theae Leotnrao (pago 614).

f
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[62.] For the unfolding of this general view,* and the deduo»

tkm from U of many geometriealt and of some physicalt conse-

qneDces, I must refer to the following Lectureis of which a
coniidoiable part hat been drawn op in a more popular^ style than

this Pie&oe: while the whole has been composed onder the in*

fluence of a dnoere desire to render the exposition of the subject

as clear and elementary as possible. The prefixed Table of
Contents (pp. ix. to Ixxii.), though somewhat fuller than usuaif

will be found useful (it is hoped) not merely as an analytical

Imdexy assisting a reader to refer easily to any part ofthe volume

which he has once carelnlly readi bnt also as a general tArui^

meiU of the work» and in some places as a eomMi€iilafy.|| The

•I may just hint here that the oiaDATERNioNii of LecL Vli. admit of beiug

geometrienUy interpreted (comp. note to [19] ), by considering each as a couple of

quotients (^ constructed by a tbiradial (a, /3, 7), and muUiptied by a com-

mutative factor of the form V -1 (compare [IG] ), when the line-rmtple y) it

chanji^ed to (- y, fT), or whpn the antfle fiy is changed to an adjacent angle.

t Notwithstanding some references to works of M, Chasles, and other emi-

nent foreign geometers, my acqountancc with their writings is far too imperfect

to give mc any confidenco in the novelty of various theorems in tho VII''* Loc-

tvt and Appendix (raohMthoN respecting genaratiMUi oftha eUipsoid, .and

Interlptioiu of gamehe polygma in fnrfnoN of the Meond ordar), bajond what

ia darirad fhnn tha opfnlon afa few gaoaaatrioal IManda.

X Sana anahpAfml appUoatiana ware aarlj aoggeatad bj Sir J. Haradial*

§ It had been designed that thaaa Lectures should not go much more Into

detail than those which have been actually delivered on tho subject by mo, in

successive years, in the Halls of this University ; and the First Lecture, printed

in 1846 (as the astronomical allusions at its comnu-nconifnt may indicate), nrvs

in faet delivered in tli:L( year, in very nearly the form in \\ irich it now appears,

Bnt it was soon found necessary to extend tho plan oi thf cumposition : and it is

avident that tha subsequent Lectures* as printed, are too long, and that the laot

aCtham inTalvaa too mnah caladialiott» to liaTa baan daUvand In tb^ pjfaaant

tmtm : thoogh aonathing oftha atyla of aetnal laatniiag haa baan bara and tbara

ffatwnad. Tha raal S&Sdom tiiSbm warh ara not ao mnoh tha Lutwnm tbam-

advaiy «a tha ahorter and more numerous Articles, to which accordinglj tha

reference* have been chiaflj nade. An intarmedtato form of subdivision into

Sectiong has however been used in drnwin^ «p thr Contfnt^, which the reader

may adopt or not at hi<^ discretion, marking or it .'i\ iri|; unruarkod tho margin of

the Lectures accordingly. Some new terms andsyniljols Iww* Ij. 1 n nuavoidahly

ititroduct'd into the work, but it is hoped that they will not be found ciubarrasa*

ing, or difficult to remember and apply.

I For Inataaaa^ sa regarda tha IbnnattaQ of tha Adantaria Fonotion (p. xliiL)
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Diagramtm tamenmy and have been engraved* wttli care fwm
ray drawings: some of them may perhaps be thought to have

been unnecessary, but it appeared better to err, if at all, on the

tide of clearness and fulness of illustration, especially in the early

parts of a work based on a new mathematical conception, and

dciigoed to foDish, to tboae who may be disposed to employ tl,

a new matbenatical organ. Whatever may be thought of the

degree of sneoeBa vith whieh my exertions in this matter have

been attended, it will be Mt, at least, that they must hare been

arduous and persevering. My thanks are due, at this last stage«

to the friends who have cheered me throughout by their conti-

nued sympathy ; to the sd.entific contemporahesj who have at

moments turned aside from their own original researches, to no-

tieet and in some instances to extend, results or speculations of

mine; to my academicai superiors who have sanetioned, as a

subject of publie and repeated examination in this University,

the theory to which this Volume relates, and have contributed to

lighten, to an important extent, the pecuniary risk of its publi-

cation : but, above all, to that Great Being, who has graciously

spared to me such a measure of health and energy as was required

for bringing to a dote this long and laboiioos undertaidng.

William Rowav Hamilton.

Observatory of T. CD., June, 1853.

• By Mr. W. Oldham, whoso fidelity and diligence are hereby acknowledged.

t In these ccrantries, Messrs. Boole, Carmichael, Cajicy, Cockle, De Morgan,

Donkin, Charles and John Graves, Kirkman, O'Bnon, J^nottiswoode, Young, and

perhaps others; some of whn'^r rp'^parrhes or remarks on subjects connected with

quaternions (such as the tnpids, ttastirmes, octaves^ and pluquatcrnivns) have

been elsewhere alluded to, but of which 1 much regret the impossibility of giving

here a fuller account. As regards the theory of algebraic key$ (clefs algcbriques),

lately proposed by one of the noti eminent of oimtiiKntal iwalysts, as one that

ijiclMtfcf the qastemieni (Comptee Bendos for Jan. 10, 1853, p. 75), it appears to

me to be virtaallj induded in that the4»7 of sbtb Id algebra (explaSned in th«

preeent Preface), which waa announced by me in 1835^ and pvhltahed in 1848

(Trans. R.I. A., Vol. XXI., Partn.* p. 229, Sec, the symbols Xr being in fad

what M. Caochy calls keys), as an extension ofthe theory of oow;)/£J (and therefore

also of imaginaries) : ofwhich sets I have aUv^vp considered the quatbbnioms

(in their MymlntUeal aspect) to be merely a particular case. Before the publica«^

tion of those «e/«, the closely connected concepti ii of ati ahjehra of the «'* cha-

racter" had uccurrcti to i'roi. De Morgan iu 1844, avowedly a^ a suggestion Crom

the <|aatenuons. (Traaa. Caab. PhiL Boa, VoL VUL, Part in.)
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§ XIX. AnalAgyasdetenninationa for differeners ofpoints (see § i.), constructed or

pictured by straiyht lines, with slraiyht arrows attached
; interjjretations

of the two cquutions l> - c — B — a, u = b - a ^ c ; h here the fourth

ci/mrr of a parailflogrum, of which C, A, B are Uiree succetsire coruera,

and of which the altitude may vaniah ; inversion and alternation of an

equation between differencea of pointa, c-A + B = B- A-hc; vectors are

eyual, when they differ only in their situations in space ; addition of vec-

t<^>r5 still corre5{K>nd^ to composition of vectiona, although they are not

now given as suceeMsive (compare § v.) ; Buch addition ia eommutative and

gjitociativey g -f /3 = /3 -f a, ( Y /3) -f a = y 4 (/3 -f o) ; the <iiin of any

aet of vectors ia simply that one resultant vector which produces the same

total orfitial effect^ in changing the position of a point, as all the pro-

f>«:»ed summand vectors would do, if the motion's of which they are sup-

posed to be the instnmient.% were simultaneously or successively per-

formed ; the mm of two directed and co-initial sides of a parallelograms

the interm<^at«i and co-initial diagonal ; most of tiie forqafoinK results

of tkit section (xDc) are common to several other modem theories ; a vec-

tor (in space) is a species of watural triplet, suggested by geometry,

and found to be capable of a triple variety, or to depend upon a gystem uf

three dittinct elements, which admit of being cxprcsaetl numerically, aitd

C(irri-?}x»nd tu tlic TKlDl.M >..\>io>al characln nf s\-m x -^ in tin; prtvient

nilnilii; (i-oir.pato § mi ). a vector may be represented generally liy the

TRisoMiAi. FORM, o = I .r 4^ iv + kz. wherc X. V. 2 arc three scalar for Car
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iiUdi mm Hf'^'v^ («• § x.) in flw foregtnng Lecture,

ArtklM 96 to 101 ; FwH 96 to 10».

$ XX. irAiUIVALXXT BIBADIAL^ (see § XVIII.) C5OlTfe»p0U(i tO £<)UAL QUOTIESTS
;

examples ; in iKt « tlndiil Bisj be Hmui fiiiirf lb OM picnic, <ir

tom^peffetffaralU teibiji; or U»Uf$ nuflm dUred prcportitmaffff

witbovt climgfiig IberWMwdfiwfioa, or U^rdaiSm oftkon

two legii ornyii or wctwOi ond ftewiwo iiMiort itbrttwg tlwl oaoy
(mctrognphic) relation between the two nys which has been oon«idei«d

(id I TL) as deteraiinii^ their geometrical quotient ; hence in this calcu-

lus, as in m4ftitf othrr mfniern tyMtemi, the <<]uati(>n ^ -t- y = ~- a, bo-

twe««n two quotient^., i:^ iiitPTpn-ted ^i^nifving a projmrtiunality of

lengtht, combined with an rqxujihty of<intyl(s in unt plane, bttwecn tLc two

pairs of lines, a, /3, ami y, C ; but, when tee come to take account ofthe

rLAn or the .aitols, between any two inch lines a, /3, and to regard

lAdl/ioM «* ni VAO^ tbm ilfMt •jm BOVVW TABtBTTt

lnthogBBinilito1^otiMrtp-ha,orittthoii«MiiifcddoBMBtioBwMch

itdepcnda; bema we fntrodnoe hoefajr the cmMHeratton flf tlie Atfaor

(see I XTm.) of tSieplane^ oroftheUndial, and Cboi briog Into play (or

at koet may be oonceiTed to do lo) ft xbw pair op vumbkbo, ondi ao

ttoae which determine in astronomy the incKnation of the plane of

the orbtt of s y)1anpt or comet to the edipUc, and the lonpitufir r>f its nnd^,

in ndilition tn tlia! J fij;>rKTi PAIR OF XUMnEKf*. whieh rlf-tcnjiiii. tluj rutio

of the h-nat/i.'. of the two lines compared, and the ma(/mtu*Je of (he angle

between liicm : the GeoMKTRiCAL Qlotikst of t^o v&ctoiu» is found

tberafcre again (compare § x\ti.), in this new way, by consideration of its

repretaiiaiin Urmdk^ to IbtoIto or depend upon a snmc or rom
mnnnm (IM ftw f^ps^ andIMO llor^Ibm), and tobo (oee i^aib § xvil),

faOatinoi^ aQtumnDnov, . . . Aitieloo 102 to 107 ; Foges IOC to US.

§ XXI. MnlfipliffTtiofi ofdro urbltrttrj/ qvatemiont, effect^i l)y me«u8 of their re-

pr^utalive btrudtalMy jirf-p.irni so that the final rnv of the multiplicand

may eotiteuie with the initiai ravof the multiplier, factum and profaciend ;

andttMnroreooOilClioldMfiyy (7^/3)x03H-a)=7H-ar of§vn.,

ttaybo employed toftmn dienoDOon (iiltpnoeM ii iMatelyjncfram
vagmentn to ito tmtetpHom, and altagelliar d^^hdt* in ill rewlls, wbieb

IbiiiofoHi aie adapted tobooooM UwniloectnuMarofiHBOBBn; oouin*

pie, here suted by way of antidpatkn, ^^•q^f'^qx tiiiaiafbe or*

ModaHve primciple of multiplicntion of qtiatemions, and wUI be aflennvdt

fully diactisftcd (in Lectures V., YI., YTI.) .- Divition of Qnalcniiono nuqr

obviottsty bo effected Igr an entiraly aaakgous process,

Article 108; Pagee 112, 118.

I xzti. Bebfo enltflniK on tlwpMNr^ tbooiy of opertaim§ cm fvafennoiu, we

U^ perform operations on inraivrs, and on lineM, regarded M partieMlar

eate$ nf quaterniom ; for example, we can shew that the tentor of a »ca-

/or is the abtoluU (or aritboMtioal) ooAte of thai anUar, 1(^3) =8;
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and that the tenw ofa vector ia the number ejfpreseimff the length of that

rector, Ti = iy=TA = l; T.cX = T«.TX, T(\-^ ») = TX-i-Tr;

Tp= v/- p'; Tip= v^+ip>; it will be proved (in § lxiii.) that gene-

rally the tensor of a quaternion q ia

T9 = T(ip-».p)=V(ic«-p«);

examination and explanation of a formula which may oecm at first a pa-

radox, Articlee 109 to ill ; Pages 118 to 117.

§ xxiu. The vrrsor of a positive scalar is tlic sign t , or the factor + 1 ; tl>o

versor of a negative scalar is the sign or the factor - 1 ; the veraor Up,

of a vector p, is the vector-unit in the direction of that vector, Up = p

-7- Tp - p 4- V(— p»), (Up)»= — 1 ; the vorsor of /.oro, UP, ia geiuTrtlly

an indeterminate symbol, bat it may become detenninntr, if wc know, in

any particular investigation, the law according to which tlio scalar or vec*

tor tendt to vanish ; a tensor may be treated aa a poeitive scalar (ia»t«ttd

of a tignlees number) ; the conjugate of a scalar is Ujo scalar itu\f but

the an^ugate of a vector is equal to that vector reverted^ Kw = + v,

Kp = -p; it may be remarked by anticipalion, that tlic coiyM^e of a

quaternion is, generally, see § lxiu.,

= K (tp + p) = V - Pi

Articles 118, 114; Page* 118, 119.

§ XXIV. Powers of rectors, the exponents being ttill eealare, but the vector hnsta

bcint; not now umt-lines (compare § Xtv.) ; such powers an* t^tnitemiona ;

examples : the tensor of the pou-er ia the power ofthe ti-nsor, and tin; ixr-

spr of the power h the power of the rerior ; T .
- (T/>)' 'V(), W p*

— (I'p)^ ~ l^p' ; the power p', when operating aa a factor on a lint- <7 _l p,

prtxlnccs another line r — p'(r, which also is [>cr{)cn(iiculttr to p ; the Jiree-

tion of this new line r ia formed from that of a by a rotation through t

quadrants round p, and ita length bears to the length of a a ratio cJtprewMl

by the t"* power of the number Tp whicli cxprcBscH the length of p ; the

power, or guatcniion, or quotient, p* = t a, degenerates into a scalar

when t is any even integer ; p°, for example, in poaitive unity, and p» is a

n<>gativp number, = -Tp» (compare §§ xui., xxii.) ; on the other hand

the power p< degenerates from a quaternion into a vector, wb^n the ex-

ponent t is any odd whole number^ for example, p* — p ; another and

more im[)ortant examjilc in the reciprocal <j{ p, or tin- [Kjwer p '
; this

power is a line, wliicli, when operating as a factor on n line o pcriwtndicu-

lar to p, has the effect of dividing the length of 9 by the nomber Tp, and

causing its direction to turn negatively (or left-hand< (lly j through a

qvadrnnt, round p aa an axis ; tl>e tenaor and vcrnor of the rerjpriKal are

respectively the reciprocals of the tensor and versor, T (p Q - (Tp) '.

U(p-»)=:(Up) > r;-Up, p-i = -Tp-' . Up ;
any two kk« itkocal

ygCTORs, p and p-', have their utnEcnoio oiTcwmTK, and thdr

LxxQTHa KKCIPBOCAL ; the product fixa ^ is equal to the quotient

^ "f* gi and may be denoted more copci.tely by • ' or by ~, while the re-

d by Google
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ciprocal n
~

' mav also Ix' denoted bv ; for ixjwers of vectors with scalar
'

jT

exponents, we have generally (as in algebra), p"' p* = p"**", . . . .

Articles 115 to 118; Pages 119 to 125.

§ XXV, ninstrationa from the topanthmic spiral ; the quotient of two vectors

(in space) may generally be put under the /orm of a power, p', where

the base p is a vector^ dopeiiding (sec § XIX.) on a system of three ni/m-

hers, and serving to fix the aspect and ant^fe of a spiral ; while the er-

ponent, t, in (as in § x\iv.) a scalar, and serves to mark (in this mode

of ilhistrating the subjiH-t) the fraction of a quadrant at the pole; tho

QroTiKXT of two rays is therefore apain found, in this new way, to be a

(ji ATKRKiON, or to depend generally on a ty$tem offovr numerical ele-

ments, Articleg 119. 120; Pag<» 125 to 129.

T^ROTFTRE IV.

(Articles 121 to 174 ; Pages 130 to 185.)

PB0P0RTI0N8 OP LINES IN ONE PLANK, POWERS AND ROOTS OF QUATER-

NIONS; NOTATIONS,
II), iq, Ax. 7; GEOMETRICAL EMPLOTMENT OP

I, AS A PARTIALLY INDETERinNATE STMBOL.

§ XXVI. Recapitulation ; oonatniction of a quadrantal quaternion or of tbe quo-

tient oftwo rectangular line* (compare § XI.) by a line drawn in the dt-

rection of the axis of the versor of this quotient or quaternion, and with a

length which represents the tensor of the same qnadrantal quaternion

;

thus the rotation round the quotient-line^ from the divisor line to the di-

vidend-linCf is positive (compare again § xi.) ; examination and confirma-

tion of the eontistency of this conception of a quotient-line, with earlier

principles of this calculus; division of one /in« by another (§ vi.) may

be regarded, in this view, as a case of the division of one quotient (§ vn.),

or of one quaternion (§ xxi.), by another quotient or quaternion, but the

results of these dtfTerent views agree ; an equation between quotients may
in litce manner receive two distinct but harmonizing interpretations, of

which one is that (comparatively) usual one, referred to in § xx., while

the other seems to be peculiar to quaternions,

Articles 121 to 126; Pages 130 to 189.

§ xxvn. On the same plan two distinct methods of interpretation may be applied

to the symbol fi~i-axy, where a, /3, y are supposed to be three coplanar

/tnes, 7 III a, /3; bat they both conduct to one common line i as the re-

sulty nantely, to that fcmrth fine, in the plane of a, /3, 7, which is, in seve-

ral other systems also, regarded as the rotmni proportional to those

three lines, and satisfies, in a sense already mentioned (§ xx.), tbe equa-

tion il-f-y = /3-7-a, OTthe proportion o : ^ : : 7 : which admits of 111-

oerston and alternation ; this proportion gives two others, between the ten-

tors and the tersors respectively (see §§ xxn., xxiii.) of the four coplanar
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lines ; we may write ^ = /3a"> . y, and ^ - ya '
. /3, but art Hoi yet cuti-

Ueil to write i = ^.a'^y, nor J = y . a ' /J, because Uie (W40cialtc<

pnaefpU of indttplteatico (compare § xzl) hM not yttboon proved)

m mu lini^f iM ttaft (m the principles abov* employed; (A« Jbmtik

fiFiyerllowny ie Hfcw Jwieiwliril oretot etpkmar ojuatn mk amt umm^
iaMUvffllM abewii, in theFlfUiLeclnfe,tolMatte«-fii«A«al0lfa«*

f«nrfo«, Attielei 1S7 to ISO; Pigm 139 lo 144.

I nvtiL WImb thi fhiee Ibteo a, /3, y are coplanar, and ate snppMed to be ar*

raagidm the Som, bc^ aadUmtiro weceewM «ldbt, ca, ab (/olUnrimp Uie

b«e),af a InemgU imeriM im a ekde, the Ibaitb piuponioaal i maybe
eewtraded by a eortaln lina af, whiidi tamAtt, at the Tertex a, the ay*

lawrfncA (orAOB)»orwhieh eofaddea irith the kUHoldireetiotttimialka

akng the circumference, /rom a to b, through c ; if a quadrQaieroi Aaci>

be Inaeribed in a circle, and if the first ude aa be divided by the second

side FC, and the quotient multiplied into the third side cd, the resulting

Unr, DP = AD ~~ BC < ( T), will have the direction opposite to that nf the

fourth side da. or tlic din^ tion f»f (but fourth side itself, accordifif; us the

quadriljiteral i.s an uHcrostitd or a crossed one ; the resulti* of M/* suction

(§ .\.\vai.), respecting fourth proportionals to three ndm of an inscribed

triaogle or quadrilAteral, do not essentially ret^uire, for tlieir et»tabhahmcnt,

any prindplee pteuBur to quatemiona, . Aitkka 181, 188 ; Pages 144 to 148.

fsmu Tke third novosnoVAL to any two lines a, y is easily conitnietod,

aa n third line c, o^danar witli them ; but when we have thus the propor-

tiou a : y : : y : we most HOT generally, in the present calculus, write the

usual alf^ebraic equation bfttceen sqvare and product, y'— af, n()r

y^ — ^a \ in fact lht->e two equations arc efpntlli/ true in algebra, nnd in se-

veral modem geometrical systems, but at in not generally equal to ta in

quatenuoDs, on account of the generally Hon-eommutative character of

moltiplic&tioo (see §§ x., xi., xv.) ; we may howerer write, Wider the

cenditiaBB aopposed, <a >=Cya-i)^ m'^^iyt-^y, if we retela, Ibr

qaataraiona fmerally, the mMiom ^^qxq^ with the cBfieo|wmding
JkuHom ^ % 9fmmr€ s in like manner we moat net writCb in thia enlettluib

aa a general expredsioQ ftr a aOUSr rnOfOICTfWtAL, y = ± V at, but may

write y = + (la ^)^ a, in which expreadon it la proposed to talu the •9>/Mr

a^ vbfB y bUeett the oaylr Am/between the diteetioaa ef« and i,

bnt the lower sign when it biaecta the supplmtrnt of that angle; hi the

ibnner of Uuee two eaaeo, y may be aoid to Im by emintnca xan xbav

feoportional between a and i, ita length being eleo « men between

theita; th9 mtan beticven two given veetoia ia tfaoa iMgrnerat a deUr'

ariaaif veetor; but when the two Tectors have opposite directions, their

mean proportional may then take oay direction in the plane perpendicular

to the eztranea^ Artidea 183, 134 ;
Pagea 148 to 151.

f xn. Amflefovainlaipnlatioaaefthelwo qrmbela (j8a'i)*a, (fia'i)^a, aa

dowting the aoiPUMr paib o/meam pnportiuudi, inierted betwen a

and fii tiKon two meanamnit nal, hi the preoont calcnhiB, be denoted ge-

G
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nerally by the g^'robols, a>, ;3» g* ; the tensor and vorsor of the ciil)e

root of a quaternion may be roganled as beinp respectively tlic cu1)e-root«

of the tensor ami the vcraor ; in general we may interpret the powkr of

any guatemioH y, with any gcaUr exponent t, fta being a new quaternion,

of which the ton.sor and tlic vcrsor arc re^jK'ctively the same (^t'^) potcert

of tlie tensor and the versor of the old or {^ven quaternion, which is pro

poged as the ba8B of the power ; thus (compare § xxiv.),

T.7' = (T9)' = T7', U.7' = (Ug)' = U-y';

and we may conceive that this latter power ofa tertor is itfelf another

vertoTy which has the eflect of turning any line g, in a plane perpendicular

to the axis of U^, or of 7, throngh an angle, or amount of rotation, posi -

Uve or negative, represented by the product t x Lq\ but in order to deve-

lope and ajiply this general conception, we must first lix detuiitely w hat is

to be understood in general by the anole, or amplitude, ^ q, of a quater-

nion, or of a vcrsor, Artick-.s 136; Pat^es 151 to 153.

S xxxt. If we allow this amplitude jg to take any one of the values included in

the formula L q = q + 2lir, where q denotes an Euclidean angle, q>0,

< TT, wc sliall then have two values for a sqttarc root, three for a cube root,

fcc, m in the usual thcor\' of roots nf unity, and aa in tho«>e modem geo-

metricitl systiMUs wliich represent all aucb powers or roots l>y lines, whereaa

with U.S they are quaternion* ; examples; thin view of C q would give

I jq') = <7 + 2 (/< -I- f ) w. I (7") = uq^2 ^ m ) TT, I . q^-* (u + t) y

-i 2/j (m +<)" •" - (7" • 7') " + 0 7 2 (If
:
n) 7r ; and in

order that wc should have generally <y" y' " 7" ' it would l>e neces-'-ary

and sutTicient to assume p = w = /, or, in other words, we should aasume

one commoH value q f 2/7r for / 7, in forming the three powers here com-

pared ; and after making this assumption, it would atiU be necessary, in

general, to retain that value < (y -f 2/ir) of the power q', which was tm-

medinteltf given by the muUijiliratioii f y ^ g, and not to fttid to thia pro-

duct any multiple Utt of the circumference, before proceeding to form, by

a second multiplication, the angle of the power of a power of a quater-

nion, if wu wish that this new power shall satisfy generally the equation

{q>Y=.,l»t Articles X'.M to 117 ; Pagea 153 to 163.

§ XXXII. But for the sake of avoiding as much as posiuble all multiplicity of

value of elementary symbols, it appears convenient to define that the nota-

tation I q shall represent the aimpleet value of the angle, or that one

which mo$t conforms to ordinary geometrical usage, namely, the angle in

the firtt positive temieircle, which was lately denoted by q, admitting

however 0 and ir as limit*, and therefore writing / 7 > 0, < w ; so that

the prefixed mark I comes to be the charaeteriatic ofa definite operation,

which nuiy be said to be the operation of taking the axolg of any pro-

posed quaternion q ; this view agrees with our earlier definitions (§§ xrv.,

XXIV.) respecting powers of vectors, and gives Z. p = -, so that the angle
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of u vector b a right angle ; the angle of a po$itive scalar is zero, aud the

angle of a negative scalar is two right angles ; with the single exception of

pwcers of negatives (for which powers, as >vcll as for their baseSj the axet

are indeterminate), the same definition assigns a determinate quaternion

as the valne of the t*^ power of any proposed quaternion q ; and the equa-

tion q*q* = q**f is satisfied, each member representing a quaternion, of

which the versor has the effect of turning a line perpondicular to the axis

of q through an amount of rotation represented by (m + ') Z. 9, . . . •

Articles 148 to 150 ; Pages 163 to 166.

§ xxxm. On the other hand, although the botatiow produced by the operaUon

of ihfi power q' is now correctly and definitely f xpres^ed by the product

t ^ Lq, vtt b^'cause tliU product is not gonerally contined t>otwcen the

limUs 0 and we cannot now consider it as being generaUy equal to the

Qny/f of the poicer, bocause \ve have agreed (in § xxxii.) to confine the

AKGLB of every quaternion^ and therefore of the power 9' among the rest,

iriihin those limits; tlius with the present definitk aioxincATipy of

the mark L, we must not write generally Liq*)—tx Lg, but rather

i {1^) = 2nv ± t Lq^ the art* of the power being in the same direction as

the axis Ax . <^ of the hane, or else in tlic opposite direction, according as

it becuine^ iioctssary to tnko the upper or the lower sign ; the sijuare root,

q\f of a (nuu-^ular) quatcrniun h acute-angkii, and so arc the cube-rot^,

qi, kCj while the axes of these roots coincide with the axis of their com-

mon power ; but the square 9' of an ofe/w»<-angled quaternion q has its

angle ^ (fy-) equal to the tluuhh of the supplemtnt of the obtuse angle t

and haa its axis in the direction opposite to that of the axis Ax . q ; with

this definite view of powers and roots, although three distinct quaternions

may have one common cube, yet only one of them h (by cmin> nee) the

cubr-root of that cube; examples: in like manner the symbol (7-)^ de-

notes now definitely -f y, or - q, according as the angle of q is acute or

obtuse
;
(p*)i denotes a vector, with a length - Tp, but with an indeter-

minate direetion, because p> is a negative scalar ; we must not now write

geaexaUy (yQ" = 9**, but may establtah this modified formula, (9')* =

(Ax . q)*** . 9*', Articles 151 to 161 ; Pages 166 to 174.

§ XXXIV. Reciprocals and conjugates of quaternions (compare §§ xxiv., xxx.) :

T(9-i) = (T9)-i=T9-i, U(9->) = (U9)-» = U9-i;

^(9') = ^7» Ax . (9-») = - Ax. 9; 119-1 = KUgrrreversor;

LKUq=iVq, Ax . KU9 = - Ax . U9;

LE.q=iq, Ax.K9=r-Ax.9, TK9 = T9;

the reciprocal and conjugate of 9 may be thus expressed,

9-i = T9-». KU9, K9 = T9.U9-M

in general 9K9 = T93, so that the product of any two conjugate

(ptati-rnion* i* a positive scalar^ namely, the square of their common

IT
tensor ; Tq = (9K9)i, Vq = + (9 -i- Kq)kj according 9 ^ - ; exam-
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plea; when qUa vector = ao that ^ g = -
, then Kq = -q (oompart

§ xxiii.) ; and although (g-j- Kq)i is in this caae an indeterminaie vec

tor-unit, yet we have atill Vql* = 7 -f- K^, each member being = - 1 , . ,

Articlea 1G2 to 165
;
Pages 175 to 176.

§ XXXV. More close examination of the case of ixDETBiuiiNATioN, mentioned

in several recent sections, when the base of a power becomes a negative

scalar
; (- 1) = x ; Ax . (- 1) b indeterminate ; the symbol (- 1)» or

(-)' denotes a ver$or, which has the effect of producing a given and deji-

Jinitg amount ofrotation — tjr, bat in a wholly arbitrary plan* ; in parti-

cttlar, Z. (- l)i = ^, 80 that (- l)k or y/- 1 represents in this theory

(compare §§ x., xxix., xxxn, XXXin.) a qvadrantaJ versor with an arbi'

trary ojcm, and therefore also a vsctob-uwit with an lypi-riKiiMiXATK

PIBECTION ; this perfectly real bat partially rjrpKTKRMTyATK ixteufkx-

TATiow, of the gymbol V — 1, is one of the chief rFcuiJAUtTiKs of the

present calculus, so far as its connexion witti gevTMtry is coacemed ; ex-

amples of ita xf. in forming certain xquatioks of loci ; if o be origiu

of vectors, and P a point upon the mit-aphere, than the vector of that

point may be expressed as follows

;

80 that p* + 1 = 0 is a form for the equation ofa tpkerie surface ; this

form is extensively useful in researches of spherical geometry ; the ex-

pression ps/S + frV— 1 represents the vector of a point upon another

sphere, whose radius is b, and the vector of whose centre is /3 ; the equa-

tion of this new sphere may also be thus written,

(/) - /3)« + 6* = 0, or thus, T (p - /3) = 6
;

the equation pa~i = V- 1, or (pa-i)'=- 1, may be interpreted osrepre-

•enting a circular circumference, namely, the great drde in which the

plane through o, perpendicular to a, cuts the sphere which has the origin

O for its centre, and has its radios = Ta ; the indefinite plane of the same

circle may be represented by the eqtiation U . po'^ = V - 1, and a paral-

lel plant- by U . (p - ^) ct-» s V - 1 ; the equation pa-> = (- !) repre-

sents another circle, namely, the locus of the summits of all the equilate-

ral triangles which can be described upon the given base a ; and the

equation U . pa~i e (- 1)1 represents a sheet ofa right cone, with its ver^

tax at the origin, and with the last-mentioned circle as its base, . . .

Articles 166 to 174 ; Pages 178 to 185.
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COMTKMTS. xxi

LECTURE V.

(AitIdH 175 tt>150 ; PagM IM to S40.)

AfaoGUTin nmaaiM worn tbb MDuniuoATioir or thbm um iii

mCB; qOATKRVIOll TAUTBI OF THZIEmilABT VSOPUOTS, ^07, AID

fOUBTH PEOPOXTIONAUS, fi^'^ti TALUIS Of ffk, OUKSAL GOX-

srmncTixM torn tbb pbomwt or two vmoM, bt a TBABtyioroB

ABO VrOV A 8PBBBB.

{ Proof that for any thre^ rnphnar rectors, a, j3, y, the product /3 . a'^y

reprcitents the same fayurth line ^ in ihdr place as the pro<liict /3a ' . y ;

thus i3 . a ' 7 = /3<i"i. y, at leflt*t when a jjl ^. y (this last reitricliuu a
AlttTwords &h<:WQ to be umicccs&ary) ; the proof in given fur Uio three

caaes, Ist, -when the prodnct a' > y U a rector; 2nd, when it is a scalar

;

and Bid, when it Ii a qoatarnkm ; in tnatHag ttiete ene% w« avail oiir>

dm of Am bmidje^ a->.ac-isi-i, yf.f-isy, Ktf- n'^Bt^lOt

vUch am indeed tMcfiwIirf In Oe gemml offoriolm principle of maltipU*

citioD (elated hf a&tidpitioii In | zxt.), bat can be e^oMled^ and mm
mtSljf prored ; in genenl, bj dw eoaciplloNe of r«e^pr0caf and ^rodted;

ft can easily be shewn that for anj two qoaterniMie q end r, we have, as

fa) algebra, the identities, r-> . = 9, . g-tasr ; another general for-

Bola for the mnitiplicetion of any two quatemtons \& /iX ^ . Xc^ = /xr ',

Artidea 175 to 182 ; Pagw 186 to 193.

fztxm. NtfiMom efqiieliainlnw,

T(-^) = T9, ^ (- 9) = ir - 9 = ir - ^ K7, Ax . (- 9) - Ax . g = Ax .K^
;

the axes of the oegativa and ooqjagate eoMdr, bottheiffaagleeMaaiip*

the iMyoriee ^<iU coi^fu^te has the efiect of taming the line 00 which it

epawite% voaad tfie eame asleaatiw original quaternion, bat ttimigh a

eanJenwatary angle
;
(theie leealle aia eeen at a later atage, to adarit ef

being connected with the Ibrm Tq (cos ^ — I wn) Lq, to which every

quaternion q rosy be reduced, but in which the \/ — 1 is regarded aa re-

presenting a vector-uuit, in ihc directiun of Ax.^)j KKq = q, K'=l;
K (- 9) = - Kg ; if this = + 9, then q most be a vector, and vice vertA ;

the itnmr mtd versor 0/ a proAut or qmlHimt ofanjf two gaoleminw

an leapeellTely the prothut or fuaikni •ftht Umatm «md werwon,

T .rq = Tr.Tq, U . = Ur . Tfq,

T(r-s-9; = i>~ rg. D (r-^ g) = Ur^ U7

;

lUaieniU ia ccnaected with the mutnal mdependtmu i^tkt iwp ade or
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oporatiooa gf ton«i(n and of ventoa ; tb» oo^}^gtte «ad tlie ndpfooil of

the fwoduot of any two quatoniloiia are iMfMettvely eqoal to tlie prodvet

of tb« cmjogatoii and to tha pradoct of tfao mdiwoeala, but takan in an

inverted order, K.rfj^Kq.Kr^ (ri^y^^q'^r i
; i(i = fia-^.y =

yo-i . /3 (see § xxvu.), tlieii /3 . a -

1
7 =K (-/3).K (ya -

>) = -K (ya->
. /3)

= — = ^ ; the result of tlie furegoing section, that /3 . a -
' y = /?o '

. y,

when a, /3} y are three co{»buiar vectors, b therefore confirnieU in tliis now

wagr, Artuiles 163 to 193 } Fages 192 to 198.

% xxrmu The auoeiaHve prlndple fherdbi* lioldt fbr tbt multipycatioa of any

tima oqrfoMir Tvctony audi aa tha laoent Unca y, a'\ and
fi, iHth a

pawHat validitjr of the conunntallvo prindple alao ; ao that «• may dia-

min the poimt in the notation, and may write either S^fta-^y, or

jssya-i/3; the line < may stiU be called (<ee § xsvii.) the FokWA Pro-

ptTtional to a, ^3, y, or to a, y, /8 ; but it may also be s^aid to be the

continued product of y, a"', /3, or of /3, a'', y ; without introducing —1

as an expouf^nt of the middle factor, if /i ]|! X, «r, wc have the following

equatinn nf <
: planurili/, fi\K^K\fi\ each of the .symbols here efjuated

liciiukr .1 !ni'
,
coplanar with the lines «r, X, ft, which fourth line in iheir

pl&uc may ai jtleaaure be called the fourth proportional to X ^, k, or to

X- <c, fi, or the continued product of c, X, ^ or of /t, X, c ; (X ') » = X,

(g-i) i = g; /3ay = a«./3a-»7} and hecanae a*<0(bj' § xiji.)i the

90itHmmed prodndt ot tluee oofilanar Teelon, y, a, /3, haa tha direc-

tion cp^pottie to tliat of tiiefimih pnporHomti to the llnca a, i3i y ; tha

oonlinned product (a- c) (c^-b^ (b a) of the thiee Mteeettioe atdte,

AB, BO, OA, <rfany plane trian|^ abo^ lepicaentabyitt lemj^ thepredacf

oftite U»tgth» of dioaa three iides, and by its direcHon the tangent at A to

tht Hgmeid ABC of the eireimtcribed circle (contrast with this the cor-

responding result in § xxviii.); this construction of a continued product

appears to be peculiar to qnatemions ; case where the three points A, r, c

are situated on one £»traight line ; if A, B, C, D be tlie four succesiiive cor-

ners of an viierosted and interibed quadrilateral, the continued product

(d — c) (c — u) (n — a), of the three sncceMive sides Aii, Bc, CD, is con-

structed in Uiia calculus by a line whidi has the direction of the/ourCft

aid^ BA or A- D ; but flie aame product npreMBta n Una in the dincta

uppMtU tattatef tiielbnith ddc^ if theq[nadrilatenlhe a eroaaed one;

theie leanlta alao (whldi may again be oontnated with thoae of §xxTitt.)

appear to be peculiar lo qnatemiona; the fcnrnda,

U.(d-cJ (c-b) (B-A) = i L (a-d),

expresses, in the present calcaloB, a property which belongs only to plane

miAinteripmtqtiadrilateraiMt , . . Artidea 194 to 200 ; Pagea 198 to 20d.

§ una, Intecpniaflon of the fourth proportional /3a-i . y, ur /3 x y, for

tha caa«a when the thiw llnea o^y are twe eoplwnt, y noi \\\ a, (i, bat

where a ia jMrpcadMer cither to y or to /3 ; for each of thcaa two caaia,

the MMdoAor property of mnltiplieatioa holda, fia-^ • r ~ ^* ^'^
Yi *>id
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the point may therefore be omiffffl: hut the ^yll]^ol ^3a~^y dofs nof naw

rtpfCfrtti any line hut a (juaitt Hitm ; tho syailKjl /?<iy dcnot*>d unoiher

quatt^iuii, which id &UU iu the lai>t section) . fia ^ y ; tlie ver-

tan of Aete two quatemioiui are neffotirea of etch other, U . /3ay = —

U./fe'^y; for angr MiAsjpA'cafioR o/ any mmber of quattmiam», llw

taiMr 0/tk€ prodbui b «qiid to the forodmet of ih» tnuon (c<»npeM

§ XMXtn), TIIbIIT; in the case wban the thiee Unee a/3y eompoee «

Terimngmlnr tgtUm, tbe fonrth pro|»ottioiiel fia-^ y dtfmtndtt fteni «

qpnIaraioB to » Maolor, which ia a negative or a potitim ntmiber, aooordng

as the rotefte round a from to y i« of a positive or a negative charac-

ter; on the cootrary, the continued product fiay is poeitive in the first of

these twn c.i50j», and negative in the second ; thus {iay = — yn'A — ^ T/^ .

T<i . Ty, if ^_i.a, y _i_a, y-L/S, the upper sign holding v» heu tho ro-

utioa round y from a to /3 is poiitive } if OA, DB, DC be tiiree oo-initial

cdgeA of a right sdidj then

(c-d) (b-d) (a - d) =i Tolome of solid,

acccnling: ns th«» rotation round the edge da from db towards dc is di-

rtcted to 111* right h:iijd or to tlie left; eatanApli's from the unit-cube, k'i-j

l,yJk = -l Articles 201 to 210 i Pagee 203 to 208.

I tL. Ifeie geoen] caaen, where mP,y an meMef copUntr, nor lectengnlT;

ABcA of the two sjmbols, jSo** . y, a*' y, sepiCiente a determined

quntemioH^ but it remains to prove (§§ XLIL, XLiii.) that these two qua-

ternion? are erpml ; it is sufficient for tlu.-^ purpose to er^fablish the equality

< f ilu ir r, rjfor.T, and therefore tho lines a, y may be supjwwd to be

thre* uHit-irrtars, OA, OH, oc, toriuiniiting at three given points A, B, o

on the surfac- of the tuiit-sphere (§ xxxv.) ; the fniatcmion <inotiL-nt/3a"*

becomes then a ver»«»r, with aob for its reiirestniative biradiul (§ XVIII.);

end the great>circle ore, au, which snhtende the mtsflt ao», may be said

to be tho nsPBsnirrATiVB asc of the same qnateraioo or verwr, /3a'>

;

H iepropoeed to oonstmet the n^feaentative are of the qnateroioii /}a-> . y,

Artidea 811 to 216; Pagee S08 to 212.

§ XU. EqualUg oj'ang two rerxvrs corr^ponds to equalitg o/t/iar represen-

tative arct^ such abcual E^i^ALdTY being defined to include sameness of

dtnteHam on Hie spherfc aarfhoe, «f tin tsotor abcs oompared, 10 that

SQUAL ABCB axo always suppoeed to he jNWfKmt o/om coohmm ^reof dr-

dr ; hot an are nuqr be conceived toMs or Imh, in its own plane (eon-

pare § zx.}, or 00 the great drole to whidi it helongi, without any dnuige

ef valoe; cmwImclKDiM foraialrip/ieatfMii and cb'einM of yeiaoni hj pro-

ocaMa wliieh niny he called addiHiom and sM-suHon of thdr rtpreMHtn-

Ive «r«f ; if any msdi^ticand versor 9^ and My multiplier versor r, he

represented by two tuecrssive sides ki^ i m, of a spherical triangle kt.m,

ih^ pradvct versor rq will be reprecente*! hy the La$e KM of the same tri-

angh-; thus vrmor, provt rsnr, and transversor (see § IX.), are repres^-nted

by wh-it tnay Ije eall^id an an iuil rector, an arciial prnvector, and an ar-

cual trnntrtctor respectively (compare Tirsl Lecture) ; we may write tJio

formula l>i f — kl = — km, and the arcual sum of two successive
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sides of any sphi:rii:iil LriaOgle, regarded as two succetkivf vector aia, iimy

in this aeufle be »aid io be EQUAL TO TUtt bass (compare ^ iv., v.); tutk

APDmoM (of Tfletor ww) wwipoaJB to^ aod wpwiwti, •iifjuiHwio/
lw» wwciKix MNimw (| is.), or plane noto<d«M ijfa Hm (the iidlw);

tlMtiinofllMtAfwtraooaMlTe ridat of » aplMifcd trfnglik «r gMMlljr

the «m A/atf Ifte Mecicmtt aidlit VMe^
to ba A Mitt ore, or toba aqwl to i«ro, ^ »nc4-'-« Ui-l-'>>i«»0$ to^a

on Um anfhaa oftbaipbere succarfv^ Crom Kto l, from l to m, aod from

M toK again, prodnws no final change of position ; sreTRAcTiox ofvector

nrrt, oorrosponcliiig to division of vertnrt, is very easily effe('tc<l, i>n the

mnw general plan of conittruction, and represents (compare again § ix.)

a deecmpofiiitm ofa given version into two others, of which the Jir$t in

order is giroo, tiamely, the one represented by the sularaktnd art; ia

ahort, r^r ana aa Ibr Bnaa, thanlatlanaof § iv., bafewov vactor, provector,

and tnuunractor, hold good in ttda manner of apaaklmp j flie pfMMlar ore

la nfBidad aa tba rmamdert ia (1m »€i$ai nitrueUam of veetor from

tnnaveetor ; addUkm »f ABoa It mn a comnTTAfivs tptmhrns fitr if

two ana u*, vtu Uieet each otber in l» we diall linvo

and thit areual nm'^M la indeed t^mUjf kmg wiUi tfia ire '^sm,

wlddi waa fbnndtobes'>iJt+ '>ni.»lnitttIe part of nd|0iniilp«ttf

etVc/«, and Uwitfbie Uicee two sums are not trmuUg *qual to caeii otbert

in the aenee of the preaent eecUon ; thb result answers to and illustralee the

peneml non-conmtitativmess of tlic operation oT multiplication of rrr*or*^

wlicn>?»y is vut ^otierully - rq (§§ x ,
XI., XXIX kc.^ ; it is neccssury to

ditttntjuiitk iii writing bet\vc('n two siioh symbols as h and — f

the rule adupt4>il iu tlm calculas to writo the symbol of the addend arc^

Hke thet of the multiplier quaternion, and generally the symbol of thb

oraaATOB, Io tha utr o/<A« anmot. orm wmajoat, tbat ii^ in ttiii

eaee, to tho Ml of tbe qrmbol of tbe are io wUoli another ie to be added;

time we jifll write "prorector pine vector," and not, genOTtUj, vector plna

provector; several other general pvopertiaa of nraltSpUcatkm and dlvirion

of qoalenileoa augr be iHnataaled hf tlie same method of arcnnl constrnc-

lion, . . • AfUdea Si7 to MS) Pagee 2L8 to 217.

f itiL AppHeation of tha malhad of the last section to the pMbleu prapoeed

nt the end of § XL., ntai^, to the ooostroction of the repreeenia-

ftre are of thefourth pretportimial ftn y to tlircc unit- vectors, /?. y,

or OA. on, fn\ which are no* rectangular, nor in one common plane

(§ XI..), but which shall at first Iw supposed to make ticvte aiigk.s with

each other, so that the rides of tbe triangle abc shall each be Icmm than a

quadrant ; tba vector aie repreanting 7 Is here a qudnnt kl with c ft»r

He peiittve pole ; the provector are tepreeenting the otiier fhetor fia'\ ia

tiie are AB, or an equal are ui ; tfw tranaveetor are kx, which lepteeenti

the reqvlred ibnitil proportional, mder tin Ihnn ofthe^cpdbd . 7,

Ie flMtnd to have its pole at a new point n, whkh io A eomorofn BOW «ir>

nmterihtd tfkmieal triamgh dsp, wiioee «Ms« IN nc are respee*

Digitized by Google



C0NTBKT8.

tmtlj hiteeted by the three comer* a, B, c of the old or ffivem triangle

;

and the RKrnraF??TATivK axgt.e, tcdm, nt thi<? pole r>, which cnm'<5pnn<1«

to th>^ rrpre.irnfiitivr arc. KM, and mai/ rrplure it, as rcprc"«'ntint; the

fearth pnipTtitnial to tho throe vectors a, y, is equal to tlio sfuiisum nf

the a*i§!rf of the ci»u:iliar^ triangle, r»KF, or to the iupfileiuttU oj thai

accwrdiug as the rotation round a from /3 to y is positive or «e>

frnUve; benoe IhA two<|iialennoii»/9^-i. y and ya' >. /3 have ooecMn^
wii, namely, tb0 ra^na oi>, bat 'bxn ituSr mglm tvpplementary ; Imt

fhm wtn the eoDdttionB aarigned in $ ixxm., m neeMMy and aidlU

fiini, in order diet cue qofttenlon ihottld be tfa« fuyaCfM ^tke eoi|^iyoCt

other; w« hav« therclbvei «« in the last dted eectko,

/5a-».r = -K(ya->./3)-/3.a-«y,

iod the aitfceiative pn'neipfe is apain fuund to hold good for the thr*^

Twtors y, a"', |3, although these thrw lines arc not now coplanar {as

tli< y were in §§ xzxvL, xxxvii.), and do not form a wholly or eveu par-

tially rectangular ^ttem (as they did in § xxxix.), .......
Articles 22a to 235 ;

Tages 217 to 228.

I suit. Other proof of the same theorem, by means of an analogous constmc-

tioTj for the prodact /3 . a "
' y ; the rn*o where ft j^ct may be treated as a

hfnit of a ca?».' lately disms^cd, the arc An l>eeomlng a <[uadrant, and the

triangle pkf iK^coming a Itnir ; c.ise where the arc AB is greater than a

quadraat ; value of /^a" ' . y when y'^ — y» and when the sides of the

o«w triangle a^bc' are each greater than a quadrant ; we have

fatofqf t§&ttm vmcftoiaB, and ire may alwati write la Ifaii

caknhia (at hialgdmi) tfwHiinnbB^

1$, a'^ y = lia '•y=/3a-iy; /3. ay = /3a . y = /3rty ;

to eelabliirfi this resnlt has been the main ohjt ct of thr prrsrut Lecture, .

Articles 236 to 210 ; Pages 228 to 238.

\ mr. Mia] im^HrmtnttUam of thecomtnwted triangle Dxr, when the given

triani^ ABC b trigwocfran/a/ ; the |Nmit D iiuij take n|/bi»leljr waajr po-

tifim* on the sphere, but the temisum ofthe angles at d, b, p ia always

equal to tico right angles ; the scalar character of the fourth proportional

to thrft rrctnnrfftlar vrctors, which had been cstablislied in § .x.vxix., may

in this way be proved anew, as a ] nrttrular or Umitiny case of a much

more gentiTal retuH ; when a licalar is treated as a (juatemion, its axis is

indeterminate ; the rule of § xxxix. for determining the sign of the scalar

it also reproduced, Articles 241 to 24 i
;
Pages 233 to 237.

§»Lr. lUnstralionH of the equations (of § xxxrx.), i/A = -l; the

former may I* interpreted as expressing that if a line X Ix' stn'tably chn^n,

namely, so as to be perpendicular to the (meridional) plane uf h and i,

and be thsQ operated mi successively by t, by j', and by A, considered as

d
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three quadrantal nnd inutually ro^Umgular vrr^nr-
; \ \ tin final direc-

tion of this revolving line \ will bc the samr os liu imimi direetitm ; the

latter cquatira (\fk = — 1) may in like manner l>e interpreted as cxpres-

ling that if the nme (westward or eastward) Une X be operated on aoe*

emMiyhykt by end by i. It wffl talce at bit tliat (eastward or waet-

ward) dinotion wiilch b ^ppoeife to the initbl direotioa ; and becsoae

each of the Tectotwnnlti i, wbeD tbiu regarded as a qaadFaatalTenor,

b «?tdflntlj (see again a evM^-iatMnoPy we have In thb my «r-

Irmd^ ampuB ntsnpssTAnoss^^ all the pasib ormpobkula,

which continual equation may be considcml as inchitUm/ u-lfhin itself all

the law$ of the COMBUTATION OK Tiifi t, J, k ; and therefore

«ttMia<e/y, on the vyaiMSe dde, ib» WHOLE TOBOiiT or QVATSRinoim,

beiMwa thaie aw all fBdadMe toeipiesslons of the ywfldrMiaBwa//Qm,

g = » + ix + + Az,

Artioba Sift to 250 ; Figea 987 to MO.

LECTURE VI.

(Articba 251 tom j Pages 241 to 880.)

OINBBAL AB8001ATITB ntOPKBTT OF TBB VVLTEPLTCATION OF QUATER-

VTOm; BBPBB8INTATI0N OF THB PBODVCT OP TWO VERSOltS BY THE
EXTERNAL VEBTICAL ANGLE OP A SPHERICAL TRLAKOLE; CONNEXION

OP TERNARY PRODUCTS OF QUATERNIONS WITU SPHERICAL CONICS;

CONTI.NL E!) PRODUCTS OF THE SIDES OF PLANE OR GAUCHE POLYGONS

INSCRIBED IN A CIRCLE OR IN A SPHEP.E ; COMPOSITION OF CONICAL

ROTATIONS ; TUEORY OP SPHERICAL POLYGONS OF MULTIPLICATION,

WITH THEIR SYSTEMS OF INSCRJBED COMKOS, AMD RELATIONS OF FOCAL

BHCHAIMMSNT.

IXLTL FoMpoMBMDtcf Clwpfloofof diadbtilbiiftivvpci^^

tko of qnatanioaa; additboa! iUiiatntiaiis oftbe gviwal iheoqrof tha

fbvrili pnportionnl to three vaGtat% wUch was aaifptd In tha ftv^ioliig

Lsotam; «ase ofooplaiiaiity, ngmdad as a limit,

Aitkbs 861 to 257 ; F«ea 241 to 247.

f zLvn. TlwpiodiKtoftliaaqiiaMnotooftlieaQcoeiriTaqiiotbDtoQfllwTac^

a; 4 f, of tiM oomin ofm ifharioal triangb uaw, b aqaatenba,

9 =(^*->)* («:-')»

of which the anf^ is the umi-exceu of the triaiigb,

^»-*(^+ *+-**-»);

and the axit of the same qnatoroioD pcoduct has the directioo of ± that
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b of oi> or of DO, acconling .13 tho rotation round c from ^ towards f, or

that round d from r towards b, 13 positive or iiogntive,

Articlca 258 to 2G3
;
Pages 217 to 262.

f atmt> Gtnetll eanatruction for the multiplication of any two quaternions, by a

pTi>ce«i« analnpons to addition of their Hti'KKSKKTATivE ANGLES (compare

^ XLi.. xi.u.) ; if the«p bo made tbo buse anrjles of a spherical triaugle,

and if iha rotatiuu round thu vertex of this triangle, from the base

angle which represents tbc nnikiplier, towards the base angle whidl

rqffeseiitd \h<d multiplicand, be po^vc, then the fKoutirr b repre-

•mUd bj Um ttsnsKAL vkbtscal avoix; if we agiM to ciD tbt cc-

f«nMl «cr<fMl at^e of a spherical trianffU generally^wmKUCALmM.,
or THB nro bass axoum, when tliejMfttioMoftbe oftlwM aev«-

nl sugUs M fJk qiJl<r« an takm into Mooont, and irheo tin addmid

oiiylir antwm to tiie NMift^iliV quaternion, aecoiding to tba nl« i/rote-

Ham aboto given, ir« nuy enandate a onsBiVL bulb tkt wmtt^HoO'

tioa of«ay teo fvafcmioaa, at Mom: **tlie /m»or o^<Ae product

arithmetical product ofthe tentort (§ XXXTO.), atid the angle i^thc pro-

duct is the apherical sum of the anglet ofthe factors ;^ this new sort of

ariiKKtcAr. Annmox of axoles is connected with a rrrtain composition,

of TftrJi 'Uf njnrc.% ; ?-n<l\ addition of angles (like tliat of area iu § XU.)

is .1 uon -com mutative uf>eration ; this result furii'LHlit's a ntw illustration of

the no II-commutative tliaracter of the general multiplication of qiiater-

nioDs; the rotation round the axis or round the />o/« of the multiplier,

fimm Uiat of tbo mnldplicaod, tcmurdt fliat of ilM piwliict (compare

§i XL, XV., zxvi ), ia always podtioe, . Articlea 864 to 272
;
Pages 852 to 861

.

Ijeux. Corollaries from the general construction for multiplication 'i-^-^iLiied in

the foregoing soction fxi-vm.)
;
interpretations by it of tho »_>iubul.s a^,

pa ^/ia'ip, agreeing wiLli the results previouslv obtained respcctiag

the product, quotient, and third proportknuil of any two vectors ; mter-

^cCatioaaof ^ai, /3ial, /31ai, at denoting quatemlana (compare xxix.,

XXX.); analogona intoipvetatloo of tlio noie genenl ifTnibol 9 « jS* a*-*,

whn « and ^ are Mppoaed to Im oidt-veotoit ; tiho mdt axis Ax • f« OF,

of tUaqnateiDioo 7, describes Ij its extmilj p a enrve avb npon tbo

flBii*s|ib«nh wlileb onrva Is tba loeos of tbo vertex r of a epberioal tiiangio

APS, wboea base-angles are complementary ; this cur\-c is a t§dkerieal

seaie; Ibraajr apherical triaqi^ with a, /3, y for thii unit vectofs of ila

comer? a, b, c, and with r, y, 2 for the (generally fractional) numbers

of right nnglt;c« at those comers, tho rotation round c &om B to A beliig

supposed to he also positive, we have the Xhrm equations

y^a*=-li a«y/3v=:-li pro^s-i;

any one of whieh wHl be ftRmd to include, when interpreted and developed,

by tbo principles of the present calculus, the whole doctrine afepkericed

trigtmontftry ; with the phraseology recently proposed, the si-nEnrcAL SUM

if thf rni'.ii* of any spherical triantfle, if taken in a suitable order

ofsuccestioHf is always equal to two iuoiit anoucs,

ArUclee 273 to 280 ^ Pages 2Gi to 869.
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§ L. Intcrpf^taliau of Uie (symbol rqr where g and r nrc fuiv iwxi qunternions

:

this symbol denotes a new qaaternion, ^vith the sahh- irnsor, and aarue

magnitude of anjr/tr, aa the original or operand quaternion,

but the oMt of tbe ocnrqnafeen^ figr'* Itgatnllj d^ferml ham Az.f,

•nd it fofmed or derived from tbb litttcr«^ Igr a ootnoAi. uadpotUht

WtATlOS Ttmmd the axit Ax . r, i|ffAc eihergiven quaternion^ r, through

DOUBUS (Ae ANGLE ofthat quaternion ; analc^us interpretations of f
* > rq,

q*rq-' \ the latter symbol denotes a quaternion formed from r, by making

its axis rrrolve conically round tlie axis of q, through a rotation expre:*s«d

by the priMluct 2< y Lq\ by employing arcf instead of angles, we may in-

terpret the symltol 9 ( ) 9 1, in which q may be said to bti the cpe-

rating qtuttgrmhn, M denotiog tbe openta of eaaring flw Alio niiieh

representa the opertmd fuatendem, and whoee lymbol is supposed to be

inoerted trtlUn the pennlheaM, to mone tihmg ike DomnjED abc of tite

operator, widMmt any dM&ge ofddnr lei^A or mcUnaUon (like tlie eqiia>

tor on tlie eoUptle in preceadon) ; iflbe otill a scalar exponent, i<grq''*y —

f*q~^ ; tbe lymbol qpq'^ denotes a vector formed from the vector p, and

the iDok^ufl 8}'nibol ^ may be used tci deiK>te n body derived from

the body B, by a conical and finite rotation, through 2 / <y round Ax. q\

to ex|»refr> tliat this bexly has afiencards been made to ri-voh e through

2 »• roimd Ax . r, we may cmpKn- the following symbol for the new

sition of thti body, or system of vecu>rs, r . qBq-^ , r ~
> ; and 60 on for unjf

nwnber oftucce$$ivt andfinite rotationt^ round nay oM* dmwn ftwn or

tiirongh one eommim trigim o ;
intcrprctatioiifl of tlie aymbols 9 (a + p) 7

-
1,

q(a + B)q''^i cxpreHloiifw rotation of• body voniid in luda which does

Ml poaetluonf^ theorfg^of vaoton; aynibolafl( ]f( )y~*t
tbe fttmer repreaenta n rotation thnn^ tbe anglt Ua^oiq ; tlie latter

'lepreeenta a kkfi.rxion with reqiectfeo the line y, or a eonieal rotaHom

of tbe operand (whether vector or body), round y as an axis, through two

right angles ; the fornvula . a - • la . /3 " • = /3a " > . « . a/3 expresses that

two tnccesHve rtjhwians, \\ \\\\ reppert to any two diverging lines a and /3,

are equivalent ujton tlie ^vliolr' to a ximjlc aniiidl rotation, round an axis

perpendicular to both liiusc liue^^ through ivviix- the augle between tlieut,

Articles 281 to 292 ; Pages 268 to 277.

I U. The general demonstration of the assoiJUiUic property of the nmltiplication

of any three quatemionM (mentioned by anUcipatiuu iu § xxt.)t niay be

made Co depend on tbe comaponding principle ISmt the mtdtiplication of

any Mtm Minora^ 9, r, $ s when flieaB Teiaoia are lepioaented by area

(§ XL.), we may propoae to prove that a oertdn onmai tqmiOkm (| zu.)

la a cMwejMne* tihtt tqtuUhut of tbe aamo aort; flnt proofby

i/^ktrietU eoniet ; the two partfal or Uiaty prcdaelt rq and ar are ra*

preeentod by portiona of the two e^fcHeam ofa conic circtmaerAad otonl

a quadrilateral^ whose successive tide*, or portioos of them, represent the

three prf»po?!(Hl factors, q, r, s, and their ternnry pmrluct, itrq ; other and

more elementary g<K>mctrical proof of the associative principle, not iotit^
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diKiog the conception of • eme; leooiidpnofby ipliericil ooihcs ; eertein

oiyit* ftt die «on»ert of*mw tpkerical fuadnUamil abcd repnmit flw

fhne llMtQiB and their total product, irluk cBrtain other angle* at thoj'bei

KF <^an huaibed eonie zvpteeent the two Unary pfodnde ; tkrte equa-

fiOM betmtt* ^fktrkal angle* are Uius shewn to be eontequmcfs oftkrm

other equation* oftbe same sort, in such a way as to establish the pro-

perty above prcivwed for invc«tigation ; it is therrforo proved geo-

metrically, ill 'f'Vf ral (litloroiit. \vay5, that th<- As.«jociATivE iMUSr!M.B

OK MULTIPLICATION holds gtNKi fof Juct n.j .surg, a!i«l thence fur AUX

THREE QUATERNIONS, &r . q = 9 . rq ~ srq
;

(in the i iiLii Loctaro thia

Uieurem was established only for the molUplication of any tkrto vectora)

;

eartcttrico to the caee of a^y number offa^a; tatual addition (§ xli.),

and angaHar nmmaHon ($ XLvm.), are aleo ctewMiaftee ojMrafioM,

altfaongh tbcy have been aeon to be ii«(yiiurali^e«MiMirfalt««,. . . .

Aitides 898 to S04 ; Paget 377 to S90.

§ LU. Other fonns of the aModatiTe principle ; iftfae drat, third, and fifth ridee ofa

^krieal heaagan be respectively andonmUjf oipui to the threeeneoMaiTO

lidce ofa apbericaKfiaNfbv then the eeoond, fborth, and aizth aidea ofthe

aame hexagon will be le^eelively and arcoaUy equal to the three aaooe»>

live «ldea of oMfibrMaaylr; or if the arevafMM of three oltm
ofa hexagon (fifth pine third plus first) be equal to ttro (sec § xli.),

then the corresponding «M» of the MrM oM«r alternate sides (sixth plus

fourth plus second) will likewise vanish
;
symbolical transformatiuns of the

tame principle ; if «^-' - yf -i, thtu ^2 i
. «/3-» = C< -i

. ; if ^i-> =

rX-» .Ori \ then U^^it) K0\^- if {tS . y/3) a = then ((tji . yt) t

= Z ; remarks on the necessity that €xi>tcd for drnunutratimi tlii> general

associative principle of umitipUcation, notwiiii^tanding that to a certain

etteni the prindple had been pmrlously dejtiud to hold good ; we niay be

Mdd to bare virtually need the DxnirrnovAL jkaaocunvx POftxux>.\,

rg . a « r. 9a, for the caib where a, go, and qa wen uxxa, In oider

to urnoimw tbk prodoct, rg, of anytwo geometricalfoitttaty or qoa-

tendont ; bat the veiy ftct of the p««feet d^niteneta ($ xzi.) of tbb m-
terprolaHon of a binargpro*/ ' f n ude it ufcetsary that WO ahould mof a»-

mme ^tf^;>roM tho oonespondiug formula rcAix'cting a general tebnary

rxoDVCT, Articles 305 to 316 ; Pages 290 to 303.

I LUL If the oQOlimied prodnet <dangodd number qfptision be a IfiM, It ia

eqnalto diepflodtictof theaoNM veotoia, takeninanmevrterfordierj and

redprocally, if the oantoed prodnet of an odd number of vecton be not

a Hno, It wiU noi mnals naaitend by ench infeiaioa of the older oftbe

flMton; en the otlier band, if the number of veetors thus multiplied be

even, the product will be changed to its own negative^ if it be a Um^ and

not otherwise, by such invor>i<)n ; if the continued product of an ercn

ntimlii r nf rector? Ix» a urttfar, tlie invcirinn pnxhicc?) no eh.nngp ; and re-

ciprocally if the couliniu d prtnluct of an evtn numl>t:r of vrttor^ rtvt ive

no change by inversion of order, that product must be a scalar
;
emyugatei

and rMifrocals ofproda^$ of any number of cecturt or quatemionj, are
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tbe products of tbd ooojqgttM or reclpwctls of the factors, taken in an in*

verted order ; in § xzxvn. this WM only established for the ciM of two

fectors ; the formidic Ka = - o, K . /3a = + a/3 (see §§ xxm^ xv.^ may

now be extended as follows, K . y^a — — afiy, K . fy/?a = ^ afiyS, kc^

the sif^ns of the results being alternately ~ and -i ; the construction of

§ xxxviii., fur the cuntinued iiroduct of the three ^d*ss of an inacribed

Lriungle, may cow Ih> extended bu as to bIicw tiiat the product of the

eetdve tide* ofa polt^gon imtenbedm a ard* ia equal eilbcr to ft aealv,

or to a iamfieniki occfor, of thujlnt «onMr of tbo potygon, oooMdiiig M
ttte maaber of the ddet b com or odd; thoa the ooatiiMwd product oflhft

JfairineoeoMTo doa ofm tMrntfrfywdHlalwrf abcp fa ft oobIt,

U.(a-») (d-c) (c-b) (b-a)«T1,

andtbeiipparorloirar qgatotobetakoi, according aa the qnadiflaUnl

is an tmen$»ed or ft croM«f one (compare §§ zzvnL, xuviu.) ; tiiit

flSfDbolicil rendt appears to be ptcMUar to the prssent oslotdae, aad oon-

totoe ft ekaneUfuHt proper^ cfth* cireir, oomspondiag to the knoim

and elementary vdatkiis between angke in attentate tegments, or in the

same segment ; the mnor ofnny product ofquaternion* is equal to the

pntduetttfthtvtmntVn^ni}, . Aitides 817 to 322; Pages 803 to 309.

$ uv* To iiitei]Nret tlie ooottoned prodnct of the four sides of a oaocbs qiiad«i«

UkTBBALi ABODi wt may eooodvo tt to be tmteriUd ht a tfkm; tba

product Is a quaternion^ of whkfa the oris has the direction of the otxt^

ward or inward normal to the sphere at the first oomar At aocorfing to

the character of a certain rotation ; tiie angle of the same quat^nioo pro*

duct the angle of the lukulk, abcba, or the angle between the two

tnii.ill- 1 ii'ch arcs, AW, KT>c \ this induiles as a limit tlie case of a qua

-

dnkteral in a circle ; an analogous construction holdd for the coQiiiiued

product of the sides of a («At'ciiK iiEXAfiON, or/</yon, or other polygon

# with an even number of sides, inscribed io a inhere ; the product ia stiU a

qoetemko, of wldeh tiie osrlt b mmm^ or flMploMe iat^fottialf to tiie

iqphsn, at the flnt oociier of the poljcoii ; eonstmcHoii for (be eonthnied

pndaot of the sides ofa oaooju meuamt, ktftafimt &e., inoeribsd hi a

sphere; this prodoet is a taitpentUt «e«tor, diaira at tlie Untoofner;

OOnversely, if the continued product of tkt Hdm rfa paaefe pentagon

aaODK be a line, when this prodnct is constructed according to the rulo^ of

the pn-scnt calculus, the jtcntnrjon is iuscriptible in a sjihrre ; hence is de-

rived tlic following i^jUATiON OK HOMOsPH.KUicisM, or condition for

five points A, n, c, d, e, Ix^ing situated upon one common spheric eurfaoci

AB . BC . CO . DK . KA = EA . DK . CI) . BC . AB ;

this vector character of the product of the ddea of a pentagon in a sphere

inclnflcs, as a limit, the scalar character of the product of the sides of a

qvatlriIliteral in a circle i nr.}, which latter relaticta may be expressed

by the following equation oi c\>nciiiculakitv,

""V AB. sc. CO.X>A= J>A . Cl> . EC . Alt,

Articles 823 to 828 ; Pages 309 to 815.
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§ LV. One form of Ihe equaiioH of the tanffent plane at A to the sphcru ABCD is

llwfblMiig:

AB . BC . CD . I>A . AP = AP . DA . CD . BC . AB }

tb« two equations,

AB • BO .CB . I» . SA B BA .M . OD . BC . AB*

and

AB . BO. CD . DA.AB s AB. OA. CD . BO . ABy

mnii tbcnIbiB tie iDoompAtiUe, exoq>t nnder the st^poritioo thAt dtlMr

the poiflt X eoipcidee iriHi a, <r tiitfc the linir pdnto a, b, o, d an eofilA-

nar ; in (act when tlie dtstributive principle shall have been eatabHabed

(in § ucKV.),ife will beeome dear Uuit the edditioa of thoietifo eqnatiaBe

gim
AB.BC.COXA£.EA = A£.SAXCD.BC. AB,

Mid theiefon that either

or elae

AB . BC . CD = CD . BC. AB,

wUdi aie respectively (compere § xzrvrn.) cmiditions of coincidence and

eopUnarity ;
problem of inscription in a given sphere, of a gauche quadrilate-

ral Aiu i»,wh<m' four sucressjrc sides .vii, . . . DA sliall be respectively piiraliel

to four giv en radii oi, c^k, oi>, om
;
problem of expresfinj; an «'* radtua,

or,,, or pm, of a given sphere, coiisidercd aa a function of an initial radiua

OP or p, and of a other radii, oii, . . . oiw, or ti, . . . 1,^ to whidi the n

aaoBMiivie and nctiUBaBr elonb ppi, . . . p».i Fn an leqoind to be par

lalleti Ifa and 0 be any two equally long asd diveiging liacikOA,08,

and if / haTeeithsrcfthatwo opfMiaitadixeclieiiaaftlielinea ab, bac^
BectiBgtbcir«xtrtmiliea|tbeB/3»-7ar~>; heoeeUitfaoieeiatqneitfeii,

— Cl|Nt''t p>>B- (zpi^a'S ftCy and if we intcodnoe the quaternion,

• • • (s'lT the aolation of the problem m III be expreaaed by the for-

mula p. = i~yqmpqm-^ ; the aame expreadion will hold good, ifwoiegard

the qoatemioii 911 aa the oootinned pcodnct

of the a Jirti »e<pntntt PAi, P1A2, . . . &C., of the a attccestttw chordSf <m

iriddi Ai, Az, &c, are n poiole aibitnii]|f taken, bnt not auppooed to ba

iitaaled open the aoiftioa ofthe epben ; lebtifln to a eonieal fetation (aea

f L.)| BQOAIMKB OF CLoaVBS, ^"p; Air aB faueribad and caMaiMBif

polf^mt, pfm^qwft with fatehttion of the thnhfag caia ftr

which tha pradact i> a ecakr ; for an odd-md»d pdJjfrgan, fi^
and the aame product most reduce itaelf to a vector j_ p ; these laat

T^siiUa agree with those of § Liv. ; if^ in a ^hm>, the five auccearive tidet

of an tn$crihe«l yauchr pnttayonf abtde, be rp«f»^tlvely parallrl to tlie

five radii drawTi to the five corners of a xupericnbed tpherical pintagon^

likXJlM, then ih< jijlh earner k of the stconri f>inta|^on is situatts! f«»nie-

where i^Km that yr«ai circle Fit, of which a portion coiucideti wiUi the
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arcual sum^ - Lit f ^ IK (see § XLl.) of the firMt and third »idg» of that

secood pentagon ; this theorem involvM and expresaee a orafbic mto-

mrr or trb bpherk, wfalch Is nffieUmt to thaiwimzt thai wr/aee,

•nd Is amahg«uB to tht weB'kmmm and efemeniarjf reMm heiwem IA«

DlSBCTEOm oflA« tidtB of « fuadrUateral wttenktdm a. arde s indead

fbis gxsphie jirapeity of fhA «£rd!» citi ImMved as aIM
stated and graphic property of Ibc sphere ; theorem respecting a general

relation of an inscribed gaache polygon of 2m stdss, to a eerlaio other in-

scribed polygon of 4« + 1 sidaa; ezanpH
Articles 829 to 310 ; Pages 3 Id to 335.

§ vn, CsimwiKPa ^esnisaf rotuHomti tba sgrmbol argB i*rqy^ dtaMlss tiis

position into which the body B b braqght, by three eueeeaeioe amdJhtite

roialhiiM, itnmd His Hum snoossdva oms, Ax . 9, Az .r. Ax • Si all

drawn ftom tilS origin O, through the three sncceasive angles denoted Iqr

S^9t S^fV 2Zs; bat the same final position of the body, or of the eyt-

tem of vectors operated on (compare § 1..'), can also J>e nttaintxl l>y a #in-

glr rrmltunt rotation, round Ax . arq, through 2 I. . srq ; in like manner

atii/ nuinhrr of snccpssive and conical rotations of a line p, or l^xly H,

ruund axes (ossiug tliruugh one coiiunon ]>oiitt o, can be compovmUd into

one, by mtJHplyinp tt^ther, in the given order, the quatemious nhidi

Rpresenl^ by thdr axes and angles, the kalvee of tlic given ratalionSi sad

thsn taking flio axis and ths doMed vmffU of Hio quaternion |»rodkcC ;

sxamplM: tlw idmtity j3-$-as/3x a'l of § xziv., sinos it gives

01 o) p (a -4- 0* a-i^a. j3->, naybs interpreted (ses sgain |t<.)

as sxpresaing that two succtaaiTS reflexions ofan arbitrary line p, with

respect to two given lines a, /3, arc jointly squiraknt lo the double of tho

conical rotation repregrntrd hy the are ab ; the idfntity, y -j- a =

(•y -f- /?) V (y*^ _i_ fl^, of § vii., condnrts in liko niaiim r to thi' conclusion

that a cfiiiical rotation thus rojiroscntcd hy the doultlt' of an arc Ait, if fol-

lowed by iini^thw conical rotation n prc>oiitod by the donble of a 8UCtX"=si\ c

arc BV, produce;^ on the whole the ^lue eflbct as that third and re$Hltant

eo$meal rotoHom^ whidi is on the sams plan re|»asBntsd by tiis donble of

tfao are AC; that is, byxKc noumx or tbs abodal sum (see § xu.) ef

ike wkLYMB of^ ore* wkidk nprwienf the two ompotumi rolaliom ;

lArpe sneccssiTe and oonicsl rotations, represented by the domUee of the

three eneeeeehe tide* of any tpkerieat trkai^ prodnee 00 tbs whole no

effect ; geometrical Ulostiations and oonftnurtioas of these results; exteo-

sioo to spherical poh/tfons, and to any number of Bttccesriva rotolion^ re-

prcflcntcd Ity the d<iulilrs of the sides; rotations may be rtf;)re*rw/«f a1«o

by sphiriral anfjlcx (in-t«'ad of arc-s) ; the (quation y'ftva'— \, of

§ XL!X., shews tl1.1t if the double of the rotation rtpresenn d \>y tlic an^lc

CAB be followed by the doable of tlic roLaLion rcprescnlcHj by the iuiglc

ABC, the result will be tlie double of ttio rotation represented by the anglo

ACS, or tbs i^D^NMlle of tfaedonibie of the rotation represented liyBCA; two

s»w<nwl^is refleadonis with reqieet to two redm^ivdar thm^ are equivalent

to a dmf^e refleghm with respect to a ttnepeipendicalartobotb ; i/9 botfy
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he Wtadt to rtffolve through a»y riuinhrr <>f siirri sslrr rofutiiivs^ rrjirrs^'iiteil

u to their axes and amplitudes by the doubtea oj the angles of at»^ itphe-

rical pofy^on^ the body iriU be tberelqr bnmgkt back to its original po«i-

tfdo, AtlldM a41 to M»; Pagetmt»m.

I uriL The ^fltam «f the two MKcessive rotations repreeented by the turn suec^

rite tidet DF, rr., of any spherical triangle, is equivalent to a single rota-

tion, roprrwntffi \iy thp do\:Mp f thf arc which is the common h{»ectoT of

tho*-: twi> ^i'lrs ^
tIi*" arruiil s]nn i FT* 4 J »^ KK 4 J

~ T'K, of thf halves

of Uifc /Artt *«iCt^*<if Auitji any such triuni^lc dek, in au urc wliich ha.s

lha firat cvroer d of that triangle for its poeUive or iM>gaUve poie^ accord-

i^gaetketolilioniOMidoftoMVtowaidiBiepiMiliTe «r negetive; the

fci^efthoe—eaowi Ja wytieMiletheeyheiiMljserf.miee, or Mmi~

of Oe triiy^; eilWMknto amif tpiktrieal po^^m, and evm lo

fiprwnted hj the awxeMtet aacfaf ofaay 9tMkA tlleB|^ or

fg^ygnti (and net now by the dombUd iidee)« or oren by the succcadvo

dewumts of <my doted peritmter on a sphere, compound themselves into a

timgh reaultant rotation round the firii corner nr point of the figttrc, or

round the radiTis drawn to it, through an anpie which is namericalh? equal

to tho KiT AL, AKiiA of the figore (the case of negative elements of areA

being attended to when neceaaary) ; if a body, or system of vectors, be

mriilii leiiitiiilii iiwfirei iniiml iiiij iiiinilinr tif iliiiiiwit iiiM. ill fttm

Wf www^m one luwi poBHi eo h w uruin oIwvooon imo m uim

ooiMMeww nftt o find Itae h^f s lolitliB fonM en eads pffpcndlenliff

lebolh; eeoMd^jTi to Mns ^'''^ eene novoeble Ihie a frm the pceWeu fi

toaoeihcr cifOB porfthn 7, hj nfolvhig hi o new pleiie } tad eo on^ till

after bringing it to ooindde succeedvollf with any number of lines given

and fixed, and finally after turning firom r to X, the line a is brought fracA

from X to it« rt^Tt nripnal pr»oiti«<n
; tJien fhe bodt mil hf hrotrpht, by

this tvccessv n df rntntums, into t/i<- .tfune fi naf pnsif loii as if tt had re-

Tolved KOUHl* THE ORirJINAI, POSITION i>J thf muvi-rabU: Itne (n), (Ut am

axis, tkroitph an ta^U offtMtle rotatum which has the xame numerical

at eft* mMMmoMhmmio o/tha ftramxd (a, /3, y, . . . r, X),

I of dfo ^ffCB Umo* todsdinif the oi^^iiol porftieii of a, ifwe Ibm the

end ifthe loCetlooe remid «, ftom /9 to y, ftom y to ^, end ftoin llo « be

poiitiTe, tbeo

*hf> ridditinn of the five angles of the pcnti^'nn hnng pcrfomipfi in the

vjiual way f^iud not herehy 9Uch gphericai summation a.« wa- im rUioned

in § XLvni.) ; extenaion to the product of the tquareroot$ ofany number

e
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ofaueces$ite quotients of tf€etor$ even tt that number be iM^ni/c, this

product of square roots is atfll a d^nite guaUrmomt of trUdi the tingle

nyrmBiM flM «M<-«rwi tfa dottdfymn om a tpken^ wbik flit asU ofU lattflr pndnet it alin Am ntttnt drmni tQ the flnt poli^

intttprstfttioo of thtt tymboh^

if (as in § xlit.) the comfrs a, b, c of one ^^pherical triangle biswt respec-

tively the sicl s jiisite to tbo corners i>, K, F of another, and if a body be

matte to revolve in succts<ru«i thiougli three rotations rtprescnted respec-

tively by 2 -« CA, 2 — BC, 2 am, or by the iX)tiii.K« o* the tiikivE

CDMBi of the flnt triangle abc, tikMi iA fta IMVMBMD owRn, tUt bodj

will OD the whole haTBm«lv«diMndtiieeonierD«f lb* iMODdti^^

t round a noAim pole, thnni^ an tiii^ which io ntnMricalljr oqai^

Talent to the TOOBUD ABBA of the lUMieeoDdtfitiic^ DSP, . . .

Artides850to867; PegeemtoS48.

§ LViTi- New elementurj proof of the associative property of multiplication of

three quaternions ; tix double co-arcualities may btf assiuned to exist by

ion , and then Chettwom i% that tfrteartml eqtutiom* an oon-

^tibws oCftere ; fido eoneepoode to the aeoood proof by qphcri-

eal conlee In $ u., wlddi ahewed Oat ttiree eqnatioD* betweon tmglm

wen oonieqiQaMMe of three olheie: if 9, r, e, I, he aiqrJh«* ^ven qnater-

aioiie, and « their totnl or quaternary prwhetf tte Utg, while r, S
denote respectively their lArw binary products, rg, sr, is, and y, Z denote

their fipo ternary products, sr^, f*r ; if also tlic>c //^tj factors am! products

q, r, j», f, M, r, ic, .r, y, 2, V>« represonto'l by ten anfrlf •? nt ten jM^Jits

A, B, r, D, F, o, H, I, K upon the unit-sphere, theii -irn r v - ,?r, 7 - tw,

m — ttf, we can, by air triangle*^ answering to «tx hi nary muiiipiuations,

construct successively the six points r, o, u, i, k, aud u, the four points

A, B, c, D being here regarded as given, and alio oertain ai^kt at thenk

;

In ihie furooeM ofoonetmcttoo, ^ r le repwecnted Iqr two diflhrent anglee

at B, giving one eflwalMii eoadlMofi ; ^ a ie repiteented hj tkrtt dif*

teent aagiei at e, giving tmo tihtr eodi eqnatlone} ^( givee <wo eqaa^

thne; am, Lw, and i^jfgive eadh em other eqnatioii: hot the angleeof

9, z, are each <mly omc« tw^pioyed in \ht oenatruethm ; on the whole

then there are eight equatioxs of coNSTnumoN, required for the cor-

rectness of the figure ; but the associative prinr tplo gives fmir ofhrr binary

prodmrtt, y — trq, r — xr, u = xt, u — zq^ and jour other tnanyivs ; there

are thus ten triakglks in the completed tigure, reprajtntiug ten binary

midlipHcatiotu (on the plan of § xi.viii.), and it is found that each of llie

UmpabtU A < - B le a eomaMw eonisr «i three of thoae ten triangles ; at

each point Iftret mnj^ are eqaalf and there are thne ae maiiy aaTWBimr

aQVAHOBi between asglea, hidadlng the tifki equatioae ofoonBtmetion;

the rwwai'awy ftpsfoeeywrfieaa are thielbrecoiwyiaioia^floie ia

vhtoe of the aaaoebllve principle, . Artldea 858 to 86i ; Fagee 848 to 860*
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f UZ. io gcucml, if there be any number, n, ofquatemioiu (ur verMrs), qi,... qu,

N|ire9ented by angles at h poinU, Qi, . . . Qm on a sphere, aod if tbe total

pro^^ 9 = 9n 9»- 1 • • • 9i 91 be repreaentid at ModMr point we maj
cdoedve tiwae poinCi to fao UMmeeeaiiinft eonian of« ontein epbarieal jpcK

of^» « + 1 Mda% wbkfa inaybe colled a VOLTOOW o» Minjnpt^
Tiov; CUo coooqptioniiicladwtheeaeaiOftlielrMN^^Mea^

grfiow la f xi;viii., die seoond fnodHtallmil iffUmary multipttea^

timtf ABCD, in § u., and tbe puftyw •/ fnvttnuay nxdtiplicatum,

ABCDE, in § LViiL ; in general we may form n - 1 binary produettf

r, - 7 7n &c., n - 2 imary prrdftcfM, *i =9392^1, &c., ami so on ; the

nK>,(/i' r 1 if fliese iuttnuLdialc or partial produeti, or of their rt-prcsen-

tative puiids on the sphere, is ^ (w 1) (« — 2) ;
along with tbe p fumier

points, they nutke up altogetber | (» + 1) » points in the completed

M"** oedi point iwy be an|yiBBd tobaw Iim tpherieal eo-ordinatett

intlMtiPMB tlMM (•+ 1) « OOHKdiliatM llien Oltiat generally n (n - 2)

rdfltioiia, or efnoMoM o/nrndUhm, boeaoM tboyan all detcnniiiedliy the

« venoit 91 ...^ ud fhcnAie bf 9m wmAtn (oompaie § zvn.);

other pmofof the gonoial eiietence of « (« - 8) aqnatknie of oondllloii, or

eqnationa between certahi anglea in the llgBra; each of the + I)*
poiiiu of tbe figure ia a common comer of a - 1 different trianglt*^ le-

fpetting so many binary in ultiplication* ; at each point, n - 1 niigks are

equal, and thtis fJu-re are in all ' h T n ^ 1") (n — 2) eqiwtions l^etween an-

irlfs : . r t!u
, » i^n - 2) are true hy constmction (as above), and the re-

luaiiiiijg angular equations are true by the ui^ociativc principle ; there

an therefore |n (» - 1) - 2) equATioiis of asbociation, wbicl» aro

MMpgiMMea of sQUAnom or ctummmem; and the <fe-

pemdent cfwalwiw aie laore iiiMMrom than thoM on which they depend,

whenofwtheMaU^vef thepropoeedftctOfaeareMA(Ar«e; hitheeoei-

pku coMinwfWi <rfapo49oii ^fwiKUSpHetMam^ withpaw + l oonim^

aod |p (p- 8) hutrudpchu* (lepieaeDtinfporiiaf prodnelt), la faivolved

(by the aaaociative principle) the ooDatraetfon ofa number ot auxiliary

tpkffieal polygons of inferior dcgiee, OjpiUMlcfl bj the ig>«>«l*

auxiliary and inferior {wlygon ; this result is not to be confounded with the

elementary- theorem of combinations, expressed by the same forniula, . .

Article 365 to 378 ; Pages 6bi to 366.

I u. Thejocal character, mentkiMd fn { u., ofthe poinla E, 9 which lepreaent

the two binary products rq, #r, in any case of ternary multij^ieatiou, $rq,

namely, that they are fori ofa sphericnl nmic inscribed in tlie quadrila-

teral ABcn, if A, B, r, I) ho the four |K>ints which represent Iho thi cv fac-

i('r>, q, r, 9, and their total or ternary product^ mj^ be deiioted by the for-

mula,

t y (. .) AUCD,

which admits of % arious transformations ; in the complete con»tructioil of

the |)-sided polygon of multiplication, there aiiaea a »y*lem oftuck eimietf
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iiiin»dNra»Mnllqg to^(p-l)(p-a) (y-»),iiidMM lo

tomnjqvidiilatMtibi tlMir>Manaw||»(p-8) mmt§dppiKi9((Bi

f wMdl wprnt the jwrtfaf pwdBCtot these pointi mty tibenfm

bt etHid the focal Fonm polygon ofrnMUipUeatiomg mX if ttej

be oonodved to be the corners of a certain other pofy^om or polvj^ns,

there will exist, between the«<» diflTeiwl polrgpn^, n pperiea of kocal iix-

CHAr?fMK^"T; examplp" ; talile c>{ fiftrm focal rthitwns, iorihe cast- of the

general kesagon of tnultipUration ; this htxaf^on is in this way connected

or enchained with a certain other hexagcm^ aud uldO with a triangle on the

sflbexe, the nine conun of wbidi muiliaqf hexagOtt md trfa^ ai<e>M

9fa 4y«<Mi ofJ^Um apktHmimtim, AntrttiJ i»>(yiMi fiteM 9M1-

dHlalef<ali«f 111* fionipMed l|gnn; gMuabkil and iiiirMrinil UuMii-

tkw; tlM gmal |imAv«» tfmM^pHmHtm ascdb (of f ktok.) bin

«n aiMlogoae m^JbtaUf wrtMiwI witii mnOm pmlmpom nau (or

with VQH«), AififiM •/JItot MMiei^ givl&g tlw ftf* Mloning iMd
idatiomi:

FO (. .) ABCT ; on (. .) BCDK ;

m (. .) oosr i IK (. .) DKAO i
kv (• .) babb j

each emdc ha$ Htfiei at two comer* rftkt teeomd tpkerScalp«»i«^tm^

and touches two ndm ofthe first ; elenuntaiy Ulostralkll, tAapfrom tlM

limhfiig OMBwhm the pentegoiu beoraie regular and plane, ....
Aiticlfle 879 to 898 \ Paget 866 to 880.

*

LSCTUBE VU.

ADDITION AND SLBTH ACTION OF QUATBSmONS ; SEPAHATION OP THE SCA-

LAR AND VECTOR TARTS; NOTATIONS S A^STj V; DISTRIBUTIVE PBW-
CIPLE OF MULTIPLICATION OF QUATERNIONS; NEW PROOF OF THE AS-

SOCIATIVE PHTVriPLE; GEOMETRICAL APPLICATIONS OF THESE PBIN-

CIPLBS, INCLUDING SOME NEW QEMSBATIQH8 AND PBOPBBTIBS OF THI

bixipsoid; mew bbpbbsbhtatioiis of looi; ooramoMB of aoA-

TBBBIOK8 WITH 00-OBDUIATBB» DBTBBMINAMTS, TBIOOXOHSTXT, LO-

OABITHK8, 8BBIB8, UBBAE AMB aVADBATIO BQIIATtOlIBi PDIBBBII*

TIALI, AMD COMTIIIOBD FBACfnOMS; IBTBODUCnOH OF TSp BlQVATBX-

MIOB.

§ Lxi. Becapitulatiuo, Articlea 394 to 4uo
; Pagea 881 to 886.

% LXn. Addition of a nvmber to a line; interpretation of the qmbol 1 + il ; we
look out for «"^mf common operand, that is, for »on>e one Nne such as 1, on

which the two
J
r posed summaod^ * and 1, can both operate separately

ta factors, in v. ays already considered, so as to produce two separate tv-

sulta or partial products, which shall thiniBclvcs be or denote hnes,

vandgr, in this cese^ and t ; we then add these tteo lines (§§ v., xix.),

•0M tofbrm a ntwlbic (t
; finally we Mdt lAesmi «y <A« eowweis

ojMffVMf, juid w* tidw qutHmt (i obtainod bf fbli difirfon,
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vkiflh qmttSim ii iD gMml (we |§ vi., xm.) ft «vismoai,m Ih* ah*

of fhe propoMd WOM,

l + 4 = (li+ih)-f-. = (i+i)H-«';

thf f/?*rf of 1 4- as n furfar. h to rhjirsge the tMfc of ft horizontal square

to that diagonal of the same si^uare which b hkhpb advanceU than it in

aiiamth by 45 ;

flip flw "rfwfttyrrtrffai <ir tto lymM b flMlQiOM to tihit

r'^TT* *- **** ^Vniii* far faiiyyi^^tt^

InI iniriiSdi oIm tlw two nnnmudi appatt «t Ifast is Aeltny*-

bnt am imeorperatttl by bang made to e|Nnto on «m aoiw
j^uunHon ft ; more etementary illustration of the process ; in general the

ri-mbol IT p, where tc denotes % scalar, ami p n rector, c;in on the same

plan be inLi-rjTs.tcd n ijuotient vf(>vo linrs, and theriifore as a quater-

nion, by taking: some line u _L p. and dt fi^xing that p = (ira + pa)-~a,

when ira &it(i fia ar« i^mej ; additiun of this sort is a perfectly defimite

apenlkia, aid has Um wswaaftitfii diaractor, v + p = p 4 Vt • • • -

Aitfehi 40t to 405 ; Pa^ S87 to 091*

§ Conversely, an arbitrary quatemum q can al^va\ s Ijc ilf-fintti lu ilrvumposed

into (wo p€trt*, such aa ir and of v^liiv.ii out* bh^l Uv a number and the

other a /ta«, although it i& po^ble tiiat one of the^e ^axi& may vuuihh ; if

f = ^ -7- a, and if «a dteompou tit dhSdtmd Hne /3 by projetium into

t»« partial wctfera, or gnrnmstid lines, /S", /T, respectivelypanMd and

ptfptmSadaot to ttM divlaor Una a, and divida «adk jMvt aqpanrta^ tgr

that Boa a, tfis partial qaotlanfa Uina obtainad trill ba tmpKlMtj tk»

tmkarpwfi and fA« ««etor jMot of the taicX fUoHaU orqasfcemidii 9; in-

tradodDg tbn t]i« lattcn 8 aad Y, aa dbHtMliiiiife ^Cl« ^p«f^^
of TAuxo TUB scAUkB and TAKino Tm vacroB of a quaternion, wa

shall haxe 8 (w + p) = tr, V (r v p) = p, and 8 (/3 -f- a) = /? H-

V -5- a) =Ar-5- a, if - ? ^ T, T
U p, p ; 9 = Sg + =

t-S^, l^^S-;- V=V4-8; aLo (cuui pure § XVI.), 82 = S, SV = VS=0,
V» = V; thu,*, iM<? = », — 0, Vu? = 0, Vp = p; conjugate quaternions

hsva ejvoj «calar» hot opponit veetart, SK7 = +S9, yKq = -Yqt

SK^Bk VKt»-Vs K(w + p) = ip-p (§ Min.)} Kg^Sj-Vy,
K»8>T; TS-T (§ xjaav.)t T<i»+p)«T(i»>p)«(«>*-ps)i

ilirbaAioalar, Yjr*0, thn S.^yvaBf^ y.jyiBxVf;

Itorasaqria^

8(-Kf)— Sf, V(-K»)-+Vj. ^K-V-8j
x(w + p) = xw+ xp; STq = +Tqt VT9 = 0;

89 = T7.8Uf, Vy^Ty.VUg; VU9 = UV9 , TVUj

;

^waNraiawt art cwwieetorf wilA fHyaaaanfrjr, bj tha nialloBa,

SU9 ooe z. 7, TVUf s aio ^ 9;
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these reproduce the following getiural ezpraHioo of W^'kanrnnjbrm, m
representing in this system Am vtraorfit« qgMtanrfoo,

U« B -t-YUf« on Z 9 4-^- ^ ain iL 9 i

Imt tlie qnabolV- 1 lun dnolM (oompam | mu.) tbejMrtfnlBtr ms-

ftfT-MMtt whlcli 1i dmm intfaediractioD'ofUT^oriir Ax.g, thatii^iii

tlwdirRelioiiortlMui««f thavmcTi tbc MftniilMaliM nrtttlioiwd in

Uie Fomfh Leetani (| zzxr.) fbm dInppMiliig, when Ufb a determined

mart Artlelw 406 to 411 ; Pagw 891 lo S»7.

^ L2UV. Ejcpresskmsfor obombtbical loci, supplied by the qrmbols S and V

;

fh« •ralor of s qviteRiioii It poiltlYV, mdl or negative, aocorffing u Ibe

anffie of the quAlemioQ U acute, right, or obtuse ; S (^p ~- a) = S . pa ^ ^ 0,

MMvdingMap B|» if tho qFmbol op famt danota tho aiyif Arfww ik»

d&«cte«of<lwtiPOliiMt«, |>, tad thenfinrB tlio o/OuIr fmtimit

tmuitdM A {MtenilMi (but MltiwMii^ iffthit ff^ir nnnlHTiitiTP ithWi

to tlMirpradbeO t towiftotheoqiiatioii 8(p -4- a) sO, or 8.pa*>«0| it

iberefore to express, by the notations of this calcolos, that the line p is par-

peiidicular to the lino a, ami consequently that the locus of the point p !•

a I'l.ANE through the origin o, perpendindar to the given line OA, if

a - OA. o — <>y : if also f.i
— on, the equatiou S . (p - /3) a ^ - 0 expresaea

tlic pcrj>cndicuianty p-/3_La, and gives, as the locus of r. a plane

tlirough B, perpendicular to oa, or puallel to the former pUuie ; such a

parallelplant nugrftliftbo denolad liy tho oqnutioQ S,pa-^tB^ wbaro

tlM tnltr o to mdl tiMt «» dMOtM tti* Mfutant projection p'mm^ ofIIm

TtHoble Toetor p 00 tiho Hsod TwtorA; tbo oqtiitfoD 8.ap-*Bl«at-

pmieotluit tho projodion of a on ^ to tlio lim p Itodf* or tint Uio iii^

OPA is right ; It gives, therefore, as the locus of p, a Apbebk vtlA OA far

diameters thooMM aphario iorfboB nugralMbodoDotedtijiitiMroftbo

equation^

8.(a-p)p-t=a, t(p-^]=|T«5

methods ofinm^fatwkif, hj oalculation, any one of fhCM eqm-sipmifieani

Jbmu into any othar, will bo BBptoiiwid ai « ktor Ki^ (in § uczvi>)

;

mon gntnllgr the two oi|n«tion%

T{p-i(«^/3)} = T{i(«-^}, 8~5^-0,

oedi Wfwwnt napbm doicfibed on ab tdhunetor,

Aitldea 413 to 416 ; P«geo M7 to 40f

.

§ uxv. The qrstem of the two equations S . pa - > = 1, S . fip"' 1, represents a

dBCun, namely, tbeawtoai iBiaiiMlion af ttwpiano thwwigfa a, perpen-

dioular to OA, and tim^ktre 00 on, aa diameter; the pndmet of the

aanw two eqnatioiiak namely, the eqnation B,pa-i.S*fip'^^l, m-
tneanta noons, with Uielaat deooribed dicto Ibr Ito i«mt If ttto toat
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equation be combined v^iih the Croatian of a new pLme^ S . ^ = 1, tlie

ratdting system itfireMots a plaxr cosno, eooMKni. at a c«r*t w
tpmats A* tqnarton «ffl» oaoe n^gr ako bt ihai writtn,

late lUt titmUglmtke soaooaffBABTcmcDtJUi cwtioii «f tht«^
Mfladf, M the totaiBUiutt of tlw iptim d<tciflwd en a-* at ^UMMtar,

irilhtb«pl«ii0 8.p^Kl; flMjMralEilyfaMlif«i|pAfl«««rf«r, S.p/JsO,

Sew; tbb kttw plaofl^ iad tlw plaae S.pasO, •» tiM two ctouc
FLAKK8 of tlie otme ; Um eqiutioos of these two pUnes may also be thw
written, S . )3p = 0, S . op - 0 ; for in general (by xv., i.xin.). S. pa-'

SK . pa = S . ap ; thus, in taking the senior of the product of any two vec-

tors, we are all^wod to alter their order ; morp generally it nill be found

(see § UXXXlX.), that under the si^n S nutjf alier CYCU«.:Ata.r the

vmat of ang OTnaKB offactor$t entt tf thwi fcctow beqimUniim§ ; a

eniMHCAii oowo awy be wproma liy coinMiiiiig dtiwr gClha two fcmw

above eMiSB*^^ the eqaetiin of tbeooM withai^ otworihelfaieefti-

lewbigtiin tbaeqaatiQii «f the OOBCBOBIO arana^

y is here the vector of some one point upon the 9pher«». nn 1 c is the longtli

ttn aqoatiooa 8.ap = 0, Tp = c, and Ihe aHir cjoUc arcl^ the eqna-

§ LXvi. If a given sphere with a for radios have its centre at the origin o, and if

wa conceive t to be a sought point of contact of the sphere with a roctili-

near tangent from a given i xtemal point 8, and make er - os. r — ot,

we sliall have the two equations r' = — a', S . or ~ ^ =- I, the tirst ilenoting

the fioem sphere ronud o, and the second an oMxiKaiy ^ihere cm oe ; the

vouuifijmortbepoiiita, «rllieplBBeer«liiebalalhevois,with re-

ipeet to the gi««iii|Aeie^ ie tiw plaM oftbecifdaefialanMlh^

wiUmm, and it* eq[natioa (obtainod bgr oaltabl^ milllpljriag tkdr oqwr

tko»)la8.9r«-aiP, ot 8.r^-isl,irti«niaka|«B0«B-i^-i; rSi

hM treated as a variable veelor, but <r and ft as fixed vectors ; = TTa',

=a*T(r -i
; is the centre of the circle of contact of the given sphere

with tho w^yrvoriMQ cjonk of tnnfrents drawn from Si if P>bOF bo tbo

variabk vector of a poinl r upon this cone, then

bat a simpler Ibni oftbo t^pioHm oftht tmteloping mm wUl be aorfgaod

attomaide (in funmt) ; tbaeoae ivblcfa ovta tfaie oavolopiBf oono pot*

ptddieularilf aloiig tfie abom^miiitiaaod di^ of oootaott and baa ito vor'

Atlieta did to 4S1 ; Pagea 409 to 407.

{(8.«(p-«))*-(<v«+4^) (p-^)*;
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laaci^ the centre ot the f^rm sfher^ b (S . <rp)s i a*pSs 0 ; the equation

B, f»g^i^ HLprvmrn ttit the pointi f nd • ot» oowmm POIVT8(

iridiVMpBeeiiiflMglvmptee; lte«q|aalloM8.^«-«^8«^«-i^
itpranitjoiii^jrAiueosr UMB, iiUdb it (Oib POL4it <ifAaHnea^; tiM

expreeses that the two lines pp, s*?', irr reciprocal f-olars of each oth^r,

with refemrce to the same given sph^ as before ; in general, for anj two

vectors p and <t,

S .p <r = T/> Tff cos Cir - pa) J

Um saabr product ofaaj two Kne$ is eqoal to the reetmtgh vnte

the lines, aroMpUsd by tto cotimt ^fth* tufplmwa «ftkt migh hUbmu
theirdfawCkott Cpvw^^taw-i^fo'^i

this gupplementary relation between the angles of the proiim t auJ r^ua-

tient of two lines (compare § lxiv.), is one which It is important to re-

swisr to ttit eaknlas, from the prindptot of iiUdi H mtdsdaoid m
<«riyMin|xv;; itntyelwbecwiJdw^datcoiintetodirtlittiMiiiyMlfis
dunder of Um «fiwrs Mder since /3a Ba'.jSa-iB-T

U.jSaa-IT./la-i, and fbe oiyii «f«l« h^mMm oTn qnatnw

nlon !s the ntppltmmU (bj |xKrvii.) of the angle ofthe quaternion itteJft

if jS^ be (as in § Lzm.) the projie^on of /3 on a, then S.fia^fia^uff^
flnd thifl «tc?i1?ir product (see again § xm.') is positive or trail or npgaUr^

according as the angle betwe*>n a and /3 is obtu*p, or right, or nrtitp (rr>r\-

trast again § t.jnv.) ; the projection may be expressed in terms of /i and

o, by writing /3'=o-i S./So, or /J^a S. /3a- 1,

Articles 422 to 426 ;
Pages 407 to 416.

(umT. Vector of the product of two lines n, /5 ; if (T denote (as in § umi.) ^h"

conipnnent "f p wliich is perpendicular to «, then Y ^ & line

perpendtcuiur tn thr plane of the two given factors <t, /? : V. _l a, V.

/3a _L ^ ; the rotation round this vector ofthe product, from the iiuilLiplicr

line /3, towards the multiplicand line a, is positive ; whereas the positive

TOtHoii wn»a flmtrtsr gugrtsiif /3 -t- a. or /3a it dlrMlad

a tMraiit JS ; UY.j3a UY. /3« ; tt* JiiVA tbt of tfct pio-

doBkoftimt^jaflntrfditflrA^MSW^ym npntwte tibt flrw tfthat

ptnUtiogmiBy

A

TVU./3a = sin (compare § Lxin.)
; Y.afi = -V.fia,the vector ofthe

proAui ^tw Unm ^tangca ngm (or dirtetlon) when the two /aetan or*

hUtnkangtd (wl>awtt, by §Lxr., S.s^a-l- S./3a) ; the perpeodlodar

<MBpoMnt MMiy bt tipismd in any tat of tl» foUowiag wtyt>

/r = V./3a4.a = -a 1 V./3a - « i V.a/3

•./3a-»xa«-aV./3a-' = a V.a
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W9W proof (compare § u) thatirfMS ya = afi, then y U thftsouzmr
tha ]ilw^«il]l iwpMt to a; tte «|iiiitta T.pa e y./9^ or

«eO» iKptwiw that tlM tamiMtlMi f oTp b iltaaledm llw i^A* Mm
lirv^pft» wfakk to p«rMOIrf to a, 0r to OA ; tih* MOMsaonunAK
«fFMyteexprMMd by vfiilng^«j3+ jro, wbarax denotes « vorioMt

«caZar ; the equation V.pa s 0 dorattotlw indefinite right Use through fA«

origin o, of which the given line OA is a part ; V . pa = V . a/3 denotes

another imlcrmitif^ rit^ht line, parallel to the lino oa, nnd passing thmngh

a jioint c, which is the refierion of the p<tint b with rc.«p«it to tho lino

th*.' wjuatiiwi V V.^«) - I I,
I 1 V . p V./?a — 0, exprcssoa that p is /jrr-

pcndicuJar to the plane aob of a and /3; whereas the equation S.p V./3a

1 0 (afterwards abridged, see § lxxxvt., to the form S.p/3a = 0), expresses

^jlttaOrtoliBaia, /S, p, are eopUtnar^ and giw tilMC^ ft nJUR «
tte IscM of Am •qoiHoB,

(V.pa)«=(V./3aj^, or I V .pa = TV. /3a,

dMOtoBACTLDnMEB OV REVOLUnON, idth a for ^719, and fof rosfas;

toBke maimer the cqaation(V.p/3'>)'-f 6'^=0, or TV.p/3-> = 6, reprc-

siH amothtr tyfrnrftr ofreMinlioii, with j3 for axis, and 6T/3 for radius,

Articke 427 to 431 ; Pa^ 416 to 428.

fuvm. Piwcwt thotoitcyMiiitor ty thopsiptadiaitor irfane 8.pj3->ga, the

MtioD il ftCnCL^ conlained on the sphere Tp = (a> + 6>)i T/? ; the f^phere

roood origin with radios namely, the sphere for which Tp-=T(3, or

T.p^-* = 1, may have rta cqtmtion thus tran.-^fonnc<l. (S, p^ i)* — (V.

')- = l, and may be r^ardcd as the /oms of a varying circle, for

which S.p)3'* = J, TV.p/?-' ^ (1 tiie first of tiiese two wpiatioiis

of the circle represents here a varying plane, and the second reprcscuta a

varying cylinder of revolntion ; if a he inclined to the cyUnder TV.

P^->>bA ioei^«fti»g««fy by the plane S.pa-^>i« Id an nuFW ( in Uk*

laiinB HwqpiHtoii^ 8«p«->»>, TV.p^-) = (l-x>)i, repreaent • m-
rging ellipte, ofwUdi tha MOOT (oMaliMd byalimiiiillon of*) to an

MUMnom, fipH—itoJ by flia equation, ....

(S.pa-i)«-(V.p/3->)«=l;

gaometrical illustration of this mode of generating an ellipsoid by a cer-

tain deformation ofa sphere (^ellipses being substituted for circles^ by sub-

stituting oblique for p^rppndimlnr sPction«! of a certain varying eyltndcr^;

thf (TlipsoI(! 1b KirvKT-orKo by the cylin<lcr of revolution, whose equation

is . fni = - 1 ; the f>lan« of the ellipue of mntact is S.pa"* = 0;

the equation of the ellipsoid may alsol)C tluiM wntu-ti, i^8-pa"*)'+ ^TV *

p/3->)' = lt orthus, T(S.pa-i + V.pj3-i) = l; this last&rm wUl be

toand to flmifab (in §§ uavBu, &c.) amm mod* ^gmtnitktf tk» «0|p-

(oriatiNTftiiaailararaeflliiNiiriBodae), .

Arltolto 482 to 486 ; Fagea 4tt to 480.

I LUX. Analogona deformations of other surfaces of revolution ; the locus of the

vaiying drcU^ S . - ' = TV . p/i > = (x^ - b an aQUitukTBiUi.

f
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AXD DOUBLB-SHEETKI) in'rERBOtX>ID OK REVOLUTION, whoae CqoaUOD IS

(S . pfi'^Y + (V . p/3->)*= 1 ; the locos of the connected and varying el-

lipse, S . prr I = a:, TV . p^^
-

» - (x* - where a is still supposed to bo

inclined to />, h nn nt her (fmiblt- sheeted fn/pfrhnfnid, which IS NOl OOe of

TO?<dtttionj and which haa for its equation the fuUowingi

gioBetaiett fflnrtfrtioiM : the riglit and oldique c<nn, fAkh an Mpee-

IMjMnavomo tetiMW hypwboioidi^liaTO flMlr tqfulkmiamiid

by dingiiig 1 to 0 In the iNOnd nMnkbot oftlia «qiiatidna tfOimtWQ

amteiilqf dwQglng 1 to- lintltt aain* noond ia«Bbai% ivt gH dw
iqutioiM of two smouB-swucTBD HTrKKnoTX)iPS, with the $aine asymp-

totic cones, of whidi two hyperboloids the first is eqitilateral and of reeo-

hUioHj while the se<r>iu1 UmchtH the ellipsoid of § LX^^IL alonrj the ellipse

of emtaet meotiooeti in that section, namely> the eliipee wboee eqiutioos

are,

S.prt-i = 0, TV..p/3-» = l;

tteaeooDdof tiMtwodoaU»«liMl6d]ijpecbolQid»toa^ aune cWp»

nid at Che extremitiet ofthetwo oppodte T6ct(in which hare the directions

of + /3, the tanpeni planes eft thOie tVO poistl btiqg glTCB the

frnniil* S . pa'i s± 1 ; the aquetiMU^

8 , |i0-t+ (V . p/5"»)»« 0, 8 . po-» + (V. |»^-0«= 0,

repTPsent two RLLrPTTcr paraboix>io9, wheroof the tirst is a surface of re-

volution ; the equation S. pa'^ & . pfi'^^S. py^ represents an htferbo-
' uc PAOAttOUHD; in AumiBAmr wmFAcn of nnvocimoif may be

represented lijtfae Ibmnl^ TV.^^tss/(s.p/? i), and then the con-

nected eqnalion, TV . pfi-is/(8 ,pa'i)m01 lepnemt the neolt ofa ceiw

labi i»n>oniiAn<» of that ntrliMfl^ whwetgr eOiinee ai« still snhititoted

ftr ebrebes but ifa be enppoeed to be net iNcliiierf to/9^ bntonljtobe

Untfer or shorter, the results ofaH the foregoing deformations will thera-

edveebeaaifMoeof revolutiott, . . . Aitielea 437 to 440 i Pegee 480 to 486.

% UEZ. MaeCoUagli*! itamthAM ownMATnom of aoiftme ofthe aecondoidar, tx-

pneied in the laqgaago of qnatenioiia ; oiigin befaigon a dllrtefi^

Tsctor ofa/M«^ /3 vector ofanother point ofdirectrix, and 7 penMndiealar

to a directive plane, the following equation may be established, T (p — a)*
T (pS . y/3 - /3S . yp) ; it will be found (eee $xoE.) that thie equation ad-

ndfta of being pot under the form

TOi-«)-TV.yV./V, . . .

Article 441 J rages 13 j to 487.

§ LZXI. The symM V (V . a/3 . V . yc) denotes a line situated In the interseetum

oftht two planes of a, ft, and of y, ; if thci-c bo six diverging vectors a,

a\ . , . a% and if we form from them three others, ^ fil, fir, by tin

fonuulK,
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/3=V(V.aa . V.aV),

/3'= V(V.aV'. V.a'o),

th<^ti Ihc equation, 0 — S . i"? /? ^T, cxprosncs the condition for the six dircrp-

ing lint^ nr. a, . . . a*, Mng *i.r sides nf one common mr.r of tho second

degn-' iii l TTifiv therefor*^ bo calV*! the E«^UATlolf Ok" HOM<H:OMrisM ; tiie

scalar ftinotion S . fi (3 fi may be called the AcoKic FuHCTiOK ofthe six

V€Ctor$ a . . a% or of tbe hexaook (plane or gauche) at whoec comers

lli^ Iteeauae U vtmMkt wbcn Hiqr are AoMooMnc, by a fbtm

«f tlM tbcMtai of FmciI ; bcnoa may ba derived aa eaipwion bgr qoalet'

nkna, Ibrwbal may be caDed theAdkvtkbio Fbucriwi or tbr Taonma,

a, a, . • . a*", or of tbe (gCMralty ganefat) i»oa<xmi at whoae aonwn

thiy torniiiate^ becama tMa ftmctioo aaiiiTrtw, iribn Hoiami poumor*
Oft oar OOMHOK BEUTEJUC srRPAfll^ W MtHMMl tMTfint Pftk* MCOarf

onlir; tfw Adrntaie maj ba thna fljqmHad,

if A . . . K be the ten pointa, while the sjnibol Ancnxr here denotes tb«

acomic Tunclion of 6ix of them, irith respect to any elerenth point u arbi-

tiavfllytakM aa aD origin, aodoHix denolM the pyramtdd ftmelioii ofttia

otter imr, Ibalis^tbeaerAqMevlMie of the pyramid tiitUdilh^tn

tiM fionien^ tdcea iHllia pniper ailgriiiafo iign ; In

taMtkn fbor poiDta* a; i, v, or of torn actotii maf
be miieMoJ bif iiaatenioiia ae fbUowi:

8 . (a** - a»') (a**- (o««- o**) (compare § lxxxix.) ;

the ten points arc sapposcd to be combined in all
i
os-il le vs ays. n-^ crrmipg

of four and rix (namely iu 210 ways), by successive mutiuil iiit> UaQgea

fsf pointfs or of letters between the Imo groups; for every siich buiruy ioter-

diange tU^ sign + pniOjked to the prmluct varien ; tlut» fonuation of tho

adeolerfefanctiooie <mfydliriedtoin1]iataztoft]i«I«^^ . • •

Article 443 ; Pages 4S7 to 4S9.

§ LXJLIE. The poncral addition of any iico fpiuterniot - ran always be easily and

dtfinitrli/ cfTectrd by llic rule of thr ciitnihun tijHriind, or l>y the formula

(y-T-a) r C/^-f- «) = (y + /^) »
finbtraction ofquatemiuiis may in like

maamt be effected by the formula (7 -r- «) - 03 -5- «) = (y -5-a i

Aitidee448to447$ Pagea 489 to 4M.

§ LX.^in Properties of such addition ; it is a commutative and associntirr opera-

tion ; tlie scalar, vector, and conjugate of a rum of quaternions art respec-

tively the stuns of the scalors, vectors, and conjugates, S2 = 2S, V2 = XV,

K2: = £K
;
similarly for differcHctt, SA ^ ^8, VA = AV, KA = AK *, it b

neelU to be tnaOiar with the two following general expreerimu, for tba

Bcalar and veetor paila oftbe prodoct of any two melons 8 . a/3= i (a/3 -h

0aX V..4i/3«K«/'-^) Articloe448,449;Fe«ea444«oU7.

§ uuuv. The general qvauuuiomial form, ^ - w + tx +yy H Az, for a qiuitcr-
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aion, may nour be mora ftiUy tiiiden(ood{ f «:ii/ + uc'-i-/y'+ Az' being

Another quadrinomial oftbesune aort, the eniii uid Affiaranoe oftbeee two

qnatemioM an formedbytaking the Rtnu end dUfarences oftheir ooiwn-

TUBiis, mfX^ftX and i^,*, f^, ^ ; in ajmbola, 4±9—^± (^±*)
+7 (y^±]f) + Jfc (»' i: «) ; A qtuiternkn cannot cMjiA, ezo^ bjlta Ibnrcon-

•tttuents aeparateljf vanlahlng ; nor can two qaatendoni heoome egwd^

without their oonatitnents becoming separatety equal ; an equoHtm

between two qnateminns includes thus a SYSTEM OF FOUB CQUATIOllia 6e»

iNwoi sealars ; nundy, w = x = x, ]/' —y, z = z,

Article 450 i Pages i47 to 449.

f LXXT. General proof of the DigiBIBinxVB PBiNcrnx of multipUetUion of

9Ml«nijm«/ Sr.SfsS.rgj . . . Artidea 461 to 466 ; Pegw 449 to 465.

§ UExn. Ebmentaiy c^^UeaHont of (he diatrihnUve principle; tmnalbniMtloBt

by nn»t of it, reteied to in | Lxiy. $ tha aqaailott or Identity,

(a - /3)« - a* - 28 . a/3 - fJ^,

is equivalent to ^JkiidamnUaLfifrmmla ofplume tr^onomtirpt or to tha

equatioa,

BAS= CA* - 20A . CB . COS ACB + CB« }

centre of tnean digtanee^ or of gravity, ^ =: S .M «|- 2« ; illTeil%riioa «f

the (spherical) locua of the vertex of a triangle, of whl< h thr> baaaaadtlia

ratioofthe8idfia«regiven;T(9-«y) = T(»(r-y), if IV-Ty, . . .

Artialea 46« to 469; Pa8ea466 to 4«a.

f u(3mi. Intoieetiona off right Una and aplhan; tin loaaa of all tha toa^vta to

the sphere p>+ c< = 0, yrhich can be drawn flroni the axbamity of haa

fcr equation, c« (p - /3)« (V .
(^p)t

; thisyiwm of tfae equation of the ««-

vehtpinff cnne is simpler than that which was obtained in § Lxvi., but tha

one can be tmusformed into the other ; new investigation of the equation

of the pillar planer S. (3p — — c* (compare again § i.xvi); pn>of by qim-

teriiions, of the known harmonir property of this plane; iTAisMOMr mkan

BKTWKEJi ANY TWO VECTORS [fourth hormoHical to any three potntt {^nol

MetmBsOy^ itraight line) ; exfeaeion hereby given to the utmal no-

don of AonaoNle eoii/iynfce; cirevlar karmomic group (four poiale an •
circle, fox which what ia called the amkmrmomUfmoanUh%aoammtity)\
intaipvwtatlona of tbam and d^ffnet of Oia fac^praeob «My fM»

<^«^«f Aitidea460to464;Pa88a4S0te4M.

§ Lxzvui. Equation of ellipM>id rcjsuintd (^irum ^ uxviu.), and txmosfonned to

T(v + p«)«a»-4«;

feaawlriattl egnal^y heooa deduced,

AE - III)
;

f.KNERATlON OF Till: Ki.i.ii s. >i i hoiue derived ; if a he a snperfirial point

of AJixed rphvre with centre r. and n an external point, and if a secant

HDD be drawu, and on tiic guide-chord ad, or on that chord either way
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prolonged, a portion ak he taken, which in length is equal to hd', the uy-

cmo/thrp^mwiBb0 omtl^ptM, iHlli AftrHsoaitn, andBlbra

potai of ite toiftce ; abo in thU cenabiielkii nuj IwcaBeil the aamuib
no nusraL^ and IIm iplMn fovicl e dw vtAOBmaicr iphbhbj flia

poiflte D and d' on that ^baramaj be Mid to ba awtfiyglggmdi-pomta

g

MaaMfyicwl linfiMliaiw fton tba Ibmiila* ak s bdT : eonstractkna fin flia

laagtha and diieetkos of Uie thm principal mm^om* of the aOipaoid, %
t, i , <> niiaaiMHii ftrr thft lingthi ttf thft rirfft fif thit |p—**rttt|y ^T«fp^^

BC= 4 (a + c), CA = ^ (a — f), AB = acfr - *

;

ttivtlrrpifip cylindrr of rerolntion, with Ujc side AB for azM, and RO=r

for radius, if <. be the bt'coud iH)int of intersection of AB with the diocentric

sphere ; the two other sides, uc, CA, of the triangle art perpeudicnlar to

the tvio cyciic plant* of the ellipaoicl ; the one that \& O-C, or^ CA,

tijmchcM the ^acentric aphere at A ; theae planes are also shewn by tiiis

conatmetkn to ba (aa b known) Uia cjcUe planaa of all Iha eoneentrie

CMC*, that itat an thoaa arasRicAZ. oojncs In which the elUpaoid ia out

Vy > yataaa nt outtmtrk^pktrmgMMMM nmMam, aontahiing tba two ihh

HMinl gad fiffniar atotionai the eonatnetkn alio cenoutiiGelfar

the known mutual reetangularttp of the ««Nll>aMt ABi, AB) of OCACT

' iSametral section of the ellipsoid, and oondocts easily to the known ex->

fiwiiiii tor the iM/firemet oftkt agnorw ^ikrir rte^proeah, naan^,

where r aod r are the ineliiiations of Uic cutting plane to the two c}*chc

planes ; the equatiomM of these latter planes arci respectively, S . <p = 0,

8.cf» = 0i theeqoatfonoftiienManapheieia

Tp = 6=(-c2-.«)T(.-0';

Haefieai q>heriatl eouic on the dlipsoid
;
exprearfanaftr thetwoMW

vaetan^ i^ffi aaftmctionBof the t«cloi% a,/3, of § uEviii.,

Axticke 466 to 470 ; 4M to

} uzDL InftndudiaB of two now Toctoia, X,^ with two new Boa]ai% A, A'» and

two new pointa, L, M, wUeh all depend npon and with the voctar^
or the point B, and aatiiiy the eqinetianfl^

X = ((cp + pc) (*-i)-' = A(t-<f)=»Al.«A.AB,

to each iHvr-n value of A (between certain Uuuts) answers a circle oa the

eUipsoid, fur which

8.ap«|4T(»-«)^lBaT(p-X)««;

in Hkonannar, to eaob sItoi valna of A' (nltab^ linilod) than aaiwwo

anofAer ctrcfe on tiio eHipooidi detenninod fay tlie oquationoi
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tbMe two «ii6c0«iCrw3f and dradar Mctiona of die dHpaoid bave thair

flanae p«rpe»dieaka^ to tha ddatt ca, ob of ttia genaratliig triaiigle

(§ Lxxvni.), and tbaaiwejNmrfhl (aa bkoown) to Uia two q^«(^p1aoea;

creiy such pair of subcontmy ctidaa (Jb» A*) ia ooptatoad (aa hf known

rcsulta it ought to be) on one eommm ipktng tfala tskmt, in thaaa aafen-

Utionfly is givan bj tha fi>nniila»

where the vector (, the positive acalar », and the point h, may be deter*

ndoad I17 tiie eqoatfona,

andif woniakaBiiAC-f>*»^*'f lilMft a ia the ^Iftc Mraial to tha

ellipsoid dnym at the pomt e, and terminated faj the plana of Che gcne>

fating triangle, or by the phme of tha gnatest and least axes, while n de-

notes ihc lenfffh of lliat nonnal ; the new vector v Is parallel to the normal,

and aatiafiea the equation S . » 1 ; its ezpresuon as a fooctioo of p is,

v-<(k«> <^'* { (c -

p

Sa . S. «p Sk6. tp) {

tbo aquation of the ellipaold may ba pot midar tha lb»i,p*+fi*BXm

wbQat]iatoftbaineanqEdieremaybefbnainiltfln,^+t*sO^ . .

Artldaa 471 to 474 $ Vagaa 47S to 479.

{ LXZX. If we make Tor abrid^^ent v = (p), or simply v = the pt^vrJumC'

tioH ^ will be linear or dUtrH/uiive,

•Bd Ifwe agfea to write/(pk «) » S . p^v, the aaalar>«efio»/irfn be

aA oooa coamialaftM or4yaMw6«e irith leapeet to tlM lipo

it dapanda, and ft'Mor or dSMnMoe idaliv«3y to eoeft of them, ao that

/(»,p) «)./0> + p. + =/(p. «) +/(p. »') +/(p\ +/
0>'. A^pyy^)^*Sf(p> ; farther abridge /(p, p) to/

(p) or to f/^),
this new scalar function of one TOOtor wiU, rdativaly to i(| be

of the aeconJ dimension, and we ahall have

the equation of the ellipsoid rodnces itself in this notation to the fonuula,

yp = 1 J and if a cylinder (not generally of revolution) bo (ifraaaiaariftad

aiboot the ellipsoid, with its generating lines parallel to a given vector er,

Uw equation /(p, «)> 0 rqweoeBti the AnneftialpiBM pfeoutaeif and

the narMol to that plane baa the dliectlon of Che vector fv; ingepval

the laat eqnatlon danotaa that the diirMffaM of p and 9 aie eoti^iyals^ le-

latlvely to the eUipeoid; tedpvocal lelaHona of biaaetlon, eoqjiiffiition of

line and plane^ qrateu of thxee ceiOngate scmi-diometers, equation x' \

4- 1 Articka 476 to 480; Fagea 480 to 48d.

I tJUtaa.1heeqaatiouy (p,<TT)=l, or S.vsj^l, expresses that the vector zsr tcr-

ndnatee onthe Umgent platu to the ellipaoid, dmwn at theestnaitly of the
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>p ;dw Tcelor y» «rf^, nuqr b0calkd tiie vactOB <w nuMO-

mtn, mmdyt «f UMlancntpliiM totb* ecntn^ beeanM iti rx^puwwl

»>i l Ui rmifn^ in langdi «dd Id diieetion tte jMi|MiMlie«lar kt bit from

ItetCVtn CO tiiat plane; in general tbefbimolft/Cp,17)^1 may be said

lebelte «gMfioN of conjugation between the two vectors p and sj, be-

canae U expressea that thcj terminate in two eonjuffafe points ; the same

equation represents the polar plane of cither of those two p<^intfi, wben tlie

other is trpato<! aa varial>l(* ; if I*** trpntcd a.s the vector oj the vertex of

IB tmmlopi»jf cone, the ecjuatlon of ttiat coue 19

irtMitfwTcrtasgOMoffloiiifiol^, flMre nanhs an ciMirfiVmiy qfi^

vithtiM eqMttion/(p»tP>«C/>- 1}/^ S vttUcitkoB te Ih ecue oft

AttklM48lto486;F^486to491.

Tbe Criv^glea uai, ABc.are abnilar and •bnOnljr aitoited In one

<

aM»plHw; tte pointi b, s, l an coociiciilar; tbe trian^ UH iaiiot-

eiliast]itlinatiJi,iuiMe poftfoM «f tlM axM of the two didea on tho

dBiMidvUcii paw auoa^ (bo points, . Aitioloo487,488;Figct4ei,492.

I ULXXiii. A'ev proof ofthe auoeiative pri$tciple of mnUiplication of quater'

dtnmdftmi ikf ^kMbuHvepnwdple ; importaaoo of oomVintng

two principleo, Aitidos 489, 490 ; Pages 498 to 495.

S Lxzxnr. Transformed eqaation of the ellipaoid,

T(i> + p«') = jr'«-i'«; tK'=i'r = T.4«;

new generating triangle ab'c', and new diaoentric sphere round c', touch-

ing at A the cyclic [ilaiio j_ i (compare § lxxviii.) ; ah' \s the axis of

asfiwrf eaveloping qrlindcr of revolution ; if we make (compare § l&xuc.),

tbe two now triaBglia,t.V]r and AsVare rimikr apd«inO«rly«ttiuted in

ene oomnwa pbme^ namety, m the prbteipal pltau oftbe ellipeoid; tbe

tfmbols Y'>0, denote rapectiveljr • aeoZor and a Mcior; wben

thiee peinte aro eoiiuMar, tbe TOclor port oftbe qiiodent of tbe diflb^

fwita and conronelf; uai^L' to • g«MdHfa<*iialw a cv^
SagomaJs vsf, ml' intatteei hk », tbat to (§ ucxnc), in tbo/wl lAa

merwutl to tbe ellipeoid; obzieratiok of A 8TBTHM op rvvo kkcipbocal

jELUPSoirw, by means of a moviko srnEitE ; generation of the tame

teM of two elhpsoids by means of a rixi t> sImiere
; ifthe sides ofa plane

quadrilalcral inf^rriht d in the fixed .sphere tiiovr puruii, I to fonrfixed

HneSf one pair 0/ itppumie mdrs unit intersect tn a point oh one tliiptoid^

and tbe other pair of oppofitite mdt»t will intersect in tiic curretpondimp

poimi on vtker or reeiproeo! M^toid; these two ellipsoids have onu

onnwow oMon sphere^ namely, ttie fixed apben employed in tbe odostnic-

olbor jeeoMtrM raloltont of the fixed apbora and Unea to tbe tm
dfipioide thoo gnented, .... Acttotoa491 to496; Fi^498 to 50t.
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f Lxzxr. CtaneratloD ofn dlipioid hfmm of ftrm of rnxooMtnaam;
if two equal t^bam lUdo wlUUn two crfKadm «f iwralntiao, wbnm vxm

toiticr, in such a manner that the right line joiidiigtlMir oen-

I panllel to a fixed line, the locua of their circle of iuterseetion

M an ellipfoid, inscribed at once in both the rylindors ; the same elli{»«)i(i

mrtv :{]m l>f> £fpn«>ratM! fi^ the of the circular ijUr:"<»ection of another

pair of .\iiiinig sphm^^ \i\»ci\\ml the same (nso i'\-liiiiirr>. hut wiUi

their line m ( ntrcs i>arallei to a diiierent straight \\m\ tJje diameter of

«tdi alidin^ sphcro is equal to the mean axis 2I» of the eU^woid; an mhU
Awy oirva «m Cft« tmrfiiee tfth* dt^ptoid aaoy bt dncriM iy^ Mrtar

B Uotetlet trimiglt uai (or titM^ Hie oonnnoo length of wiMid

two iUm sL) (or sl', bk) b eonatant, and f^h, wldloltB Imnu^ (or

l'm) inovea panQd to « given lino AO(or AC^, tad la ioaeribod in ngino

nnglo BABT; or a Himim ^feoiutant perimeter, = 4b, may be enplfljedto

generate, in an analt^potia way, hgr the motiooa oftwo opposite oorocrs, heo

cwTMf on the ellipeoki, Article 4Se ; Pagea 602, 603.

fuxxn. Intradnotion i/tao nt» JUred eecfon^ f sTcU((-c), OsTrU
(^- 1 nudiNE ^ A' T (1 - we teve X'-^t and tke

oqnatfana of one of tUdingiplMna tieeone

for any one valae of the variable scalar g, tbe plane of the drde of intar-

aeetion la lepweented bjr the equatiim,

and wo have flio TalvOi ^-B^hVn cUniinalion of^ gimferdiaeilip-

•oid, Mgaxdod aa fho loena of tlieM drcki^ tiie tnnafomied oqaalion»

u{i,-e) ' n-o T(,-o)'

olher mode of obtaining this last equation from the form in § Lxxvm.,

namely, 7 (ip ^ pg) =K^-i^iia g!SMni,tut Oam ynOon a^^ytin
bavo the idenUtaes,

wfth analogOQa reinlla (oomparc §§ tjn.,uaiL)AMr the aeatarantfecelar

of the product ofemjf odd wmmber ofveftertf we have alao, geneialljr,

8 . y V .
/3a = 8. y/3a, 8 . y Vg« 8. 79

1

a fraction in thia caleailat mtiy gmnlfy be tnuMftcmed (aa to AIgehi»)>

by dividiup both nmnmlor and denominator 5y any common Tector or

quaternion distinct fimm zero ; or, in other words, by multiplyinp each into

(but aof generally ly) the rM^irooal of any such vector or quaternion, .

Articlea 497 to 500 i Pages 603 to 509.

f uatxvn. Oeowelibil algirfflcationa of the two now fixed Teetoni 9, 9; if + O

«B a» la tiie vector of«B uaimLtoof the elUpoaid, and the equation of the
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»-f»}tli»—WliWiwrwalthw» Imm th> «wello« ^9-9, or oTtks

ijaBe Mrmil 1; 0-t-«'t Iim OadlMelkii «r«lw oOar aonMl ir;

l = Ti?U(i7-e), r= i{^lJ (0-1-11-1);

BtaTij + Td, 6 = T(i|-©), c=Ti|-Te;

tiw inm and diffprptirc >j
i ar<* irspectirely eqnal to t* (' - O -f U

(1'— «'), and ha^ p tlu? din'ctiorjs of the greatest and least axes of the ellip-

soid ; the ienjfth ot m amUiUcar vector, or toMIiear aemi-dkcmettr of tbe

^Qipioidy it

T*»«T (11 + 9) = V (a2 - 6» + c»)
;

the kngtfa of the perptrndieuhr from the centre on the mnbilkiw tangeat

pbne if

y• T (i; - -»-«<* -1
i

theae 'faliM «f« ladp flgne iiith lowim nnlto ;«^
lorb

•#'«T9 ue + TO U9»-T . He . (r > + e-i)
I

-M^-M'ns alM vinUlbar vMbn; thn has tlM tftnotion U

w + w' = (Tq + T(1) (Uq+Ufj>),

«-.»' = (Ti| - 10) (U9 - U0),

the angles between the iwiMbar diameters are seen to be bisected by the

IpaatsilaadleMtazaib Aitkba6Olto6O8iPacea4»O0to5U.

iLozmL lorttaagaaffvcCan^qiuirianibniralimtlMAil]^^

S . 9»« 8f«+ V«<, V . 9t««Vf 89, T . e« = S7» - V9«

;

hence for the scalar of tkt tfmame root of any Other quatemioa q wo Uayo

the expression,

this L? only onf out of a vnst number of general trantformationn, in which

the present calculls abounds, and which may be deduced from the

lawM of the symbols S, T, U, V, K
;
applied to the eiiips' li i, iu combination

Ysiih the lucent values for a, b, c, it enables ua to infer that the linear £«-

cesfrieilMi oftlie two aectione, perpendicnlar re^ectively to the mean and

_ c2)* = 2T V (ijO), C** 28 V (tiG) j

iflit duu^a lit oooe 8 to 10 and 9 to f-> 9, vlMva fb iqj porittn aeilar,

we pass to a confooal klupsoid, the focal bixipsb and focal ht-

PKRBOl^A remftinJng «!till unrh<inp:pd ; the focal di^jUt mi^ OOlkTailfMIlt^

be wffCTWited by the system of the two eqnatioiia

8. f»U9

.

pV9, TV
.
^U9sS8V <98)t

whkfa repnmit aepmtely the plane oi the eUipee, and a cyfii^ of reTO>

g
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lulkn «ii iriiidi diA «llipM to oonlaiiMd ) «rm
with dito otber Under «t i«volatfeii»

the focal lojpa bola i« adequately represented, as A onrve in tpactf by tho

sinffle equation^

V.i,p.V.p0=(V.i|0)>;

hocauso this equation will Ix- found to include within itself the equation

ofthe plane of the hyperbola, namely, S . ptjO = a" woll 35 thp constancy

of the product oftheprojectiont on the asytnptutta, wiiich ii^yiiipioles are

here the lines 17, 0, or (as is known) the axes of all the cylinders of revo-

lotioii circunucribed aboat tb« ellipsoid and ita caalixialw ;

Aitieica 6H 506 ; Pages 611 to 618w -

LXXXIX. In ppncral, in this C ;il uKi'^, a fccdtar equation^ fp = r, involving one

variable vector represents a surface ; in fact it is equivalent io an onH-

nary algebraic equation between the three Cartesian co ordi nates x, y, 2,

aad may be changed to mdi an equatkn by ndialkuting for p ita trino*

ndal valm ir+jy + ils (sec § xix.); examples; tha aotoal proe— of

•qiiaitog thalaat-mentlQiied teinoinlalfl^m fi*s- - 9*~ 1^ ; If

AM+ji+ie, a'^i^+jb'+k^, than actual mnUipiiealioa gim aae*

preeaiona ftr tha fnodneto s^, a'op, of whkh lha aealar parts an, iMpae-

dvcly, S.«iy^s-(ajr+i!gr+er)) and 8 . t^ap= thaummuriirr

a, 6, c,

y. c^,

or a - eV) + A (ex - a'«) 4 e (o>- ft'jr)

;

ve have the two identities,

. 7i3a =Y. j3aS . +V. ayS . /3p + V . y/3S . ap,

ofwUdi tha aeooDd ahews that fbo ritmhiattai ofp batwan (lia thna

equations S . op = 0, S . /3p = 0, S . yp = 0, conducts to the equatkM

S . y/3a = 0 ; co -ordinate* and quaternions may thus be employed to aa*

sist and illuMtrafe each other ; additional examples ; the symbol S . y/3a

denotes the volurnr of the paralhlepip^don of which a/3y are e<lgos, this

volume being taken positively or ntyaiiveiy, according as the rotation

round y from /3 to a is negatite or pontics (compare § xxxtx.) ; we

might in tUa wny aaa (compare § lzuti.) that tUa fuoction S . y(3a

themgt9 tifm, whan ta^ two of lis Iheton an intardiangsd ; fhaaeolBri/

a fndiut doea not altar, whan lia fiwton an crraucAJXT nuan/m,
8.yj3a«8./3ay, S.srysS.rga^ Itc,

Artlclea 606 to 618 1 Pagia 61S to 6S1.

xc. An equation of OMior /orm, = X, where f danolaa • vtdtr/imetim,

and X a givao foetor, may in ganaral ha resofaod into cArsa aealar sfwo^

fMw, wUflh'mllloa (thaonHnUj qptoUng) to dolaminagMnPjrx, jr, 9,
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Ompf^ H lMtt«i» mMet tlioM eMdinatav and thb

V
the eqaatioD Y.qo—X gived oSg= X -i- 9**V.XVg ; no/altofu &c.

;

s

«lbMr fMSt tbs ic^on of the last eqpulion in the eqoatloii

V. = X giTw pms^^
^^J"
—

• interpntttioii of this oxprceeloBt
ny + 7P

in connexion with tlse resulUof§ XLU. ; Ihc sim of the semisunn of the

angles of the spherical triangle def m equal to the cosine of the oom-

uoQ bUector ab of two sides, divided by the ooeuie of cd, namely, of the

-tdfaflballMiide; /or a»y lib^Mctor«b in iMVifte MknHiig

,
whidi If vny oftan ttM^ In UiiaeilenlM^

V. Apy = /3S . yp - pS . /3y;+ yS . i3<>

Aitldaa 618 lo 518 i Pk«aam to

fm OHmt mod* ardedncfa^ this geoeml and vatAil aqoatko

tfon; If ITba aaedaatbediaraaCailitieaniia operation aftakb^ ajnv-

viih a trnwrtarordb- qfiktfiielon, than (I7H un., Lnm),

Kn=nK, s=j(i + K), v=4(i-K)i

8n-:*n+in'E, vn=in-in'K;

thus, whaterer vectors a, fi, y, J, may be^ we have

and the identity, i (y/^« + i7 (f^a * «/3) — 1 (ya + ^ry)

Jfi ( v.^ 4 /^yX iji^ < 5 V. 7/3a= yS . /3a- /3S . •ya+ aS . /3y, a resiUt agree-

ing ii« ith the last flection ; we have alao (compare § uuc.), these two other

fbnnnlje of tnuufonnationf

T.yY.^saS.j3y-/3S.ay} ycy.y/3.a)«78./3a-i3S.ay;

tta atodint <n^t to aaka biliiaelf Toy/tfaaMor iilfh the fjbict iatfir*

,
which OM valid ftr aay Iftm eifcAprs; wo h«ve alao» far tajftnv

8 .AV« « S . a'aS . cfa^- 8 . «(V8 . a'a-f 8 . o^^. aa'i

8 (V. o'tf'.T. «'«) = 8 . «*a . 8 . aV- S . aV . S . a"a ;

the comparison of the two expressions for V (V. a'a'.Y. a'a) conducts to

the first identity of § ljcxxix.; as incltided in which, it is shewn that if

a, a two non-parallel vectow, and a'=V.a'a| then an arbitraiy vec-

tor p xany be expressed as follows,

a AO
AM» 610 to 6S8 ; 696 to 6S9.
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I xcn. OomodoB ofquatcndoot frith npinHaal jr^piiMiMiilif / tiM Birpwlai

iMn<^ fivw tiM aeilar part «r tlM pndoct if Iht Tfclor F«ti «ft««

biaaif pradoete of vBolva mqr 1m IntarpfiBted ai

lilg Hbmnm 9t Q§am,

CM uT. eotlV- eos uT. eot L'tTs rfn hL\ lVcm itf,

where ^ is the spherical angle between the arcs ix'. l"!."; tin ro :nY v.irinua

ways of deducing from quaternions the fundainetjtal fummla, cos b a

OMcoo«a + aineainacoa£; if the rotation round j3 from a toward* 7
topciitifi^

7^ .y./k e rf» « riB « («M -f- /S do)^ (

tAna/j7 = taoJ9=p-i^C^.y^.Y./3a)

AitielM 6S4 to 6S6| n«M to 589.

§x(m Conncdon of qaatariiions with iwwfawtfif

,

wruWt tlia Jodriiw tijime*

Uom§o/ai^U§S a tad t btta^f «ij tiio vnit-vaotoOb mmI ( aajMa^
bM«8.a'«8.«'>/(0»>^>«««iilv«iid Mm flmetlaa ofl;

-/(" - - 1); W+ trC -!)}«= 1 = (K ;

the values ofJt may be numeriealljf calculated and tabulated \ the fnno*

tko/of «aiiiftv»lf of f iniqrbetniiifi»in^ by thehalpof tiioaqnatkM^

the consideration of a small rotation g^vts the differential exprtasiott,

d.it-I|i*idl{ h»oa/'*«^/(« + l>,/-< + ^^J/l=0i/0«l./0=O5

dntloftmnUt ftir^nid/(f-l); i«s«|w(i,fldtezpoMBtialqrmbolbcfaiff

Am «iii|»l07«d mndy ma m €emet$e uj^mtmfifr a urim of inll-kninni

fonn; witktliei^attal iu>taiions fur cosine oBd fiine,^) s^ooa t< = co3 ^

4 • iin the equation 'f^t/*^'- It of § xux., midflr fhe Amui 7*-* »

/S^a', niriy be expanded into the following, cos (tt — C) + y sin (w—C)
— (c( i.s + ^ sin B) (cos ^-Z + a sin ; the comparison o( tealart pvea a

known and fundamental formula of spherical trigonometry, from which all

others might be deduced, namely, -cos cos Poos ^ -oos camBamAi
fbe oompartooD tM99t»9r$ gives

7 tinCs a sin 008 £+ /3 sin i7 COB ^ -{- Y.^ . sin i4 sin J,

which bo tatarpnled as a theorem respecting the coostmdioo ofA PA*

nOalepipedon, connected with a spherical triangle; addition of quater^

nions, and the di^trihudve character of their multiplication, mfght beillus-

tnUad by s^Mricai trigonometij, . Articles 537 to 639 ; Pages 53S to 637.

|»ST. BlirfaBewiat cf ioait ooiiy toinHliiHooB by tho pwiort writer, wbwrtiy

bo was ted (in 1848) to resnlts agreeing in subetance witb those lately

towtfoBoJi w^toiitfijg tbo ooMiMdoiis of qnatonibMio wiUiqibMiooltrtfO-
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r| Ifitifft mtUHpHmlim kMty ftr th* mpttm tad piodaeli of

j;/, it { dpiJiypiMtBl of •ywBdhcf of two qnilwriniiii«dg ttdr qpaM
wnbIoI Amoo t upiiodiiolfaii of ft tiMUtm ofISiIm', n^Moli^f tto fKodsdi

J. T. GfBfOS, Ea^ lo a theorem impofIhigwo— 0/ei^ tgmart*^ and to a

theory of certain ortares, involving #ep«i distinct imsginaries ; anti^ion to

stibse^^Qfnt pnhlic-ition^ of Profc^^f^r I^f ^Tnrfran, and other mathfmaticiiujs

of tbi*9e cotintrirv, in tlu' saiue general tit-Id of n-f-.'anJi. or at Ica-t oa ana-

logous subjtcks, :iucli as Uie tripleta, tessannet, pluquaiermons ; the

writer regreta that it ia not pofisible for him here to analyze, or even to

OMlD^^ai^ iHmm impottant and fatamting poblicatfcoa ; the qaalemkat

oi^ooiidiNtod Uia to a fgumaA. thoonn nqwcting tpUrM pofyyona^

iriiich indndoi m ft poitieBlftr cms tbo Mkuriftg Ihoonni mqwifl^fni^ ft

iphtticd tiini^ and BMj fai luiii bo dorivod ftoon it^

(cos C+yainC) (co«5 + /38bfi) (coe^+ aan^) = -l ;

this particular theorem may be cxpresf*c«l hv thf lately cited formula of

§ xujLt Y*l^aF a - 1 i the more general tlieorem for a polygon may be

bjftBOiMlogoafteqiDtlloB, inmelr, «2^:'...ai<i ai««>(-.l)»;

oiiljr and gOMral (hoonni of fbio otkoki^ mpoottog qdwieal

po^rBoaib wUoh It • «nt ofjmIop hmt$fifmaiMm of the Ibtogoing* noj
boospnawd bj a

c

oimocled ftnnnla, • Aitfdoo 580 to 086; Pi^geo 687 to 648.

I XCT. Exponmtial FuMctions, direct and inverse ; the tentor of the nam of any

of qttatefBfowomMlozoMdthooim ofttMtmMn}tfirovilli

+ ..+
2 1.3...W*

the number m may be aamimed 90 large, bowerer large thofteft tmmr of

the quaternion q may be, that the lagt term (reading here from left to

riijht) may have its t^nor hf» than any given and positive quantity, b
;

aiHl not only ao, but th.ii tlie tpaiirrmnn turn of the 11 foHmein^ termt of

the same series, or the (piuUnunH dtj)vrt'Hce ,„ (ff)— F», (7), shall also

have its tensor < b, however large the number n of these new terms may

bo; die ioiti fHlea eonvergeB U u de^bute qmmUrmiom Umit, i\ q
orFf, when the moabcr m of 1ms ineioaMO Indodnitely ; tha looalting

JlmtHm, Ff, hia Hio woO-laioini MxnmwBitAL (SURAom, nhoBorcr

tha wdfti'eft ^§mmmhiil»tmm k Mtiifled{ Wr.VqmT{r+q)iirfm
fr;for example, we bare, gneially, FfsIBir.FVf, idMN ft laiMBd

that ISf io a poritlro aealar, and TTf ba vnor, oa thatTffs FSf^

TFFf« I ?VFq = F = (000+ XrVq tan) TVq ; F ( V9 +^ VYq) = VYq
it

. F (V^ + ttUV?) = - FV7 = (cos - UV^ sin) (;r - ; the

fuBciiuQ FV9 is a perivlic f>ne, in the sense that it onlv rbanL:i s -mV/ti,

when we add jh ir toTV^ ; ant vkrsor, Ur, iiiiiv bi' cuasiJi rt i a-i -au ( x-

pmmHaifimetiam ofa veeior, and put as such under the form i\q, where

the (poeitire) (eaMr ITfT ihiD not oaoMd ir, and may thenftao be treated
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Mtks migU ^tk» Mntr^TYf a^Ur, irfthtiMt «CMt oftlM

mfl ^'angK* wfekk pvopowd iafxxzii.t Vt^t vhmt Urbm
been given, or foondi vaAu tLe form, FV9, and if TV9>]r, whereas

TV9'^ TT, it it pvopoMd 10 coniite Yf; wd Yy, aa the (principal)

value ofthe urvBRSB sxpoHDtTiAL FTTKCTiox, or to writo F" HJr = Vg'

;

witli tliia definite stpm^cnfinn nf that function we may therefore write,

^ r = Z Ur = TF- 1 Ur ; also UF -
' I r = U Vr = Ax . r, and F -

' Tr = UVr

.

^ r ; we may also deftnitely interpret F ' Tr as =lTr= tlmi |k)siuvo or

negative nomber, or zero, which ia the natural or Napierian logarithm of

TV| snd ipoiia gCDcnny iptt mA7 agiwto caUOMmvm ci|NN^^
Km (or tbe mrorarmL) F-^ r, or amy qoAtnanvr,Ha uoabrbk

lr=F ir = F 1 Tr+F-» Ur= lTr + UVr. ^ r

j

the tcalar of the logarithm of a quaternion is thus tho loyarltftai of tlM

ten$or, and tho MefoT qf tk* logarUhm ig tbe logvUkm qftht tenor g In

i(yinbol6|

Sb'cslTr, YlrsslXTrsUYr. z.r

= prf)df(ct of arts and angle ; thnt i?, Me vector of the logarithm ofamy

quaternion is constructed, in our y-'.t iii, by the BErBBSEKTATIVfe: ARC

RBCTiKiKD, and placed rKRrKNUK l i-auly to the plane, or in the DN
BBcnoM OF TiiK AJkis, of the quatcruiua ; the logarithm ofa given qua-

tmndon, thoa interpreted, b generally a DmatMiHKD quaternion, but be-

9ommp€0tkd^iiidtttnmumie, wImo tiierglm ^Mtanioii rfyimfw to

« flMyoltw iMdNAar, or to cere j 110my igne to 0119107 tfie

of, M ft oemeU* tffnmom engsMted bj «lfgobc» (conpife | zom.), tat

tteemce L-l-y-f i«*+ *e,« or ftr thedM vpiNMiitial ftnctioo Ff ; •
VOWBR of a quaternion, with a gvAmmoM zxpohkht, nuqr tbOR in go-

ami be d^^liu««4r M<e9fw<ed! BMona of tho

^«F(rF->^)«e^5 exeiDpka,iysA,//««-T;

expressions for the tciisor and veiYM r < T the t/eneral power, tf; XSRSOR of

a quaternion, Mg£::lT9 (this notation and uomenclatuie arc not insiated

00) ; definite interpretaiiom of tbe logarUkm of a given quatendm to m
gbum vULTBBMum BAOSf naiMlj, oe flie fuoHmt ofthntiwnalmndlo-'

Itojw irterf aa to involTe two mriUnqfmttgtnt aa io eomo hnowa tiieorfoi}

hot we preAr, in this oeleiilaii to orahdt $mdk mdeterwUmaHon bg deffA^

tUm^ in this as in other cases, wherever soch ezdnsion is possible ; inter*

pretations of tbe n'lM, eotine, and tangent, of a quaternion ; if we tahe two

ariUrarif qoattrmumtf q and r, we shall ^aill have, aa in oigiibn,

er«f . 1 ^ ) 4. ^ (,0^ 2r7 9O) + In^ t

but + 2rq + y', &e. will not in this calculus be equal to the equate^ Stc,

tir+f, Miint ffs fp, or V.YrVf = 0, whidi wUlnof poMsrel/jf happcao

;

mAsm UUs fooMioM of ffttwimrfittftrflitftf of a and r aa frotaiiL la Ml oofiH

^M^thODifdrbeanyooRkr eoflOlflleDt* miiiiOiedtovMiiihiAertbo por>
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fctrmance of n successive differentiationSv we shall iiuieed hAve Mtili the ex*

.AitklM587toM0jFRgeiW toN7.

f xcTL AfhrwiVw «yfllto>,/^g r, irlw/d«iio>M tfandtoa ofknowDftfnv

mqr «Hra7s be ooDodved asbrokoiiqiinlo^^tar eqiiatioiitofflw«rdii«fy

•Igebnie ktaid, infvlTiqg tilt Aor «eMfKfMH<«, w, x, y, 2, of the sought

qoaternion q (compare § lxxiv.) ; we may conouve xj/x to be eliminated

bftwMn these four equations, and the final equation in tc to be resolved
j

cr we may supfvose that p = \q is dedao»l (compare § xc.) from the vec-

tor equation, \fq — yr, and that its valae m sub-^htut'Kl in the scahir

eqtiatioD, Bfq = Sr, and that = is then dedaced tiierefrom ; or the eU-

lucation between these two equatioaf, of vector and scalar kinds, may be

ptfftMMdiotfM oppceUaoriflrttraiiiajalionilMliiiila^ftrtfwMtTe^

•qMlkn, Mfiw tealar «qiHUiMiab iiidi it

S.i/9»S.cr, S.X^eS.Xr, S.|t/|}sS.^»

lAse «i X, am Hi;^ aiUlnry and auxillaij fietors ; eqnattoni of di»

ftm S . 69a = c, S . atqaxqa 4 S . may be called respectively

eqinations of the firii and second de^eet ; the general equation of the «**

degree, in quatemtonf, brcak'^ up into fmir ^ralar cqiiition': wbtrh arf ^nch

of the same (n'*) degree ; and elimination belwt i 11 tlitsc must be supfwsed

to conduct, genrralUj, to an ordinary equation uf tlie dcg;ree of which the

exponent is ; thua a quadratic equation in quaternions may be expected

to have, i» general, mtom rool^ or Mlnlkin, at hart ofthe symboHad

Mad; alllmgh injNvlMar MM»,bjfIieTaiiiiliiiv

dogweofthottooloqiMflon may bodipwMOdbeloirlto^iiMr» . .

Axtidaa 551 to 558 ; Pagee 557 It 559.

f xem. INaenMko oftfia genanl cgiialiM oftht^ntd^r«»,^,lfa^«,isbiu%

d*, t^,. * . aad eanglv«ikqiifcniioai,biitgia aaoQi^qQatcndoii;

laUnf (oMPpwe § atcvi.) the acalar and vaetor partly and Uian aUndaat*

iaigw or llm nnlta a /tiicar oiirf QMlor agiwMm

flf<l'Y.r|it=<r, where a, p, a , and (r are glvon Tedon, and r la

m flm qoatankn, bat p is a songbt Tactor j thoaqaatfon glfoa

«ban fiBEr ; ftarmii^ rfmllaily |i frm and aHunb^ X «^
Y.XitBVitnhttvo

MP sT.xy«ZT. adS.p^-¥'S7» aT (V. /39 .r)+ 8rT. «r~TrS . «r,

and tba acalar ooeffident SS . aa'a*8 . ^'^^-1- ZS (rY. ao^ . T. /T/?)

'l-SrZS.f«43-'SS.r«8.r^+8rTr*; lanarka on llw nofaHiMi; osam-

|l(a{ aolBtliMia of AeoqnalioHS V./3^"«^» V.fpstf^ afiaeiqg witb Ilia

nanha of I zc ; diaenasion of the equation hq ^ qh- c, where 5, c, 9 aro

quaternions ; one form of solution is, 2qSb = Vc ^ K5S . e6 -» ; another is,

%q^{b + b ) = fr'c 4 eftt if 5'» R5, so that 5+ 5' = 2S5, and 55' = 5'5= Tfr>

;
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«rm BijMm aad employ the eqaattoo, (6^ - qb) Sb^YMYe; «r

flugr iQgird tiM pNfWMd cqutkiii M

which gives, 9 (6* + 26Sa i Ta«) = a'c + c6, if a' = Ka ; if wo raake r = y
+ md 2 . /3S . ap + y. yp = ^f),

= ^ generti UmMr m»4 Me*
for «7«afj0ii offlM pmoitMetioiibwenwt^psff^MdttMiNraldan oTte

•olatloii eonM to IntwrlMf tkejimdhn ^; tteytoMfjoMl dknwefarMfe

^ Is Ibvnd to Mliiiy 0 mmouo asp oubio B9uAnoii» 0«ii+«>f

-t-aTf -l-f*« wlion % «' are three tealftr ooettdenta, of wUdi fho ith

lnc8 arc assigned, in tenns of the given vectors, a, /3, a', /J, . . and 7 jtlio

characteristic ^ must tbenAse satisfy this other ^ymboUc tnl oibiie equip

0 = ^-m'^S4-»V'-"^ whenM=pS-iiy

the to/«tt<m 0/ <A« hnettr eymation, i^p — a, cuinea thus tu befound ojmip

under the fbiui,

mp = in\^ '(f = (to — w« -r ^l^'^j
a ~ a —

(f& + p^a,

whore (T and <t' arc vec tors derived from the given vector <r, by assigned

operations, invnh'ing the given vectors a, a, . . and y, but not the

scalar p ; theorem of the rAUALiJCLErii'EDON or dkiuv AiiOM, obtained

by interpreting the Ijit* ly written symbolic and cubic equation; for any

proposed mode of ujckau deformation, represented by the operation ^,

if we finrm the Atm «MCcasf<M rfirfwiflua Ifaiet, ^p, ^Pt <^
dmmpote^ by projectiaiu, tlie <tti|^iial lino p bio thna otfaan^ fn thsn

tbne dinodooib or In thdr oppovtoa, tlio ratio ofeaek emfment to tko

oarrmpomdU^ dtri&tMm Kw wiBd^ptad omlt OV «» MOM 0» POi^
VATiov, and not gensraDy on the kt^k^ nor co the db^tetiom^ ofthe^
p thus operated on ; we luive trnfri 0«b 0« and tbonAm gjtamSfy 0
cbO 1 6ti< if it liappen tliat ^ is a roof, ^1 or or^ of the ordinarg tmHo
eqnation, 0 - m ^ p^ - n"p- + n'p - n, then the function t^p may vanish,

witliotit p itself vanishing
;

if, after assuming anjf arbitrary vector Of we

derive from it three othm by the formula,

Pi-o^-Plo'+^*», p%»or-9il^^9^, ^"O^-^-t-^,

mdianiuvffo

that tfteotxmn nmonoaui pii pti i>i( wo thill havo

thb analysis might be developed so as to include the theories of the turn

ofa torfoet Oftko ooeomd ordtr^ and the axes of inertia of a body, . .

Articles 5d4 to 567 i Pages 559 to 569.

4/j = lim.»{/(g + ii->dj)
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q and iiij are bere any two quatermong, Tdy biiiig nut necessarily small,

hut the positive whole number n being conceived to increase witboui li-

1^; dM and iptttmkm djq, wUcli tmOttm tht Knife oTtUt process, It

rfihttwo mmmfi fnafamfaiM, y and ol whkh tliepirtf-

t^Mtfarm depiniia op tht fcwn of ifat pnyand /imttiom,^ bntiridehii

alwiQW iHM«»t flr dlMitf^M^ iritb iMpaeft to tlw

dMhrentUJ d/9 b> nof in general reducible in this calculus, to a product of

theform/f.df, if/^denoteaftinction oftho^iatemion 9 aloooiwliMillit

function f(q+ d^) can fjc dcvelopt'd in a serie$^ involving ternu or parts

nf successively hifhcr and higher dimensiontt with respect to the quater-

nion dg, the part of this developement which is of the firtt dimension, re-

latively to d7, is (as in the ordinary differential calculus) the required

difierential d/g ; but it is propoacd to avdd^ in this calculus adopting thU

at thofimdawuntnl property ofa dlflto«iilla],becMiNtlwioo«ntdl(^l^^

en ofloi to appHod nore mOj tiiao tto dndtptrntut eon to finmd;

omnpko; A.^ef.df-f d7.f,orinoncoodie|y,d.9*B^4. d^idf
toingtmtodat a oiN^igmilol^ or • if itmm mth^hUtrsA^q-^
s-^tdffi; in dMtofnrialing tafpnAut of qpuitamions, we simplj

differentiate eadi factor in iu own place ; wc may extend Taylor't gerie$

to quatemums, under tto fcfin/(fl + dg) = where d^ is treated as

oooitiat ; osMnplas; Articles 568 to 678; Pages (69 to 67S.

faauu GoooMlricil mpiiottloiiti ft^^^bUxphbti^natmifdtiQft^tkyvAb'

Ue icdar «e iDij eo^im iti diflbaatialaiidor ttoiiiHal Ibni^ d|»«

• iimffdi^ wton p'm^tm ft cortoin dMowl Msfsr, trliidi ispanOM
lo lAt Ibivo*^ to tti curat an ^poei^ which b tto Imw of tto esctremi^

of p ; the tens^tk of this new vector is nutty, T^'t = 1, if tto ora to tto In-

dependent variable; in mechanics, if t denote the time, and If a second

difTCTentiation have pivw <]p' - d<;' f V . 'M- p'dt, tlion p may bo called

the rrrfnr nf vtlocity, aii<i p the vector of acceleration^ while p may be

namtrU Ute vector ofpostimn ; in geometry, if / be again the arc of the

tiurvCf p ~ p ^ is tiie ttetor of lite centre ofthe otculaiim/ circle, and p'

may therefore be called tto «ie<or ofcurpaiMng wton 1 mirfac* Is ox-

pwosed, as hi { uczxix., hy an oqoatlon ortholbnn>}»soQiMt, whon/

dtnolM a tudar fnnetloD, wo naj tboOyliycfolioilpemiiUdoii nndertto

fgn 8 (mo tto nna lectlon uuucix.), asanas tto d||0bwnlja(«l

ofnoMon of that tniftoe nador tto fwm i^sSS. vCp^Oi tto kgU

of tUa pvooM will to more closely con«dered in § oi* ; b a nor-

mal vaasiM^ and U we oblige it to satisfy the condition S.vp=l,

then (compare § lxxxt ) it-* rrciprocul will represent, in length

and in flim:?ion, thf p'-rpendicular let fall from th^' nrii(in nf vec-

tors on the tmiqrnt plane to the ausface, ao that, v itsei/ may \>*^ c.iUcd,

under the sauif conditions, the vector of proximity ; without oblig-

ing V to satisfy tto equation 8.vp-l, if we only choose it so as to

give generally S . vdp = 0, it will itin to^ ao hoffoN^ a Mrainf occAor, aad

this qrntol y may to wsd to foim wqvAwmn or cuMm or aoa-

v^pta; thai an arMlrary ooro (with Ti^ix at origin) nuQf to d«iM
h
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«MlPW3f jM^faM«/f«MMMbgr8.^i'|»ttO$ tibit iHttqoalkBiim-
IqppM f»m BQUATIOH Ilf rABIIAL ll|ffVElUUriI4L% Od flMJ 1m UwAld
M such bj a species of iktboration, elimiaating v, tod ii^roduemg am

arhUrary fnnetion, under the form p2 = F(S./3p), or TV.p/3'» =

f(9> . nf3 which last fnrm. -wa^ a«t<i]g:nrd in § ta'ix, ; convorwlr. hv a

proC'C-S.-i iIilf'rrfn(itxiion,^*2 can eliminate t lit: tirbitrary funriioit, f\ from

thi? la-t cx}uation, and so recover the formula of the pr»"«cnt sn tion,

is .pvp Articles 574 to 5<d
;
Fagt» o72 to &7i>.

§ CL (SsodsHc ItMff ; the normal property ofthe oscokUog place gives the foUowiiig

gWMnl equation of a geodetic^ S • vdpd'p = 0, or S . vp'p" = 0, p being »-

garded as a fancUon of some scalar variable ; we have also this other ^•
nernl formn\x V. vdUdp = 0, where (lUilp denofpr^ the ilifTcrcTitial of the

versor of the ditlVrential of p, and is treated as a mmpie symbol; if we

take the arc of Uie geodetic as the independent variable, or supp<^ that

Tdp is constant, the last general form may be reduced to Y. vd<p = 0, or

T. yp'sO ; examples
;
geodetkt OB * ipJkrv, and on en aAitrary ry/tn-

«br, COM, and inliM orrefolafiM; TABiATnm nr quAvnmons; ftp*

mnh ftr flie J^fitmtial vftkt iamt of mi wUlnuy Tedor #« dTyie

-S. Utfd#«8.Uv-id«itli!a raraUwin be eortaided in §cl; Msd^
j/s

; the ooHMm o/Me /«m^A (/Ubc ore curmr, on ai^ given

iJTdp =jaTdp = - AS . Udp^p +JB (dUdp . ^p)

;

benoe the varieitqpt^tUm o/tJk tmfaee being S . v9ps 0, Uw^mwraf

rmUial eqnatiom ofa ghortett line is V. vdUdpa 0, ao above
;

i^gwalioii*

of UmUg ; for a geodetic on nn clUpsoid, with the same significations of/

and V Hs in § ltxx., if Tdp be asanmed a& constant, the diflhrentialeqm-

tion oi the geodetic beoomee,

0 =^+S^, and giveeT»'V(/XJdp) = const.}

fUi lapwdaew ttie weU-knawn tlieoieni of Joadilaialali P. HbooosL,

beeanaelVBP-S and V(/Udj»>e2>-S IfPbo tlwpi»|»aidM»>1etftIl

fkom centre on tangent plane, and D the fsntibaMter pandM to Che et»>

roentdp; geodetie on a <feve/op<i5/« surface ; proofof the r^cfifumrrybm

which the ewpe assumoi, when the surface is flattened into uphme ; the

genpml thwT^m?? of Gauss, respecting the sphrroiSml fircefm (or defect) of

ti geodetic triangle on an arhilrary surface, atlinit al- > r>f bi ing^ pmvf>«l bv

quaternions ( see the invc^itigation in § cvi.)
; repuMhiciiou of some geome-

trical properties, discovered by M. Dclaunay, of the curve which on a pirm

inrihee^ and with a ^'wn perimeter^ indndae the ffreateU area ; it is pro-

poaadtonown earn ofthlakbidn Dmoaru; tta itoperiwuMealJbt-

awla fir Ita delenninatfon it
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which gim tlx Mtowtag Jjjfti^iilfal tgmHom rfa Udomim,

Sitodetic* arc ih.it liwiihxrj ra.tr af Dtdonias, for which the constant c is

infinite ; in gciicriil, liiat cuii&taiil may Lave iN expression in varioas ways
traiiaformed, aud may receive variona geometi ical iiiterprutatioiis

; among

whkh the moat remarkable is ootmecieJ witii the known property of the

com^Oat ifftd«Tih)|Md)leMiCmbechMDmacii^ about a given suHace,

0 is to tooch it along • DMniria, iiiil ifthiadevelopabla ba ChM unlfalltd

btoAplaiMkthaeirovaaftthttHaMtkDebefliltaMd genailfybito*

diedarttc^orvhidittiaiidtaisc^ . AitidM 679 to690; n^«79 toM
CL More dose examination of the hfic (compare § xcix.) of the process of dif~

/fexwiiatfay the eqnatiem A tathob, and io obtaining the equation of its

tampmt jiIbm, «nd the tMrmal Mcior v, yitihont nawiari/y supposing tiff

thatpaipaii fhftdlftnntialdptobaanall; cUftraitlal ofnyioMfioM o/a

>MiM offtqaateraloD; ^ifq^^d(ff)qi wanplaa oTthnpnoMi;

CM* of the oOipioidi dUbfeadala of thi fcnaar nod mor of •
tenioD, and of their logarithtM: dTgs: S . d^Ug"*! dlTfBS«d99*>,

dlUf sdU'iU^'i =V. d99~i; incidental notice of the general tnnaiM^

atiooa, r-» (r«9?)» 9-1 = U(8r 89+ VrV9) = U (rg bj m-
eeiYmy (A« ftaution which expresses (sea f UUDX.)* Ibe BOnBOl TOOlor V

for thn dlipioid in tenns of p, we find

henoe the eqnatkm of that other and rtniproeai eiKptali, oa which y tar-

ndnalM^ nay ba ttnui wriltwiii

IsS. Vp = («*+<2) 2S. tVKV f 4 (l-jc) 2(S.I«I')«|

theOHan semi-axis ofthi* ri^procal ellipsotd is 6 - ^ (contrast § Lxxxir.);

in gcneraL, tlie locut of thf extremity of the vector ofproximity (see

§ SCTX.^, for any surface, may Im" very sinif ly prnve<l to be (as is oUMif-

wise known) a sorfwe T$aprocal tliereto, by shewing that the eqnationa

S,vp^c, B.vd|>&Of glv6 8.|ivs€, S.pdvBsO

Aitidat SHI to 597 ;
Pages 684 to 588.

{dL More ( In ;c fxaminnfion of the extension (§XCVlll.) of Tayhr'a Series to

quat. nil' ns
; [ rmtf tint whonfvpr the quaternion function /(9 + -rr) can

l.i[K-d, in a finih' or iiifiniti' M/ries, of the form fiy rf + T^f^^ kc.y «

r hriiii; 4 scalar, we must iiave d'y</ = ii"0"/«, if be treated as con-

biaut, and = r; other proof of this theorem, under the form that If

/ (j + xdq) =/« x/i + x-fi i- Ikb, than »/„ ^ d/.. - 1 i proofthat if vaanp-

poce the li iliit of the anceMeiTe dlAnntiab of the ftmetioo cf>9 to be

Jtrtfff, fni! *f " m»
ff

itm»A mmutU «f th* fttJi', thin tfia MpwMBaB A.

/(o + adj) -/3 - x^/'f - \x^^fq - . • - r-^ Jf^d^/j is small ot an

crAr Jki^W Hon «Ae j or that not j^nljr the expieMio9 Sn ilcelf, but
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ita n Urst sueoessive difftrentied eoffficientM, taken with mpect U> x, «a-

filfA with that fealar vuiaUe} It tt to b« nmmUmtd Uttif and dq mt
treated tfiroBghoatMi lection (cximpare § xcviii.)u tm>grWrrii ry gwifrr

iillNM ; asd tiMt Td9 la iiot ilciw toppQaad tobe jnmII; al^^
tricai ^ppUeaiktiu lila alfcea coawafaa^to attrihatB eaeaO Talwea lo Tdpi

azampte from the eqoatioD of the e^pt<M, which may be rigonmify da^

Ttloped under thefinitt form, 0 =/(/> + dp) -fp - tfp + ^d^p, dp denoting

an arbitrary chordal Mdor, dianm from the extremity of p, fo ony ofA^

jNNiU of tlM anrfinek Ajrtiidea 69d to 601 ; Pagea &88 to 592.

f au. Wbndp totlinalMiladaaaiidtBaDdchoidal vector, liiaaqaatiaii

0-4//>tid^, or OsSfi.ydp+S.dv^p,

or Iha aaaea aqnatkn Willi aa addltioiial term S . vdp8 . iilNre «
Is an arbitrary vector, reprMenfa an ellipaoid, or other aoiftea of dia aa*

oond orilor, which onctthtes In alt directions to the gfvpn anrfacp /o —

const., or has with it n^mph'te contact of the grrnnd ordrr , at the e.xire-

mityofp; if ho the vector of the centre of tin .'j'hirc which osculates

to the surface in the direction murkid by the hjuiting value of Udp, then

f dv
»8 7-, tU aeaoiid jnember being fagaidad aa a fuBotioii of this Ta-

Inaaf Odpi applied to tha aUpBDid, tUafianuda rsprataeei Oia tainm

«tfc|aaealm jy . P'\ aa tha valiialbrT(p-ff), orlbr Iteiadlaa arear-

vatanaofftiHtnnlaMlaiiofliiaauAeek

Aitidea602to606$ MS to 596.

fciT. IbraByanflKe^B.Mi^BS.dv^dp, if inilHntagMy mopamtoanfy

ondp^biitnotwtpitael^aaaqatdiiedtotfcaecrproMiinn old»} hma it

any bainfanadthatUiadinelioiiaaf oaeidaliODOf dia#r«aleiia»tf leoK

4pi^ datttBdaad lij Aa ftauaia M .dydp-t sO^ aia alaothadiiaotlm

of the hnet ofcurvatmre^ for which consecutive normals intersect, and

which have for then: difih«ntial eqtiation 0,== 9 . vdvdp ; this latter eqm-

Htm expresses that dpo^ V i dr, nnd therefore contains one of the theo>

rems of Dupin, namely, thai tin tan^'ent to a line of curvature on any sur-

face at any point is prrjicmhruliAi to its conjvq<i(> tanycnt ; equations of

the intUcatriXf S . vdp = 0, S . dvdp = constant j the equation of the lines

of curvature may alao be thne written, OsS.dy^dp: or tima,

Qey.dpdUy; thialaal Ibitt ooatainaatbeoKn oTUr. DidEaco, thatif

two aojflma ent along a caaMioit iSaa ^eanMfart, fhcgr da aa a* a aoa-

timiwigUj tramlbiinatioii offho aqoation of font., fcr tha cnrvaCma

of a aeellni ofa aiiifaoc^

<r— p dp*

conducting to the theorem of Meusnier; other general (ran^furmatk n nud

interpretation of the formula of § cm., for the cunaturo of a normal t<cc~

Uon ; if on the normal plane cvp to a given etnrfece, containing a given

ihwar (tanant rp', we project tfwBannal to the ainflMe at the NiiariwM,
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T»', this prujecUd noi mai mil croM ike ffictn normal CT, which b drawa

at the giveu point r, in the centre c of the qdwn which osculates to the

sarfooe ahnp the ^ememt^ .... Artldes 607 to 612 ; Pages 596 to 601.

§ CV. Considering the vector p, of a variable point on my siirfocc, as a function,

—
\l/ (x. y). of two scalar variables, x and y, wLii h are tbcnwlves re-

ganitd as functions of some one independent and scalar variably we tua^

write,

dp - p'dx -T- fJjdy ;
djo = p dr r jo.dy

j
d^, = p^dr t p.dy

;

d«p = p'dx> + 2p,'djrdj; + p^dy* + p'd'x + p,d»y
j

p', p,, p", p;, p„ being flT«mm fcdon;

it 18 allowed to write ^ = V. p p , becau5e p and p, are tangential, and there-

fore the V ihm found lA normnl ; in the expression for S. vd*p» and

d^ ujsappear ; and if we make i v (ff— p) * = A" so that R is the i»-

diMoCc«mtiinor«aoin«Inelion, ofwUeh tfteflMVMtor «>/iiU«Mlr«

of cumtim, wsihaD liAT«, by § ctv., an oqaatho of fhe figm,

6v AHm ofcomtm^ wo bivtt

Oe^ 4- jy^pajiir tiidfhmlta9ilB-C*B0,

where

being the ttei> i .itrf7iif radii of curv'ature^theMKASliiUiOJi' cURva-

Tt iik of the suiiace may be thos ejt{>ressed,

tWiVto; doMiMi of tlM dmmI ftnnd^ (K-^ (i^-jgi+fa)-*; in

q^g Hbn«p slwiwil <fthe WBliiMi hn ibr tKpmiioii

tite recent expression for the measure of curvature is shewn to depend only

on the ihrvc scalars <, /, jr, on tJticir six imrtial diilercntial ooeflSdents of

the 6nt order, and oo three of their nine partial diflerential coefficients of

theMeaoAoftoytalnBirfaimpMltojraDd jr; intidiiray lereprodoead

^qutandoBi ft nnaikM thiom ofCk«M^ iMHM^^

Jbc#betraltdig n infinlufy fUi md/Mli^ tatiwarfsmWe waust,

and to Amb SBAnPOBMBD at Mdiiiito wotibit •nflm, Mich flwt mcA
iniKAR BLsmn of Mnr b efMl Ai Inyift to the eorreipomfty «to*

ment of the old one, the mjuuiubk of cuRTAniBB at eadi poiiit Miff aov

«a ALTMiD ly ikit TBAwnmunov

fen. tfjtd«Mtetfi»1iqglhofltogaoditfeliM4P,disimon«tofiBtefi<8tta

Tdp*« edat+ J^lU^ir+^y*,

Artklea 618 to 615; Pages 601 to 60i.
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ilsed poiiit A, and ify denote the aagfo «ap irUeh tiM twlabh gdodelk

AT unkM tbm nith a flaed line AB, tbao

p**"- 1, S . p'p,^ 0, or 0^

iatd IheM «qurtiaiit fl^jr iSAMfttftltd tbmoe ifm
tlM geoflral «3C|NmHioB tirtlie mtuxtn cf enrvatore ndneet ilsdftoat

lblIoivinf,whidi(irftli « somewliAt dURsnnt iioUtioii)iwIwtdlieowwd
by Qtam,

treating x and y as functiolU of the arc »of a new geodetic on the p;irfaop,

uot drawn from the fixed point A, and dojioling by i> the acgk l>etwbea

ekmeut d» or ff' of this new geodetic, and the proloiigation ofthe old geo-

didc UiM AFf tfM dIAHrenttal equtfoa of tin now geodotle ImooomIi

i!" ss mmff\ or p = »jr', or dp=- m'ijf ;

WO naj alio ooundMidj indti^ to « dlglil]^ nodf^

m'?y, or ^B~ dT^p -j- Tdp,

d referring here to motion a/<w»^ the original gmletic ap, and ? to pn5pnp:r

frotn that line to a near one ; d^p, or — nt'da-^y, is then a symbol for the

spheroidical exceus (compare § c.) of a little geodetic quadrilateral, of

which the areo = mAxlff \ dividing the excess by the area, we find the qao>

tieotai-Mr»-ic:fiio oicitBm of oorvatino ofthemCMe; butolootUo

Monvw R Rx-^Rg-^By«dUy^y -f-Y. Aptp etlio am ofHm eonrot-

fMNdiaf MpofHeU ohDNBt oftlM imit-qilMn, dhridod bgr Uw «faRMBt of

anaof Ihoi^Toa wnfto^ tfaio conoipondiMto roiiAHngtn aporaOrfifMi

botwoen ladH and normala ; henoe, aa Oaaii proved, the vocal odsta-

TiTBX of any raoall or laiige dotedfigv% OB any arbitrary surface, boonded

by f!;<vkdt:'tir linr^?, or the area of the correspond intr portion of the surface

of the unit-sphere (not generally l>oT!nd«l l»v ynat rirtles), i"? rqiial

(with a proper choice of units) to the sriu p.onnoAL excess ojthejiyure;

iia^dar points arc licre excluded, and the jrryn of the element of the sghO'

rkal area ia tappoeed to dUm^e, when we pass from a coiipexo-eoiirejr to

a etmwwhcontfex omftoo^ .... ArtSelee 616 to 619 ; Paget 604 to

( evil- M'iiny olhcT )j:iximetriral applications cf tlitrtTPntials of r[uatfriu"iis might

f'a.-*ily Ih:- ^vtn ; for iii-.fan<T, thev serve to expreas cast' ;\hnt M.

Liuuvilid ha^ calkd the yeocfe/tc curvature of a curve upon any surface;

they may alio be employed to calcniato tbe normal uid osculatiitg plamu,

Mifltlw wwirfw, jortioaa^ Ao. of ciimoof doabtoo tiaiiilbniift>

tioDi of dio qmboto <A\ <S wImm

dr dy di' dx' dy ^ dr"

id jd *d , _ id jrd Ad

M9*3iif£ bciiV indeptadint and aoalar vaiiablw i Um formulie,
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d*© d'r d*r

55 "'"^''"d^"™
"*

likilty to iNComt iNmAflr Impotlint in mithimitWl |ili7iioii

•"^p may wpwMot fh^Jhs ^fhtui, if»b<<lie liiyifwtf« of abody;

orif« betbejMiMilialof a qratam of attracting bodica, thm <vi«pr».

aantib In «iiHmit and In direction, the aeeelerating Jbree which they exert

at the point ryz; in eromctry, the vector <1 r is normal to the turfaee for

which the acalar fonctioa v = oonstant; whoi operating on such a fonc-

tiosi|

^»-Cs.d^j) Id,

Article 620 ;
Pages 609 to 61 1.

§ c\*nT. Applications of quaternions to phytieal aatronomy ; the vector ftjnrtton,

— a 'Ta >, may Ikj called the tractor of a, because it repro.S4mtf«, in

lenf^h and in direction, the accelerating force of attraction which an utiik

of tamm at ihe ori^^ exerta on a point placed at the end of the vector of

ptmHom^ a; by ttefliiaifirarit«lMii%|]lbfklMtioiiiiiqrbelto

famdUa Ada« (I^X-hV. tuf \

the differential equation of motwn of a binary si/^tnn, d'a= Mfadt^, or

a'—Affa, gives the following integrals of the lirsl order, Waa'^^Y,

a'm Afy-1 (c - Ua), where y and f axeconitaot vwton,biit a ii ft

bli yactor j th»tot ooatolm flithwi <C ecautantpImm md tw, udtlw

4Jf-iyi, or r-i=ji-i (1 +ecoee),4gi«di|g with a well-known reault

reflecting the eonic-Btetumform of the ciimi» md/bMlcWaefer of that

body about which the other ia conceived to move ; the Tarjing tangential

relority of 1^1*^ Inttcr body mav ?>c dccfrmpnn^ft irrfn tien parts, both rnn-

gtant in amount ^ and one constant also m liin clian ; theorem of IIODO-

ORAPnio isociiKONUDi, Corresponding to LaiuU rt's theorem ; allusion to

a conception of Moebius ; the difference ^ (a + ^a) - fa^ or a, of the

tiMtor flttctkn fa, might perhaps b« cilW tha tduatob, beoaose It

pi iMW, with yttrtetfli kw, tfto mmimHmA aiiwltott of tha stofWy
Jbrwt wUeha olt-iiuw^ •ppotad to ba dtoitod at tba eonnMm orfgfn

B oC tbt two T«elwt a ind a+ axaito on ft bodyA aiCMtod at tba and

ofUm fattw vftfiabla mtor, to dtttnrb Its fdativ* flMtim aboot a body c

tthft and ofthaliBtiiiarTaclor; dofalopoBMiit of Ihb dlatnrMng fona^

nnder the sappoaitfoo thatTA«i<Ta, or thattba dlatonoefreOAf of tiia

ditebad body A fkom thft ooniift o oTtha idadvo molko^ to lato ffaftB fba

ivftooribodiiltiibiBgbedy vftwn tba aama oantio; vcani^
A,s,€dcQotoaiooii, 8mi,aiida«rtb; ivthavotba
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hence results a developemeot of tiic form ^ (/3 • a) = £mi n' fu, n', in

whidi the law of formfttion of the tenns is aatigned ; the Mtn's dMariiiiig

fbvn OB tho noon it In fhit nigriMD to ftdmll ofbifaig dooonpoNd Iftio s

Mriao liffmgw o/tMdlir «fitf fMioltep/orM^

thyee hodko, wpwrntod iii omorot lad to todtonly fliototmof ttfa

• dofilopMaoBt ; tf <^ >dwiototiitmooMttl»diit<moM( oftliOiMia»d«oo>>

and C their t^eoooBlrio olongation mcMimd from the era towards the

moon in their conmoo great circle In the heavens, then the atu^e from the

sun's frp*^>r*»ntric vwtor - a to the component force »' is = — «') C,

ami tlie inre««>y of tliti same partial frircc is u' (ia" a nj„, „'

being an .TAsigned and ralii nal numerical coeffici«itf in the first and

principal group, there are two component forces, of which one, f i, Oi has its

intensity = |fra ifthe son's mass be taken for nni^, and itdinetad along

Iko imobV gooetatiie voetor /3 prolonged, or towwdt the moon^k enMnoft

pltM Ui Um heeTtut^ wlilledieoflMr,^ i,1imm e^ati^tr^ iMntftfjr,

ad it diftcted toviida wliat nitj he calltd %fMam weoii, or to •

pobit wUdi it aaort of rif^l«c<M of die mooo't pleoe ^lii rapeot to the

ton ; the eecond group oontiiiit ttrot partial foroee, which maj be said to

be directed towards three smut (one real and two fictitious), and the in-

tensities of the?»o forc<^«i, taken in a suitable order, are exactly proparf-i'ivat

to the whole nvmbem 1,2, .'i ; the^r TPSults may he inclofinitely cxd iukHi,

aiii.i applietl to the perturbation of an iufi'rior by a mprrior planet, &c. ;

some of the^ and other results of the appIicatioQ of quatemions to meeha-

nUai «r pitjfrieal problems, ao^ at the eomJSiUmM o/«yiiffiWiwa,

AtoiyofaMfiml aaiytii^ aad ttemnUm of a »pM*m]ofmutMmlfyattmei-

ktf M»mt waw oaMMMhiaiadto tiieBoyti MA Aoadny^ 1846} fkm

dpitt, Md hae imtBrfwd aome of ttop, bothwww that potiihig kiyor-

taart ia tlMt na^ ia likely to be done, until the more fon oawratlaB of

othtf aad btttir IhwiatkiiiM Aafl hgre been gained, ....
Artictes 621 to 6S4; Pages 611 to 620.

f etc ADBrnnTK nrritORAL In qnatemiont magr be interpreted as a limit ofa

tmm ; but, even when the function to be integrated remains fnitehetwcm

the limits of intrjjrnfipn, still if the (Viffcrintial factor dtj under tlie sign of

int^raUon be itself etsentiaUy a ^uatemiom^ then a certain degree of m-

diiimhaifiw of Tiina oT tht gnatianita iatipal j^^Cf*^) viMfimK

tlie poaribUlly of aamming indefinitely many diAiaot Anat^tf^pMdbMoa

of tlie variable quateinloa f on a aooltr Tariable t, wlildi latter maybe

•a|rpoied to diaage ima 0 to 1, wUla q diaagfet ftom one <|iiater-

aiea valae f» to aaolher qi $ ia fliltinij aiiaca aum «of< e/aartofiMi qf

a dt l̂mtH ktttgrult deptading on the nnn-ccmmiitativ0 ciianwlw ef andti-

plleatien, wMdi aaay be lyaiboMtd by the toaala,

IbrexamiiH
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more partkaUrly,

the intoppral relativelj* to f being: inteq>rtteJ as the limit of a sum ; exam-

pkt of diff€r€iU /tmctumalform* wbicb nuij be Mramedfor gi, and of tli«

MramC fMlinitoi MiMt ihm^ olitaiaad ftr Cht iataeral r ;lMt

«oitof««KaitfM of ftdfliote tolilgfalvaMlrJUi^MintlMoidlBaiyliitagral

ctkidai^ when tii« fimeltoii F(g, df) !• mmmei^fknuMi fvcsam-

pk^ alllMm^ bitmiD glfa quIenioB Knltf, tb* latcgnit of9^9Md
df? are each tepart^fy subject to tbe kind of ladHwiniitoa abort «x-

pUined, yet the intignl oftMr «mi it fijBtd, and m magr vrftt^ dl^-

mfc^, At is algtbri,

•aalogoot icBflAt would ^fljr to tadi ttpwhiBt at

if the subject of this section shall be hereafter pnrsned, it will be proper to

combine It with the Tf-^rchcs of M. Cattchr, respecting ddinite integrals

iaM^v \x-t'wci'a imnrjm'i ry Jirnitt of the or<linary kii.d, and rf j?p< tlirij^ that

other »{rt«:it3 of ihdt It ntiiiiution, wliit h ari.v-« from lh«s ptt«tta|{e of fuuc-

iiofiB through injimttf, and not frt>m any t»upf>obtd iibsence of the eomntu-

«ali9t property of multiplication, . . Articles 625 to 630 ; Pages 620 t» 627.

§CX. DHfenpntiatlon of implicit functi'>n^. sn<l of radlcait ; fxamples
;
if/r d<?

not*; any icnhir lunelion of a tcaiar rnriable and if flfr — f jrdr.

iu passing ti quaternionM, have V. V^Vf?/ - 0 ; if aln*> v**; Mnp{K>B<; I Vy^

<= 4- L'Vf , ami d«uot« by 4^ - ^9 that /xirt ol which ii» a vtsclor per-

pendicnlar to , w« shaU have, ondar tlMae coaditioaa, tha fsrnmla d/7

•=fqlq -f TV/9 . dUVf, Wkkll bt is WltM W^ft tWWftWHld, ttd

l^bit 11m oi|aaliMi»

— ttdf^fntiaU and drrclspMMl^ wHh eynoftoiM oftht Jbrti

AyPtt ; to find the differential of the gqwtre root ofa qvatrrmcm r, w«

are by § xmn. to rPSo?T»» the rqoation ^d^ 4 ^qtj ~ dr. nhi^ h Is •f t)K

•ame f( rm thf e<{uatioii fciy ^ r. diseuiiaHid in § %t vii. ; and 11 »t-

ri^e oj ti{uufii'n$ of tlii» hntur futm limy be employed to deveiope the

mfmart root of a emm, iit a tfnatermiem eeriee, of the form

{i0t e)^mb+qf¥qt +^
Aitidkt <tl to d»5 ; fS7 to iSf

.

^CXl. Quadratic etpiations in YtMi/rmion* (c^tnj arc § icVI.) : an cqitalion of

the fonn 9*^ 9a + 6, or of this ooonected form, -ar i 6, where a6yr art

1
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tpatanSMaftadq-^r^Ot^ts^h, has in gMmal ox Aoonif of whlob

fM an fiai; tadflmr imi^imvfi ttie d«t«nalaatioci «f tiMtt rix qailar»

nloo root! depeWll on a Mo/ot equation of the tilth degree, wldflh if Of

cvftteybrm ; the scalar and cubic equation thus obtained has in general

on^ pn»i(we and two negaii'e roots; ca^ in which one root of tlic cubic

panuhes; exMPplea of the above fona of a qoadrmtic equation in quater*

nioos,

q* = 5qi + 10/, qi= qi i j ;

more genera] exAmple,^ = qa + fi, where a and /3 denote two rectangular

rectors, Sa = 0, 8/3 = 0, S . a/3 = 0 ; tho dx qa«t«niian roota of Ihia laat

quadratic are giren by the three formula^

HI. f«|(l-Ui8)(a±(a«-«T/9)»}.

in which it it to ba remeiDbered that a/3 = -/3a, so that the ordtnarf nJm
of mlgabra are not all afipBeabla bare (H^t ; ^7 ^« p«e«fi>r

ndoa of tin praMnt cdeitlaai it b eaaj to ihoir tliat tlie oomiDOQ valiio of

f* and fS'f J3 ia^ Ibr the Unt lbrmid«»

each of the othor tM-o formula! may also be shewn, & posteriori, to give

ccjual vaUiea for the two ciuiitfrnif-ig and '/a t ji; the third formula

gives always two itnaginary values for q ; but, according as a* + 4/3* < or

>0, \vc bhall have two real quaternions frum the second formula, and two

imaginary Toctora from the first, or two real vectora ftom tba fliit, and

two imaginary quatemkma Uromtiio aeoMid ttprmrion; in tho fiinnor mm^
Uw two rati qnalanitoa roota oTIIib qnadratie oqnation trnTo a eemaian

Umttr ^VTji; in the latter eeae, tba two raal Teeter roola Imve «iw«Mf

Invtili^ er tenaoroi bat VT/8 ia atiU tiie jMmafrieaf mean between tbent

the distinction between tiiese two cases corresponds (compare § Lxxvii.)

to the itnaginarineu or realitjf of the imttr$ectiont of the sphere^ p'= S . ap,

and the right line, V. np - (3 : the tmaoixakv quatkkmioms considered in

the present section (compare § xcvi.) are all reducible to the form, q — q

+ 9" V - 1, where q and 9" are quatcmioas of the real an 1 i,rili>itiry kind,

sucli as have been bitlierto con&idered in these Lectures, and v — 1 is the

old and OBOniABT iMAOisABT STMBOL. of common algebra, and ta to ba

treated, in ikSa oort vXemAiiuaim witli the pcenliBr ^nibols, (y'A, &a)

of the pneeot ealculoe, not an a naol oecCpr (oontcaat the ««rJi«r nee eC

the aana ^mibol in |zaucr.)i aa an Mt^mofir aealar ; an expfewlen

ofChianixed flmn, if^V~/, ia named the writer a BiQUATsnnoii;

tha etodjof<hen wiD be Ibnnd to bo important, and indeed eeeentiel, la

tlMftrtmedevelopemaDtof thbcalenltti^

rttcte 686 to 6»0{ P^631 to 6M.

cm. AppUeatfoo of Uw Ibngoiog principlesi to eonHmMl JhutkmB, of the

ftmn
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where a, 6, and c no) arc any three given quatcniiooa, and « is a poii-

tir* whole number ; making

hwv 91^^91*'* ^^Mn fit fim aqf Im Fioelf of II10 <|iMdi>lio

(^r«. {^h mh (f.r-
in the two first of these four exnmplr?, the mntinticrl frat'tion lias prnr-

ralH- n p^r-im! of gir r<ihie$,\\\nCii ina\ l e frund at pk-aaure by employing

the two real quaternion roots of the quadratic equation 5- = +j, namely,

er two <onybpwfti <wi«ffM »y aofaifiww cfUmt quadratic^ auch M flw {Nlr •

51 ==«- A, 9j = «-i»-A,where« = (coe + V-l sin) -^V—l being the

1ma0DKFj igmbol (oomptrt | an.) ; or Oie «fA«p oftm^BlMifynote

of fhtt MdM nmrti illo ouMtlotti tudwdod is tiw ooqmMkSi

or by <my ofA^r $ehction of two roots, for instanco, hy ccmhining one real

and one imaginary root ; the six real quaternion terms of the period, found

by any of these combinations of roots, agree with those obtained bv ac-

tuallv jwrformini' the dimnion* prescribed by the fonn ofth«» luiitijiued

fmctiou ; in the iliir<i example above cited, of such a fraction, the value

does not circulate, but (generally) convergu to a IbnU^ so that

e«SJI-f»«ii]eotosfA-4l;

In tUt lail oM^ and alto In Ibe CMO wbon c«s SA-^thift ii^ wImh 0 to

leal loot of the quadratic cis«f fin' = I q/, the valoo of the fractioo to OMi*

stant ; geometrical interprttations, for the caao where c = u*o + kxo, xo and

2o being regarded as the coordinates of an assumed point Pd in the plane

of ik (or Ti) ; evccfssivf derhation of other points ri, r^, &c., acconlinc^

to a lau' a-ssigned ; if thf assumed point be placed at either o f two Jixed

fHfinU rj, in tlie i>ame plane of ik., its position will nut bt ijhungrd by

this mode of successive derivation ; but if i>o be taken anywhere tUe in the

{>Une, the derivative point* will indofittilely tend to theJLsed poattion Ptt

ao that wo aiiiy wtito

p. «= 0, p. = Fj, unless Py = Fi

;

law of this approach ; continual bisection of the quotient, tfj -f- VF\, of

the distances of the variable point r from the two fixed points ; theorem of

[ the Apo ctrculor »tgmtnt*t on the common ba»* IiVg, and containing the
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to iolloily; TwiOeatioB Iqrco-oidiaalw ;ra^^
mmr jfnttnf fftsamatfiMl fftmnin of tiio Mint ktodi olitdikid at iiiftn]pn>

tatioot ofUm rMnlto of flculatlon iriUi quaternions, wMyecttug the fowrik

czample oft eootinued IVactioo above mentioned, with theiuppoeitioii tlMt

fihm vaelor perpeiuUcnlar to a and to poi and uKtor Iht eooditioQ

a*+40>>O (aNagiin §cxl);

intti pi etatian of this conditton ; when «* + 4/3* < 0, tJlcre id »0

<2eAcy of the variable point toronoer^to aa^jr fixed poutioD ; the quadratic

q^ = qa + ji (of § cxi.) giv€i

tnitwiiai a*-l'4^B(k| ibB hijmattnUum mImKom of the qoadratto givib

indeed, like tbo r«n/ roo<«,

(t^^a^*= 0, but nor, Hko them, 292-fl(lB0 ;

tlMwe aolutions give in this caae - ci^ = Vg s p' ± p',

where p' and p" denote two roal ami recUingular and equally long vec-

toFB ; wnd the sfjt'nrr of' \nc/t an e.rjyression vantsfir^, witTiOUt OUf

I" iii^^ ;Ulowcd to equate tiie (cx|»re!i8.ion ttsel/to zero
;
atffrhratcai iaterpre-

tatiuit of the general results ut the commencement of this section, dioetted

ofquuiernum symboht and connected with afunctumtd law ofderivatum

offowt uultn fitMnfiw oCAap §ttUtm flvMtfwHl^ wmmimI^ nnd ftvNB

eight givm tmdtuuUmt Mt^mg the ladelliiila r^patfftM of this |iraoeit

of doiivntioii fiwMtwfti mwrally to ono ^Wtintf w^tiwtriiftff Hfiffwi ftffawr

dttivnthr* wdnn^ Aztid«i661 to MS; Fitg«i64Sto 664.

§ f Till- A biquateritioH may be considered generally as iLe turn ofa bucalar and

« MncCot; ira may also coDvanlestfy intndnoe Mmyt^ofM, bitetuort,

and 6tt>er*0f«, and astablitb general fonuula ftr such fbnctioai or oombi*

natioiis offaiqnatonilon^ wUdi ahalt bo ^ifmMUai erfauisw of ooiHor

VMttlti of tliia caleulua ; tiktio, in any mnltiptieation, tlio MCnuor jwo-

dwf can only diflor by ita «^ ftom lihe pfdmtt oftkt NteMon; thoio

exists on important dm$$ of biquaternions, for v hlch the bitoiaon oonidl;

such biquatemions may be called nuU^Cf or nmUifieta^ because eadi nay
\w associated (indeed in infinitely many wnys), as multiplier or as multi->

plic/iad, with juiother factor difierect from a^ru, so ;ip f o make their /»ro-

ducl vanish ^conipure §cxn.); general expressions for the rteiprncul ofa

biljuatemion ; tlic reciprocal of a nulliiier is infinilt ; a real quaternion lias

generally a pwr of imaginary, as well as a pair of real square ruots ; Uinta

nepecting tht goomttfie^ mtiMip of tbo biqvataraiont, in transitions (for

example} from doted to mtcfatwf nvfiwea of the aeoond degree, and in

other MM^fKNOfy dtftrmaiSemi wftrcnee to a pnpoaed Appendix to tiioio

Leetiuei^ containiqg a fMMaclrseal tnmdaHom ofan ioveakigatloii ao ooo>

ducted, leepecting the uweripAm ^fa»eh« poffgctUf m eO^pfewbi and

im hjfjtnboUridtt Attidea 669 to 676; Fi^ 664to674.
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§ C3UV. Brief outline of the quAtcmion analyn:! *mplnvH in such researches pw-

ptctiug Uj€ inscriptions of polvtrnns in surfaw» ^^w ith which are ci^nn*»«"!p<i

other problemB re&pccUng the circumscripUoas of polyhtKlra)
; equal i^'n

<,f

thmre, rwomed from § lv. ; dittimctioH betweeo tb« cases of cveii-<>Kii-<i

aad odd-difed polygons; if it icqpini tsiniadlM ii a given vphere, or

odter ioftM ofthi ncoBd «nhr, a gWMte poljrgMi uMi as Mtfsamliar

Ihm oiito in fMd mm rml tkmd ^mk^imt, ^KiwirriMg twmrmi

Oft twifwiy firiii-t «ltte MfMl poha of the pofygoo ; biM, If

the polygon be eren-aided, there are then (for the sphere, ellipsoid, or doa>

ble>sbeeied h^-perboloiil) two real chords of real AND imagimaty aohttitms

f.ir th*» «!r!ir1e-?hfctef! hvpfrboloid (see Appen lix^ those two chords mntf

Llii :iijtelv«:a become imaginary; la general tli' y an.- leeiprocnl jiuhirs of

each other; thus there may in creneral be ijiscnbeti, m a surface of the se-

cond order, two real or tyso iiiuigiuary guucbe polygon^ with an odd nam-

btr oftidflS, passii^ through as many given wd non -superficial points;

viNVMi^if tfwiiiillMelMiioii'r«lsd^ andiftbenoinbcrorpointtiiidrfte

U sww, ttot mf to gmal b> httcrihad iw rmt, anrftw tofi—iy
ytt^iypM^ ivliiA bMont nffft^^ #r sbc dUfiu^ ni^ipMiyfivbMi wa

pait to a rdW loite { if «• Moorif* tiial die loMrilwd gaadw |Md^^
m • v«1mmi«4'1 Mm, ^irtkk tmhf thtfirttnuMt tUMgtd to pan

throvgfa so many given and noo-snperfidal points, Ai, . . . a«„ then the

clo$ino Midf, orJinal chord, v .v. ^x-longs to a certain wffrf^m of rinht time*

in .yjiiiff:. of which it i« i!it«»rr>ti[U' to study th* iirrniKivmt n( , riiiatcmion

fomiuia* conntxtr l tinn •.s ith ; when the nuiul>cr » uf Uie given iMiinis is

flsea, so ibal the uumlter » 1 of the aides <^ the polygon U odd, the

closMy ckord$ Umek tmo iS$Hntt mrfnet* ofik$ aseoMi arcftr, which h«T«

g«ttjFiyfI'a—tocf with tkt arffiMf tmrfitf^^md wMft siicA oClsr, and «•
jWiulikiUjr wiitod to ttA ¥kiu lad to tbtgtw mfce^ at afecAre*

ihjis <*as#»rf kfptMtida wMdh htTi iw» aiwarnipair^ ^§mm»iM§t

vImii tha iimbak> of tha givn polato la adUt ar «r th* ddaa «ftba paljioa

ava, then the Mvelcgpt ^fUU closing side consists oimptdttfmmm, wUdi
are tM^'ita/y if the given surface be noiKruled, bat may become real by

imaginary dfformathm, nanuly, by pa**«ini^ to tlie CASC of in;»cription in a

ritthd *<Tirf:t.-< : in this laat caao, tiie lines uu ihc surface, which arr anaiO'

i/<iu> to itne* of njrvature, a.« >»-int( tliose lin- fir loci of the initial puint P,

which arv ftt/jr.-. oj derelopabU surfaces coih|»i»s<hI by corres|>onding sys-

tems of pciutioDft of the variable chord i-Pn, are rectilinear gemeratrieea of

the given amftea; tbiaa hmm tNeoma imaginaT^^ «bcn «• fatan totta

^pAara, dllinoid, eralliar ]Mn-niIedaai€M»^ aatlnt to

toba toacribad; whaa tba aan>bat ofglfen pafaCi laaf,UiatBnpw*i to

the fvo aenaipaadlag avaaa on tha givan toilioe^ at any propoaed point

p, aia am^^^piala^ being poraltd fo tm aaiynyutt iKaaiafcri; tban aziit

alio eertato Jlainnoiiie refaHont bettraaa tba Itoaa and planes which Milia

into this theory of inscription ; references to communication!* by the pre-

sent wntrr, on this ffubjcct, of wluch aooie have been already published,

(mx* also Appendix B), Artkki 076, 677i Fsgea 674 to 678.
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§ cxv. More full dijcuasiun of the signiticAtion of an oqimtioii, aaxneiy,

y, fa mftY, pfit or V.a^spV. fip,

mnGD KM pmHBMI RMa III tIM fongOillf MMiyHI | UDI <^UlllOlP fB|m*

MBligaanlljAeMlaiii m» ^Mlr cvtmAm wlikk it flCtteOM
omIv', MbdogciilifM «rMtowf ^iMitf inMffwtjMiitfi, mdwlnigt-
aaiy ; tut coire it the ammo* interteetion ofa certain sjf$ttm oftmrfaom

oftkt oeeomd order ; it intersecta the tphere p*= - 1 in two real and faoo

imaginary points, namely, in the initial positions of the fir'^t comer of an

inscribed anfl cv-cn-sided polygon { § c.xtv.), but it niay I •? ^aiil also to in-

tersect the Banitt 8[)here in two vfher {iu,i,;tnari/ points, at xnjinity ; if wo

confine ourselves to real vectors and quaUTnions, wc can express a varieiy

of oitktr fomtirieal loci \sy eqoationa of renuurkable umpUdty ; interpret

tatfoMorthotHi •qaaChm,

y==0, 9= 1, 5 =- 1, 1?= 1, I'y I, Ug = -1,

Vg«a, S«»0, 8g= 1, 8^ = - 1, where 9 = (pa- >)*i

with the MUM meaning of 7, if /? _l a, the equation Vf = /3 represents a

certain hyperbola ; U a^y denote three real and rectangular vectors, the

efixiation (yV. op)* + (yV. (3p)^ = 1 repnwnts n r<Ttain rlUpsr; tlip cqua<-

tion (S.ap)*-t- (7 V. ap)^= 1 denot**^ ihe syMtem ofan rilij^c aw! an hy-

perbola, with one common pair of iuiumitt, but eitnaltU tn tuo rtiiun-

yular planet ; an equally simple cquntion can be a^^signcd represtuiting a

tyttem qftwo eUBptet, in two rectangular planes, having a oomon pilr «f

anmmlto ; the eqoatbn ipicp = prpi, or V. ipc^» 0, lopw

n

U « qrHon of

Iwo rtefMywIar Hfflii Kmm, UaMtiog tiM sngki bitwoen 1, it; ivUb tbo

oqnatloii t^p^ptpm^ or OaaT. pV. ifMr, nprMMtt a qrHcm «f<Arw mf"
emgmkar Umu^ MModj, IhcM two biMeUmt and • Itno |Mip«Ddieakr to

thair plane
; exanfte ftun the eUipaoid, oqnatieii V. «0 ; gcpttil oqi»-

tbn of surfaces of the second order; equation of Fresner* vare-tvrfaee ;

general formula.' for truialatiiig mj fqvMitsuk in oo-ordioatea into an equa*

tioo in qnatemiooai

Other expnniau finr geomocrieal lod maj bo obtained, by regarding p as

tbe oKdor jNv< of ft MirjdMt ^juaUmioH f, whicb b obliged to HOkfymm
givw oqvatioit, wbilo ito aealor ^orf v ia variablo} lbniniU» nay be aa-

i^pMiI vhldi dMlI KpieBcnt,t««|MGltTe\7,oiitbi« ploo, what nay be caUad

ayUI drefe, andykO ipA«fv» .... AftidM 678, 679 s Paget 678 to 688.

§ czn. Xqvalkii of lSt»Jbea kgptrMa, V. i}p . Y. pO - (Y. 46)*, reenmod from

I ixsxvtiL ; ptoof of tfaa wfrgitaiy of Uite OM eqioatkm to lepi^^

oarat; goomfttical illuitiatlom of tlw aigiiiflcatioiii of tho two oemtant

voetoft If and 0; Uiegr an the two obliqiie «o-ardiaa<«» ofam miMSfi of

Um oUlpooid, referrod to the aajmptotea of the focal hyperbola^ when

reetioHM as well as lengths are attended to ; other elementary geometrical

illustrations and confirmations of some of the results of cnr1-f r sections (cs-

podalljr ofH i*uxvi. to luxtiii*)» cfaMij aa regards the equations in-
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^ving q» $i idiHHonil wlcnhrloat and inteipnUtieiuii dcdgncd prind'

paMy M €tereUe$ l> ywfwirfpin; introduction of ths two new Tectoti,

witb three other vectors X,, X3, X4, determined ia tenni ofp by ttzpnt*

iioitt antlogoiu to th^ for Xi ; wo hnvo the oqtuitioii^

T(X, - O-sft + ft-iS
.

T (Xi+ f) S . v>
and thwdbm T(Xi-i) T (Xi+ () « 2ft

;

the locus of the extremity of th« derived vector Xi Lb a oeartain eUiptoid of

r«9ohition^ with the oicoM oaiie 8ft ofthogiPtm elBptdd ftr tit utafor oxii,

ttd with two fid on thm axis of whidi tba vaelota are:t<ttf*^
note lha Umtat mmirkkg of fUam dUpaoid, oaTe, fhao

the four vectors, Xi, Xs* Xs, X4 terminate at four points, 14,14,14,14, which

are the four eomen of a quadrilateral^ hucrihed in a circle, of this de-

rived ellipsoid of revolution ; the t^vo opposite sides, Lil^, I-8I4, of this

plane (jnadrilateral, are respectively jiandltl to the two umbilicar diameters

of the original ellipeoid a^c ; the two other and mutually opposite sides,

tsLo, 14 vu of the same inscribed quadrilateral, are pandlel to the axes of

ihetwo q/Hmden 0/rt9oimtio» which can bo drcnmicilbad aboutflwMuno

flvM oifipaoid (or to the aqrmptotes of the liMal hyperbok) ; dio fonnar

pair (rfdlit ofthe inactibad bnt Taiyia^ qaadiliafcml ittf^^

(tiM tanninatioa of the Tcetor p}, of wliidi <A« Iocm it given tUip~

5 f / , for this and for Other feasona it ia proposed to name the sow elUp-

soid of revolution the mkas BUJPaoiDii and its foci the two medial foci

of the giTOO elUpeoid oftc, .... Artides 680 to 688; Pagea 688 to 700.

§czTii.*lCaiif oduf gMowlylcd appUeatloDainay bauade^ of the aamagaiMiiI

piiiidpiaa; for ozample, if r be a vector tangential to a line of cnmature^

thm, with the rignHifationa of k, » in Hiaxnii., taptnc^wo haTotho

aqaalions,

S. ifr-0, S. vrtrc-O, givhig r«UY.y«?UV.t^irS

tida lapiodnoea tlie loMwn tfaaineait that ffta I!m» f/cnraoliira o^

aoid ft&sef at each point the tm^tt ftdwem the circular sections ; quater-

nions may also be employed to prove some theorems elsewhere pobliabod

lif the preaoot wiitert reapecting the curoatere ofa tpherkal conic, . . .

ArUcle 689 ; Page 700.

AvnsDiz A (rdbned to in | oxm.) Pagea 701 to 716.

Arrmnax B (respecting the raauUa of § oxiv.)> Pag«a 717 to 780l

AtVBStx C (containing some additional aoQOnnt of the analjda by which some

ofthoeenanltawaraobtataiad), Pagea 781 to the end.
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wtgm.

1 7 6 52 269 868
8 8 53 272 861

8 9 9 54 273
4 55 277 265
6 18 12 56 280 267
6 68 44 67 281 268
7 58 294 278
8 67 49 69 898 888
9 69 52 60 299 283
10 60 53 61 300 284
11 68 62 62 301 285
18 63 886
18 64
14 74 68 66 802 887
15 Ml 77 66 880 806
16 67 888 809
17 87 86 68 884 810
18 94 98 69 886 818
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97 97 70 830 816
80 98 71 332 318
81 98 99 72 833 819
88 103 107 73 835 820
88 106 110 74 842 327
84 117 128 76 843 329
8ft 119 126 76 846 880
86 131 14t

1
77 847 832

87 182 H7
;

78 868 837
88 1 79 861 847
89 137 154 80 881 369
80 181 190 81 893 880
81 183 193

1

82 402 887
88 186 194 83 404 889
88 199 201 84 405 890
84 2U2 85 406 891
86 86 418 898
86 217 213

1

87 414 400
87 219 214 [ 88 416 401
88 828 8J7 89
89 223 818 90 422 408
40 224 91 427 416
4t 227 222 92 •134 425
48 2;5G 228

[
93 487 480

48 242 235 1 94 445 440
44 2bS 243 96 457 457
46 864 844 96 469 469
46 256 245 97 468 464
47 267 246 98 466 467
48 99 467 470
49 100 493 499
60 2G4 2jfr 101 530 538
61 260 2j.> 102 681 691

%
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ON QUATERNIONS.

LECTURE I.

GBNTLBMBNy

In the preceding^ Lectures of the present Term, we
have taken a rapid view oi the cliief facts uiitl laws ot" Astronomy,

its leadini^ jirinciples and methods and results. After some gene-

ral and preliminary remarks on the connexion between meta-

physical aod physical scieDce^ we have seen bow the observation

of the elementary phenomena of the Uearens may be assisted*

and rendered more predse* by means of astronomical instru-

ments^ accompanied with astronomical reductions. An outline

of Uranography has been given
; the laws of Kepler for the Solar

System have been stated antl illustrated; with tlie iaductive evi-

dence from facts by whicli their truth may be established. It

has been shewn that these laws extend, not only to the Planets

iLUOwn in Kepler's time, namely, Mercury, Venus* Mars, Jupi-

ter, and Saturn, with which our Earth must be enumerated, but

also to the various other planets since detected : to Uranus, to

Ceres, Pallas, Juno, and Vesta; and to those others of mora

recent date, in the order of human knowledge, of which no fewer

than six have been found within the last two years and a half;

to Astrioa, Neptune, Hebe, Iris, Flora, and Metis : among which

Neptune is remarkable, as having had its existence foreaiiewn by

mathematical calculation, and Metis is interesting to us Irishmen,

as having been discovered at an Irish observatory. It has also

been shewn you that these celebrated laws of Kepler are them-

selves mathematically included in one still greater Law, with

which thename of Newton it associated : and that thus, as New-
B
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2 ON QUATERNIONS.

ton himself demonstrated, in his immortal work, the Principia,

the rules of the elliptic motion of the planets are consequences of

the principle of universal Gravitation, proportional directly to the

mass, and inversely to the square of the distance. With the help

of this great principle* or law, of Newton's, combined with proper

observations and esperiinents»—especially, with the Cavendish

experimenti as lately repeated by Baily,-*-not only have the

shape and wize of the earth which we inhabit, bat even (as you

have seen explainetl antl illustrated ) its very weir^ht has been de-

termined ; the number of miilionb of millions of millions of tons

of matter, which this vast globe contains, has been (approx-

imately) assigned. And not only have the motions of that Earth

of oar's around and with its own axis* and round the souy been

established, but that great central body of our system, tbe Sun,

through the peisevering application of those faculties which God
has given to man, has itself (as you have likewise seen) been

measured and weighed, with the line and balance of science.

2. Such having" been our joint contemplations in this place,

before the adjournment of these discourses on account of the

Eauuninations for Fellowships, you may remember that it was an-

nounced that at our re-assembling we should proceed to the con-

sideration of a certain new mathematical Method, or Calculus,

which has for some years past occupied a large share ofmy own
attention, but which 1 have hitherto abstained from introducing,

except by allusion, to the notice of those who have honoured

here my lectures with their attendance. 1 refer, as you are aware,

to what 1 have called the calculos of quaternions, and have

applied to the solution of many geometrical and physical pro*

blems. However much this new calculus, or method, may natu-

rally have interested myself, there has existed, in my mind, until

the present time, a fear of seeming egotistical, if I should offer

to the attention of my hearers in t\\\^ L ni\'ersity an account of

such investlij^ations or '^peculations of my own. Accordingly,

with the exception of a short sketch, in the year 1845, of the

application to spherical trigonometry of those fundamental con-

'septions and expressions respecting Quaternions, which I had
Men led to form in 1843, and had in the last mentioned year

communicated to the Royal Irish Academy, I bave abstained
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LBCTURB 1 3

from entering on the subject in former courses of Lectures:

—

unless it be regarded as an exception to this rule, that in the ex*

traordinary or suppleaientary Course which I delivered bere> in

llie winter of 1846, on the occasion of the theoretical discoyery

of the distant planet Neptune» I ventured to introduce that theory

of Hodographst which, in the regular course for 1847, I after-

wartlb uiore fully developed ; ami which had been suggested to

me as a geometrical intorpretation, or construction, of some in-

tegrations of equations in physical astronomy whereto I had been

conducted by the Method of Quaternions. But since, on the

one hand, it has of late been formally announced (as it is stated to

me) that the Professor of Mathematics in this Univeisity intends

to lecture on tliat Method of mine in the winter of the present

year, in connexion, probably, with some of his own original re^

searches; and to make it, or a part of it, one oi the subjects of

his public Examination of the Candidates for Fellowship in the

summer of 1849 ; while, on the other hand, the theory itself has

been acquiring, under my own continued study, a wider ezten-

non, and perhaps also a firmer consistency : it seems to myself—
and by some mathematical friends, among whom the Professor

just referred to is included, I am encouraged to think that it is

their opinion too,—that the time has arrived, when instead of its

being an obtrusion for me to state here, in the execution ot my
own professorial oliice, my views respecting Quaternions, it

would, on the contrary, be rather a dereliction of my duty, or a

blameable remissness therein, if I were longer to omit to state

those views in this place, at least by sketch and outline*

3. And inasmuch as I am not aware that any one has hi-

therto professed to detect error in any of those geometrical and

physical theorems to which the Method has conducted me ; while

yet I cannot but perceive it to be the feeling of several persons,

among my mathematical frieiidri and acquaintances, that in the

existing state of the published expositions of my own views upon

the subject, some degree of obscurity still hangs over its logical

and metaphysical prindple$: so that the admitted correctness of

the retmiU of this new Calculus may appear, even to candid and

not unfriendly lookers-on, to be, in some sense, aceidentaii rather

than iiecessary, 80 far as the conceptions and reasonings have

B 2
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4 ON QUATSBNIONS.

hitherto been formally set forth by me : it therefore seems to be,

upon the whole, the most expLvlieiit plan which can be adopted

on the present occasion, that I should state* as distinctly and as

folly as my own limited powers of expression^ and as your re-

maining time in this Coarse will allow, thefinUU thoughU^ the

primal views^ the initial aititudes ofmind^ from which the others

flow, and to which they are subordinated. And if, in the fulfil-

ment of this purpose, the adofition of a somewhat metaphysh ai

style of expression on soiir' fundamental points may be at least

forgiven me* as ineiri table, siill more may I look to be excused,

if not approved of» shoald I take, even by preference, my illM$^

troHomJrim Antronomff^ in this Supplementary Course of Lee-

tores, which, as you know, arises oot of, and is appended to a

Course more strictly and properly astronomical.

4. The object which 1 shall propose to myself, in the Lec-

ture of this day, is the statement of the significations, at least the

primary signiHcations, which I attach, in the Calculus of Qua-

ternions, to the four following familiar marks of combination of

•ymbob,
+ - X -i-

which marks, or t^igns, are universally known to correspond, in

arithmetic and in ordinary algebra, to the four operatiifm known
by the names of Addition, SubtracLion, Multiplication, and

Division. The new sig-nifications of these four signs have a

suflScient analogy to the old ones, to make me think it convenient

to retain the n^ne themselves; and yet a sufficient distincticn

exists, to render a preliminary comment not superfluous: or

father it is indiepentabU that as clear a definition, or at least e«-

poeUum^ of the precise force of each of these old marks, used in

new senses, should be given, as it is in my power to give. . Per*

haps, indeed, I may not find it possible, to-day, to speak with

what may setm the requisite degree offulness of such exposition,

of more than the twofirst of these four sig^s; although I hope
to touch upon the two last of them also.

6. First, then, I wish to be allowed to say, in general terms

(though conscious that they will need to be afterwards pardcnla^

liied), that I regard the two connected but contrasted marks or
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LBCTURB I. 5

as being rospectiveiy and primarily characteristics the SYH<-

THSsis and analysis ofa statb qfa Progreuiomf according as

this state is considered as being derived^firamf or compared withf

some ofAer Uate of that progression* And, with the same kind

of generality of ezpresrion, I may observe here that I re^rd In

like manner the other pair uf connected and contfubted marks

already mentioned, namely,

X and

(when taken in what I look upon as their respectively primary

significations), as being signs or characteristics of the correspon-

ding SYNTHESIS and ANALYSIS of a STEP, in any such progression

of states, according as that step is considered as derived from^ or

compared with, some other step in the same progression. But X

am aware that this very general and preliminary statement can*

not fail to appear vague, and that it is likely to seem also obscure,

until it is rendered precise and clear by examples and illustia^

tions, which the plan of these Lectures requires that I should

select from Geometry, while it allows me to clothe them in an

Astronomical gai l). And 1 shall begin by endeavouring thus to

illustrate and exemplify the view here taken of the sign which

we may continue to read^ as usual, minus, although the opera^

tion, of which it is now conceived to direct the performance, is

not to be confounded with arithmetical, nor even, in all respects,

with common algebraical subtraction.

6. I have said that I regard, primarily^ this sign,

or Minus,

as the mark or charaL teiistic of an anal/ji>i's ofone state of a pro-

grciision, when considered as tompurtd ivitk a/io^Aer state of that

progression. To illustrate this very general view, which has

been here propounded, at first, under a metaphysical rather than

a mathematical form, by proceeding to apply it under the limi-

tations which the science of geometry suggests, let space be

now regarded as thefield of the progression which is to be stu-

died, and roiNTs as the states of tliat progression. You will

ihtMi see that in con foi niity with the general view already enun-

ciated, and as its geometrivai particularization, 1 am led to regard

the word Minus," or the mark in geometry, as the sign or
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6 ON QOATBRNIONS.

cliaracteristic of the analysts of one geometrical position (in

space)» as compared with another (such) position. The ampa-
ruon ofone mathematical point with another, with a view to the

detemtnation of what may be called their ordinal relation^ or

their relative poeition in epaee^ is in fact the ioYestigation of the

osoMBTRiCAL DiPViRBMCB of the two poinCs Compared, in that

sole respect, namely, positioUy in which two mathematical points

can differ from each other. And even for this reai^on alone,

although I think that other reasons will ofier themselves to your

own minds, when you shall be more familiar with this whole

aspect of the matter, you might already grant it to be not WMUh
tural to regard, as it has been stated that I do regard, this study

or inyestigation of the relative position of two points in space, as

being that primary geometrical operation which Is anahgoue to

algebraic subtractwUy and which I propose accordingly to denote

by the usual mark (-) of the well-known operation la<^t men-

tioned. Without pretending, however, that 1 have yet exhibited

sufficiently conclusive grounds for believing in the existence of

such an analogyf I shall now proceed to illustrate, by examples^

the modes of symbolical egression to which this belief, or view,

conducts.

7. To illustrate first, by an astronomical example, the con-

ception already mentioned, of the analysis of one geometrical

position coii-idered with reference to another, 1 shall here write

down, as symbols for the two positions in space which are to be

compared among themselves, the astronomical signs,

0 and S *

which represent or denote respectively the sun and earth, and are

here supposed to signify, not the masses, nor the longitudes, of

those two bodies, nor any other quantities or magnitudes con-

nected with them, but simply their sin ai ions, or the positions

of their centres, regarded as mathematical points in space. To
make more manifest to the eye that these astronomical signs are

here employed to denote points or positions alone, I shall write

under each it dot^ and under the dot a Roman capital letter>

namely, a for the earth, and b for the sun, as follows:

0 t
(Fig. 1.)

B K
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aiul bliall suppose that tlie particular operation ot what wo have

already called analysis, using that word in a very general and

rather in a mctapbysical than iti a mathematical sense, which is

DOW to be perforroedy ootisists la the proposed investigation qf
the position qfthe sun^ b, with respect to the earthy a ; the latter

bdng regarded as- comparatively simple and known; but the

former as complex, or at least unknown and undetermined ; and

a relation being sought, which shall connect the one with the

other. This conceived analytical operation is practically and

abtronomicaily performed, to some extent, whenever an observer,

as for example, my assistant (or myself), at the Observatory of

this University, with that great circular instrument of which you

have a model here, directs a telescope to the sun : it is completed^

for that particular time of observation, when, after all due micro-

metrical measurements and readings, after all reductions and cal-

culations, founded in part on astronomical theory, and on facts

previously determined, the same observer concludes and records

the geocentric right ascension and declination, and (through the

semtdiameter) the radius vector (or distance) of the sun. In

general, we are to conceive the required analysis of the position

of the ANALTZAND POINT B, with rcSpCCt to the AMALTZBR
POINT A, to be an operation such that, if it were eompletefy per-

formed, it would instruct us not only in what direction the point

B is situated with respect to the point a; but also, at whaT
DISTANCE from the latter the former point is placed. Regarded

as a guide, or rule for going (if we could go) from one point to

the other,^which rulb of transition would, however (according

to the general and philosophical, rather than technically mathe*

matical distinction between analysis and synthesis, on which this

whole expontion is founded), be itsdfmthet o(sl synthetic than

o! ail (uialytic character,—the iiE.si:i,i of this ordinal analysis

migiil be sujiposeti to tell vis in the first place How \vi: siiol lij skt

OUT : which conceived geometrical act, oisetting out in a suitable

direction^ corresponds astronomically to the pointing, or direct*

ing qfthe tehseopsy in the observation just referred to. And the

same synthetic rule, or the same result of a complete analysis,

must then be supposed also to tell us, in the second place, row
I Ali WE OUGHT TO GO, IQ Older tO AUIUV li AT thc SOUght pOlDt
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8 ON QUATERNIONS.

B, after thus setting out from the given point a, in the proper

direction of progress (this direction beings, of course, here con-

ceived to be preserved unaltered) : which latter part of the sup-

posed guidance or information corresponds to the astronomical

inquiry, howfar offis the sun, or other celestial object, at which

we are now looking, with a telescope properly set ?

8. Now the wMe sought rbsult of this (conceived) com-

plete analysis, of the position b with respect to the position a,

whether it be regarded analy tically as an ordinal rtlcition, or

synthetically as a rute of transition^ is what I propose to denote^

or signify, by the symbol
B - A,

formed by inserting the sign mimos between the two separate

symbQls of the two points compared ; the symbol of the ima-

Ipzandpmni b being written to the of the mark and the

symbol of the analyzer point a being written to the right of the

same mark ; ull which I design to illustrate by the following

fuller diagram,

= i (Fig. 2.)
B A

where the arrow indicates the direction in which it would be ne-

cessary to 96t out from the analyzer point, in order to reach the

analyaand point ; and a straight Une is drawn to represent or

picture the pror/ression, of which those points are here conceived

to be, respectively, the initial and final states. We may then,

as often as we think pvoper, paraphrase (in this theory) the geo-

metrical symbol b - a, by reading it aloud as follows, though it

would be tedious always to do so: b ane^zed with respect to

A, a» regards difference qfgeometrimd position" But for com-
mon use it may be sufficient (as already noticed) to retain the

shorter and more familiar mode of reading, <* b minus a re-

membering-, however, that (in the prcseiit tlu orv) the diffe-

rence thus oriyi7iaUy Of primarily indicated i-> one of position,

and not ofmagnitude: which, indeed, the context (so to speak)

will always be sufficient to suggest, or to remind us of, whei^
ever the symbols a and B are recognised as being what they are

here supposed to be, namely, signs of mathematical points.
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LtCTURK I. 9

9. Had we chosen to invtrt the order of the comparison, or

of the analysis of these two positions and b, as related to each

other, regarding the sun b as the given or known point, and the

earth a as the sought or unknowD one ; we shonld have m thai

ease done what in fact astronomers do in those investigations re-

specting the solar system, in which the motion of the earth as a

planet about the sun, in obedience to Kepler's laws, is treated as

an established general fact which it ri tniiins to nrfrue from, and

to develope into the particular consequences required for some

particular question: whenever, in short, they seek rather the

keHocentrie poMiihH ofthe earthy than the jfeocenine posiiicn qf
ike am; and so propose to analyze what has heen here called a

with respect to b, rather than b with respect to a. And it would

then have heen proper, on the same general plan of notation, to

have written the oppomte symbol A - b, instead of the former

symbol B - A ; and also to have inverted the arrow in the dia-

gram (because we now conceive ourselves as going rather from

the sun to the earth, than from the earth to the sun) ; which

diagram would thus assume the form,

0 A - B <i (Fig. 3.)
b a

Thus n - A a»id a - n arc sumbols of two opiiosite (or mutually

inverse) ordinal relations^ corresponding to two opposite steps

or transitions in space, and mentally discovered, or hronght into

notice, by these two oppoiite modee ofimalyzing the reUUivepo^

eition qf one common pair of mathematical pointSf a and b ; of

which two opposite modes of ordinal analysis in space, with the

two inverse relations thence resulting, the mutual connexion and

contrast may be still more clearly perceived, if we bring them

into one view by this diagram

:

© 15 A S—^ (Pig. 4.)
B A - B A

10. Using a>^iii</woBD8» suggested by this mode of sym-

bolical notation, 1 should not think it improper, and it would

certainly be at least consistent with the nuinner in wUeh the sub-

ject is here viewed, to say that
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10 ON QUATEBNIONS

1 he Sua's ortliiial relation to tlie Earth in space,

or, somewhat more concisely, that what is called in astronomy,

The SHn*s Geocentric Position** (indading distance),

h ciprcsscd by^ and is (in that sense) equivalent^ or

(with the here proposed use of Minu^) symboUcally equal to

'* The Sun's (absolute) Position in space,

Minus the Earth's (absolute) Position."

And then, of course, we should be allowed, on the same plan, to

say, conversely, that

The Earth's Heliocentric Position*' is equivalent or equal to

'* The Earth's Position in space, minus the Sun's Position."

In the same new mode of spealcing, the

*• Position of Venus (in space), minus the Position of the Sun,"

would be a form of words equivalent to the usual phrase,

" Heliocentric Position of Venus."

And it is evident that examples of this sort might easily be mul-

tiplied.

11. According, then, to the view here taken of the word

Minns," or of the sign if employed, as we propose to employ •

it, in pure or applied geometry, this word or sign will denote

primarily an ordinal analysis in space ; or an emalysis (or exa-

mination) of the position ofa mathematical point i as compared

with the position of another such point. And because, according

to the foregoing illustrations, this sign or mark (Minus) directs

us to DRAW, or to conceive as drawn, a straight line connecting

the two points, which are proposed to be compared as to their

relative positions, it might, perhaps, on this account be called

the 8ION OF TRACTION. If WO wish, however, to diminish, as

far as possible, the mtmber ofnew terms, we may call it still, as

usual, the sio^n of suni uaction ; remembt ring only, that, in the

view here purposed, there is no ongitiul (nor necessary) reference

whatever to any subtraction qf one magnitude from another.

Indeed, it is well known to every student of the elements of
algebra that the word Minus, and the sign are, in those ele*

ments also, used very frequently to denote an operation which b
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LSCTUEE I. 11

by no means identical with the taking awmj of a partialfioni a

total magnitude^ fto as to tind the remaining part : thus every

algebraist is familiar with sach results as these, that

(NegattTe Four) Minus (Positive Three) Equals (Negative

Seven)

;

where, if mere magnitudes or quantities were attended to, and

the adjectives Positive and Negative" dropped, or negiectedi

and not replaced by any other equivalent words or marks, the

resulting number <* seven*' would represent the (arithmetical)

#ttiR, and not the (arithmetical) difference^ of the given numbers
*• four" and *• three." And as, to prevent any risk of such con-

fusion with a merely anihrnctical difference, or with the result of

a merely arithmetical subtraction, it isusii;il to speak of an alge-

braical difference and of algebraical subtraction ; and thus to say,

for example, that ** Negative Seven" is the ** algebraical diffe-

rence" of " Negative Four** and ** Positive Three or is ob-

tained or obtainable by the algebraical subtraction'' of the

latter from the former; so may (I think) that other and more

geometrical sort oFsubtraetion, which has been illustratttl in this

day's Lecture, be called, not inconveniently, for the sake of re-

cognising a farther distinction or departure from the merely

popular use of the word (subtraction), and on account of its con-

nexion with a new and enlarged system of symbols in geometry,

the SYMBOLICAL S17BTBACTION ofA from B:and the resulting sym«

bol ofthe ordinal relation of the latter point to the former, namely,

the symbol b - a, may conveniently be called, in like manner, a

SYMBOLICAL D 1 M i: HENCE. It is in lacl, as has been already

remarked, in thl> new system of symbols, an expit^ssion for what

may very naturally be called the geometrical difference ofthe two

points D and a ; that is to say, it is (in this system) a symbolfir

the difference qftke positions ofthose two mathematical points

in space ; thia difference being regarded as geometrically con-

structed, represented, or pictured, by the straight line drawn

from \ to H, which line is here considered as having (what it has

hi fact) not only a dttei mined lengthy but also adetcnnintd dircC'

tion, when the two points, a and n, themselves, are supposed to

have two distinct and determined (or at least determinable)

positions*
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12 ON QUATERNIONS.

12. For my own part I cannot conceal that I hold it to be of

gicat and even fundamental importance, to rcgaid Pure Mathe-

matics as being prinKirily the science of order (in Time and

Space), and not primarily the science of magnitude : if we

would attain to a perfectly clear and thoroughly self-consigtent

view of this great and widely-stretching region, nainely» the ma-

thematical, of human thought and knowledge. In mathematical

science the doctrine of magnitude, or of quantity, plays indeed a

very important part, but not, as I conceive, the most important

one. Its importance is secondary and dekivative, not pri-

mart/ and orujinnl^ according to the view which has long ap-

proved itself to my own mind, and in entertaining which 1 think

that I could fortify myself by the sanction of some high autho*

riUes : although the opposite view is certainly more commonly

I received. If any one here should regard that opposite view^

I which refers all to magnitude, as the right one ; and should find

it impossible, or think it not worth the effort, to suspend even for

a while the habit of such a reference, he may still give for a mo-

ment a geometrical interpretation to the symbol b - a, not quite

inconsistent with that which has been above proposed, by regard-

ing it as an abbrwiaium for this other symbol bo - ao, where

AO and BO are Unes^ namely, the distances of the two points a

and B from another point o, assumed on the same indefinite right

' line as those two points a, b, and lying beyond a with respect to

D, or bituate upon the line ba prolonged through a, ai^ in this

diagram

:

0(BO-AO)« %
' ^

( Fig. 5.)
B B - A A O

Here the point o may be conceived, astronomically, to represent

a superior planet, for example, Jupiter in opposition to the

Sun (and in the Ecliptic) ; and it is evident that il we knew, for

such a contiguration, the ilistance ao in millions of miles, of the

Earth from Jupiter, and also the greater distance oo of the Sun
from the same superior planet at that time, we should only have
to stdftraeif arithmeticaUi/^ the former distance ao from the latter

distance bo, for the purpose of finding the distance bo - ao, or

BA| in millions of miles, between the earth and the sun ; which
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LECTURB I 13

distance, there misfht ihus be some propriety or convenience, on

this account, in denoting by the symbol b - a. That symbol,

thus viewed, might even be conceived to suggest a referenee to

direciUM as well as distance ; because the supposed line oa, pro*

longed through a, would in the figure tend ton; or, in astrono-

mical language, the javicenirie place of the Earthy in the

configuration supposed, would coincide, on the celestial sphere,

with the iifOLtiUric place of the Sun. But I am far indeed from

Tecomineniiing to you to complicate the contemplation of the re-

lative position of the two points a and b, at this early stage of the

inquiry, by any reference of this sort to any third point o, thus

fofdgn and arbitrarily assumed. On the contrary, I would admUp
or even requeii you, for the present, to aAffam from making, in

your own minds, such a referenee to myforeign point ; and to

accompany me, for some time longer, in considering only the in-

ternal relation of position ot the two points, a and B, them-

selves: <i^r£ei»y to regard this internal and ordinal relation of

these two mathematical points in space (to whatever extent it

may be found useful, or even necessary hereafter^ to call in the

aid of other points, or lines, or planes, for the purpose of more

fully studying, and, above all, of applying that relation), as being

sufficiently dknotvd, at thh stage, by one or other of the two

symbols, b - a or a - b, according as we L'hoose to regard a or .\

as the analyzand point, and a or B as tlie analyzer.

13. I ask you then to concede to me, at least provisionally,

and for a while, the privilege of employing this unusual mode of

geometrical notatioit, together with the new mode of geome-

trical INTBRPBITATIOK above assigned to it : which modes, after

all, do not cfmtradiet anything premaiuly estMiditd in scienti-

lie language, nor lead to any real risk of confusion or of ambi-

guity, in geometrical science, by attaching any litiv stiisc to aw old

jtifjn : since l>ere the siffn iiatif (b - a), as well as the signiliea-

tion,i8 new. The component symbol minus*' is indeed old^ but

it is used here in a netc; connexifm with other elementary sym-

bols s and the new context, hence aritdng, gives birth to a MB

w

COMPLEX SYMBOL, (b-a), in fixing the sense of which we may
and must be guided by analogy, and general considerations

:
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14 ON QUATERNIONS*

old usae^es and received definitions failing to assign any deter-

mined signification to tiie new complex symbol thus produced.

The interpretation which I propose does no more than invest

with aentef through an explanatum which is new, what bad

seemed before to be devoid of seme* It only gives a memUng^

where none had been given before : namely, to a symbolical

expression of the form Point minus Point." This latter/brm

of words, and the geometrical iiotation b - a to which it cor-

responds (a and B being still used as myns of
' mathtuudical

points), bad hiliierto, according to the received and usutU modes

of geometrical interpretation, vo mbaning : but you will, per*

faapa, admit that these two connected forma of apoken and

written expression were, that very reaeon^ only themortffree

to receive any new and defimiiamd eenee : especially one which

you have seen to admit of beng suggested by so simple an ana-

logy to sul)truction as that which the conc^jHion of difference in-

volves, it will, however, of course be necessary, for consistency,

that we carefully adhere to such new iuterpretation, when it has

once been by definition assigned : unless and until we find rea«

•oni (if such reasons sliall ever be found) which may compel its

formal abandonment

14. Yon see, then, to reeapiiidate briefly the chief part of

what has been iiitiicrto said, that I invite you to conceive the

RELATIVE I'osiTioN of any sought point \\ of space, when com-

pared with any given point a, as being (in what appears to me

to be A very easily inteiiigible and simply symboUsable sense)

the GBOMBTBICAL DIFFBRBMCB OF TRB AB80LDTB POSITIONS of

those two mathematical points: and that I propose to denote it,

in this system of symbolical geometry, by writing " the symbol

ofthe sought point, minvs the symbol ofthe given point** Such

is, in my view, the analytic aspect of the compound symbol

A,

if the component symbols a and b be still understood to denote

points : such is the primary signijieation which I attach in geo^

wetry to the interposed mark -, when ii is ngartled as being

what I have already called, in general terms^ a cuaracteeistic

OF OADIMAL ANALYSIS.
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15. But as you have already also partly seen, the same

symbol, f

B - A,

may be viewed in a stnthbtic aspect also. It may be thought

of, not ooly as being the resuU qfa past emalysiSf but also as

being the guide to afiUure spUhuU. It may be regarded as

not merely answering, or as denoting tbe answer, to the question

:

In what Position is the point b situated with respect to the

poiat A ? but also tliis other, which indeed has been already

seen to be only the former question difftrcntly viewed: By what

Transiiitm may b be reached^ if we set out from a ?—And to

this other question aho^ or to this other mew of the sameJbntal

Question^ whbub, I oonstder the tame eymbott b - a, to be a

fit general representation of the Answer: it being reserved for

tbe context to decide, whenever a decision may be necessary*

which of these two related although contrasted views is tak( n

at any one time, in any particular investigation. In its synthetic

a^rf, then, I regard the symbol b - a as denoting the step

to B from A namely, tliat step by mahiftff which, Jrom the

given point a, we should reach or arrive at the sought point b ;

and so determine, genemte, mark, or construct that point.

This step (which we shall always suppose to be a straight line)

may also, in my opinion, be properly called a vector; or more

fully, it may be called the vector of the point n^/rom the point

A because it may be considered as having for its office, func«

tion, worlL, task, or bonness, to transport or carry (in Latin,

vehere) a moveable poimt^ from the given or initial position a, to

the sought or final position b« Taking this vieWt then, of the

symbol b - a, or adopting now this synthetic interpretation of it,

arid oi the corresponding foi in of words, we may say, generally,

for any such conceived rectilinear transport of a moveable point

in space, that

Step equals End of Step, minue Beginning of Step ;*'

or in. IV write :

** Vector « (End of Vector) - (Beginning of Vector).**

16. Thus, in astronomy, whereas, by the mode oi analytic

interpretation already explained, the phrase.
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16 ON QUATBRMIONS

Son's Position mums Earth's Position,*'

has been regarded (in § 10) as equivalent to the more usaal form

of wordsy ** Sun's Geocentric Position" (including geocentric dis*

tance) ; we shall iioitr be led, by the connected mode of syntheHe

interpreiaiion just mentioned, to regard the same spoken phrase,

or the written expression, © - S ( where the two astronomical

marks, © and S , are still supposed to be used to denote the si-

tualiom alone of the two bodies which they indicate), as being

equivalent, tn thu other tnew of it, to what may be called the

Son's Gbocbntric Vbctor

which DIFFERS from what is called in astronomy the

Geocentric Eadiue-Feetor of the Sun,"

by lU iNCLUDiNo DtRBCTioN, €u wcil OS icHffth, as su element

In its complete bignification. In like manner, that equally long

but opposite line, which may be called, in the same new mode of

speaking, the " Earth's Heliocentric Vector" may be denoted

by the opposite symbol, i - 0, or expressed by the phrase,

Earth's Position, minme Sun's Position the Heliocentric Fce-

ior of Venus will be, on the same plan, symbolically equal or

equivalent to the Position of Venus mimta the Position of the

Sun : and similarly in other eases.

17. To illustrate more fully the tlislinction which was just

now briefly mentioned, between the mtaiiiii|(s of the '* Vector"

and the Kadius Vector" of a point, we may remark that the

Radius-Vector, in astronomy, and indeed in geometry also^

is usually understood to have only Unyth ; and therefore to be

adcqmateiy esqnwed kg a single mumbbr, denoting the magnU
tude (or length) of the straight line which is referred to by this

usual name (radtus-veetor), as compared with the magnitude of

some standard line, which lias been assumed as the unit ol length.

Thus, in astronomy, the Cicocentric Radius- Vector of the bun

is, in its mean value, nearly equal to ninety-five millions of miles

:

if, then, a million of miles be assumed as the standard or unit of

length, the sun*s geocentric radius-vector is equal (nearly) to,

or is (approximately) expressible by, the nttmber ninetg^Jive:

in sneh a manner that this eingle number^ 9&i with the unU here

supposed, is (at certain seasons of the year) ayif//, complete^ and
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LICTURB t. 17

adequate representation or expression for that known radius-

Tector of the sun. For it is usually the ^vii itseff (Vyr more

fully the position of the Sun's centre), and hot the Sun*sradiuS'*

vector^ which is regarded as possessing oho certain other (pofar)

co-ordinates of' its own, luiini ly, in pfeneral, some two angles,

siK'li as those which are culled the Sun s geocentric rii^ht-a<scen-

sion and deciiiiation ; and which are merely associated with the

radius-FCCtor, but not inherent therein^ nor betmying thereto

;

joai as the radius-vector is ittelft in turn, a»$oeiated with the

right ascension and declination, but not included in them. Those

two angular co-ordinates (or some data equivalent to them) are

indeed required to assist in the complete determination of the

geocentric position of the sun itself : but they are not usually

Coiifei'lereH n-- [leiiig in any manner necessary for the most com-

plete iietermiiiation, or perfect numerical expression, of the

Sun's aADiua-vxcTOR. But in the new mode of speaking which

it is here proposed to introduce, and which is guardedfrom con*

fiuion with the older mode by the omission qfthe word " ba-

Dius,*' the VBCTOR of the sun has {itself) dirbction, as well as

length, ft is, therefore, not sufficiently characterized by any

SINGLE NUMBER, such BS 95 (werc this even othciwise rigorous);

but IIEQUIHKS, for its COMPLETE NUMEUICAL EXFIIESSION, «

ST8TBM OF TUEBB NUMBERS; such as the usual and well-known

rectangular or polar co-ordinates of the Sun or other body or

point whose place is to be examined i among which onb mat
he what is called the rodSriK-veetor ; but ifso^ that radius mitst

(in general) be associated with two otrbr polar co-ordinates,

or determining numbers of some kind, before the vector can be

numericallff expressed. A vector is thus (as you will afterwards

more clearly see) a sort of natural triplet (suggested by

Geometry); and accordingly we shall iind that quaternions

offer ao easy mode of symbolically representing every vector by a

TBtMOMiAL FORM {ix-^jy-^kz) \ which form brings the conception

and expression of such a vector into the closest possible eonnezioti

with Cartesian and rectangular co-4irdinaies,

18. Denoting, however, for the j)reseiit, a vector of this sort,

or a rectilinear step in space hmn one point a to another point a,

moiyti by any such trinomial or triplet form, but simply (for

c
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t

concisenew) by a single and small Roman letter, such as a; and

pfoceeding to compare^ or equate* these two eqwiwUetU expru-

HotUf or equiHgnifieamt t^fmboU^ » and b - a ; we are condncted

to the BQUATlONy
B - A 9 a;

which is thus to he regarded as here implying merely that we

have chosen to denote^ concisely, by the simple symbol, or sinfirje

letter, a, the same step, or vector^ which has also been other"

wise denoted, less briefly, but in some respects more fully and

expressively, by the complex symbol b - a. Such is, at least,

the sifntheHc iupect under which this epuUian here presents it-

self; hot we may conceiye it to occur also, at another time and in

another connexion, under an analytic aspect ; namely, as signify-

ing that the simple symbol a was used to denote concisely the

same ordinal relation of position, which had been more fully

denoted by the complex symbol b - a. Or we may imagine the

equation offering itself under a mixed (analytic and synthetic)

aspect ; and as then expressing thepei^fict correspondence which

may be supposed to exist between that rdative poeUion of the

point B with respect to the point a, which was originally indi->

cated by B - A, and that rectilinear transition, or step, from a to

B, which we lately supposed to be denoted by a. Between these

different iiiuiles of interpretation, the context would always be

found sufficient to decide, whenever a decision became necessary.

But 1 think that we shall End it more convenient, simple, and

clear, during the remainder of the present Lecture, to adhere to

tke sjfnthetie mew of the eqoatlon b - a « & ; that is, to regard it

as signifying that both its members, b - a and a, are symbolsJbr
one common step, or vector. And generally 1 propose to employ,

henceforth, the small Roman or Greek letters, a, a, kc, or a, 0,
aV&c., with or without accents, as symbols ofsteps, or oi vectors*

19, But at this stage it is convenient to introduce the employ-

ment of another simple notation^ which shall more distinctly and
expressly recognise and nvirk that sffMhetic character which we
have thus attributed to ^ considered as denoting the step from

, A to B ; in virtue of which synthetic character we have regarded

the latter point B as constructed, generated, determined, or

brought into view, by applying to, or performing on, the former
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point A, that act of tbction or of transport, in which the

agent or operator is the vbctoh denoted by «. We require a

SIGH OF vbction: a eharaeterittic ofthe operation of ordinal

effmikeeis^ by which we have conceived a sought position b in

space to be constructed^ as (lependiiit?- on ?i(jiven position a, with

the help of a (jiven vector, or ordinal operator, n, of the kind con-

sidered above. And such a cuakactekistic of ordinal syn-

thesis, or sign ofvectim^ is, on that general plan which was

briefly stated to you early to-day (in art. 5), supplied by the mark

•f, or by the word Plvs, when used in that new sense which has

already been referred to in this Lecture, and which may be re-

garded as .^/((/f/es/fd Algebra, though it cantuu (strictly speak-

insr) he fsaid to be borrowedfrom Algebra, at least as ALGEiiiiAis

commonly viewed. For we shall thus be led to write, as another

and an equivalentform of the recent equation b - a « a, this other

equation, in which Phte is introduced, and which is, in ordtnarg

Algebra also, a transformadoo of the equation lately written

:

B = a + A ;

while yet, in conformity with what has been already said, we shall

now regard it as being the: pnuuiry siynijicatiou oi this last equa-

tion, or formula, that ** the position denoted hy n may he

BBACUBD (and, in tluit sense, comstructbo), by making the

TRANSITION denoted by a, from the position denoted by a.'*

20. We shall thus be led to say or to write generaUyt with

this (which is here regarded as being the) primarg signification

of Plus in Oeometry, that for any vector or rectilinear step in

space,

** Step+ Beginniug of btep» End of Step;"

or, Vector + Beginning of Vector « End of Vector:"

the mark + being in fact here regarded, by what has been already

said, as being primarily the sign qfvectioUf or the characteristic

of the application qfa step, or of a vector^ to a given point con-

sidered as the Beginning (of the step, or vector), so as to generate

or determine another point considered as the End, In relation

to astronomy, this phraseology will allow us to say that

Sun's Position « Sun's Geocentric Vector+ Earth's position

c 2
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and the asaertion is to be thus interpreted : that if a straight line,

agreeing in length and in direction with the line or step in space

vhich we have called in this Lecture the Sim*s GeocmtricVeeUr^

were applUd io ike jHHiHan occnpied by the Earth, so as to be^in

there, this line would terminate at the Sun, In exactly the same

way, we may say that the •* Position of V^enus in space" is sym-

bolically expressible as the ** Heliocentric Vector of Venus, Plus

the Position of the Sun in Space or as the " Geocentric Vec-

tor of VenuSi plus the Position of the Earth i* and similarly in

other cases.

21. All this, as you perccire» is very simple and intelligible;

nor can it ever lead you into any difficulty or obscurity, if you

wiU only consent to uee from the outset, and will take pains to

remembtr that you use, the sigfis in the way wliich I propose
;

although that way may not be, or rather is certainly not, alto-

gether the same with that to which you are accustomed. Yet

you see that it is not in contradiction to any received and estab-

lished use of symbob in Geometry, precisely because no meaning

is usually attached to any expression of the form, " Line plus

point'* (Compare 13). Such an expression would he simply un-

meaning, according to common usage; in short, it would be

nonsense : but 1 at»k you to allow me to ?nake it sense, by giving

to it an iNTEiiPiiETATiON ; wliieh must indeed remain so far a
DEFINITION, as that you may re/use to accompany me in assign-

ing to the expression in question the signification here proposed.

Yet you see that 1 have sought at least to present that definition,

or that interpretation, as diveetedqfapureiy otMrarifcharacter j

by shewing that it may be regarded as the mental and symbolie

counterpart ofanother definitional interpretation, which has al-

ready been assigned in tliis Lecture for aiiotiier loiai ol spoken

and written expression ; n.imely, for the form, " Point minus

Point:" which would, according to common usage, be exactly

a$ unmeaning, not more so, and not less, than the other. If you

yield tothe reasons,or motives ofanalogy,which have beenalready

stated, or suggested, for treating the Diffbbbmcs of two Points

a Line^ it cannot afterwards appear surprising that you should

>e called upon to treat the Sum o[ a Line and Point, as being

another Point,

22. Most fully do 1 grant, or rather assert and avow, that the .
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primary signijieation which I thin propose for + in Geometry, is

altogether «)istincC from that of denoting the operation of com-

bthifvj two partial i/iwj/iUudeSy in such a manner as to make up

one total inagmtude. But «^urely every student of the elements

of Algebra is perfectly ySuRiiioi* with another use qfpluSf which

is not leu dUtinct from such merely quantitative aggregoHomf or

simple ariikmetical addition* When it is granted, as you all

know ii to be» that ^ (Negative Seven) + (Positive Three) « (Ne-

gative Four)," where the mark + is still read as Pins {* and

when this operation of combination is commonly called, as you all

kjiow that it is called, " Algebraical Addition," and i*? said to

produce an ** algebraic sum," although the resulting number Four

(if we abstract from the adjectives positive" and negative")

is the ariikmeiical difference, and not the arithmetical sum, of

the mmbere Seven and Three : there is surely a suifieient depar-

tare, thua aatkarited alreat^ by received eeientific usage, from

the merely popular meaninge of the words addition," sum,"

aud ** plus," to justify me, or to plead at least my excuse, if 1

venture on another but scarcely a greater variation from tl 10 same

first or popular meanings o^ those words, as indicating (in com-

mon language) increase of magnitude ; and if 1 thus connect

them, from the cutset of this new symbolical geometry, with

CHANGB OF POSITION III J^pOCe.

23. It seems to me then that it ought not to appear a strange

or unpardonable eateaeion of a phraseology which has already

been found to require to be extended, in passing from arithmetic

to algebra, if I now venture to propose the name of symbolical

ADDITION for that operation in Geometry, which you have seen

that I denote in writing by the sign + ; and if 1 thus speak, for

example, in the recent cases of the Symbolical Addition of « to

winch operation has been seen to correspond to the campositiom,

or putting together, in thought and In ezpression, and therefore

to the (conceived or spoken or written) syntbbsis, of thb two
cowcKPTioNs, 0/a STBP (») ond the bboimnino (a) of that step

:

and NOT {primarilij) to any syjithesis or aggregation oj magni'

tudes. Thus if we now a(^ree to give to tiie ber/inning of the

step, or to the imttal position, the name vehend [punctum vc-

hendam, the point about to be carried), because this is the point
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on which we propose to perform the act of tbction ; and if in

like manner the point which is the end of the step» or thefinal

position (the punetum vectnm^ the point which in this view is re*

garded as having been carried), be shortly called the VBCTUM

;

while the step itself has been already named the VFc roii : we

may then estal)lish a technical and generalformuhi for such fsym-

boUcal addition in geometry^ which will serve to characterize and

express its nature, by saying that, in general,

« VBCTOM » TBGTOR 4 VBHBMD ;'*

while the corresponding generalformula for sinnholtcal su/UraC'

Hon in geametry^vrith the same new names, will be the following

:

«« VBCTOR = VBCTUM - BHBND."

Nor shall I shrink from avowing my own belief that this general

formula, Vectum = Vector -i- Vehend, may be considered as a

TTPB, represenling that primarif sifnthesis in Qeometrff^ which,

earlier and more than any other, ought to he regarded as ana-

logous to ADDITION, in that science* and deserves to he denoted

accordinirly : namely, the metital and symbolical addUiun (or

application) nfa vfctor to a vehend, not at all as parts of one

magnitude, but as elements in one construction, in order to

generate as their (mental and symbolical) snm^ or as the result

OP THIS VBCTioN, or transport, a mrw position in spacb, which

may he thought of as a pnnettm vectum^ or carried point ; this

BCTUM being simply (as has been seen) the end of that line, or

TBCTOR, or carrying path, of which the vbhbnd is the beginnint;,

24. These relations ot end and betjuiniug may, ot course, be

interchanged^ while the straight line rotainn not only its

length, but even its situation in space, although its c^<rec/fon will

thus come to be reversed: for we may conceive ourselves as re»

turning from b to a, after having gone from a to b. ThiBpath

ofreium^ this backward step, or reversed journey, considered as

having for its office to carry back {reoehere) a moveable point

from B to A, after that point has been first carried by the former

VECTOR from A to B, may naturally be called, by analogy and

contrast, a rbvector; and then we shall have this general Jbr^

muia qfrevection,

R8VBCTOR + TBCTUM - VBHBND ;
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together with this other connected formula

:

VBRBND - VBCTUH « RBVBCTOR.

Tfie fnjmixjl for tiiis reverfor will thus be a - b, if the vector be

stiil lienoted by the symbol B - a ; that is to say, these two oppo^

site symboiSf

B>A and A.~B,

which, in their analytic aspect^ were formerly regarded by m
(aee 9) as symbols of two opposite ordinai relatione in space,

corresponding to two opposite stepfi, are noWt in their synthetic

aspect^ considered as denoting those two opposite steps thevi'

selves; nanieiy, the Vector and Revcctor. With reference to

the ACT OF KEVBCTiON, the point u, which was formerly called

the veetrnn, might now be called the rbvbhbmd ; and then the

pount A, which was the vehend before, would naturally come to

receive the name rbtbctom. Bat I am not anxious that you

should take any pains to impress these last names on your me-

mory
;
though 1 think that it may have been an assistiinee, rather

than a distraction, to have thus bricHy suggested them in passing-.

25. If in the general loiinula lately assigned (in 23) lor

symbolical addition in geometry, namely the formula, vector -f

vehend = vectum, we substitute for vector its valuCy or equivalent

expression^ namely, vectum - vehend, as given by the corres-

ponding general formula already assigned (in same art. 23) for

symbolical subtraction ; we shall thereby eliminate (or get rid

of) the n-ord " vector," in the sense that this word will no longer

appear in the result of this subtraction; which rcsuU will be the

equation,

Vectum - Vehend + Vehend =» Vect^^.

In symbols, the correiponding elimination of the letter be-

tween the two equations,

B-A = a. »+A = B, (18, 19)

gives, in like manner, the result :b-a + a<=b. In ordinary

Algebra, not only does the same result hold good, but it is said

to be identically truct and the equation which expresses it ii

called an identity ; and in the present Symbolical Geometry it

may stUl be called by that name : in the sense that its truth does

not dependj in any degree, oti the positions qfthe twopoinlSf a, b ;
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but only on the general eimnexionf or contrast, between the two

OPERATIONS ofordinal analysis and stnthbsis, which are here

narked by the signs - and For the formuU b - a+ a « b, or

more fully, (b - a) + a » B) may be considered as expressing, m
tliu present system of symbols, that if llie position \ be operated

on (svnthetically) by wliat has been called the syiiibolical ad-

iiUiun (or application) of a suitable vector^ namely b - a, it will be

changed to the position u ; «ucA suitable operator (b- a) being

precisely thai vector which is conceived to have been previom^

ducovcred (analytically) by what we have called the symbolical

mbtracikm of the proposed vehend a from the veeium b. Until

the points a and b are in some degree known, or particularized,

the line B - a must also be unknown, or undetermined: yetmust

this line be such (in virtue of its definition, or of the rule for its

construction) as to conduct, or to be capable of conducting,^om
the point a to the point b. We hnow this^ and this is all we
know, about that line, in general : and we express it by the ge*

ueral equation or identity, b - a + a « b.

26. In like manner, if we eliminate the word " Vecturo," or

the letter n, between those general oquauoiib or lurmulie ol sym-

bolical addition and subtraction in geometry which have been

already assigned, we arrive at this other idenHty^

Vector + Vehend - Vehend = Vector

;

or in symbols,

a+a-a«a; or more fully, (» + a)- a « a:

which must bold good for any vehend a, and any vector a. The
same result would evidently be true, and identical, in ordinary

Algebra also : but it is here to be mtt t prettd as sigtiifyinir that

if, from utiij piiint a, we make any rectilinear step a, and then

compare the end a + a of this rectilinear step with the beginning

a, we shall be reconducted, by this analysis of the rebtive posi*

tion of these two points, to the consideration and determination

of the same straight Une a, which is supposed to have been

already employed in the previous construction, or synthesis.

You will find hereafter that fWflwy o/Acr instances occur, o!i \\1hcIi,

luiwever, it uill be impossible in these Lectures luii^^ to delay,

or perhaps ofteu even to notice them at all, where equations or
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resolUi tliat are true in ordinary Algebra, hold good aUo in this

new sort of SyinboUeal Geometry ; although generally regarded

in new lighU^ and bearing new (if not enlarged) significaiums*

27. In all that has yet been said respecting- the acts of " vee-

lioii" and ** reveetioii," or the /mc« "vector" and revector,"

we have hitherto had occasion to con^idt r o/i/t/ (wo points ;

namely, those which have been above named the vehend" (of

the revectum) a> and the vectum" (or revehend) Let us

now introduce the consideration of a third faint, c, which we
ahall not generoUy suppose to be situated on the straight line ab,

nor on that line either way prolonged; but rather so that the

tbree points jiBC may admit (for the sake of greater generality)

of being regarded as the three corners of a triangle. And let us

conceive that the former act of vection^ whereby a moveable

point was before imagined to have been carried from the position

A to the position B, is nowjbiiowed by another act of the same
kind* that is to say» by an immediately wceeeHve tfection, which

we shall call on that aeconot (from the Latin word pronehere)

a PROVBCTioN : whereby the tame moveable point is now car-

uitu FARTHEE, though fiat (generally) in the same straight line,

but along a new and different .siraifjht line ; and is in this manner

transported from the position u to the position c. We shall thus

be led to consider the line c - b as being a new and sueceuive

ffeetor, which may conveniently be called, on that account, a
VEOVBCTOR ; the point b, which had been named the Feetumj

may now be aiso named the provbhbnd, with reference to the

new act ofprovection here considered, and which begim where

the old act of veclion ends: while, with reference to the same

new act of tiansport, or provection, the point c will naturally

come to be called (on the same plan) the prqvbctum. And
thus we shall have, for any such successive veetion, the formula*

rioveetuj + Vectum = Provectum

;

as aiso the conoected formula,

Provector = Provectum - Vectum.

It is worth noticing here, that if we suhatitute, in the first ofthese

two new equations, for the word ** Vectum,*' its value^ or equi-
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valent expression, namely, Vector + Vehend" (23)^ we thAll

be thereby led to write this otherJbrmuia ofpravecium:

^ Provector + Vector + Vehend = Provectum.

28. In symbolS} if we write the equation

C - B e b,

eo that the small Roman letter b ehatl here be iiaed as a short

symbol for ihe provector, while a remains, as before, a symbol tor

the vector, and satisfies siiii the equation (lb),

B ^ A ea;

we shall then ha?e not only, as before (19),

B = a + A, '

but also, in like manner,

c »b+ B.

And then, by dimincUing b, we shall have also this other for>

mula,
C = b + a + A

;

or more fully,

c «b + (»+ a).

We may also write, without introducing the symbols a and b,

C-(C-B)-}- ((B-- a) + a) ;

becanse the second member of this equation may be reduced (by

25) to (c - b) -1- B, and therefore to c ; or, more concisely, we
may write,

c - (c - b) + (b - a) + A

;

which gives again, in wordsy

Provectam » Projector -f Vector + Vehend.

The last symbolic fonnnla (with a, b, c) is in common Al t^'i bra

an identity ; and we see that is hi re also at least a r/encral ( (/na-

tion {oJ prov€ctioh)f which holds good for run/ three points of
space^ A, B, c, independently ofthe positions of those points, and

in virtue merely of the laws of composition and interpretation of

the symboUf or in virtue of the relaiiotu between the (conceived)

operoltonf which the signs denote : so that it may perhaps be

here (compare 25) a obombtrical idbntitt.
I. Astronomically, wemay conceive c to denote the position

le centre of a planet ; while a and b denote still the positions
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of the centres of the earth and sun : and then, while the vector

(b - a) is still the geocentric vector of the sun, the prwttetar

(c - b) will be the heliocentric vector of the planet. And in a

phraseology already explained, we shall not only have as before

(20) the equation,

Sttn's position = Sun's geocentric vector •¥ Earth's position,

and in like manner,

Planet*8 position = Planet's heliocentric vector + Sun's position^

but also, by a combinatioH of these two assertions, or phrases, or

equations, which combination is effected by subsUiuHng in the

latter of them the equimUni for the Sun's position" which is

supplied by the former, we shall be able to conclude the correct-

ness ot the following other assertion (in this general system of

expressions) :

** Planet's position - Planet's Heliocentric Vector

+ Sun's Geocentric Vector+ Earth's Position.'*

30. Instead of thus imagiiiinir a inovuahle point to be carried

in 8UCcessio?i, first along o//f? straight line (b - a) from a to n, and

then along another straight line (c - b) from b to c, which lines

have been supposed to be in general two successive sides, ab, bc,

of a triangle abc ; we may conceive the moveable point to be

CARRiBD ACROSS, by the straight line (c - a) or along the third

side, or base, ac, of the same triangle, from the original position

A to the final position c. And this lu w act oi transport may be

called a TRANSVECTION (from the Latin word transvehere, to carry

across) ; while the line c - a, when viewed as such a cross-car^

Tier, may be called a transvkctor : and the points a and c,

which were before termed the Veheod and the Provectum, will

now come to be called, with reference to this new act of tran^

port, or transveetion^ the traksvbhbko and the transvbctuh,

respectively. Comparing then the names of the three points, we

shaii liave the following new equations, or ex^tresawns oj equiva^

Unce between them

:

Traosvehend a Vehend -a; *^

Provehend - Veetum • B ; >

Transvectum a Provectum » c : J

each corner of the triangle abc being thus regarded in two dif-
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ferent viewSf or presenting itself in two different connexions, and

receiving iwo names in consequence thereof* on accoant of its

relations to some two out of the three different acUf or operations,

of veetion, provection, and transvection. And by a suitable se-

lection among these names for a and c, the following equation

(see 25),
c « (c - a) + A,

may now be translated as follows

:

Provectnm = Transvector-i- Vehend*

31. Combining this result with another recent expression for

the Provectum (at end of 27), we see that we may now enun-

ciate the equation

:

Projector + Vector + Vehend » Transvector + Vehend

;

each member of this last equation being an expression for one and

the same point, namely the Provectum, or the point c. Anci

when this equation had once been enunciated, under the form

just now stated, an instinct of icmgua^e, which leads to the

avoidance of repetition in ordinary expression* and so to the

abridgment of discourse, when such abridgment can be attained

without loss of clearness or of force* might of itself be sufficient

to suggest to ns the suppression of the words plus vehend/*

which occur at the end of each member oi the c(j nation (+ beings

always rtad as plus). In this way, then, we may be led to enun-

ciate the following shorter formula

:

ProVBCTOR + VbCTOR " TaANSVBCTOR

this latter formula (which we shall find to be a very important

one) being thus considered, heret as nothing more than an ahuke-

viATioN of that longer equation, from which it is supposed to

have been in this way derived.

32* In symbols, if we write

c - A ««

thus makinpi^ c a symbol of the transvector ; and if we compare

the expression hence resulting for c, namely (see 19)*

c « e + A*

fith the ezpiesrioii already found (in 28),

c = b + « + A

;
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we shall thus be led to Ihe equation,

which we may (in like manner) be tempted to abridge^ by the

omission of + a at the end of each of its two members ; and so to

reduce it to the shorter form,

which agrees with the recent result, Provector+ Vector - Trans-

vector (31) ; because a, b, c denote here the vector, provector,

and transvector, respectively. Or, without introducing these

symbols a, b, o> if we compare a recent expression for c» namely

(•ee28),

with this other expression (compare 25),

C = (C - a) + A,

and suppress + a tn botht as before^ we shall thus be conducted

to the general eqvaHonf or geometrical (as well as algebraical)

lOBNTITT :

(c-b) + (b - a) = (c - a);

which again agrees with the result (of 31),

" Provector + Vector = Transvector."

33. In a phraseology suggested by astronomy, and partly em*

ployed already in this Lecture, we have on the one hand (as in

29),

Planets Position = Planet's Heliocentric Vector

+ Sun's Geocentric Vector + Earth's Position ;

and on the other hand (see 20),

Planet's Position = Planet's Geocentric Vector + Earth's Position.

Comparing these two different expressions for the position of the

planet in space^ and suppressing a part which is common to both,

namely, the words

" Plus Earth's Position,'*

we shall be led to say that

Planet's Heliocentric Vector

+ Sun's Geocentric Vector

- Planet's Geocentric Vector:*'

where the g^eocentric vector ot the planet is to be regarded as the

transvector in the triangle, if the planet's heliocentric vector be
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the provectort while the geocentric vector oi' the suu ia the origi-

nal vector itself.

34. Since (by 27),

Provector = Provectum VdCtiuii»

while (by 30 and 23),

Provectam » Tran8vector+ Vehend,
and

Vectum-e Vector + Vehend,

we have the equation

Provector = (Transvector + Vehend)

- ( Vector + Vehend) ;

which may conveniently be abridged to the following formula :

" FbOVSCTOR » TBilNSTXCTOB - VbCTOR.'*

Thus, in astronomy, we may say that

*' Planet's Heliocentric Vector

«= Planet's Geocentric Vector

-Sun's Geocentric Vector;**

regarding^ the second member of this equation as an abridgment

for the loUowing expression :

(Planet's Geocentric Vector + Earth's Position)

- (Sun's Geocentric Vector + Earth's Position)

;

which we know to be equivalent, in the phraseology of the pre^

sent Lecture, to

** Planet's Position - Sun's Position ;**

and therefore to Planet's Heliocentric Vector,'* as above,

35. in symbols, because (by 28, 32, 19),

we have the equation

b-(c + A)-(» +A);

which may be abridged to the following

:

b = c - a-

l^his signification of c - a allows us also to extend to geometry

the algebraical identity:

(c-'A)-(b-a) = (c -b);

and generally it will be found to prepare for the establishment of

a complete agreement between the rules of ordinary Algebra and
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those of thopraieiil Symbolical Geometry, Bofar as addUion and

mbtraction are concerned* Thus, if we compare the two equa-

tions (32» 3ff),

\vc find tluit c:eneraily, tor any twu co-initial vectors, a, c, we
may write {an in ordinary Algebra),

(c- »)+ a-»ej

and that for any two successive veeiorSf •» we ha^e also (as in

Algebra) :

(b + a) - a « b
;

wbich new geometrical idenlUies are of the same forms as some

others that were lately considered (iu 25» 26), namely,

(b - a) 4- A » B ; (a + a) ~ A « a.

Indeed tbey have with these a very close connexion, as regards

their signijications too, arisini*- out of the way in which they have

been above obtained ; yet because a, b, c have been used as

symbols of points, but a, K c as symbols of lines, it would have

been illogical and hazardous to have confounded these two pairs

of equations, or identities, with each other; or to have regarded

the truth of the one pair as an immediate consequence of the

truth of the other pair.

3G. We sec, however, that the uriginal view whiL'li has been

proposed, in the present Lecture, for the primary significations

of + and - in geometry, as entering^rst into expressions of the

(unusual) forms Linephu Poin^* and Potn^ minus PoUu^"

conducts, simply enough, when followed out, to interpretations

of expressions of the (more common) forms Line pius Litie"

and ** Line minus Line:" and that thus, from what we have re-

garded as the PRIMARY ACTS o/synthesis and analysis (of points)

in (/eumetry, arise a secondary' synthesis and a secondary

ANALYSIS (jof lines), which correspond to the romposition and

decomposition of vections (or of motions) ; and which are sym-

bolized by the two general formulsa already assigned (in 31, 34),

namely,
Transrector»Provector+ Vector,

and
Provector = Transvector - Vector.

The first formula asserts that ofany two euceesiive veetant
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or (iireeled lines (the second or added line being conceived to

^^iM where the first line ends), the geometrical sum is the line

drawn from the beginning of the first to the end of the Mcond

line* The second formula assertfi, that of any two cfhinitial

vectors (or directed lines), the obombtrical oiffbrbncb is the

line drawn from the end of the subtrahend line to the end of the

line from which it is subtracted. The sum and the difference of

two directed lines are thus two other lines liavifiof diroction ; and

the geometrical rules for determining them are found to co-

incide in this theory^ ^ several othbrs also, with the rules

of composition and decomposition of motions (or o/Jbrees),

For, although it would be unsuited to the plan and limits of

these Lectures to enter deeply, or almost at all, into the history

of those speculations to which their subject is allied, yet it seems

proper to acknowledge distinctly here, as I am very happy to do,

that (whatever may be thought of the foregoing general views

respecting + and the recognition of an analogy between

addition andsubtraction qfdirected lines, on the one hand,

and fompositionand decomposition ofmotiqvs on the other hand,

is nothing private or peculiar to myself. Indeed, the existence

of this fundamentally important analogy has, in different ways,

presented itself to several 01 iikr thinkers, starting from various

points of view, in many parts of the world, duriniu^ the present

century : so much so, that it may by this time be well nigh con*

sidered to have acquired, in the philosophy of geometrical science,

what I cannot doubt its possessing sttU more fully in time to

come, the character of an admitted and established truth, a fixed

and settled principle. But of those more novel and hitherto less

partictpated views, respecting the multiplicatiok and division

of such directed lints in geometry, on which the theory of qua-

TSRNIONS is founded, I perceive that our time requires that uc

should postpone the consiileration to the next Lecture of this

Course : for which, however, 1 indulge myself meanwhile in

hoping, that what has been laid before you to-day will be found

to have been an useful, and indeed a necessary prepmration.
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37. You have had laid lie fore you, Gentlemen, iu the fore-

going Lecture, a Btatement or at least a sketch of those general

vitwSf TCtpecting the primary mgnifications of the marks

+ and

or of the words plus and minus, with which views, in the C ^iU

culus of Quaternions, 1 connect the two corresponding opera-

Homt of Addition and Subtraction in Geometry* -With me, as

you hare Men» the primary geometrical operation which has been

denoted by the usnal mark and the one for which I have ven-

tured to employ the lamiliar name subtraction, though gnarded

sometimes by the epithet tpmboHeai, consifis in a certain ordinal

Analysis of the position ot a mathematical point in space. This

Analysis is p< rjormed^ as you have seen, tliioii^rd flie comparison

of the position of the point proposed for inquiry, with the posi-

tion of another mathematical point ; and it is pictured^ or repr^

seoted) by the traction (or drawing) of a straight limb» from

the given to the sought pontion ; from the analifzer point a, to

the anafyzand point B : from the one which is regarded as being

comparatively simple, familiar, or given, to the other which is

(for the purposes of the inquiry) accounted to be comparatively

Cfunplex, uriknown, or sought. In this way, the symbol B - a

has come with us to denote the straight Une from A to B ; the

point A being (at first) considered as a known thing, or a datum
In some geometrical investigation, and the point b being (by

eoatrast) regarded as a $anghi thing, or a qucuiium : while b - a
Is at first supposed to be a representation of the ordinal relation

in space, of tlie sovi^ht point n to the ^iven point a; or of the

geometrical difference ot those tu o jnnn/s, that is to say, the

difference of their two positions in space; and this difference is

o
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supposed to be exhibited or constructed by a straight line. 'VhuSf

in the astronomical example of earth and sun, the lioe B - a has

been seen to extend^^om the place o/obeervaiian a (the earth),

io the place qfthe observed body b (the sun) ; and to serve to

coMiTBCT, at least in thought, the latter position with the former.

38. Again you have seen that with me {he primary geonK-

trical operation dt iioted by the mark +, and called by the name

ADDITION, or more fully, symbolical Addition, consists in a cer-

tain correspondent ordinal synthesis of the position of ao^^the-

matical point in spaee. Instead oicomparing such a position, b,

with another position a, wenoicr r^ard ourselves as deriving

one position irom the other. The point b had been before a

punctum analyzandum ; it If now a punetum eonetructum. It

was lately the subject of an analysis; il is now the result of a

synthesis. It was a tnark to be aimed at ; it is now the end of a

flight, or of a journey. It was a thing to be inveetigated (ana-

lytically) by our studying or examining its position ; it is now a

thing which has been produced by our operating (synthetically)

on another point with the aid ofa certain tnetrumeMt namely,

the straight line b - a, regarded now as a vector, or carrying

path, as is expressed by the employment of the sign of vectiow,

-f, through the general and identical formula:

(B - a) + A B B.

That other point a, instead of being now a punetum analyzansy

comes to be considered and spoken of sls r punctum vehcjidum ;

or more briefly, and with phrases of a slightly less foreit^ri form,

it was an anah/Ter^ but is now a veiikxd; while the point B,

which had been an analyzand, has come to be called a vbctum,

according to the general formula

:

Vector + Vehend = Vectum

;

where J'his is (as above remarked) the Sin-n of \'ection, or tlie

characterisiic qf'ordinal synthesis, I rom serving, in the astro*

nomical example, as a post ofobservation^ the earth, a, comes

to be thought ofas the eommencement qfa tnuuition^ b - a, which

while thus beginning at the earth is conceived to terminate at the

sun; and conversely the sun, b, is thought of as oecopying a

situation in space, which is not now proposcii io be studied by
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observation, but is rather conceived as one which has hmn reached^

or arrivifd at, by a journey, transiiion, or transport of some move-

able point or bodyfrom the earth, along the geocentric vector of

the eoD. I think that this brief review, or reeapitulaiiim, of some

of the chief features or main elements of the view already taken,

of the operatifms of Addition and Subtraction, or of the marks

and will be found to have been not useless, as preparatory to

onr entering now on the consi(Ieration of the anahf/ous Hew
which 1 take of the operations of Multipiication and Division, or

of the marks x and -f- in Geometry.

39. The Analysis and Synthesis, hitherto considered by us,

have been of an ordiiial kind ; but we now proceed to the con-

sideration of a different and a more complex sort of analysis and

synthesis, which may, by contrast and analogy, be called car-

dinal. As we before (analyiioally) rompared a point, b, tcith

a point A, with a view to discover the ordinal relation in 9pace

of the one point to the other; so we shall now go on to compare

one directed /ine, or vector^ or rat, /3» with another ray^ a, to

dbcover what (in virtue of the contrast and analogy just now re-

ferred to) I shall venture to call the cardinal relation of the one

ray to the other^ namely, (as will soon be more clearly seen), a

certain roniplcx relation of length and of direction. As one

among the reasons for the adoption of such a phraseology which

may admit of being most easily and familiarly stated, while the

statement of it will serve, at the same time, as an initial prepa-

ration, or introduction, to questions or cases of greater difficulty

or complexit y , let me remind you that when the condition /!3 « o -f a

is satisfied, it is then permitted, by ordinary usage, to write also

/3 o ~ 2 ; the quofi( nt <>f ^j, divided by a, being-, in this case,

equal to the cardinal number, two. Under the same simple con-

dition, it is, as you know, allowed by custom to write also /3 =

2 X « ; and to say that the multiplication of n, by the same car-

dinal number, two, produces /3. Now I think that we may not

improperly say that we have here, in the division, cardinally

analyzed ^, as a cardinal analt/zand, with respect to a, as a car-

dinal analyzer ; and that we have ohftimt d the cardinal number^

or quotient^ 2, as the result of thi^ cardinal analysis; while, in

the converse process of multiplication, we may be said to have

D 2
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employed the same number, ttcOf a cardinal operator^ or as the

instrument of a cardinal synthesis, which instrument or operator

thus serves as a multiplier, or as afactor, to generate or to con-

struct /j, as aproduct or as ^Jactum^ from a as a multiplicand or

faciend. In so simple an instance as this, it might be better,

indeed, to abstain from the ase of any part of this phtaieology

wbieh should seem in any deg;ree unusual ; but there appears to

me to be a conTenience in applying the foregoing modes of ez«

pression to the much more general case, where it is proposed to

cowparr any ONE ray, /3, with any other ray, a, with a view to

discover the complex relation of length and of direction

of the former to the latter ray ; or, conversely, to cmMmcl or

gmerate ^/rom a» by making we of sueh a relation.

40« In adopting, tben» from ordinary algebra, as we propose

to do, the general and identical formula,

we shall now suppose that ^ -^ o denotes generally a certain

metrof/rajihtc relation ot the ray p to the ray a, inclutinir/ at

once, as its metric clement, a ratio of length to length, and aUo, '

as its graphic element^ a relation qfdirection to direction. The
act or proceu qfdiscovering such a metrographic relation, de-

noted by the symbol ^ a, we shall call, generally, the car-

dinal ANALYSIS of j3, as an analyzand, by a as an analyzer. And
the coiKveree act of employing such a cardinal relation, when

already found or given, so as to form or to construct (3 by a suit-

able operation on a. namely, by cdtering its hmjih in a given

ratio, and by causing its direction to revolve through a given

angle^ in a given plane, and towards a given hand, we shall call

a CARDINAL STNTHB8I8. The cardinal analysis abore mentioned,

we shall also call the diyision, or, sometimes more fully, the

egmbo^eeddt^on ofthe ray ft
hy the ray a ; and the usual name,

QOOTiBNT, shall be occasionally applied by us to the result of

this division, that is, to the metrographic relation denoted above

by the symbol /3 -r- a, and supposed to befound by that cardinal

analysis, of which the mark -^ is thus the eign^ or the charac-

TBRiSTtc, In like manner to that converse cardinal synthesis, of

which the eharaeteristic is here supposed to be the mark x, we
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shall give (from the analogy which it will be found to possess to

the operatioo coniinonly so called) the name of multiplication,

or sometimes, more fully, that ofggmhoUcai multipUcatioD* And
wheo, after writing an equation of the form

P-i- a = q,

we proceed to iran^finrm it into this other equation,

flr
X a = /3,

(by an application of a ^'eneral formula lately cited), wo shall say

that q has been multiplied into a, or (sometimes) that a has been

multiplied htf q ; atwf«iiii^, however, to say, conversely, that q has

been multiplied 2y o, or a into q. Thus q^ which had, relatively

to the cardinal analysis ( ), been regarded as a quoOentf will

come to be regarded, and to be spoken of, with reference to the

caiiiiiml synthesis (x), as a multiplier^ or as a factor; while j3

may still be called, as above, a product, or a factum : and a

may, by contrast, be called a multiplicand^ or a faciend.

41. Without yet entering more minntely into the considerap

tion of the precise force, KndJuU geometrical signification, of

that act or operation which has here been called MuUiplieation,

or FACTION ; it may be seen already that the general type of this

process of car final synthesis is, in the present phra^Lology, con-

tained in the ioilowtng technical statement, orJbnnula

:

VACTOE X FACIBND = PACTUM ;

where we shall still read, or translate, the mark x by the word

•*iNTO.** It is clear also that the converse process of wliat has

been above called Division, or cardinal analysis, has, iu like

manner, its general type in the reciprocal formula,

FACTUM -T- FACIEND = FACTOR ;

where the mark 4- may still be translated, or read, as equivalent

to the word ** bt." And it is evident that these two general and

technical asserdons, respecting the hind of (symbolical) Multi-

plication and Division in Geometry which we here consider,*are

closely analogous to the two correspondiriir formulse, already

assigned (in art. 23), as types of those earlier operations^in geo-

metry which were there called (symbolical) Addition and Sub*

traction, namely, the two following

:
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Vector+ Vebend- Vectom;

Vectum - Vefaend = Vector.

42. It is easy to push this analogy farther with clearness and

advantage. Wc have, for iostauce, the geiicrai iurmula oi uieu-

tity,

Caelum -j- Faciend x Faciend= Factum;

which corresponds to the identity (of art. 25),

Vectum - Vehend + Vehend = Vectum.

More Goadsely and symbolically, the written identity (of art. 40),

/3 -r a X a»j3» corresponds exactly to the earlier identical foN

mnla (of same art, 25)» b - + a » b. Each is to be considered

as telling us nothing whatever respecting the poinii or Unet

which seefn to be conipared, and of which tlie symbols enter into

the lormulae ; but only as expres>inirj eacii in its own \vay, a

general relation, of a metaphysical rather than of a mathematical

kind, between the intellectuai operations, or mental actSf of

theaU and of Analifsis* For each of these technical formalaa may
be regarded as an embodiment^ in one or other of two different

mathematical forms, of the general and abstract principle, that if

the KNOWLEDGE previously acquiued, by any suitably pt rformui

ANALYSIS, be afterwards suitably applied, bit the Synthesis an^

swering to tliat Analysis, it will conduct to a tmtable result :

which retuU, thus constructed bff tkit sgntheHit will be the very

SUBJECT (whether point, or line, or other thing, or thought)

which had bun analyzed b^re* Or that whaterer has been

finmd by Analysis may afterwards be tued by Synthesis (or at

least may be conceived io be so used); and that the thing^ or

thought which is produced (or rc-produced) by this si/nf/a n'r pro-

cess, will be the same with that which bad beeu examined ot sub-

mitted to analgsie previously.

43. Conesponding remarks apply to the written and spoken

identities,

and
Factor x Faciend -r Faciend = Factor

;

which are obviously analogous to the identical formulas (of 26),

a+A-A = a,

and
Vector + Vehend - Vehend * Vector.
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lu fact these technical formulse may be regai Jeii as hein^ iiicrely

so many different maihematical modes of embodying the general

and abstract priuciple, that whatever specific iMirument (a or q)

of any kmum tori of syothe^is (+ or x)« is conceived to have been

pteviouslif u§edi in operating on a known m^jtet (a or a)> may
be conceived to be n^UrwardBfinmd^ by the convene act ofana*

lysis (- or -?-).

44. After Lomjiariiii; any two rays, a and |3, with each other

by cardinal analysis, iii one order (\-^ with n), we may choose to

compare again the same two rays among themselves^ but in the

€§fpanU order (a with /3); exchanging thus the places of the

analyicr and analyaandi in the process of the cardinal analysis.

The relations, or Uic quotients^ thos obtttned, and denoted by

the symbols /3 -f- a and o -r- 0, may be called reeiproeai cardinal

relations, or reciprocal quotients ; as (in art. 9) we called b-a
and A - B the symbols of two opposite ordinal relations. Con-

sidered as reciprocal operators, or as inverse factors, the same

two symbols, fi-^n and a -i-^, may be said to denote, respeo*

lively, a Factor and its answering bbfactor; as the two oppo-

mU siqft denoted by b -a and a • B, were called (in art. 24), in

respect of each other, by the names of Vector and bbvbctob.

And in reference to this act of KErACTioN, we might call /3 the

REFACiBND, and a the KEFACTUM; as B has been called (in 24)

the RBTEHEND, and a has been called the RsvacTUM.

46. We shall now proceed to make a farther extension of this

sort of phraseology ; of which extension the deficiency (what-

ever it may be) in elegance will, it is hoped, be compensated by

the systematic convenience which will arise from its resemblance

or analogy to the language of the former Lecture ; and from the

consequent illustration which may be tiirovvn on one set of

thoughts by their 1h ing brought into contact or jimtaposition

with another set, which other has been already considered. I

venture, therefore, to propose to yoQ to speak now, or to allow

me to speak, of an act ofpbofaction as being performed, when,

after having constracted a second ray fi^from nfirti ray by a

fir$t act offaction^ or ofcardinal synthesis, snch as has been al-

reatiy -| okt^ :i of, we proceed to the construction of a third ray, -y,

Jrom the second ray, fi, by the perloimancc ofa new and successive
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aet of tyiithems, of the same general kind as before ; although

this new act offaction, by which we pass to y from /3, may not

(anil t^t'iierally will not) be a simple continuation^ or a mere re-

pelitiotiy of the first factor act, but may (and genemlly will) be

performed with a quite different factor as its instrument. And
tiien that third aet of the same sort, which is able of itself atone

to replace^ or is einglyequivalent to, the eyetem qfthese iwoeme*

ceteive ode of fiustion and profiietiony may be called an aet of

TRAN8FACTION.

46* Writing then the equation,

and, therefore^ also (see art. 40),

we shall callr the pkofactor, because it is the instrument or

agent in the second successive act, abore mentioned, of cardinal

synthesis, or is'the operator of that |»r^cluwi» by which the ray

y is generated or constructed from the ray /3, after ^ has been

already constmeted from a by the former act of (action. And

with reference to the same surcessive faction, or pro-faction, we

shall call /3 the profaciend, and y the profactum ; in such a

manner that we shall be able to enunciate the foliowingy&rmif^

qfprq/aetion

:

Profiictor X Profaciend = Pro&ctum

;

together ^ith the converse formula,

Profiictum ^Profactend sProfaetor

;

as in the foregoing lecture we migt)t have said in speaking of

provectioHf

Provector + Provehend = Provectum

;

and

Ph>vectum~ Provehend » Provector.

47. And inasmuch as the same ray, |3, is here considered and

nanu'cl as the Pro/aciend, which had before been named, in a

different connexion, the Factum^ we meiy substitute for the word

Pro&ciend," in the first verbal formula of the last article, the

word " Factum," so as to obtain this other formula (analogous

to one of art. 27),
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Profactor x Factum = Prol^ctum.

We may also proceed to substitate here for Factum," its value

(amigDed by art. 41), namely, tbe equivaleot exprettion,

i actor x Faciend ;

and so obtain this other generalformula ofproJcicHm (analogoiu

to tbe formula of provection at tbe end of art. 27),

Profiietor x Factor x Faciend- Proftctum.

In symbols, if,

J3
« ^ X a, and y-rxfi,

we may write, by elimination of ji.

Or, because = /3 -j- a, r = -y ~ we may write the idetUicaHot'

mula (analogous to one in art. 28),

Y'(7-!-^)>«03-5-«)5<«.

48. Conceiving, in tbe next place (see end of art. 45), tbat

the two successive acts of faction and profaction are replaced by

a single act of the same sort, equivalent to the system ofthese

two; namely, by a certain act of transfaction, in which the

Operator, or tbe transfactor, shall be (for tbe present) denoted

by tbe letter t ; we may tben write

7«»x a; y-r-a = s ;

and with respect to this act ot7ra;^/ac/ ton, may cull a theTRANS*

FACiBND, and y tbe transfactuh. We shall thus bave tbe two

general and reciprocal formulas,

Transfactor x Transfaciend = Transfactum ;

Transfactum -f- Transfaciend= Transfactor

;

witb two identities, deducible by tbe comparison of tbese. And
because tbe ray y is bere at once tbe tranqfixeium and tbe prth

factumy according as we consider one or the other of tbe two
operations if which that ray is the result ; while the other ray,

namely, a, is at once thefaciend and the transfaciend ; we may
enunciate this other general formula (compare art. 3U),

Transactor x Faciend « Profactum

;

as, in symbols, we bave the identity,

(7-ro)xa-y.
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49. Equating then the two expressions for the Profactum, or

for 7, found in the two last articles, we have, in symbols (com-

pare 32), the formula

(y a) y a* (y -5- ^) X O^ «) X o

;

and in words (compare 31) we have this general enunciation,

Transfactor x Faciend » Pro&ctor x Factor x Facieod.

Henee (compare again the aame artidet 31 and 32), we may be
naturally led to adopt the two following abbr€maied forms of

assertion, namely, in symbols,

and in words,

TEAK8FACTOB e PROPACTOK X FACTOR.

You see, then, that each of these two last equations (of which

the first is true and identical in ordinary algebra also) is here re-

garded as an abridged form, which is to be restored (where

required) to its complete original significance, or full and deve-

loped expression, by reHoring the suppreued symboU^ x a, or by
restoring the suppre$ied words, Into Faeiend;" exactly as it

was supposed (in the articles recently referred to)» that the iden-

tical equations,

(c - a) s» (c - b) + (b - a),

and

Transvectors Prorector+ Vector,

were abridged Jbrms^ which were to be interpreted^ or restored

to their full meanings, by restoring the symbols + a at the right

hand of each member of the one equation, or the words ** Plus

Vehend" after each member of the other. And we see that, on

the present plan, as well as in ordinary algebra, whenever we
have (aa above sappoaed)

y = j3-T-a; r^y -^ft; s=y -^-a:

and when we have, therefore, also the equation (in which each

member is » y, and the ray a is conceived to have some actual

length)^

txa>Brx^xa;

we may then Mremate this last equation to the shorter form,
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30. In like manner, because, under liie concliuons recently

mentioned, we have

r - 7^ /3 - (* X a) -2- X a),

or

Prolactor = (Tiantfoctor x Fadend) (Factor x Faotend),

we may also agree to u^rtVe, more concisely (compare art. 35),

and also to (compare art. 34),

PUOFACTOH = TRAN8FACT0R -f- FACTOR.

And thus we shall be conducted (as in ordinary algebra) to the

following identieal formulsa (compare 35)>

which have, indeed, a very close coooexion, both of form and of

signification, with the identical equations (of articles 40» 43),

yet which are mt^ in the present system, to be coi|/!mmM there-

with* For a, /3, 7, hare been supposed to be riiyt, or directed

right luies in tridimensioTial space ; while r/, r, «, are here nol

(generally) rays, or lines, but certain rcsidts of cardinal analysis,

or instruments of cardinal synthesis, namely, certain j^eometrical

quotients orfactor the precise nature of which we have pro-

pped to ourselves to consider more closely soon, but concerning

which we have as yet no right to assume that they must neces-

sarOy follow, in all respects, thesame rules ofcombination among

themselves, as the rays a, /3, 7. (Compare art* 35).

51. It may be useful here to collect into one talmlar view

(analogous to tiiat of art. 30) the names above assigned to the

three rays, o, ^1 y ; wiiich names have been the following

:

CI • Faciend = Transfedend

;

^= ractum = Prolaciend;

7 = Proiactum - Transfactum.

Each of the three ra9f«» which are here condderedand compared,

receives thus, as we see, two different nameSi on account of its

being regar<Kd in two different as connected with and con-

cerned in some two out of the three different (although similar)
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actii ot Miction, pro faction, and transfaction
;
exactly as (in art. 30^

each of the three points, a, b, c, was formerly tabulated as re-

ceiving two names, on accouDt of its connexion with some two

k>S the three acts of vectiony provection, and transvecdon.

02* To draw sUU more closely together into one common
contemplation, or eonspectuSt what has thus been separately

shewn in the foregoing and in the present lecture, we may now

conceive that the three rays^ a, /3, 7, are three divertring" edr^es

of a pyramid, abcd, which has a new point, d, for its vertex,

and for the common origin, or initial point, of the three rays;

while the base of this pyramid is the triangle abg (of art. 27),

which has the three old points, a, b, c, for its three comers. We
may then write, in the notation of the former Lecture,

a = A- D; |3 = b- d; 7 = 0- 0;

and shall have also the relations,

b = c-B = 7-/3;'

c = c- A = 7-o.

And we may say that while each of the three patnUf a, b, c, re-

oeives two different names, or designations, as belonging at once

to two different sidee of the trianolb of vbctions, abc, each

oi the three rays^ a, /3, 7, receives, in like manner, two names,

as appertaining at once to two difftrent fac t s of the tvh amid of

FACTIONS, a)37 ; namely, to some two out of the three ^Aces whicli

may be called, respectively, the^Sice offaction {aft or adb) ; the

fitce cf prqfixctim {fiy or bdc) ; and the face qf tranefi»eHom

{ay or ADC).

53. All this may be illustrated by the two following diagrams

;

of which one (fig. 6) is desijj^ned to represent the triangle ofvec^

tions, ABC, while tlie other (fig. 7) is intended to picture the

pyramid qffaciions^ afty>
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In astronomy we may still conceive, as before, tliat the three

points A, B, c, are situated at the centres of the Earth, Sun, and

Venus, respectively; and may then imagine that the i'ourtb pointy

D, is sitiiated at the centre of the Moon.

Thus the three direrging edges of the pyramid, or the three

rays, a, /3, y, will coiDctde, Id this astronomical example* with

the 9elenocentric vectors of the Earth, the Son, and Venm, or

with the three rays from the centre of the Mouu to the centres

ot those three other bodies.

54. And as (in art. 36) we saw that what we had beg^n by re-

garding, in the formerLeetore, as iheprimary aigmficaiicm of the

marks -f and - in geometry, eooducted to certain teeondarjf signi"

ficoHom oftAofetwo characteristics ofoperation; so now,from what

hare been, in the present Lecture, eoncdved as the primary sig-

nificatioiis of ihc marks x and wc ina\ observe that we arc eon-

ducted to certain analoi^ous and srcundar// siGfuificatioiis of these

two other marks or characteristics. From expressions of the

forms, line FLVB point" and point minvs pwnt^** we were

before led on to the ezpremions of the forms, ^* line plus line^*

and " lime miiws Hne" And, in like manner, from expressions

of the forms, factor into raty," and "ray by ray' (where the

raya do not differ in kind from the lines before considerttl, and

where the words tnto and hi/ are equivalent to the marks > and

4-), we have since been conducted to expressions of the forms

*' factor into factor/' and " &ctor'^// factor for we have been led

to assert that " Pro&otor, mnltiplied into Factor, equals Trans-

fiictof^ (art. 49), and that " Trans&ctor, divided hy Factor, equals

Profactor" (art. 50). It Is true that these two last assertions, like

the two corresponding enunciations of the preceding' Lecture,

namely, ** Pro vector V'ector= Transvector" (art. 31), and

" Transvector minm Vector = Provector" (art. 34), have, a/yi>*/,

offered themselves to our notice as mere abbreciatione of certain

other and longer statements, in which the marks -h - x had all

retained what we have regarded as thdr primary significations.

But as we saw (in art. 36), that the abridged expressions of the

forms " line +line," and '* line - line,** might suggest a certain

derivative or secondary onli/uil sif/it/it^is, and a corresponding

derivative or secondary ordinal analysis, which might be called
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(as in fact they often are called) *' adtJit/ou and subtraction of

lineSf' and might be interpreted (as in fact they often nre inter-

preted), as answering to the composition and decomposition of

vections (or of motions) ; so we may now see that the newer ab-

breviated expreMiont of tbe forms fiictor x foetor'* and factor

4- foctor/' may mggeMi a certain derivatire or gacoMDABT cae*

DIVAL 8TNTHBSU, and a certain other and correspondent derira*

tive or SECONDARY CARDINAL ANALYSIS, whicli may be called

Midtipltc({tion and Division ofFactors" and which admit of

being interpreted as answering to the composition and decom-

position OF factions, or of operaUom of the 6u:tor kind.

66. Thus* when (see fig. 6) we assert that the Proveetor,

c- By from the Sun to Venus, being addsd geometrically to the

Vector, B-Ay which extends from the Earth to the Sun, gives,

as the geometrical sum, tbe Transvector, c - a, which goes from

the Earth to Venus; we may in'ti tiphet the assertion (whiiL-

ever the original motives for enunciaf inq- it mav have been), as

expressing that to go straight accoss (trans-) from the earth to

the planet, if we attend only to the total orJinal bvfbct of this

process, or to the ultimate change qfpatUUm accomplished by

this mode of transport, comer to the aam$ things as to go Jint

from tbe Earth to the San, and a/lerward$ from the son to the

planet. And in like manner when we assert (see fig. 7), that the

Profactor, y -r- ^3, being multiplied geometrically iw^o the Factor,

/3 -T- a, produces tbe Transfactor, 'y -f. a, we may interpret the

assertion by saying that to change at once the seleoocentcic ray

or vector of the Earth to the selenocentric vector of Venns, is^

a$ toJinal eghctf the same tkmg^ as to change>Srr< that seleno-

centric vector of the Earth to the selenocentric vector ofthe Sun,

and t^enoards to change this selenocentric vector of the Sun to

the selenocentric vector of the Planet. An act of vcclion may

be compounded with a subsequent act of />ro-vection into one sin--

gle act of //afi««vectioo ; and, in like manner, an act qffaction

(which changes one ray or vector to another) may becompoumied

with an act ofj>ro-factioB following it, into one single act of

IroiM-foction, which as to its effect, or the ultimate result of its

operation, shall be equivalent to the system of those two former

acts of the 6amc kind. To move hucccssively along the two sides.
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AB, BC, of any triangle, abc, is to move, upon the whole, from

the first point, a, to the last point, c, of the basc^ ac. To sweep

over the face, adc, of the pyramid, abcd, from the edge da, to

the edge oc, or from the ray a to the ray 7, is an operatioa

which has the $ame first w^fecif and Ihe tame kut reauli^ aa lo

sweep Jirsi orer the fiioe, adb» from the edge da to the edge

DB« or from the ray a to the ray /3, and then orer the face bdc*

from the edge db to the edge dc, or from the ray /3 to the ray

y, (Compare the commencement of art. 48.)

56. It has been noticed (in art. 64) that there exist two Ivinds

of secondary wialysis^ ordinal and cardinal, which answer to the

two kinds, recently illustrated, of secondary synthesis : namely,

those two modes of analysis which consist, respeetirely, in the

diMmpoiiUim of vectums^ and f)ifiietiom* The first or ordinal

kind ofsecondary analysis has heen called thentbiracHm oflines

;

the second or cardinal kind of secondary analysis has been called

the division offactors. The diagrams lately exhibited (figures

6 and 7) may serve to illustrate these two processes. Thus we

have been led to say (see fig. 6), that the subtraction oftheVe^
tor B - Ay from the Transvector c - a, gives the Frovector c - B
as the remainder; or that the snbtraction (compare art. 34) of

the geocentric vector of the Son from the geocentric vector of

Venus, leaves, as remainder, the heliocentric vector of the planet.

And whatever JiioLiL-e of abridgment may have cri<ji)ially led us

to enuneiato tliis assertion, while tlie mark - wns still confined

by us to what we regarded as its primary signification, we may

now be led to imtbrpbbt the assertion as expressing, that if the

act or prooess of iramveetunh from the earth a to the planet c,

be obcomposbo into two successive vections, of which theJlrH

is the given net of veetion from the earth to the son b, then the

secohd component must be (or be equivalent to) the act of pro-

veetion, from the Sun n to Venu« c. l his, then, is an example

of what we have called secondary ordinal analysis, or Analysis

OF VacTioify arising out of that primary and ordinal analysis,

or Abaltsis of Position, namely, the examination or study

of the poMtionr of onepoint B as compared with another point a,

which primary sort ofanalysis in geometry was considered in the

former Leetnre* And in like manner, from that primary and
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cardinal analysis, or Anai.ysis of directed distance, on which,

in the present Lecture, we have entered, by comparing one ray

with another ray a, we have been conducted to a secondary

eardimU ana^fsis^ or to an Analtsk of Factiok ; that is, to a

dicompasiiion factor act tfito two other acts ^fthe same

kind^ which may be illustrated by figure 7. For we may say that

if the act or process of trantftiction^ from the ray a to the ray y,

that is (ill our example) from the selenocentric vector of the rarth

to the selenocentric vector of the planet, be decomposed into two

successive acts of the same kiadt of which the^rst is given to he

that act oiJkUUm whereby we pass from the ray a to the ray fi^ or

from the lelenooeotric vector of the earth to that of the san, then

themomfhftmud to be (or to be equvalent to) that other act, of

projhetionf whereby a passage of the same sort is made (along

the remaining face of the pyramid) from the ray j3 to the ray y,

or from the selenocentric vector of the Sun to the selenocentric

vector of Venus. And thus we may, if we think fit, interpret

the assertion, that the Transfactor divided by the Factor gives

the Profactor as the Quotient or in symbols, we may tWer-

pret thus the formula,

whatever desire of such abbreviation as might be gained by the

omission of the twice-rectirring signs, x a, or by the suppression

of the twice-repeated words, *^ Multiplied into Faciend," may

have^et indmced us to adopt the latter usual formula, or the

former mode of verbal enunciation, while the marh -j- and the

name Division were still, as yet, confined by us to what we re>

garded as their primary significations : and were therefore em-

ployed to denote only the comparison of onb dirbctbd dis-

tance WITH ANOTHER.

67. As cxm)ij)lf si of such comparison or analysis, which may
illustrate what has been already said, we shall here consider a few

verysimple cases ; in some of which the compared rays shall agreo

with each other in direUum^ but dijgkr firom each other in kn$ik i

while in other cases they shall, on the contrary, agree in length,

but dtflTer in direction.

Supposing then, first, that we have not only (as in the ex-
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ample of article 39), /3"a + a, but also ys/B 4-/3 + j3» aa is re-

presented in this figure,

We shall then evidently have, not only /3 -4- a = 2 (as in 39),

hut also 7-i-^ = 3, and y ^ a^6. In this case, then, the

fiuitor q, the profactor r, and the transfactor are respectively

equal to the cardinal numbers, 2, 3, 6 ; and the general relation

(of art. 49) connecting them, or the formula, s^^rxq^ becoming

here simply 6e3x2, is obviously, in this example, consistent

with ordinary arithmetic ; as is also the inverse formula (of art.

50), r = s -~ g, since it becomes here 3 -^6 2. Now (compare

art. 40), that division of the ray, y, or of the line /3+/3 + /3, or

of 6 X a, br/ the ray or line /3, or 2 x a, which conducts to the quo-

tient 3, is what 1 call a primary cardinal analpsi^t or is an ex*

ample of what I regard as the primary operation of Division in

Geometry; nnce it leads to an expression for there/a<ic« Ungth

ofa line 7, as compared with another line /3 ; the reiatim ofdu
rections being already known to he, in the present ease, a relation

of snmeness, or identity. And on the other hand the (iivisioii of

the number 6 by the number 2 is an example of what I call a

condary cardinal analysis; at least when this operation u re-

garded as being the comparatively abstract analysis ofths ad
f^sexiupUng^ whereby that act (of transfaetiovC) is here decom-

posed into the given act ofdoubltny (which is in this case the

act offaction), and another act of the same sort (the act of pro*

faction)^ which is herefonvd^ by this decomposition, to be iheact

of triplintjy as is expressed by the arithmetical formula 6 -r- 2 -3,

according to the mode of interpretation of such formulae which has

been above proposed (in art. 56). In like manner in the sy$Uhetic

aspect of the question, or ofthe lines and numbers here compared

and combined, I regard as primary that cardinal synthesis by
which we canstmet the ray 7, or the line /3 + P + /3, by operating

on another ray /3 u itii the number 3 as a multiiiiier ; and I re-

gard as secondary that other sort of cardinal synthesis, by which

a
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we produce the number 'i (the transfactor), by muUij)lyin2: a num-

ber 2 (the factor), by auotber number 3 (the proiactor) ; or by

compomding the two sveeesnve acts of doubUn|^ and of tripling^,

iiUo a third act of the tame sort, nanely, the act ofsextupling^

as IB ezpressedy according to the mode of interpretation aboTe

proposed (in art. 65), by writing 6 » 3 x 2. We may, however,

according to another mode of interpretation already mentioned

(in 49 and 50), retain the furmuJff 0 = 3 > 2, and G -f. 2 =^ 3, wxthr

out introducing the conceptions oi such cornpositiun and decom-

poeitton of factions, provided that we regard theae formuin as

stMretmiltoM for the fiiller assertions

6 xii«3x2xo, and (6xa) ^ (2x a) = 3,

in which the signs x and -r- are used in what we have called their

primary significations in geometry. And similarly in other cases,

where the lengths wUy^ but not the directions, of the rays o, y,

are different ; and when therefore the iieictor, pro&ctor, and trans*

factor, are ordinary numherM^ which, in thu class of cases, are al-

ways poiitive or ahtolute^ although they may become fractional

or incommensuralilo.

58. A bliglitly (iiiTerent class of cases mny here be usefully

noticed, as conducting, on the same general plan, to the conside-

ration of negative numbers ; and as reproducing the usual rules

for the mnltiplication and diyision of such numbers: while it will

also serve as an useful preparation for those more complex pro-

ducts and quotients, of which we shall afterwards have to speak.

By principles already laid down, the snjn of any two opposite

lines is a null or evanescent line; for the transvector c- a va-

nishes, when the provectum c, becoming a rcvectum^ coincides

with the veheod a. In fact it is evident that ifwe first yo, along

any line ab, from a to b, and then reAint along the same line^

from B to A, we occupy the sameJbutlponthm as if we had not

moved at all. We may then say that

** RKVfiCTOR + VECTOR = Zh.RO;"

and that conversely,

aBVBCTOKs BBRO - VICTOR

the word zm, or the symbol 0, being understood to denote ft

nuUlinet when used in such connexions as these. I Lu^

Digitized by Googlc



UICTURE II. 51'

(a ~ B) + (b - A) = 0

;

and

(a - b) = 0 - (b - a)
;

which latter equation may be abridged to the following fornrala

(&miliar in ordinary algebra) :

a - B - - (b - a) ;

while, by a similar abridgment of disooane, we may w^^ in

wordfly that

RBVBCTOR « MINUS YBCTOR :

tmdarHanding or tacitly supplying the word zero before the word

snjNit, in order tobring this mode ofexpression into harmony with

others which have been already discussed. In like manner^ ifwe

eonoeiye the proreetum c to coincide with the prorehend B (and

not now with the rehend a), it will be the provector c - b (in-

stead of the transvector c - a), which will vanish, while the trans-

vectum and vectum wiU coincide; we shall, therefore, have

the enunciation

;

TBCTORa: ZERO +TBCTOR;

which may be abridged to the following form

:

VECTOR = PLUS VECTOR ;

the word zero being still underHood, In symbols we have (as in

•Igebra),

b-a = (b-b)+(b-a) = 0 + (b-a);

and more concisely, omitting the 0,

b-a»+(b-a).

Thus, a being- a symbol for a ray, or for a vector, t a comes to be

another Mffnihol lor the rnfne raij or vector : and - a comes to be

a symbol for the opposite ray, or for the revector corresponding.

In like manner, after agreeing that 3a shall denote concisely the

nme thing as 2 x a, the symbols + 2a and - 2d oome to denotet

respectively (as in fact they are often employed to do), the dou-

ble of the ray a itself^ and the opposite of that doubled ray ; and

similarly in other instances.

59. Now, I rliink, that the clearest way of viewing positive

and negative numbers^ at least as connected with Geometry (for

1 endeavoured many years ago to shew that such numbers might

b2
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be rog-arded a» presenting themselves in Algebra, accordin2; to

the view which 1 took of that science, as results of the division

of (me 9tep in time another), is to regard such numben as

being each the qootismt of the division of one stq> tn space,

that is* of one nj or vector^ 6y another eUp in space, which has

Its direction either exaetlp eimilar or else exaeify oppoiiie to the

former. Thus, the cardinal numbers, ** positive two*' and ** ne-

gative two," or + 2 ami ~ 2, would offer themselves in this view

as certain geometrical quotients, or at least as quotients of certain

geometricaii divisions, of that general kind which has been con-

tidefed in the present Lecture^ namely, as quotients of theformst

+ 2 = + 2a-^a; -2 = -2o-^o;

where the symbols + 2a andj- 2a are interpreted as in the fote-

going article, and do not (here) denote abstract numbers^ but

certain comparatively concrete conceptions, namely, certain rays,

or lineSf or steps in space. Observe now this diagram.

which is designed to picture the conceptions of the relations,

/3=-2a, yB-f 6a; and you will see that for this set of rays, a,

/3i Y» the values of the factor, profiustor, and translaetor, are the

following negative or positive numben

:

Factor g«j3^a--2j
< Proiactor or^y -i-0>-3;
Tiansfiietor e#ey^cia+6«

You see, then, that the general formula or rtde qfmuU^tlietUion

assigned in the present Lecture, namely, the rale

Transfactors Pro&ctor x Factor,

gives here, again, as in art. 57, a result agreeing with received

principles, namely, with those of elementary algebra, since it

gives

(+6) = (-3)x(-2);
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or in words, the result, that Positive Six equals the product of

Negative Three into Negative Two," You see, too, that (in

con^isttMicy with our present views) we may either regard this

elemeatary result as a mere abdrevicUion of the formula

(+ 6)xa = (- 3)x(^2)xa,

where the sign x may still be considered as being used in what

we have ealled its primary sense ; or we may tHierprei the same

result of multiplication, of the two negative numbers proposed,

as signifying that the two sueceuive aeU^ of negaiwtly doulUng

and negatively iripUngj compound themselves into the MingU act

of positii'thj sextupling. And it is obvious that analogous re-

marks apply to the converse formula of division,

(+6)-i-(-2) = {-8).

In general, this way of considering the multiplication and divi-

sion of positive or negative numbers (whether whole or fractional

or incommensurable), reproduces the usual rule qfthe signSf and

is, in all its consequences, consistent with common algebra.

60. A few words may, however, be said here upon the rolb
OF THE ijiciNS just referred to, in the hope that they may make

that rule and the ]^TeBent pn'ticiplex throw lig^ht upon each other.

Suppose, then, that we have, as in this figure,

the relations /3 = '0» Y"*-0» which give also (as the figure

shews) the relation y^+o* We might express these relations

under the forms

^»(-l)x«,7«(-l)x/3,7*(+l)xo,

end so arrive, on the plan of the foreguii]g article, at the well-

known ec^uatiou of algebra,

(-l)x (-!)-(+ 1).

But we might also write

' /3«(-)x«,-y = (-)xftr-(+)^«5

regarding the signs ( + ) and ( when thus employed, as being

thenMelves of the nature of geometrical^c^or« or mulHpliers

;
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because if tliey operate at all, they do so on the directions of

the rays, or lines, or steps, to the symbols of which they are pre*

£x€d, with the Mabk of vaction x interposed ; 80 that their opera-

tion, whether non-effeetire or effeeti^e, comes to be included

under that general head or class of operation to which it has been

already stated that we apply the name muU^ieoHon in geo-

metry. And then the general relation of multiplication to divi-

sio/if or of X to will enable us to form also, as expressions of

the same relations botueen the tiiree rays a, |3, 7, in fig. 10,

combined with the nomenclature ofpreceding articles, the follow-

ing little table

:

Factor =5'=/3-r-a = (-);
* Profactor =r=7-i-|3=(-);

1 ransfactor = * = y-y-o = ( + ).

The general formula profactor inio foetor eqnals transactor,"

or r X ^ tf, becomes, therefore, here, the particular formula,

(-)'<(-)=(+)j

and the converse general formula, transfactor by factor equab

profactor, ' or — j = r, becomes here,

(+)-;-(-)-(-).

The effect of the si<:;n T - ), when (/ij(s used a«« a factor, beiiicr to

invert the direction of the ray or step on which it operates (as is

exhibited by the arrows in the figure), this factor ( - ) itself may
be said to be an utybrsor; whereas the othar sign '( + ), when

similarly used as a foctor, may be called, by contrast, a nom-

VBRSOR, because iU effect is simply to preserve the direction of

the ray or step on which it operates, or seems to operate. We
may also say (by the introduction of another new but convenient

term), that the sign ( -f ), as a factor, non -verts the ray, to the

symbol of which it is prefixed ; or that its effect is a non-version:

whereas the sign ( • ), as before, Mi*verts, or its effect is an tn-

version. And thus the formula

may (on our general plan) be interpreted as ezprssung the re*

suit of a certain composition of factions ; that is, here^ a composi-
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tion of versions, or still more precisely, a composition of two

succtssive inversions, into a single equivalent operation, namely,

a no«- version. It signiftes, when translated into ordinary words,

that if we twice successively invert, or reverse^ the direction of

any step, we do what upon eke f^Aole, equivalent to leaving

the Btep unhanged: since, by this doMe alteration, we recovert

or restore, the original direction of that step. And in like man-
ner the converse formula,

(+)-=-(-)=(-),

nay, on the same plan, be interpreted as expressing the deeam^

position ofa non-version into two successive inversions; or as

signifying that if it be required to follow up a first inversion of

a step by some second operation, which shall, upon the wiiole,

prodace the effect of a non-version, or shall restore the step to

the direction which it originally had, this second or successive

operation must be Uteffwa inversion, or some operation equiva-

lent thereto. Remarks predsely similar apply to all the other

formulae of this kind, such as

(+)'<(-)-(-).

which may all be in like manner intprpretedf and with this inter-

pretation proved, if they be regartlecl as relating to compositions

and decompositions of inversions and nonversions of a ray^ or

more generally of a step in any proposed progression : the general

rule being evidently that any even number ofi»-versions areequi*

valent, on the whole, to a non-version ; and that, therefore, any

odd number of inversions are equivalent to a single inversion ; of

produce tiie siuucjinai clTctt, as tiiat saiiigie inversion would do.

61. It is evident also that if we should prefer to look at these

last signs ( + ) and ( - ) in their analytic instead of their ^^yi^^e^tc

aspect, or to regard them as quotients rather than as factors, they

would then (on the general plan already mentioned) come to be

considered respectively as symbols of the rblatioms of siHi*

LARtTT and opposiTioM between the direeiione of any two rays

or steps. Thus we might write again the formula,

io connexion with the lines of lig. 10, in order to express that on
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analyzing the directions of /3 and y (as marked by arrows in that

figure), considered &s analysands, with respect to the direction of

a considered as an analyzer, we should hnd by this comparison

(which we regard as being still a species of cardinal analysis),

that the relation of directious between /3 and aba teUtion of

cpptwiwn f but that the relaUon of directions between y and a is

a relation of similariijf. And in this analytic aspect of the signs

( + ) and (— ) as certain cardinal quotients^ the formula ( - ) x

(-) = (+) may be iiUerpreled as expressing tiiat tivo relatiom ot

opjjosit/on (of directions) comjiound themselves into one relation

oi similarity ; or that the opposite oj the opposite ot any direc-

tion is the original direction itself: while analogous and equally

simple interpretations might be given for all other formula of

this sort) on the plan of the present lecture*

62. In the two foregoing articles the three tines a, jS, yt

which were compared among tbemselTes, were supposed to have

equal lengths^ and to differ (so far as they diifercd at all) in their

directions or\\y \ oral most in their a/i.v in sjtacc, from which

situations, however, abstract, in the present inquiry or contem-

plation. The only operators of the cardinal kind, whether effec-

tive or non-effective, which have thus been brought into view by

the consideration of the example of art. 60, have been (as we
have seen) ih^factors ( + ) and ( - ), regarded as signs or cha*

racteristics of nonvcrsion and of inversion respectively ; and not

(when lis 'd ill this sort of connexion) as marks of addition and

subtraction; althoui;li it was shewn (in articles 58, ike.) how, in

the progress notation those earlier significations of + and -

which were connected with addition and subtraction, mighi gra-

dually come to suggest or to permit that oMer use of them,

whereby they are connected with multiplication and division.

63. On the other hand. In the example of art. 57, the three

lines a, y, which were there compared, had all the same direc^

tion, and differed only in their lengths. In that example, tljere-

fore, we had not occasion to consider any kind of turning, or of

VERSION ; but we had, on the contrary, occasion to consider what

may be called a stretching, or a tension, namely, that otker

operation of the factor kind, by which we pass firmn one given

length (and not from one given directiott) to another. It was on
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exterijiion (not on direction) in sjjace, that we operated in that

earlier example ; the act performed was an act of a metric^ and

not one of a gnqthic character. The agents, therefore, or the

/aeioTMp in those earlier operations of the cardinal kind which

were considered in art. 61^ may natnrallyt in conustency with the

plan of nomenclatttre employed in these Lectnresy receive the

general name of tbnsors ; and we may say, more particularly,

that the factor, profactor, and transfactor, were (in the example

here referred to) a tensor, protensor, anci tramteiisor respectively.

And although these three tensors, in the example of art. 57» being

the three cardinal numbers 2, 3, and 6 respectively, were thus

each greater than the number ofie» and so had the effect of ac-

tually lengtkemng the line (a or j3) on which they operated ; yet

it seems oonventent to enlarge by definition the signification of

the new word tensor, so as to render it capable of including also

those other cases in which we operate on a line by diminishing

instead of increasing its length ; and generally by altering that

length in any definite ratio. We shall thus (as was hinted at

the end of the article in question) have fractional and even in-

commensurable tensors^ which will simply be numerical multi-

pliers, and will all be positive or (to speak more properly) sioH-

LBSs NDMBBRS, that is, unclothcd with the algebraical signs of

positive and negative
,
because, in the opciatiaii here conbicier-

ed, we abstract from the directions (as weii as from the situa-

tions) of the lines which are compared or operated on. Thus

the three acts, of doubling a line, of halving it, and of changing

it from the length of a side to the length of a diagonal of a

square^ shall be regarded as beings all three, acU iemion

;

the tensors in these three respecUve acts being the integral num-
her 2, the fraetional number |>, and the incommensurable number

v^2. The act of re^toriuy a line to its original length, after

that length had been altered by a previous act of tension, might

be called an act of re-tbnsion, and the agent in the second

operation might be called a bs-tensob (compare art. 44) ; thus

any tensor and its answering retensor would simply be two

Dumbers of which each is (what is commonly called) the reeip*

roeal of the other; or, in their analytic aspect, they would re*

present ratios mutually tuverw. The number 1 might be called
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a NON-TEN soil, because it makes no actual alteration in tiie

length of the line which it multiplies ; just as the sign ( + ) was

lately oailed a non-tbb8ob, becauM it leaves unchanged the di-

rection on which it wems to operate. And the general formula

for the multiplication of inch $ignk§§ numbers^ or for the com*

position ofratios of lengths (or other magnitndea), will bfTer itself

with these conceptions and denominations, as a particular cast of

the general multiplication offactors^ or of the composilion of

cardinal relations, under the form (compare art. 49)

:

TRAN8TBNSOR = PROTBNSOR X TBN80R ;

together with the converse formula of division (compare art. 50):

• PR0TBK80R= TRANBTBNSOR 4- TBN80R.

64. As regards the example of art. 59f each act of faction

thtre considered may be said to have been compomukd of an act

of ten«oo, and an act of inversion or of nonyersion, according

as the numerical (but not ttgnkss) multiplier employed was a

negative or a posiiivo number j and we may express this concep-

tion by writing, in reference to that example

:

(-2)«(.)x2; ( + 6)=( + )x6;

with analogous expressions for all other positive or negative num-

bers. It is also evidently allowed to write, with a different ar-

rangement of the factors,

(-2)-2x(-); ( + 6)^6x( + );

since it comes (for example) to the same thing, whether we first

double a step and afterwards reverse its direction, or first reverse

and afterwaids double. We may agree to gi ve the general name

of SCALAR8 to all posttiTC and negative numbers (that is to the

EEALs of ordiiuiry algebra), on account of the possibility of con-

ceiving all such multipliers to be represented, or laid down, on

one common but indefinite scale, extending from - ao to + oo ,

that is, from negative to positive infinity.

fi6* Proceeding now to a more general examination of the di*

rectiong of lines, or rays, in -ipactf let us consider a somewhal

morecomplex case of the (analytic) comparison ofsuch directions,

the (synthetic) composition of versions, than any of those
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which were discussed in recent articles : and for this purpose let

i. denote three straight lines equally long, but diiferently di-

rected ; let it be also supposed that these three different directions

are rectangular each to each ; and to fix the conceptions still

more precisely, let as conceive that these directions of i, j, k, are

respectively southward, westward, and upward (in the present

or in some other part of the northern hemisphere of the earth)

;

So that i and j are both horizontal, but k is a vertical line. We
may further imagine that the common length of these three lines

in equal to some assumed unit of length, or more particularly, that

it is hjbat ; so that i is or denotes a southward foot» j is a west-

ward foot, andk is an upward foot. Then (by art. 6S) + i, ^ j, + k,

will be other symbols for the same three directed lines ; but -i,

— j, - k, will denote respectively a northward, an tastvvartl, and

a downward foot. This being agreed upon, let the three diverg-

ing edges, a, /3, y, of the pyramid in iig. 7 (of art. 53), be con-

ceived to be each a foot long, and to be directed respectively

towards the northern point of the horiaon, the aenith, and the

east point, so that we may write the equations

:

o»-i, /3« + k, y = -i.

The pyramid being thus constructed, we may next proceed to

study the three separate acts of faction, profaction, and trans-

faction, by which wc may pass respectively from a to j3, from p
to y, and from a to y, by operating on the directions of the rays

or lines a and j3, and, therefore, by performing what may be

called acts of vbbsion, provbrsion, and tramsvbrsion : since

it is clear that there is, in the present ease, no act of ^entt'oii per-

formed, the three lines which are compared being supposed to

be all equally long. The agents in the three acts which we are

tlius to stuiiy, may be called respectively the versor, the rno-

VERSon, and the transveksoii ; and we may already enunciate,

as a particular case of the general formula oi muUipUcation of
fictoTM in art. 49» the relation:

TRANSVERSOR PROVERSOR x VERSOR ;

which must, by the general conceptions and definitions of multt-

plieation already stated, hold good for every compaeition ofver*
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sio7is. We may also, in like manner, as a particular case of ihe

geoeral formula of divmon 0/factors in art* 50, enunciate this

converse reiationi

PROVBBSOR«TRAN8VBRS0a -r- VBRSOR ;

which is to be regarded as being likewise valid^ by the general

significations of the terms employed^ for every case of deeompoeU

tion t^vereimUi or of rotations,in geometry. We may also mo-
dify the phraseology of former articles, respecting the three lines

a, j3, 7, themselves, coiisiiiered now as the subjects or the results

of operations of the i^ersur kind, by naming those three lines as

follows (compare the table in art. 51) :

a = Vertend = Transvertend

;

< j3= Versum = Provertend ;

y s Proversum > Transversum

;

in order to mark, by this nomenclaLure, that we now al)stract

from the lengths of the lines, or that we treat those three lengths

as equal. We shall thus be able to assert generally (compare

art. 41), that

VBRSOR K VBBTBMD -tTBRSUM,

and that

VERSVU -4- VBRTBND « VBRSOR ;

with otlier analogous formulnR (compare articles 47, 48) for pro-

version and transversion respectively. But what the particular

acts of version oyv, for any particular set of lines or rays, as (for

example) for the set mentioned at the beginning of the present

arddcy it still remmns to consider.

66. In thb consideration or inquiry, we may assist oorsdves

by remembering the general remarks which were offered at an

earlier stage of the present Lecture (in articles 39 and 40). The
lengths of the lines which are t(^ bo compared being (in the {pre-

sent question) equal to each other, the metric element of the in«

quiry disappears, and only the graphic element remains* We
have, therefore, only now to inquire, as concerns the lines a and

0, throagh what aMgh^ in what pkme^ and towards whieh hand,

we to turn the line o as a given verlendf In order to make Ik

Digitized by Google



LECi U&B II. 61

attain the proposed direction of the rersu7n, that is of the line ^?
For the ansicer to this inquiry, when it shall be, in any manner,

ivith sufficient clearness and fulness assigned, will be, under one

form or other ofexpression, a sufficient description, statement, or

particularization of the sought ver«or, which we have already^ hf
antlcipatioii^ denoted by the symbol 0 h- o> and have called a
cardinal gwtieni.

67. Now, with the partieolar directions above assumed or

assigned, for the vertend and versum, or for the lines a and /3,

namely, those otherwise denoted (in 65) by -i and + k, or the

(horizontally) northward and the (vertically) upward directions,

it is clear that the angle of version is a right angle ; the plane is

wiendUnuU; and the axU of right handed rotation, from a to ^»
is a right line directed weetweard. In that little model of a tran-

sit instrument which you see here, the line a may be conceived

to be the telescope when pointed to a north meridian mark ; and

/3 the same telescope, directed towards the zenith. And when

I lay my hand on the westward half of the axis in the model,

and turn that part right handedly^ with a motion of tiie screwing

kind, you see that the northern (or object) end of the tele>

scope comes to be elevated^ while the southern {otege) end is de^

pressed. Continuing this motion of rotation through a quad-

rant of altitude, you see that I have erected the telescope in the

model, in such a manner as to cause it to attain a vertically

upward direction; an that thus I have, in fact, clmn^cd tlie

telescope (that is, its object half)from tlie direction symbolized

by a to the direction symbolized by j3. The required act of ver-

sion, symholised by ^ -s- a, has, therefore, in this case, been

actually and practically performed.

68. And since the (mechanical) agent in producing this (me-

chanical) rotation, or in this right-handed (or screwing) act of

version, has been an axis or handle directed to the west^ which

direction has also been lately supposed (in art. 65) to belong to

the line denoted by the symbol + j, I propose now to denote the

versor itself, or the conceived aoent of theconccived version^OT

of the purely geometrical rotation from a to /3, by the connected

sguMj; ayniling myself (as yon see) of the distinction between

tlM nnnan and the italie alphabets, to mark, at least temporarily,
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the distinction between the two different conceptions of a line, as a

turned and as a tumirnj tiling ; a versum and a versor ; a subject

of operation and an operator. We shall thus have, on the ge-

neral plan of notation already stated or sketcbed for you, the for-

mulie:
0^«-(+k)^(-i)=i;
>xa*yx(-i)-/3- + k;

and the -operation " or the operation of multiplying" a line

by the factor or versor is seen to have the effect of elevating a

tiansit teleseope from that position in which it is directed to the

north point of the horiion, to that other position in which it is

directed towards the zenith. The conception of this operation

may be illustrated by figure 11, where the omjis drawn as di-

rected to the west, and as ready to operate on the telescope or

line a, which line is, be/ore the operation, represented as directed

towards the north ; but is to be conceived as taking, ajler that

operation, the direction towards the zenith, represented by J3 in

fig. 12 : with which two figures, I shall here, by anticipation,

sociate a third (fig. 13).

Fig. 11. Fig. U.

Z

Fig. Id.

A

W
69. UaviDg thus passed, by the way of rotation, from a to ^,

or from - i to -I- k, there is no diffienlty in passmg similarly from

0 to y, or from +k to - j. Theact of vermon having been stu-

died and symboliased, it becomes easy to study and symbolise, in

like manner, the subsequent but analogous act of proversion.

We have passed from a northward to an upward position of the

telescope; and we are now to pass from an upward to an east-

ward position thereof. This cannot, indeed, be done by any such
meridional motion as belongs to an ordimtrp transit telcacope;
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but it can be done by that otJitr important mode of motion of a

telescope, of the ^'r/m-meridional kind, in tiie plane ofthepnwe-

verticalf which has been used, with great success, in some cele-

brated geodetic surveys, and also at some fixed observatories^ in

Russia and elsewhere. Having already erected the telescope to

the xemth lo thb little model of a trSDsit^ you see that I can turn

the model through a quadrant of aaimuth, so as to cause that

axis, OTsemiaxis^ which had been directed westward^ to take the

southward direction. And if I nofc l.iy my hnnd on the same

physical or mechanical semiaxis as before, but in its ?i€w and

southward direction, you see that the same sort of screwing mo-

tion, as that which was before employed, being continued through

the same angular quantity, namely, through a quadrant of rota-

tion of the telescope, in the plane of the prime vertieaif has the

effect of turning that telescope from the upward to the eastward

direction, or from the direction of /3 to that of y, that is, from

the direction of + k to that of- j. In short, you see that the re-

quired act of Proversion is thus effected ; and that I may natu-

rally denote the Proversor, or the agent of the proversion, on the

plan of the foregoing article, by the symbol t ; because, as yon

may see illustrated by the diagram last referred to (fig. 12), the

axis, or handle, of this prorersion, is, like the line already de-

noted by 4 i, a line directed towards the south. We are thus led

to write the equations :

r^/3 = (-j)-(+k) = ,;

t x/3 = t X (+k) = 7=-j;

by eomhintng which with the equations of the foregoing aiti-

cle, on the plan of art 49, we obtain these other formnbs

:

70. Proceeding to consider the iraHsver§i<mf we are next to

inquire what one rotation in a single plane would brings tiie ver-

tend a into the direction of the proversum y; or would cause the

telescope to pass, by a single act of turning, from its original and

northward, to its final and eastward direction. And it is clear,

cither from the model be£m yon of the eight-fiBet Circle, which
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belongs to the Observatory of this Univertity, or from the little

diagram above drawn (fig. 13), that the plane of this transversion

is horizontal; that its angular quantity is a quadrant; and thaty

if the rotation be still conceived to be rif^A/-handed» its axis is a

line directed yertlGaUy t^wardM: so that the Tnuuoertor itself

may be denoted (on the plan of recent articles) by the italic let-

ter ky because the axis or handle of its operation has the diree-

lion of the line which we have above denoted by + k. We bhall

thus have the formulae :

y^a = (-j)^(-i)«A;
kxa-kx {-i) = -}.

And by comparison of the last Yalne of 7 -i- a, with that assigned

in the preceding article, or by the general principle that trans-

ersorB proTcrsor x Terser (art. 65)^ we arrive at the simple bat

useful equation following

:

which may either be interpi eted (synthetically) as asscrtintr that

the quadrantal rotationj round a westward axis, Ining succeeded

by another quadrantal rotation 1, round a southward axis, produces

finally, and upon the whole, the same change of direction as that

third quadrantal rotation k would do^ which is performed round

an upward axis, these three rotations being all supposed to be

right-handed ; or (analytically) as expressing a composUum- of
relations ofdirections in space, which corresponds to this com-

position oj rotations.

71. After settling, as above, the significations of the symbols

ij^ A, regarded as certain quadranUU verwrs, or as symbols denot-

ing the conceived agents or operators of certain quadrantal and

right-handed rotations In the three rectangular planes of the prime

verdcal, the meridian, and the horison, round axes directed res-

pectively towards the south, the west, and the zenith ; we may
proceed to investigate, on similar principles, and by analogous

compositions of rotations, the symbolic values of all the other

binary products of these three factors or versors 1, k ; and

should find for eacAsuch product a dmtbrminatb result, nnaffected

by any change of the line (a) assumed as the original veriend^
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which chaiio^e the (^eiicral plan of the construction might allow.

Thus, in order to tiad anew the value of the product t x J, we may
indeed vary the vertend o, since we need not assume this line to

be (as was supposed in art. 65) a^&of directed towards the north*

We might assume the line a to denote any hnffer or shorter line

in the same northward direction ; but then we should only alter,

in the same ratio, the lengths of the two other lines /3 and -y,

witiiuut their ceasing to be directed respectively towards the

zenitli, and the east, so that the geometrical quotient 7 -7- a, or

the product i xj\ would still be found equal to A, since the pro-

versum y would still be a line of the same length as the ver-

tend Of and would still be advanced beyond it by a quadrant of

asimuthy while both these lines would still be contained in the

same horitonCal plane, if they be conceived to radiate firom one

common origin. We might even assume the vertend a to be a

line directed to the south, and not to the north as before; for the

only effect ot this change would be that the versum /3 would take

a dofwnwttrd (instead of an upward) direction ; and that the pro-

versum y would be directed to the weet^ instead of being pointed

to the east : and on finally comparing the (new) westward direc-

tion ofy with the (new) southward direedon of a, we should find

that y was stilly as before, more advanced in azimuth than a by

a quadrant, both bein^ still in a horizontal plane, so that y -^a

would still be found equal to k. It was thus (for example), that

in the recent act of version (68), the eye-end of the telescope iu

the model was depreseed from the south to the nadir ; while in

the proversion (69), the same eye-end was elenated from the

nadir to the west: and the eame horizontal tranenereUm (70),

which brought the ohject'end firom north to east, brought a/fo, at

the same time, the tye-end from south to west. In symbols, re-

taining^ the recent signiBcations of i, j, k, as well as those of t,

we might have assumed,

o- + i, /3--k,

initsad of the values or diteetions which were assumed for o, 0,

y^ in art. fid ; and then we afaiNild have had the relatkms.

r
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0H-«-(-k) + ( + i)«i;

r-/3 = (+j)-(-k) = .-;

7-T-o = (+i)-j-( + i) = A;

whence there would have followed) as before* the equation.

Nor could any variation of this result be obtained by assuming^

other positions of a ; for the plan of construction requiret that

this line a should have eiiher a northward or a southward direc-

tion, if it is to be used as the vertend in the determination of the

product i xj ; since it is to be in the plane of version, that is here

in the meridian plane, and is aUo to be perpendicular to the ver-

sum, or provertend, )3 > which latter line /3 must lie at once in

the two planes of version and proversion* or in the planes of the

meridian and prime vertical* and must, thereforci be a vertical

line, directed either upwards or downwards.

72. With respect to the other binary products of i, j\ l\ it is

easy to perceive, first, that we have, by an exactly similar com-

position of rotations, the formulse,

jxh^ij and A x»=y;

which only differ from the formula i •* A, by a cycUeal permuteb'

Hon of the symbols, and can, on this account, be easily remem-^

bered. In fact if it were required to determine directly the value

of the product^ X k, on the same plan of construction as before,

we should have to assume a direction for the versum j3, which

should be contained at once in the two planes of version and pro-

version, or be perpendicular at once to the axes of the two suc-

cessive rotations; thus /3 mast be perpendicular to both k and j,

and must, therefore, have one or other of the two opposite direc-

tions denoted by the ambiguous symbol ±i; and by a principle

already mentioned, it is unimportant which of these two we select,

the choice not affecting the value of the transversor 7 -i- a ; since

a chan^ in this choice can only invert 60M, at once^ of thediree*

tions to be finally compared. Assuming.then /3 + i, we easily

find that we are to assume, at the same time, a =^ - j, and 7 »-k,

in order that we may have
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and thus we find that the required product is

In like manner, to determine the value of ^ x i, we may assume

and we find that

*x.--(-i)^(-k)-y.

73. On the other liaiid, to find the value ofJ xi, although

we may still suppose, as in the example of articles 65, &c., that

the versum J3 is ilirected vertically upward, we must then vary

th^ direetioDS of a and y from those which were employed in that

example; for if we takej3<"+k, we mnst take a^+j, and ye+i,

in order that we may ha^e the relations,

txa«0»+k, yicj3«=yx( + k)»7.

The telescope is now to be conceived as being originally directed

to the west; as being next elevated to the zenith, by a rotation in

the plane of the prime vertical, of which the agent or rersor is

I ; and as being finally depressed to the south point ofthe horizon,

by operating with the proversorJ, It has, (herefore, in this ease,

been caused upon the whole to retrograde (and not to advance)

in azimuth through a quadrant, since it has been moved from the

west to the south. Or we might assume

i3
= -k, -y^-i,

because

«^(-j)=(-k),ix(-k)=-i;

that ia, we might oenceiTe. the telescope to be first depressed by

the versor t from the east to the nadir, and then elevated by the

proversor j from the nadir to the north point; but we should

«till have, on the whole, a retrogression of a quadrant in azimuth,

or a /^^-handed motion (from east to north) through a right an-

gle, round an axis directed vertically upwards. Thus,

>x, = ( + i)^( + j) = (-i)H-(-j);

but alM (by 72 and 60),

F 2
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and(-)x(+i)«(.i);

whence it follows that

(-l)-(-)x»x(-j),

and finally that

In words this comes to substituting for the quadrantal vel

sion in anmuth a quadnuitaL advaneef succeeded by an iiweraion

of the telescope.

74. But we may alto conceive the motion from east to norths

or from west to sputh, to be effected by a riylU-imxided rotation

through a quadrant, performed round a downward axis; and in

tJiis vieWf the transversar in the present question is seen to be a

line in the direction of -k, so that it mny conveniently be de*

noted by the symbol as is exhibited in figure 14,

We may then write also.

and in fact this shorter notation is seen to harmonize with the

formula recently obtained. It is proper, however, to observe

that we have thus been conducted to ane kitportani DXPiutTORB

(the only one, indeed, that has hitherto^ered itsdf to oar atten-

tion) the miss ormeeAoJiirai <{foonnnoii alobbra. For we
have been led to conclude the two gohtrastbd results

:

which shew that (in the present system) the multiplication of

versors among themselves is not generally a commutative ope-

"^flUan: or that the ohdbr of ihejbetors is no^ indifirtMi to the
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result. In hct we have been led to express thus a tusokem of

EOTATioMy vhieb is indeed very simple, but is» at the tame time,

erjr important^ and. which there is consequently an advantage

in having so short a mode of formuUaiog : namely, the theorem

that two rectangular and quadnaUai rataiiatu eompowtd Mcm-
seUtii into a third quadrantal rotation^ rectangular to both tJic

components, but having one or other oftwo opposite directions

(or characters, as right-handed or lett-handed, round one axis),

according as the composition has been effected in one order or m
ike other* It is thus that, for example, in figs. 1 1, 12, 13, if the ro-

tation denoted hyj beJbUowedhj that denoted by t, the telescope

has been seen to be turned upon the whole from north to east, its

intermediate position being upward ; whereas the same telescope

would (as we also saw) be broutrlit back from the east to the north,

through an intermeHiate and ili)\s nward direction, if the rotation

t were performedJirst, and afterwards the rotation^'; or would

be brought, as in fig. 14, firom a westward to a southward posi-

tion. It is easy to deduce, on the same plan, the analogous equa^

tions,

which are oonCrtif^etf lespeetively, in the same way, with the

et^uations

I-

and in which -t is a versor with a northward axis of right-

handed rotation, and ~j is another versor, with an eastward axis

of a rotation likewise rigbt>haoded. Or we may write (on the

plan of the last article) these other and equivalent formnlm

:

h x^'« (- ) X I ; i X k^(-) xj;

wiueh would express that the old resultant roUUiant round south

and west (in 72) were now to be succeeded by inpernons.

15. We have not yet comddered the squares of the symbols

A, or the producu equal ver&on>. But we have seen (in

73 and 69), that

tx(+j)«+k, andtx(+k)—j«(-l)xj;

by oombioing which two results it follows that
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IXtxj=(-l)xj,
or that

t X f = - 1,

Tlie same eonclottOD would have followed, ifwe had twioe suo-

cessivety operated by ^on the line -j, or on either of the two

lines f k. In sreneral it is clear lliat it any liiie in the pHine-ver-

tical (()r ill any oilier) phine receive two successive and simihir

quadrantal rotations, its direction is thereby on the whole iu-

verted or reversed, or multiplied by - I. For the same teason,

we have, in like manner, the values

:

We may also write more concisely (compare art, 60),

and may say that these three quadrantal versors t, j, k together

with their own opposites, -
1, -j\ - k, are skmi-inversors, or

produce each a semi-mversion. Indeed we see more generally

that every other quadrantal veksoh with ani/ arbitrary axis

in spacCf is, in like manner, a S£Mi-iisi\ £Rsor, and may be re-

garded as a geometrical eqwtre root qfneyative unitp ; or even

as a square root of mtnw, when minus" is treated as mfieior

:

so that every such vereor may be considered as inciuded among

the interpretations of (fu symbuL V -1 or(-)*; at least if we

suppose, for the present, each such versor to operate on a line

perpendicular to itself, or perpendicular to the axis of that quad-

rantal rotation of which the versor is conceived to be the agent.

76. It may have been noticed that we have not only the six

formulaB

;

= jxk = r, kxi
; X t = - A, kxj = -i^ ixk = -J,

Gonsidered as results of the muU^fiieatian qfvereorsf or of the

compotitiom o/rotationSi but also the closely analogous formulce,

{ixj«k, ixk = i, Axi«j,

yxi=-k, Ax txk«-j,

considered as the six results of so many single versions, nud not

of versions compounded uuiong themselves. These two sets of
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results correspond Indifferent conceptions and constructions, and

are not to be confounded with each other. We saw, for instance

(in connexion with the figures il, 1?. 13), that the formula ixj

s k expressed (es above interpreted) the result of a process,

whereby a telescope was first elevated from a northward to a

ertieal position, and then depressed to an eastward one, beings

thereby caused upon the whole to advance through a quadrant of

azinnuth. Hut the formula / ^
j

(which occurred in art. 73,

the line j being there denoted by a), expressed, at least according

to the interpretation already given, that a telescope originally

directed towards the west would be elevated to the zenith, if it

were caused to revolve right-handedly through a quadrant round

an axis directed to the south (as in the first part of figure 14).

The signification of the one formula (i^j=k) has thus been

made to depend on the consideration of three quadrantal rota-

tions, in three rectangular planes; whereas the signifieation of

the other formula (t x j = k) has been made to depend on the con-

sideration of a single rotation of this sort. Yet the two results

are by no means uneannecied geometrically, nor is it accidental

that their symbolic expressions have so close a resemblance to

each other ; for this syinbolical analogy arises from, and em-

bodies, a general llaortui oj' /of if/ ion. And I eoneeive that we

may now legitimately, and with advantage, avail ourselves of the

same analogy, or of the theorem to which it corresponds, to

penee with that epmbolie distinction which has been above ob*

served, between the three quadrantal versors t,^*. A, and the three

iineSj i, j, k, which have respectively the directions oftheir three

axes. Dismissing, therefore, or suspending, the use of the ro-

man letters i, j, k, I propose now to regard the formula i yj-k,
as being the common fxpression of the two connected results rela-

tive to rotation, of which one was illustrated by the three figures

1 1, 12, 13, and the other by the first part of figure 14. And in like

manner, each ofthe five other fonnulm ofthe same sort, respect*

ingthe binary products of k\ as for example, the formula/ x k

« t, will come to be regarcled as the common cuprtasion of two

distinct but connected results; one relative to a certain composi-

tion of versions, and the other relative to a single rotation. It is

dear that similar remarks apply to the comparison ofsuch results
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72 ON QUATBRMIOMS.

of division of rays, and of decomposition of versions, as are ex-

pressed by the follow ing formulse :

and by others aiudog-ous thereto.

77. In this manner we may be led to regard the three italic

letters i^j^ as symbols of the same three linbs which were

lately denoted by the three roinaii letters ji k. Or father, for

the sake of a somewhat greater generaUt^f in future applications,

we shall iioti^ say that 1,7, may be regarded as symbols of

ANY THREE MUTUALLY RECTANGULAR AND EQUALLY LONG

LINES, whose common length 19 still su|ij)osed to be the unit of

LENGTH ; while the rotation, round the first (/), from the se-

cond (/), to the third (A), is posixiva ; that is (as we shall still

suppose) right-handed: these last suppositions being a little

more general than those of art. 65, in virtue of which the three

lines i, j, k, were respectively a southward, a westward, and an

upward foot. And, on the other hand, we are eondaeted to regard

each of these three right lines, t, j, A, and similarly ev kuy othkh

UNIT LINE in space, as being a qi aduantal versor ; whose

operation, on any right line in a plane perpendicular to itselt,

has the effect of turning this latter line thkouoh a eight

ANGLB, towards the eight hand, in the same pbbpsndiculae

PLANE.

78. Indeed this view of the directional or geapbic opbea-

TioN of one right line on another line perpendicular tliereto,

whereby that operation is considered as producing or determin-

ing, by a rotation towards a given hand, a third line perpendi-

cular to hothy appears to be so simple in itself, and so intimately

connected with whatever is most chaeactbeibtic in the whol«

conception of teidimbnsional spacb, that we might have been

pardoned if we had chosen to eet out with it, and to obpinb that

such should be regarded, in our system, as the operation of mul^

tiplyUig one of ttvo rectangular lines by anothevt when direc-

tions alone were attended to. And then the contrast between

^e two formulae,

/t the non'Commutatiffe character of this sort ofgeometrical muU
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tiplication, would have offered itself to our notice, even more-

simply than in art. 74 ; as expressing, for example, that if a west-

ward line be turned right-handedly through a right angle, round

a southward axis, it is slevatsd to the zenith ; but that if (by

an interchange of operator and opmnd) a southward line be

taroedy in lika manner, round a westward axis, through a quad*

rant, and towards the right-hand, tl Is, on the contrary, d«-

PRB88BD to the nadir. And so many other oonseqnences eoald

be drawn from the same simple conception of this directional

s operation of line on line, that it might not be too much to say,

that the whole Theory of Quaternions, or that all the symbo-

lical and geometrical properties of quadriuomiai expressions of

the form w-^iat+jy+hz^ where « are any four scalar

coirsTiTOBiiTa (four positife or negative numbers), while I,/, k

aia THREi BBCTAKOOLAE TBCTOR UNITS, would admit of bdug
systematically developed from the supposed bbftnttion, above

mentioned, of this case of the geometrical atui qrapkic niulttpH-

cation of lines; at least if this were combined with those other

and earlier definitions of geometrical addition and subtraction,

whieh other definitions (as was noticed in art* 36) are not pecu^

Uar to quaternions, but are commm to Hwrai systems of appli-

cation of symbols to geometry. But it has seemed to me that

the subject allowed of its being presented to you under a still

clearer light, and with a still closer philosophic unity, by the

adoption of the plan on whieh these Lectures have hitherto

been framed, and on which it is my purpose to pursue them, if

favoured for some time longer with your attention.
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LECTURE III.

79. The two preceding Lectures, Gentlemen, will be fonnd,

I think, to have advanced us, in no inconsiderable degree, towards

a correct and clear un(lorst;ni<iing of the principles of the Calcu-

lus of Quaternions : since they have contained an exposition of

the primary (and of some of the chief derivative) signi^cUions

attached, in that Calculus, to the four elementary sigm + - x

or to the (bur fundamental operation of Addition, Sabtraction,

Multiplication, and Division, when viewed in connexion with

Geometry. Those primary significadons (in the view thus taken

of them) have indeed l)een stated^ at first, in a very general and

somewhat inelaphysicnl manner ; but thcv ha^ c since been illus'

trated by so many and such simple examples^ geometrical or

astronomical, combined with the exhibition, in some eases, ofap*

propriate models and diagrams^ that the seeming vagueness or

obscurity, whatever it may have been, of those early statements

(in art. 5), may be hoped to have been, by this time, sufficiently

done away. We must, however, now proceed to develope still

farther the same principles, and to apply them to new questions,

in order to render still more manifest their geometrical meaning

and utility. We may not indeed be obliged to enlarge, except

in a few instances, the nomenclature or vocabulary of the

science, which some may think already too copious ; but its no-

tation will require to be extended and illustrated by new defi-

nidons and examples. The concbptions themselves must be

still further unfolded and comhined; and the symbols by which

they are to be embodied and expressed niu-^t he vlicw n to be the

elements of a Calculus, possessing, on several important points,

its own appropriate nrLBS ; although aiming in many other res<

pects, and indeed wherever tbb can be done without sacrifice of
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its peculiar features, to renuer availnble, in conjunction with its

own D«w usages^ the results and habits of Algebra. More ge«

neral processes for geometrical Multiplication and Division must

be exhibited, than have been given in the foregoing Lecture

;

and these must be combined with those already stated, for geo-

metrical Addition and Subtracdon. And above all, it will be

indispensably required by the plan of the present Course, that

we should suon jtrocetii to consider more closely than we have

hitherto done, the questions, ky/tat is, in this System^ a Quatkr«
NioN ? and On what grounds is it so called?

80. The general notion of muUipiicationf or of faction, io

geometry, proposed in the foregoing Lecture, has been, that it is

an act or process wliich operates 1st, on the length of a ray ; or

2nd, on its direcHon; or 3rd, on both length and direction at once.

The multiplier or factor has been conceived to be the ai/fnt or

the optrator in thi-j act or process; and the muliiplieaiion of any

two factors iunong themselveSy in any assigned order^ has been

conceived to correspond to the composition of two successive acts

of &ction, and to the determimUionjtf the ageni in the resulting

act of iranqfiieiian. And the tnarh or characteristic of such fac-

tion, or of such compomtion of fiietions, has been with us the

£anailiar si^n y, pronounced or read, as usual, by the word into.

As examples of such FACi ouis in geometry, we have as yit con-

sidered only thefour foIlowin«r classes : 1. tensors or signle^^s

numbers, such as 2, 3, 6, ^, which operate only metricaUp

on the lengths of the lines which they multiply, and which are

to be combined among themselves, as factors, by arithmetical

multiplicatton, or by the laws of the composition ofrados; IL

SIGNS, namely (+) and (-), regarded as marks of nonversion and

inversion, which operate (m such) only to preserve or to reverse

the direction of a line, and are combined among themselves ac-

cording to the usual rule of the signs; HI. scalars, or sign-

bearing numbers, such as -2 or + 6, which, are simply the rea/t

of ordinary algebra, and are combined with each other as factofs

according to the known rules of algebraic multiplication, while

each may be regarded as being itse(fthe product of a tensor and

a sign, and may at once alter the length ofa line in a given ratio,

and also nonvert or invert it:> direction; IV. vbctoa-units.
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or quadrantai versors, such as t,y, A, and their opposites -
1,

ofwhich each is a fnaxely graphic operator, having the effect

of iitming a line, in a plane perpendictilar to itaolf, right-handedly

thtoogh a quadranty but hmng no power to alter the length of

the line whereon it thus operatei. As yei; theieftMrei we have

not considered, V. how to mnltiply one of two rectangular lines

by another perpendicular thereto, when the multiplier-line has a

length different irom th.it which has been assumed as the unit of

length; nor Vi. how to multiply a scalar b$ a vector; nor

VII. have we considered the product of two paralUl Hoes;

nmoh less have we sbewn» Vlii. how to multiply generally

anif one vector kff anif olAer, and thereby obtain a QuaiemUm as

the product; nor IX. how to mnltiply any one sach quater-

nion, as a factor, by any other quaternion. It is obvious that

there must remain questions of the same sort to be considered

with respect to the division of lines and of quaternions. But I

think that before entering on these new problems, it will be us^

fill to stiggest still another mode of elementary illostradon (be-

sides those given in the last Lecture) of the multiplioattons of

the IVth elass enumerated above ; because the smallest degree of

obscurity, existing with respect to these, would be fatal to our

subsequent success, or at U-ast would muterially interfere with

the facility and clearness of our future investigations.

81. Conceive then that there arc two clock faces or dial-plates,

one iSMSUig the south, as represented in fig. 15, and the other fiac-

ing the west, aa indicated in fig. 16 : where the letters Z, E,

denote^ as in some earlier diagrams, the cenith (or highest

point), and the west, east, north, and south, respectively. Then
the former of these two figures may become a sort of picture of

the "i-operation," and the latter figure of the " /-operation," if

we proceed to interpret them as follows, in fig. 15, with th-s

clock fiu» south, the i-operation, or the multiplication by the £bc-

tor i, has the effSeet o( advancing the hour-hand by three Aom,
or ofputting the miaQte4iand forward fifteen mtnutesi or a quarter

of an hour. And in like manner, in fig. 16, where the fiioe is

supposed to be turned towards the west, an exactly similar ad-

vance of either clock-hand (through a quadrant) is effected by

the^-operation, or by a muiiipiication by the factorj. Conceiv-
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ing, therefore, that we watch the motion of the hour-hand frora

IX. to XII. on the dial-plate witii face to the south (fig". 15),

and again from III. to VL pa that other dial-plate which facet

the west (fig. 16)» we wmy avf^Mie oureclvee to ns upon theee

Fig. 16. Fig. 1«.

z z

Fm* Sonth. Face Wm(.

dials, or clock*faoe8, that the hour-hand is brought 191 from +j to

A, by the >>opeiBtioii» but that it 00 the eontrary, brought

down from + 1 to - A, by they-opeiation, as narked by the enrred

arrows in the figures ; and thus, or by watching the motions of

the minute-hand on the same two faces, tiurinii; the fourth and

second quarters of an hour, we mii^ht in a new way exhibit to

ourselves the truth and contrast of the two important formul»

:

at least if (to fix our eoneeptions) we retain, for some time lon-

ger, that particular choice of the directions of the lines 1,7, A,

which is suggested by the examples given in the foregoing Lec-

ture. The figure 16 may, on the same plan, illustrate the for-

mul«;

ixk = -j\ ix(-J) = -A,

and, therefore, also the resulting formula,

txtxA«--A, ixt«-l;

which last result may be considered as here expressing, that if
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the miiiuto-fuiml he ndvAucvd upon the southward dial-plate,

throuo-h t wo successive quarters of an hour, it is brouglit from

pointing up to pointing down, or is otherwise reversed in direo

tion. In like manner, figure 16 ezbibite the reeults^ tlial

and tiiat consequently,

j xj xk = - jxj=- 1;

while the analogous results respecting the iUoperatton, or multi-

plication by the factor k, may be illustrated by aimply laying a

watch upon a table, with its face upward.

82. Assuming then that we are by this time quite familiar

(oompare 80, IV.) with the effect of a vector-unit^ such as i, or

J, or A, when thus operating as a graphicfactor on any line per-

pendicular to itself} let us consider, in the next place, what our

principles oblige us to regard as being the product obtained by

the multiplication of a line by another perpendicular thereto,

when (see 80, V.) the multiplier line has a length different from

that which has been chosen for the unit of length. Suppose, for

instance, that it is required to multiply the line 3; by the line 2f

;

which latter line (by art. 58) is the same with the product 2 x t.

To adapt to this particular question the principles of the forego-

ing Lecture, we hare only to assume that Zj is the faciend ; t the

factor; t x 3y the factum, or the profaciend; 2 the profactor; and

therefore 2i, the transfactor ; and to seek what line the trans>

factum, or the profactum, is: for (by articles 39, 40, 41, 46, 47,

48, 49) the line thus found will be the product required, since it

will be the result of the multiplication, Transfactor into Faciend.

Kow the i-operatioo, or the multiplication by the versarif being

performed on the line 3y,according to the rules which we already

know, has simply the effect of turning that proposed line 3/ into

the new position Wh. \sithnut any change in its length; hence

is, in this case, the factum, and we may write the equation.

Operating next on this factum 3/(, regarded as a profaciend, by

Digrtized by Google



LBCTUBB III. 79

the profactor 2, which belongs to the class of te))so/-s^ we now do

not turn at all the line which we thuft multiply, but we stretch it

•o as to double its length, and change it to the line 6ik; which

eooieqaentiy is the required profaetum, or tfansfactum, or final

product ; so that we have the equations,

2ix3>«2xtx3>»2x3A»6A.

1q like Djauuer we should fiud that

3;*x 2i = 3xv . 2« = 3 X (-2it) = -6A;

- 2i X 3j = - 2 X I X 3J= - 2 X aA = -6A, Ow:.

;

and generally we see that (as in algebra;,

it a and /> he any two tensors, or scalars, wl.ile ( and k are any two

rectangular vector units. We have then this Theorem, as a neces-

sary and important consequence of the principles of the present

System of Symbolical Geometry: theproduct qfKVY two rbct-

AMOULAR LiNBS w o THIRD LiN% perpettdicular to both; its

LBNOTB being the product oftheir lengths (or bearing to the unit

of length the same ratio whirl) the rectangle under the factors

bears to the unit of area) ; and the rotation round the fnuitt-

plier line, from the multiplicand line to the product /me, being

PosfTiTB (that is, as we continue to suppose, right-handed).

But we see» at the same time» that this product line assumes gene^

ratty one or other of two oppositb birbctions, according as

the two rectangular factor lines are taken in one or in the other

ijKDLii. ; just as we found more jiarlieuiaily before, that the lines

(±A), represented by tiie two prociucts t xj> andj* v r, were oppo-

site ; so that we may now write, generaily^ the following equa-

tion OP PBRPBNDICULARITY :

« - /3o, ii p -L o

;

where X is the usual sign for one line being at right angles to

another ; and, in the symbols of the two products ojS and /3a,

the mark of multiplication is omitted.

83. It \sill now be easy to fix the signification which should

be attached to the product of a number multiplied by a line (see
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80, VI.), or ofa vector into a scalar. Suppose that it is required,

. for example, to multiply tlie scalar - 2 by the vector / ; or to

find the vaUie of the product i 2. For this purpose we may

assume any line perpendicular to t, suppose the line as a fa-

ciend ; operateJirst on ibis line by the &etor«-2, which will give

the feetum - 6j; operate next on this fitctum^ or pro6»ieDd»

by the profactor t*» which will give the profiMtum and
^

finally inquire what one transfsetor, operating on the assumed

faciend or transfaciend 3;, would conduct to this profactum, or

transfactum, namely, to the line -6k: for this transtactor, so

found, will (by 49) be the sought product ot profactor into factor.

In this way (since ~ 2t x ^' » - Qk) we find, in this ezample, that

ix-2--6*-r3> = -2t;

and generally we may condnde, by a process of the aane sort,

that

ifa be any tealar, and any line perpendicnlar to a ; whence we
infer (see 49) that

a A a - a X a,

or that the produd qfa scalar and a vector is independent qfthe

order tAeJhetore, But we know how to interpret this pro-

duct as a Ime, when the vector a is multiplied by the scalar a
(see art. 59) ; we are led, therefore, to interpret the product as

denoting the same Itne^ when the scalar a is multiplied by the

vector a : and omitting the niark x, we may denote this product-

line indifferently by either of the two symbols aa or aa.

84. We have not yet fixed generally (see 80, Vil.) the in-

terpretation which should be attached to the product of two

parallel lines, or to the square of a vector, in this system ofsym«

bolical geometry. However we saw (in art. 15) that the J^tforet

of the three vector-units t, /, A, and generally that the squares of

all quadrantal rcrsors, such as (by art. 77) all vector-units are,

have negative unity for their common value. And if we wish to

determine generally the product of two vectors, such as ia

and t.r, which are pataUel tin one common line (the teCors a and

X being heva suppoaed to be sealais), ind which may, therefore.
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be sftiii to be themselm paralUi Unei^ e?en if tbey should bap-

peo to be uiuaUd as parta of one comiiKm and indefinite am,
we have only to aaanme some perpendicular line snob as^ for

tbe faelemi ; to dednee henee tbe fiietnm, namely, tar y,jy » xyk^

by the ruJc in ait. 82 ; and then (by the same rule in 82), to

calculate an expression for the prolactum, namely,

ia X xyk - axy xik-- axyj = -axxjy;

for thus we find that the tranafiictor is or that tbe product

required is

In general tbis mode of proceedingshews that theproduct qfavy
TWO PAKALLBL VECTORS ts (in thc prescDt theory) a scalar ;

namely^ the number which expresses the product of the

LENGTHS of the twofuctor lines, this number being taken nega*

TivBLT or posiTivBLT, according as those two paralklfactor'-

lines AOBBB or difpbr in direction.

85* For example, the squarb ^btbrt vbctob is a nboa-

TiTB SCALAR, of wbicb thefNMtltiw opposits expresscs the square

of the length of the vector ; thus

ix X t« 1 - XX

:

or using the bxpobbbt 2, we have the equation

It this result appear at all surprising, it is to be remembered, on

the one hand, that we had already (by 75) the values

and it may be remarked, on the other hand, that the general rule

recently deduced (in 84) for the multiplication of parallel lines,

gives the following equation of parallelism :

where
||

is used as the known sign of parallelism, and lines are

Still regarded as parallel to each othery if they be parallel to one

common line; and that this last equation not only agrees (so

o
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as it goes) with ordinary algebra, but also coiUnuiSt in a strike*

ing and (as it will be (mind) useful way, with the lately deduced

equation of perpendicularity (namely, a/3 = - j3a, in art. b2). It

may be added that there appears to be sometliing convenient, an^l

even natural^ in the (Nynibolical) disunction thus sharply drawn

in the Calculus of Quaternions, between the two (mentaily dis-

tinct) conceptions of line and itumbbr; everyvbctob, or directed

right line in tridimensional space, having (as above shewn) a

WBOATIVB sqvabb; while evefy scalab, whether it heiudf%
positive or a negative number, has, on the contrary, in this ays*

tern as in algebra, a positive square. But whatever may be

thought, at this stage, of the convcnit iice or advantage of this

distinction, it may be already clearly seen, that the distinction

itself is a necessary part ofthe present Theory, indispensable to

its self-coherence^ and required by its internal unity* To refect

this result, while other essential elements of the system were re»

tained, would be equivalent to the abswrdity of asserting, that

two quadrantal and similarly directed rotations, in one common
plane, did not invert the direction of tiie revolving iinej or thiit

two quadrants did not make one semicircle.

86. By a slight cxtensioii of the recent use of an exponent^ it

is easy to give a clear and definite signification to such symbols

as tl, jl, M, &c., and to shew that these symbols also may repre-

sent Mfsort, a though not gmutrantal veisors. The symbol t*

has been already seen to represent an tJiiwnor, namely, - or -

1

(see artioleti 75, 85), because It represents an operator or factor

which produces two «emt-inversions in one plane. In like man-

ner, the f^vmbol may now naturally represent an operator

which produces, in the plane perpendicular to t, the third part

ofa eemirinversion, or the third part of a quadrantal rotation.

This operator would, therefore, cause a telescope^ in the plane

of the prime vertical, to advance through thirty degrees in a
right-handed rotation round a southward axis; or in fig. 15, it

would have the effect of mahing tbe bour*hand advance from IX.

to X., or generally from one hour to the next, on a dial-plate

feci nu^ the south. Again, the operator /s is another versor, \vhich

would cause the minute-hand, in fig. lb, to advance through

aight-fifths of a quadrant, or would posh this hand forward by
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an interval, upon this westward dial, corresponding to twenty-

four minutes of time. Considered as operating on a transit teles-

cope, this versor would not merely elevate that telescope from a

horizontal and northward to a irertical and upward direction, as

supposed in art. 68, bnl would carry the same telescope still fisr^

tker, in the same direction of rotation, through three-fifths of

amather quadrant, tin it should eone to have a cenith distance of

64^, or an altitude of .^(t abuve tiie south point ut the horizon;

or in other words till it were brought into a position for observing

the transit of an equatoreal star over the meridian, if the north-

em colatitude of the place of observation were 36^ : or (in fig.

17, art. 87) from the position ov to the position OQ. And finally,

the versor would cause the telescope ofa theodolite to advance

through half a quadrant, that is, through 45^ of azimuth ; or

would push on through an hour and a half (that is, through the

kcUf of three hours) the hour-hand of a wute}) which should be

laid with iti» face upward on a table. In general, if i denote any

vector-unit, and if I be any scalar exponent, the symbol i* de^

notes, on this plan, a versor, which would cause any right line,

in a plane perpendicular to <, to revolve in that plane through I

quadrants, or through an arc »^ x 90°
; right-handedly round t, if

t be po^tive, but left-handedly, if t be negative. Thus even/ such

powKH, oi etJery unit-vector, comes with us to l>e interpreted

as a VKRSoa (not generally quadrantaij ; and reciprocally every

versor may be regarded as such a power : the base of this power

being the unit-line in the direction of the axis of the versor; and

the scalar exponent expreswng the ratio which the anolr (or

amplitude) of the same versor bears to a quadrant ; while this

scalar is positive or negative^ according as that rotation round

the axi'^, in a plane perpendicular thereto (in producing which

rotation round this axis and through this angle, the versor i% con*

eeived to be the agent), is directed towards the riffht band, or

towards the We know then how to interpret the symbol

i^K, if I be thus an unit^line, and va vector perpendicular thereto;

namely, as denoting a third line X, which is likewise perpendi-

cular to i, and has the same length as k, but is inclined thereto,

ata determined side thereof, by an ant^le = t y 90°.

37. Proceeding to the consideration (see 80, VJIl.) of the

o2
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multtplicBtion of one Itne by «no(li«r, which it neither paiallel

nor perpendicular thereto, left ns at fint auppote^ for rimplicity,

that each (actor 19 a Teetor-untt ; let one of them be Imagined to

have a vertically upward direction, so tliaf it may be denoted (aa

before) by the letter k ; let the other be supposed to be directed

' '
' i* i\j north pole in a northern latitude of 54°; let this latter

unit-line be denoted, for the present, by p; and to fix the order

^ of the ilMitorBy let this line p be taken for the multipUery while

the other unit-line k shall be regarded aa the multiplicand. We
are» therefore, to seek the yalue (or the interpretatioR) ofthe pro-

duct px k, or pk, by the principle (see art. 49) that pk-pka-i- a ;

or that

where a (5 y are three lines, or rays, which it remains to assume

BO as to satisfy these last equations. Now, because j3 = &a, we
know (compare articles 70, 71) that a and must be two hori-

sontal and equally long lines, of which j3 is more advanced by a

quadrant in azimuth than a ; and because y = j7/3» we know that

P and y are two equally long lines in the plane of the equator

(perpendicular to the jtolur axis ;;), and such tliat y is more ad-

vanced by a (]u;i(lrant towards the right liand, or in the order of

the diurnal rotation ot the heavens, than or has an hour-angle

greater by an amount which answers to six hours of such rota-

tion. We mnet^ therefore* on the present plan of construcdon«

conceiYe ^ to be directed towards either the east or the west

point of the horizon, and nMy suppose tti direction to be to the

east ;ifoT (compare art. 71), an inversion of /3 would only invert

boLlilo{ the two other lines a and 7 at once, and would, tlierefore,

not affect their quotient : we may also assume that the common
length of these three lines is unity. Making then j3 = -7, we
find that a = *- 1, or that the line a is directed towards the north

;

we find also that the line y is directed towards the culuMi^ftting

point Q of the equator, or that it has the position oa Utdy con-

sidered (in art. 86), {which was seen to be derived from a north-

ward line ON, by operatinj^ with the versor, or graphicfactory de-

noted by the power jU Tlius, in the present quesiiooy the required

product is known, for we fiad the equations,-
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The product p >c k\%^ therefore, a versotf of which the unii'Oxit

is the westward Hne^, while its angle^ or amplitude, is = | x 90^

= 144°
; that is to say, the sup-

pltme/if (to two right angles)

of the angle of 36°, which has

beeo supposed to be the north-

ern co-latitude Qos of the place

ofobservation, or the north po-

lar distance poz of the zenith

;

while the rotation (of 3ij°),J'rojn

the multiplier p to the multi-

plicand A, is riyht-kanded^ round the (westward) axis of the pro-

duct. All this may be illustrated by the annexed diagram (Fig.

I7)f to which reference has already been made*

68. It is easy now to see that this mode of constructing the

product of two unit-lines may be applied to all other cases of

BUc-h })it)ducLs; and that if tlie tacLur lines were liiiferent in their

lengths from unity, vvc siiouid only (by 82) be obliged to combine

with the foregoing composUioH qf versions a certain composUioH

qftensions, or to multiply the resulting ?ersor by (or into) a

tensor, which would simply be the number that expressed the

product of the lengths of the two &ctor lines, or the area of the

rectangle under them. We have, therefore, this thborbm, which

includes several of those already u;iven: ' llie piioduct icA, of ANY

TWO VBCTORS K and A, is in g eneral equal to the product of a

Tensor and a Versor ; whereot the tensor is the numerical pro^

duct bCf if 6 and c be numbers expressing the lengths of the fac*

tor lines, or their ratios to an assumed unit of length ; while the

term is the power^ of the vec^or-ttiii^ i, this unit-line i having

the direction of the axis of right-handed rotationJrom the muU
tiplier-line k to the multiplicand-line X ; and the supplement /,

of the exponent 2-^tothe constant number 2, expressingf the

ratio of the angle of last rotation to a right angle." In iihort,

with the foregoing significations of the symbols, we shall have

the two following connected expressions:
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where - is, as uiual, a symbol equivalent to <r -r A* In the ex-

ample ot the foregoing article, the particular values of these sym-

bols were

;

69. As another example^ let i = -j^ k « A, X -pf wherep shall

be supposed to retain its reeent meaning ; so that we shall have

still b = c- I, and i }. The general theorem of the last article,

gives now the expression,

*p -(-»».
•

as the value ot the product k into p, which differs only by the

order of its £ictois from that considered in art. 87, and represents

a versor whose anffle is MtiU » f x 90^, but whose axis is now
directed to the eotf, instead of being directed to the west pdnt

of the horizon. In fact, if we had immediately songht to deter-

mine this new product kp as the value of kpa -r- a, we might have

conveniently taken for a the line which was lately y, or the position

of a telescope OQ directed towards the culminating point q of the

equator; and then we should have found pa -jf and kpa = =

so that the new product kp, regarded as a transfactor (49), would

be seen to have the effect of turning the telescope from the porition

just now mentioned, through 144^, right-handedly round an east-

ward axis, till it pointed horizontally towards the north. We see

in this example what the theorem of the preceding article proves

to be generally true, that the two products (in ihis tube pk and

'kp) of ant/ two unit-lini s, taketi in two opposite orders^ are mu-

tually inverse or reciprocal as to their effects as versors, one un-

doing what the other does ; because their axes (of right-handed

rotation) are opposiU^ while their angles (of such rotation) are

equal. They might, therefore, be called, with respect to each

other (compare art. 44), by the names of Versor and rbvsrsor.

I'hey may also conveniently be said to be cowjuoatb vbrsors:

and I am accustomed to dknoi e this relation between them, or

to form a SYMBOL of one such versor from tlie symbol ot the

othtr^ by prefixing the capital letter K, as the characteristic

OP CONJUGATION : thus with the recent significations of k and

as certain unit-lines, 1 should write the equations.
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K.pk^kps K.hp=pk.

And because it is the same thing, whether we turn a telescope

ric^AZ-hanHedly, rounH an efl^Y-vvard axis, or itJt-hdndediy round

a t£;(?A7-\var(l axis, through any ^iven angle, such as that of 144",

we may, in the recent example^ write an ezpreasioD with a ne-

gaiive exponent^ namely,

insteail of that other expression which was lately given for this

product hp (near the beginning of the present article). The
powers/I and j~t, with one common onit^linej for 6a»e, but with

opposite scalar exponents^ are, therefore, conjugate versors ; the

former power being a valut; tor j/k (by 87), and the latter being

a value lor kp» Thus we are leti to write,

and generally for luiy unit-yector c aa baae, and afi|f scalar / as

exponent! we have the ferinala»

More generally kX and \k may be said (by analogy) to be coN>

JDGATB paonoCTSt whether the lines denoted by k and A have

tbev lengths equal to onity, or different therefrom ; using then

itill the same ekaraeteriMtie ofcmf^ttgaHon K, we ma) agree to

write, in this more general case,

90. Since eoery geometrical PUODUCTy ofany one ofthe elaisca

hitherto considered, is also at the same time a certain geometrical

or is equal to the quotient of some one directed line

divided by another, according to tiie general notion of such divi-

sion, which has been j»iven above ; and because it may ilms be

used as a factor, or multiplier, to generate or produce the divi-

dend line of this quotient as a factum, or as a product, firom the

divisor line as a faciend or multiplicand; while every tueh act

ofJbteHcn^ or of multiplication, may be RBsoLVBDintoaMBTRic

and a graphic element, namely, into twofactor acts of tetition
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and of wrmom : we nay already see that it mutt be meftd to

possess signs, or marks, for expressing this general resolution of

any geometrical/actor into these two important elements, or for

denoting separately ^ in each particular case, on one general plan

notationy the particular tensor, and the particular versor^ by

whose multiplication among themselves the proposed fiictor may
be eonceived to have been produced. Accordingly I eniploy> with

this yiewt the two capital letters T and U, as chakacteristics

of the two OPBRATIONS which I call takino thb tbksor, and

TAKING THE VERSOR respectively; that is to say, the operations

of obtaining;", hy a general mode of decomposiliou thus denoted^

from any proposed geometrical multiplier, or from any pro-

posed product or quotient of lines or numbers, regarded as such

a multiplierf the tufo separate/actors^ or factor-blbhbnt6»

and JJq, whereof the former is a tenior^ and the latter is a versor,

and which satisfy the two following geueral equations^ or stm*

BOUCAL IDBMTITXBS (in the present system of symbols)

:

implying that we may either first turn, and then etretcht or else,

at pleasure,^rtl stretch, and then torn a line.

And these two new characteristics, T and U (in eonjanction

with K, and with a few others to be hereafter mentioned), are

among the main elements of that Calculos to which these Lec-

tures relate, so far as its notation is concerned. It will leaiiiiy be

understood that if, instead of a single letter, such a** 7, we liave

any more complex symbol, such as X h- k, or kA, denoting the

gull^ect of these two new operations^ it may then become neces-

•ary, for distinetneasy to enclose this symbol in parenthtsee^ or to

mUrpoae a point between it and the pretxed characteristic T or

U. Thns the equations of art. 88 give

T(A^,.) =
^; U(X-h.c) = i';

T.icX«te; U.icX»t«-'.

in words we may aii^rt c to call the tensor oi y, and similarly

may say that is tmb vsrsob of And because a versor
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does not stretchy while a tens<^ does not turn, we may write ge-

neraiiy,

the tetuor-^Ument of any yersor, sucli a» Vq^ beiog properly a

mm^ensor, namely, umtjf, or the fiietor 1 (see art. 63); and the

vertor-eletMiU of any tensor, such as T^, being in like manner a

mm-versoTj namely, the po«tftve m^h + (compare art. 60). On
the other hand, we have alao, witii et^ual geiiciulU)', the two for-

mulas:

because the tenso^element of a tensor is simply thai ietuor iiseff;

wbile, in like manner, a versor is its own versor-element.

91. The factor is always a number, commensurable or in-

commensurable with unity (see art. 63); and the other factor

adiuils (by 8fj) of bciug expressed under tiie foini ot a pouer

such as where the exponent t is another nuinber^ positive or

negative, and the b€ise i is an unit-line with some determined di"

reeUon in space. Now, for the complete numerical expression

or determination of this direction, two other numbere are, in ge-

geraU required ; for ifwe conceive the tine i to be (at some given

moment of sidereal time, and some given place of observation) a

telescope pointed to a star, then in order to express nnineritaliy

the position or direetion of this telescope, and thereby to distin-

guish thin from other directions, we must know aonte two astro-

nomical coordinates of the star, such as its rii);ht-ascension and

dectination, or its longitude and latitude, which would suffice to

identify the star on a globe or chart, or to fix its place in a cata-

logue. We see, then, that the power i^, or the versor U^, de^

pends upon, and implicitly involves thbbb numerical ele-

ments, the know ledge of all of which is generally necessary for

its cow/?/e^e numerical identitication. In fact to know connpletely

WHICH vBRSoii among all possible versors is denoted in any

particular investigation by such a symbol as U^, we ought to

know through what angle the corresponding version is per*

formed, and round what axis of right-handed rotation; but in

order to adjust this axis properly, wU> set a tdeseape in its di-
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rection, two motions, measured by i wo othku anglks, would

in general be rei|uired to be performed. The ptrjtvi knowletlge

ofany one Versor, such as U^, includesy therefore, geDerally, the

knowledge of the values of thkbb akgus* espressed, or at least

ezpreasible, by a system of thrsb numbbss. And because the

TbmsorT^ is itself ANOTHBR NUMBBB, WO find, upon the whole,

that the obombtrical factor, or quotient, or product, which

has been above denoted by and which has been seen to be

equal to the product of ilii oivn tensor Vq, and of its own versor

Vqt is generally a Quaternion : in the seiibe that it is touud by

this (and by every other) mode of analysis, or of decomposition,

to depend «/khi, and converaely to include within itself, a Svstbh

OF FovR Nqmbbrs.

92. This conclusion it so important (we might almost say so

fundamental), with reference to the subject of the present Lec-

tures, that it may be worth while to confirm it by at least one

other mode of illustration, or of derivation, here; althoug^h we shall

meet afterwards with other confirmations and illustrations of the

same conclusion.

We have lately been considering what has been above de^

noted by the symbol ^, in a effnihetiCf rather than in an anafytie

point of view. We have (upon the whole), in the two last ap>

tides, regarded this 7 as a Jheior^ rather than as a guotieni

;

aillion'j^U this latter view of q has also, in those arlitles, been

mentioned or alluded to. While decomposing this geometrical

multiplier q, as such a factor, into its own two component factors

of the tensor and versor classes, denoted respectively by the sym-

bols and Vq^ we have thought of g itself rather as operating

on a fadend ray a to produce a fiustnm j3, then as beingy^tnitfby

our comparing the latter ray /3, as a dividend, with the former

ray a, as a divisor. In short, we have recently been studying the

composition ol" q^ as an agent, rather than as a uelaiiun ; or

as satisfying the equation,

Vxa = /3,

rather than as determined by the inverse equation.
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which is, indeed, intrinsically^ the satne.^ but presents itself un-

der a differentform. But we propose to vary our modes of illus-

tration of the subject by taking now, for a while, in prefereDee,

this latter view. Instead of studying the (synthetic) operation

denoted by the symbol ^ x we shall aim now to studyy unfold,

represent, construct, and picture, as clearly but also as briefly

as the subject may allow, the converse (analytic) conception of

what lias already been denoted by the symbol /3 -r a ; and was

Spoken of (perhaps inelegantly) at an early stage of the foregoing

Lecture (see art. 40), as being a certain mbtrggrapuic rbla-

TiON the ray /3» to the ray u: involving partly, as was there

remarked, a (metric) relation of length to length, and partly also

a (graphic) relation ofdirection to direction. Fixing, then, our at-

tention, for the present, on this metrographic relation, or on this

quotient oj two nn/s^ we are now to seek for some simple construc-

tion, diagram, or Jiyurty which may represent or /^icfttre this con-

ception, and may thereby be analogous to the construction or

representation given in the first Lecture, for the corresponding

conception of the diffemtee qftwo points.

93. Resuming, then, the expression of art. 40 for g, namely,

where a and ft
denote two rays or directed right lines in ^pace;

and comparing it with the expression of art. 18, for a rectilinear

step or vector a, namely

a - B - A,

where a and b denote two points^ namely, the beginning and end

of the step ; we see that as this vector a, regarded as a obomb-

THiOAi DiFFBRBNCB, B - A, has been already constructed (in fig.

2 of art. 8, or in fig. 6 of art. 53) by a straight line ab, with a

straight arrow attached, so the factor q, when regarded as a

GEOMETRICAL QUOTIENT, a, may naturaliy be pictured by a
PAIR OF RATS, or of right lines diverging from an origin or com-

mon point, with a curved arrow inserted between them: as has

indeed been done in fig. 7 (of same art. 53), where the angle adb
(for example), between the two rays da and db, ora and /3, being

one of three angles (adb, bdc, adc) at the vertex d of thetrian-
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golar pyramid abco, has a curved arrow thus drawn with i it,

while the word Factor is written above this arrow, and the »tter

q beluw ; the arrow bein^ directed from the faciend^ da or i, to

the factum^ db or ^3. \ fttjurt constructed in tliis manner, »uch

as the iigure adb just mentioned, may be called a Biuadia ii

differs from the ordinary plane triangle adb, by not express / in-

voMmg^ in its concepCioii or deseriptioii, the third or eUmim^ Ms
AB ; and it differs also from the ordinary plane OHffh abb, I jr its

eueniialfy inrolring the conception of the retatiw kngth, and

indeed by its depending also on the order and plane of the two

lines or rays, da and dis, wliich enclose it. It mij^ht, tliere fore,

be otherwise called an unclosed triangle ; or an cni^/Ic ivithj inite

legsi but the recent name Inradial appears to be more convei dent

and expressive than either. The point o, from which the two

rays diverge^ may be said to be the vbbtbx of this biradial s the

dmior line (or faciend) da may he called the utitial rat ; and

the diMmd line (or factum) db may be called) on the same plan,

the FINAL RAY of the same biradial figure adb. A biradial has,

in general, a shape, or spbcibb, depending on the hatio which

the length of the final ray bears to the length of the initial, and

also on the angle at which the final is inclined to the initial ray;

this shape of the biradial determining thus the shape or species of
the triangle^ which is formed by closing ikeJigurtf or by drawing

a straight line from the end of the initial to the end of the final

ray: and two biradials which have, in this sense, the some shape,

by their ratios and angles being equal, may be said to be similar

BiUADiALs. A hii idial has also a plane and an aspect, depend-

ing on the star ur rtgton of infinite space, towards which its plane

may be conceived to face ; this region being distinguished from

that other which is diametrically opposite thereto, by the direc'

iioH of the curved arrow in the figure, or by the condition that

if the biradial were looked a< by a beholder situated in the proper

(or posUitfs) region, the rotation indicated by that arrow, from

the initial to the final ray, would appear to be right-handed, like

the motion t^t tlu liands of a watch; whereas, if viewed from the

oppo<?ite (or relatively neyative) region, this rotation would seem

to be /e/^-handed, or contrary to the motion of a watch-hand.

When two biradials have, iu the sense just now explained, the
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same cutpect, their planes both facing at the same moment the

sajne star, they may be said to be condirectionai- inuADiALs.

When, on the other hand, they face in exactly contrary ways,

and, therefore, have oppositb aspects, they may be called con*

TRADiRBCTiONAL, OT tometimed simply oppositb bibadials.

Both these two latter classes may be included under the common
name of umidikbctional or (somewhat more shortly) parallbl

BtRADtALS,*80 that the planes of any two parallel biradials are

either coincident or parallel. And finally, when two biradials are

at once siniUar and cotidirectional^ we shall say that they are

Equivalent Biradials.

94. For example, if abc (in fig. 18) be an equilateral tri-

angle, and if d, b, f be respectively the points of bisection of

the sides opposite to the comers

A, H, c,then the six biradials, dba,

BCB, FAT, arid FBC, DC A, EAB, are

all similar to each other, the angle

in each being «= 60% and the final

ray in each being twice as long as

the initial, ba = 2bd, &c. But

while the aspect of each of the

three first of these six biradials

is i^noardt if the figure be laid

upon a table, because when we^
look, for instance, at the biradial

DBA in the figure 18 so luitl, the rotation from nn to ba resembles

the motion of the hands of a watch, yet the aspect of each of the

three last of the same six biradials is downward, since we should

be obliged to look from below the table, or from below a horizon-

tal sheet of paper on which the same figure might be traced, in

order to see (for example), in the biradial fbc, the rotation from

BF to Bc resemble the iiioliun of those hands, to which motion

this last mentioned rotation apf^ears conOcin/, when we look on

the figure from above. Thus the three tirst of these six biradials

are eoii-directional, if they be compared with each other^ and so

likewise are the three last ofthem, if they too be compared among
themselves: consequently the three former biradials, namely, oba,
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scB, FAC, are here eqmvaimi biradialt ; and the three latter bira-

diak, namely, rise, dca, eab, are, in like manner, w/?/^?/r///// equi-

valent. But the L oudii'iom ot eguivalence are ntft sniisfie<l w hen

we compare any one of the first set with any one of the secoud

set of these biradials, because we then find an opposition in the

cbaractm of the rotation as right-handed and left-handed in one

plane ; and the two biradials thus compared, for example, dba

and WBC, as the arrows in the diagram indicate, are now contra-

directional biradials, and consequently are not equivalent.

As additional illustrations of these conceptions and expres-

sions, it may be noted that if, in the same figure 18, we let fall

from E two perpendicuhirs, kh and ek, on af and cf, the new
biradial has is equivaieiU to theretnorer/ biradial kbc, to tbean*

iar^ed biradial fag, and Co the revolved biradial oba ; the a^fed

of each being upward, while the angle of each is sixty degrees^

and the roHo of the final to the initial ray in each is that of two

to one.

95. The very object and purpose of introducing such Mra-

dial figures as tlie above, being to make each of them serve as a

representation of what we have already several times spoken of

as a geometrical quotient, namely, the quotient of a final ray

divided by an initial ray a, it is clear that we ought now to con-

sider and determine urhai degree qfvarietgmay be allowed in the

construction of the pariieular htradial which is to represent any

proposed or particular quotient j3 -J- a, or a quotient t (jual thereto.

For until we shall have thus settled the changes that a biradial

figure may undergo, without ceasing to represent the same quotient

or equal quotients, we shall not be prepared to decide, by the con-

sideration of this mode of representation, tit Aow many dietinei

wage a biradial mag be changed^ so as to make it represent new
and unequal guoHente, or new and ffaried rehHons t^tke metro^

graphic kind, of one ray to another. And the number ei distinct

ways of varying this last sort of relation must be investigated in

order to cofifirm (as we proposed at the lomtnencement of art. 92),

or else to correct (if correction shall be found to be necessary),

that conclusion of article 91, in virtue of which we have been led

to regard such a quotient, or such a relation, or at least the geo>

metrical /actor which syntheticaUy corresponds thereto, as in
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general depending essentially onJoi/r distinct numerical elementSy

and as being, in that sense, a QuAiEiiNioN. In short, we are

led to seek now to determine the conditioi^s Of squalitt qftwo
guotieniSy or the degree of restriction imposed on the four rays

« j3 7 or on any one or more of them} and also the degree of

liberty allowed to them, when an bquatiom such as

is given ; in order that we may afterwards enumerate the modbs
OF INBQUALITY of any two such quotients, or the ways in which

one quotient, B -i- y, may differ from another quotient, /3 -4- a: and

in this determination and enumeration, it is a part of our present

plan that we should assist ourselves by the conception and con-

struction of those idradial figureey of which the nature has been

already explained.

96. As preliminary and analogous, but easier and less complex

investigations, we may here Inquire, first, tchnt are the conditions

oj'equality oftiro geometrical differences ofpoints ; and secondly,

how nidiiy are the diiittnit modes of inequality y which may subsist

between one such difference and another? And because these

differences of points have been already repreeenled or constructed

by straight lines, or vectors, we may now propose also two other,

but closely connected questions respecting such /me«, which shall

bear a still more strict analogy than the questions just now men-

tioned, to those inquiries respecting 6ira«ft'afi« that were suggested

ill the forejEfoiDi^ article: namely, I. How may we change a line,

or vector, such as that above denofed by the symbol a, without

iU ceasing to represent a given or particular difference, such as

b-a; or at least some difference of the same general kind^ such

as D - c, which shall be equal to the given difference b-a? and

IL How moKjf dUtinct modee ofehanffe qfa iine^ or vector, cor-

reepond to real (and not merely apparent) aiteratione^ in such

a geometrical difference of points ; so that the varied Itnee shall

represent unequal differences^ or varied relations between points

in space, belonging to what we have already called the o/difial

class? These questions might indeed have been proposed and

molved, so early as in theJirst of these Lectures on Qualer-

ttiooii if it had not seemed convenient to reserve them for the
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present portion of the Course, at which their signification and

importance may be more fully felt than it might then have been.

For we may now see, that by their leadino; to the determination

of the NUMBER (namely three) of distinct numerical elements^

which are involved in the conception of an ordinal relatiim be^

tween two poinU^ when that conception is closely enough con-

sidered, and unfolded fully Enough, they are adapted to assist us

to determine also the number (namelyfour) of those other dis-

tinct numerical elements, which enter into, or are essentially

included in, the conception of a cardinal relation between two

raysy when the notion of this cardinal relation is likewise suffi-

ciently developed. By confirming in a new way the conclusion

of art. 17> that a Vector is a natural Triplet, they may pre-

pare for confirming also the conciosion, more lately proposed for

discussion, that a Biradial represents a Quaternion.

97. Of the problems (if they may be so called), which were

proposed in the foregoing article, the first related to the determi-

nation of the conditions ofequaltty oi two t^rumi'tricai dijjerences

of points, such as b - a and d - c. In other words, we were to

determine the degree of restriction imposed on any one or more

of the four points a B c d, and also the degree of liberty allowed

them» when the equation

D -C= B -A

is given. It resulted, however, from what was remarked in the

same article, that this problem admits also of being proposed

under the following" other but couiiecLccl form : To assign the

various modes of changing one line^ a, into another iinCy b, so

that these two different lines, a and b, may represent equal difi-

firences of points ; or may satisfy the two equations^

aeB-A> b = D-c,

when the difference d - c is still supposed to be equal to b - a ;

or ^vhen the ordinal relation in space, of the point d to the point

c, is the SAME iiELATiON \vith that of tin' jioiiit B to the point a :

although the two points themselves of the one pair have not (in

general) the same positions as the points of the other pair. Now
a little consideration suffices to shew, that this «ameiief# i^ford^
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nal relations belivttn two pairs oj' jmints, ab and cD, which is

denoted as above by the equaiion d~c=>b-a, may and ought

to be ooDsideied as holding g^od, when the foar points taken in

the order a b d c» are* tVi this order^ the foar mceeuive earners

qfa parallelogram, as in the dtagtam annexed (figure 19)* For

when the four points are eo arranged, then whatever it the

/crnrt ol B from Awill
Fig. I9i.

also be (in lengthy

mag n i I u tl e, orquan-

tity) the distance of

D fiom c ; andwhat>

erer is the diredhm

of the one distance,

will also be the di-

rection of the other.

But if, after once^
eoDstmcting such a parallelogram, a n D c, we were to aUer any
ome alone of its foor corners, for example, the comer d, we shonld

thereby vMdie ai least one, if not botk, of the two foregoing

eonditions for the identity of the two ordinal relations, of d
to c, and of b to a. If, for instance, we prolonged cd to e,

the point e wonlfl he viore distant from c thati n is from a ; it

would not therefore have, in a sense sofull as that which we are

entitled to demand that it should haye, the same ordinal rela-

tion to c as that which b has to a ; and therefore the equation

B - c • B - A would not hold good, in the sense of expressing a

eon^fleie agreement between two ordinal relations. Again, if,

with C for centre, we were to tlescribe, in the plane of abc, an

arc of a circle from u to f, and then to join cf, tiiin joiuinir line

would indeed be as lofig as CD or as ab, but its direction \m uld

be different ; including then, as we do, the conception of direC'

tion qflUsianee, in the conception of the ordinal relation of one

point to another, we cannot say that the new point f is ordinally

related to c as b is to a ; and must noi assert the equation p > c

> B ' A. Still lees should we be permihed to assert the equation

G— C = IJ - A, il liie point li were obtained bv pri)lwiiL;i ngj' cf, or

by causing c i: to revolve round C; for now f.,,)ih the len<rf h and

direction of the line cg would differ from those of the line a a,

H
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and, iberefore, in both of tbe«e two reapectSi the ordinal relation

of G to c would be different from the ordinal relation of b to a.

Antl a point ii, if assumed out oflhe plane of the paiallulograra

(and consequently out ot the plane of the fig-ure), might be re-

garded as being, if possible, still more unjit to be substituted tor

D in the equation D - c = b - a ; because the directional reUUkm

of this point h to c would be still more unlike to that of B to a ;

or at least would be unlike in another and in a somewhat less ele-

mentary \N ay, since the passage from the direction of CD to that

of CH would be made by a rotation which was not even contained

in the given plane of abc. If, then, the three points Aiic be not

all situated upon one common right line, we can always find one

definitepoint D, and only one, which shall (in Jidl sense above

considered) be ordinally related to c asB is to a, or which shall

satisfy the above written equation between diffefencesy
*

namely, the corner opposite to a, in the panULelogrom ofii hich

two adjacent sides are the lines ab and ac. And the only other

case in which, with the foregoing general view of an ordinal re*

latioD of point to point in space, the required sameness of rela-

tions can ever exist, or in whioh the lately written eqnatioa can

be satisfied by any two distinct pairB ofpoints ab and cd, is when
thesefour points are on one common righi line ; d being also as

far removed from c upon that line, as n is from a, and towards

the same (infinitely distant) parts of space, but not in the oppo^

site direction, as is represented in the subjoined diagram

:

Fig. 20.

A B C I>
• h

• ,T-L, * • • " •

In this remaining case^ then, aUo (which case may indeed be re-

garded as a Umii of the more general case of the parallelogram,

the altitude thereof being conceived to diminUh indefinitely in

passing from the one figure to the otlu i ), ihe position of the

fourth point u is entikklv mxed, when it is obliged to satisfy

the equation already several times written, and when the otiier

three points abc have f^ven or fixed positions. The geometrical
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SIGNIFICATION of this equation, at least as thus interpreted, is,

therefore, itself perfectly dltkuminatk : for it suffices to fix the

position of D, and, in like manner todetcimine the position ot ani/

one of the^our points a, b, c, when the positions of the three

Other points aie known. It is evident, from inspection of the two

last figures^ thai this equation*

D - C« B - A,

InlerpMted as above, gives, as a necessary consequence of its sig-

nification, the inverse equation,

and also the alternate equation,

D - n s c - A.

98. Such being the restriction imposed on tiie tour points by

the lately written equation, in virtue of which }io one of those four

points, taken separately, can vary its position in space, we see, at

tiie same time, as regards the Hberty allowed them, tiiat anp two

^the same four pmntsmay vary their positions togMer^ and even

that they may dio this in indefinitely many ways, though all in-

eluded in one common class. For while the ^100ftret of the four

points remain fixed at a and b, the third point may be removed

from its orifi^inal position c to any other position e, provided that

the Juurlh jioiiit is, at the same time, removed to a certain coiTef*

ponding position f, as in the annexed figure 21,

And it is clear that the condition or toic; of this b_

correspondence, or connexion, between the two

new and variable points, b and f, which are

thus substituted forthe two old and fixed points, a|

c and D, is that the ordinal rclaUon 1 - e of the

two poiiits of the new pair ef, sfioiild be the

same with the ordinal relation d - c of the two A
points of the old pair cd, or that the equation

F- B- D-

c

should be satisfied. For then, as in ordinary algebra, the two

equations,

F-B-D-C, O-C-B-A,
H 2

Fig; 81.

p
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will conduct to the required equation,

p-b«b-a;

because two ordinal relatioiijs, which cointitie each with tiie same

third ordinal relation, as liere with d - c, must also coincide with

tach other. In fact, it is proved in Euclid's Elements (Book xi.

Prop. 9)t that if two straight lines* as here ab and bp» be both

parallel to any third straight line, as here cd, then, although

they be not contained in any one common plane with thftt third

line, they will be parallel to cacii ollm: ; the three lines (if

equally long") being edges of a triang-ular prism. We nvds tnunciate

otherwise this principle of the elimincUion of an ordiJial rela-

Hon D-c between two equations into which it enters as above«

by ttying that <*ifany two vectors (as a and c in fig, 21) be e^Bol'

to the tame third vector (as in that figure to b), theyare also tqwil

to taeh otherr at least ifwe now adopt, as the considerations of

the preceding article lead m to do, the conclusion, or the defini^

(iorij that two vEcroiis are equal (as representing equal differ-

ences ot points), when, and only when, they are opposite (but

Mimilarly and not oppositely directed) sides ofa parallelogram^

or else are equally long and similarly directed portions of one

common indefinite right line (the latter case being a HmU of the

former). Indeed this use of the paraUeloffram to construct the

relation of equality between directed lines ^ is one of those elements

of the present theory which it shares with several others. We
may alsu say that a line, a, may be ehantred to another line b, as

in ligures 19, 20, 21, without ceasing to represent the «a»i€ orc/t-

nal relation, or the same difference of points as before, or at least

an egual difference, if it be merely made to iiovB,or to change its

Htuation in space, withoui change oflength or ofdirection : and

thus another of the questions lately proposed Is simply and fully

answered. In fact, we may be considered to have already adopted,

at least tacitly, this view of equal vectors, when, in the foregoing

Lecture, we abstracted from the situation of a line, or treated

that situation as unimportant, while comparing length with

length, and direction with direction.

99. An easy consequence or two of this conception of equa-

lity of vectors may be conveniently here mentioned. Thus hav*
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Ing once established (wilh the significBtion already explained)

the equation D - c = B - a, we may naturally be led, by the known
analogies of algebraical notation, to write also (uihI< r the same

conditions of relative position of the four points compared) this

otherJifrm of the same equation,

D = (b - a) + c

;

or eren this slightly simpler form (omitting the parentheses),

D = B - A + C.

And then, retwming from notations to conceptions, from signs

to thoughts, from symbolical expressions to geometrical inter-

pretations, we may regard ouiscIvls as having thus been Jed to

enlarge that notion of the addition o/a line to a painty which

was proposed in the 6rst of these Lectures. For whereas we

there employed only the identity B»B*A + A,or considered only

that primary case of addition of a vector B a to a vehend a. In

which this **fmnchm vehendum,*' a, already given as thetnt-

tial point of that ** tinea vector^** B - a, which was to be applied

or (ill the language ot these Lectures) addtd to it; and regarded

ourselves as thus obtaining the Jtnal point n of the proposed line,

as (what we called) the lum, or as the geometrical resuU of this*

conceiTed addition : we now» on the contrary, employ the equa*

Hon above written, namely, d^b-a-i-c, and thereby enlarge

our view, so as to include the more general case, where the pro-

poned line b -A does not already begin at the proposed point c, to

which it is to be added or applied, but is made to move, without

change of length or ot ilireetion, until, in its new and altered

situation, denoted by u - c, it comes to bet/in there ; the point Df

in which it thus comes to end^ being now the result of this pro-

cess, or the geometrical sum required. From the remark made

at the end of article 97, it is clear that with this noution, thus

interpreted, we shall have also, by alterwUion^ for the same sup-

posed arrangement of the points, tUs other connected equation,

d-c-a+b;

and, therefore, that for any three poinig of space, a b c, we may
write (as in algebra) the idtntUy^
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C-A + B- B- A + C,

each member being; a symbol for one commonJbui tk point d.

100. The same conception of equal vectors conducts also to

several useful results respecting the addition of directed lines.

Thus, in coDoezion with fig. 21, we may write

D - A = (o - c) + (c - a) = (b - a) + (c - a) ;

and again, by the last formula of art. 97, or !)> the principle of

aUernaiiOH of an equation between differences of points, we have

D - A = (d ~ b) + (b - a) = (c - a) + (b - a);

the sum, therefore, of two directed cmd coinitial lineSf such as

the vectors B - a and c - a, is the intermediate and coinitial

diagonal, d - a, ofthe parallelogram abdc, described with those

two lines as sides, as, in several other modern systems (resem*

bliog 80 far the present theory), it has been inferred or defined to

be. And we see that this sum qfiwo veetars U independaU

the wrder of the summandSf so that we may write, generally, as

in algebra,

a + /3 = ^ + o;

and may say that the AddiHm ofVteton is always a commutO'

tive operation. It is also an associative operation j that is to

say, we may write, generally,

(7 + /3) + a-7 + (/3 + a).

For if we make, in connexion with the aamjS figure 21,

aBaBB-A»D-c»F-B;
^mc-ABB-B; 7»b-C"F-d;

we shall then have the two partial 9um»f

/3 + o«D-A;y + /3«B-A-F-B;

and the total sum of the three successive vectors a )3 7, whether

they be associatt i (or grouped) in one way, by adding y to /3 + a,

or in another way by adding 7 +/3 to a, is still, in each case, the

9amefinal vector^ F - a ; since
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7 +0 + «) = (f- d) + (d-a)«iF-a,

and

(7 + j3) + a - - (b-a)»F-A.

We may therefore omii the parentheses^ and write fiimply, here,

the equation

Or if we attend only to the gmiehe quadrilaieral ACBFy with

/3, y, a for three of its tucceMive sides, and with ab for one

diagonal, and CF (not marked in fig. 21) for the other, we shall

have

•y + /3=B-A, o+7==F-c;

and therefore, without intrwhieing the points b and d,

a+ (7+/3)»(f-e) + (e-a)»f-a;
(o+y) + P"(f-c) + (c-a)«f-a;

so tliat the assochiiU t pnticiple of aduitioii is again seen to hold

good^ and we may write

(a + y) + /3 = o + (y + /3) = o + 7 + /3.

We see, at the same time, that
*

o + 7 + /3 = 7H /3 + a,
»

the common value of these two sums being the vector f - a; and

generally it is clear, from considemtions such as the ahove, that

in the addition of any number of directed lines in space, those

summand lines may he in (luji nuirincr grouped and transposed^

without alien mj the jinul rtsull, provided that no one of the given

lines is changed in length or in direction ; and also that this sum

^any set ofvectors is simply that one resoltant vbctor which

represents or is the instrument of a vection or motion in space,

equiwUentj as to its total orfinal bffbct, to all the proposedcom-

ponent or partial motions^ simultaneously or successively per-

formed. In short, the addition of vectors still answers to the

composition of vections^

101. We have now completely resolved the first problem of

article 96, under the two aspects of the question which were

mentioned near the commencement of art. 97 ; the restriction^
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there spoken o( having since been pictured by ft paraUeiogramf

and the Uberiy having been constructed by a prim. And there

can now be no difficulty in resolving also the second problem of

art. 96, with the help of the rtaiarks which liave been made in

art. 97, in connexion with figure 19. For, after construcLing, as

in that figure, the parallelogram ABnCt to represent (as above)

the equality

D - c B B - A»

^we seoi by the remarks just now referred to, that we shall (really)

change the vahte of one of ihe two equated vectors^ or make it

(really and not merely in appearance) cease to be equal to the

other vector^ if, by any one likree distinct sorts qfchanges of
the position ofthe sought point n (the three other points abc re-

maimng/ixed)^ we either Jirstf lengthen (or shorten) the line cd,

as by remov ing d to e ;
or, secondlyy turn that line cd, m the

plane of abc, as by changing D to f ; or else, and thirdlyy turn

that line cd out ofthe plane abc, into some other position, which

is not represented in the figure* Conversely these three distinct

and elementary modes$ of change of the vector o - c, esihaust all

thepossible varieties of real alteration of that^vector. For what-

ever position in space may be denoted by the letter m, we may
always conceive tliat the point d comes to be removed to this

new position u, and that the vector CD is therehv changed to the

vector CH, or that the difference d - c is changed to h - c, by three

suceessioe and component alterations of the kinds enumerated

above: namely, by 6rst tengthening (or shortening) co to cb;

then turning cb, in the plane abc, till it becomes co (in fig. 19)

;

and finally causing cg to revolve, in a plane perpendicular to

tlie plane of the figure, till it takes the position cu. In fact we
could alwayS) by an opposite rotation, in such a perpendicular

plane, brini^ ch to coincide with some such line as cg, in the

given plane of abc; then, in that plane, turn cg till it became^

like CB, a line in the same direction as cd; and finally shorten

(or lengthen) cb, till it became the line cd itselC But each of

these three operations would make a reai change in the vector on

which the operation was performed, since it would alter either

the direction (in one or other of two different ways), or else the
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laiytli of that line; and to these three distinct modes o/cluinge

of a vector d-c, we see that all others may be reduced. A
Vbctor, such as u-c, is therefore, in this sense, a Thiplbt,

since U depends upon three distinct elements, which admit of

being expressed numerically; namely cms to tell us in ufhat ratio

the length of cd has been changed. In order to make it become

CB {in the foregoing process) ; anotkeTf to express, in degrees

or quadrants, &c., tliu angle ecg, through which the line ce has

been turned, in the given plane abc ; and finally a Ihird number,

to record the magnitude of that other angle gch, through which

CG has been caased to revolve, in a new and perpendicular plaoev

that it might take the position ch. In astronomical language^

if ABC be the plane of the horison ; and if co be a line whose

length is unity, directed towards the south, while c is some

known origin or post of observation ; then the vector cb (or the

position H of its extremity) will be entirely known, if we know,

first, \i^l€ii(jth, or the number oflinear units, such as tlie lengthen,

which are contained in what is often spoken of, and tabulated, as

the radius-vectOT of the point (or celestial body) h ; secondly,

the azimuth^ bcg, of that point or body ; and thirdly, the alti-

tudcf ocH : but the knowledge of any two of tbese three data

cannot, in general, dispense with knowing the third. All must

be known, if we would fulli/ know tvhat particular vector the

line CH is, or where in space the pouil or hotly ii is situated;

unless we should employ the aid of data of some other kind, which

would however always be found to furnish, when sufficiently

discussed, a triplk variety, and one not more than triple, as

answering, in fact, to the tridimbnsiohal character of spaci.

Indeed we have of late been merely reproducing, under a some*

what different aspect, and in a somewhat greater detail, con-

siderations which were brictiy state<l, or suggested, in article 17

of the first of these Lectures on Quaternions ; and there can now

be no difficulty in distinctly seeing that (as was stated by antici-

pation in that earlier article) amy vbctob whatever may be re-

presented hy the tbikomial vorm,

p = ix +Jy + kz ;

where yft retain their significations as unit lines, while the scalafs

9y znn simply Cartesian co-ordinates.
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102. Resuming now the consitltTation of the ciuestioiss pro-

posed in art. 95, it is easy to see that equal quotients are

represented by equivalent diradials ; and conversely, that

whatever change of a ray disturbs the latter equivalence^ die-

turbs also the fonner eqmaUty ; whereas, so long as the equivi^

lence of the biradials remains^ an equation between the quotienta

holds good. Thus, for example, in fig. 18, art. 94, the five bira-

dials hae, kec, fac, DBA, ECU, have been seen to be all mu-
tualiy equivalenty in the sense defined in art. 93; ami accordingly,

ifthe final ray of any one of these five biradials be divided by the

initial ray, as for instance ab by ah, or b- a by h-* a, the quo-

tient is, for each of these five divisions, expressedby ODeoommoii
* symbol, namely by 2A^, if the figure be conceived to be laid

upon a table, and looked at from aboTe. That Is to say, we
have the five following formula?, to be interpreted on the plan of

art. 86, in connexion with iigure 18

:

(B-A)-f.(H-A)«2Ai;

(c-k) -^ (k-e) = 2A^;

(c-a) ^ (f -a) = 2^^;

(A-B)-h(D-B) = 2A^;.

(B-C)-h (B-C)»24i

And again, whereas the three other biradials fbc, dca, bad,

were seen (in art. 94) to be indeed similar to the five biradials

just now mendoned, but not equivaient to them, because the di-

r«clfofi of the rotaiian from one ray to another is reversed^ or

because the aspects are opposite ; while yet the three biradials

last naiiud are at least equivalent to each other: we have ac-

cordingly, for them^ these three ulhtr formulfe, in whicli the .«ffV/n

alone of the exponent f is changed from what it was in the five

formulas last written

:

(c-b) (F-B) = 2ft"^;

(a-c) ^ (d-c) = 2A'^;

(b-a)-s-(b--a)-2A i

103. The same conception of equality of quotients may be

illustrated by the following simpler figure (fig. 22) ; in which

aob and cod are halves of equihiteial triangles, if the closing
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lines AB, CD be drawn, but may also be conceived to be two bi-

radial figures,with a common vertex at o, and with one common

mpmard atpecit and ono Tig. S9.

€9mmom whape; the se- § C.

eond biradial being ob-

tained iiom liie first, by

first causing it to rt-volye

throu^^li a certain amount

(in the figure, a quadrant) a » u

of right-handed rotation, in ita own plane, round its own vertex,

till it takes the position bof, and by then increasing the length

of each of the two rays ob and op, in one common ratio (namely,

in the figure, the ratio of ^3 to 1) : the pair oi rays a, I I in^

thus changed to a new pair of rays, y, but so that the quotient

of the new pair is equal to the quotient of the old pair (each

being still, in this case »2Ai^), and that thus the equation ofart.

95 is satisfied, namely

In fiict, when a biradial is thus merely turned rowid in tl« pleme,

and when its legs are altered proportionally^ so that it is, in ita

new state, equi\alent, as a biradial, to what it was in its old

state, according to the dehnition of such equivalence in art. 93,

it is clear that neither the relative lengthf nor yet the relative

direcHoHf of the second lay of the pair to the first ray of the

same pair, is altered ; but (by art* 40 of the second Lecture)

the auoTiBNT of the division of the second ray by the first ray

depends only on this relative length, and upon this relative direc-

tion ; the quotient itself therefore remains unaltered, during these

changes of the rays which are compared.

104. It might, at first sight, appear to be enough, in estima-

ting the relaiive directum qftwo raySf to attend simply to the

AKOLB between them, considered as to its magnitude or ^oiilt^,

and without any attention being paid to its plakb. But a little

reflection will suffice to show that this would not be sufiicient, in

the study and comparison of directed lines in space. For if, for

example, in fig. 22, after multiplying the length of the ray a by

V% and causing it to revolve right-handedly through a quadrant
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in the plane of a and /3, bo as to make it take the length and di-

rection of 7, we were to imagine that it was enough to multiply

ia like manner the length of /3 by the same incommensurable

tensor and then simply to set off ^ame fourth line with a

length thus obtained^ ai an angle of sixty degrees to such

having been the angle of inclination of/3 to a ; and if we were to

suppose that thus we should satbfy the condition uf the equality

of quotients, or the equation

the consequence would be that we should find, for the ray no

ONE determined direciiont but merely n conical locus, even if

its initial point or ortj^'ii were regarded as giyen and fixed:

namely that right cone, or cone qf revoUUicnf which would be

described round the ray 7, or round the line oc as axis, with the

point o for vertex, and with a semi-angle of sixty degrees. We
sli()iil(l tiierefore be led into a vagueness, and an indetermina"

tion^ which it is \ ory desirable to avoid, if it be pos^^ible to do

so ; and which indeed, it wouhi be inbxcusablb to introduce, or

tolereUey if by a better choice of definitions we can avoid it: as

we can, in fact, avoid it^ by taking planb and hand into ac-

count. Neglecting these, and attending merely to the magni^

iude of the angle, we could no longer say, dejinitelyy that the

identity

(/3-r-a)xa = /3

held good ; we could only say that the simple symbol in the se-

cond or right hand member, namely ^, denoted me among the

infinite^ mang values of the complex symbol in the first or left

hand member, namely (/3 -~ a) x a ; that is, geometneaily speak*

ing, /3 \voui^i tleiiotc one of the iHliiiitely many directions of the

sides of a certain rig^ht cone, all which directions woukl he in-

cluded among the meanings of the (on this plan) comparatively

indeterminate symbol (j3 -s-'a) x a. But when plane and hand
are attended to (by our considering towards which hand and im

WHAT plane the rotation is to be performed), this indbtbrmina<»

TioN entireig disappbars. There is, therefore, a good and suffi*

cient reason for our taking them into account, as we have donci

and as we shall continue to do.
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106. On the oiher hand, if any one were to deny to us the ^i-

bertg oftarniDg the proposed angle about, even in its own plane;

or were to reqaire that we should not aUer^ even propariioiuUiiff

the lengths af its legs at all ; if^ in short» cooeeding that when

the quotients are equai^ the biiailials must be eginWeiif, he were

to refuse to admit, eooTersely, that equiTalent biradials represent,

in all eases, equal quotients: we might remind this supposed ob-

jector, that in studying the quotient of two rays we have (in

art. 40) proposed to stufly only a certain complex relation, of

(what we called) the metroyraphic kind : not leogths themselves^

nor directions tkemseivut as his objection would require us to do»

tmi a tdaiUm between UngUa^ combined witk a relation between

direetione. We must, thcfefore, motfirego the Hbertjf ahoTo de-

seribed, while we snbmit to tke reetnctione whieh accompany it.

Indeed, hefore the invention of the quaternions, the same inter-

pretatioH of the equ ation S-?-y^/B h-o, as expressing a pro-

portionality of lengths, and an equality of angles, directed towards

ooe hand in onefixed pUaUy had been published by other writers

with whom I am happy ^ far to agree : although my view of

either of the two equated gnotknte^ separatelp taken» appears to

be in many respects peculiar to myself; as also does my mode of

pas6ing.^*oifi plane to plane*

106. Havini^ thus come to understand fully the conditions of
equality ut IHO quutieiits, /3 a and c -i- -y, we are next to enu-

merate their modes of inequality^ as, towards the end of article

95, it was proposed to do. And this enumeration is easy : for if

we regard the rays a and ^ as given and fixed, and retain also 7,

mt first, as an unaltersd vector, we know, by the discussion in

article 101, that the remaining vector S may be changed in Mree

distinct ways^ or admits of a triple variety. And if we next con-

ceive the new biratiial, whose rays are the old y and the new ^,

to turn (not in hut) with its otcn plane, preserving its new incli"

nation to the old plane of a and /3 unchanged ; we shall thereby

aUer^in a new andfourth tooy, ihebiradial (7, or thequoOent

; because we shall alter tie plane* You see this little,

moveable, reading^deeh^ upon the toMe before us: the line or edge

where its slope meets the table is, at this moment, in a meridional

direction, or in the line of north and south; but ii is obvious that
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I can move it, as I now do, by making the desk turn^ while it

8tUl rests vpon the ta/jle, till the same edge comes to be inclined^

or (if 1 choose) perpendicular to the meridian. (See figure 23,

where two poritiont of a prismatic desk abcdbf on a reetao-

gular table ohik are represented.)

Fig. 23.

And tbtts I have altered the aspect of the desk, and therefore

(by art. Do) the value of any biradial, which might havi; pre-

viously been traced upon it; the new biradial, after such a turn-

ing OF and WITH its own plane^ being no longer equivalent to

the old one. In astronomical language, it is not enough that we
know the periheU<m distance of a come^ the distance ofperike*

Hon from node^ and the ^incUnation of the orbit to the ecliptic

;

the ORBIT, as a plane^ remains in part unknown, until we know
also the longitude of the node, or the line in which it intersects

the ecliptic. The required enumeration of elements has

therefore been etlected ; and we become aware that the quotient

OF TWO RATS involves$ when thus geometrically and numerically

analyzed, a quadbdplb vabibty : it is, therefore, found again^

by Mm way of examination, as wdi as by the method of article

91, to include within itself a ststbm or four mumbbrs, and to

be, in thai Qt^ATBRNIONf

107. The loUowing additional remarks on this important con-

clusion may not be wholly useless. If the siti((iti(f?is of the two

extreme points a and b, of the vector b - a, were attended to,

that vector would depend on six distinct numerical elements

(such as the six co-ordinates of the two points) ; because the

situation of €<icA|iotW, in partieuhir, depends on, and nvfoLreB,
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ihree numberSf by the tridimensional character of gpaee. Again,

if a quotient of two such vectors, expressed under the form

(d-c) -i-

f

b - a), depended essentially on the situations of the

Jimr points abcd, it wouid, for the same reason, involve no

fewer than TWSLVB numerical elemeiits; namely three /or each

of these foar points. But because the Tector, denoted by the

symbol b - a» is conedved to depend, essentially, oni^ on the

BBLATiTB and no$ on the absolutb positions ofthe points a and

B, we are allowed, in examining the degree of essential variety

of which a vector, so regarded, is capable, to abstract from all

that sceminy or merely apparent varietur which the mere change

of SITUATION of the pair of points can produce. We may, tbere-

fore, conceive the initial point a asJUced^ and attend only to the

change of the position of the ftiuU point b ; and then we find

that the vector b-a depends essentially upon thbbb numbers

only, and is, in thai sense, a tbiplbt. And here we might

already see that the quotient of two vectors such as

(d-c)-5-{b-a),

may be put ander the form

(b-a)-4-(B-a),

by shifting merely the situation of the line CD, till it comes to

coincide with a new line ae, commenciiti^ at, or radiating from,

the point a, without its length or its direction having been al-

tered, so that the eqaation

E - A = D - C

shall be satisfied. And thiis« by treating a as a known and fixed

pointy or obioin of vbctobs* we shoald» in stndying tbeamonnt

of possible variety ofa guotimt of the kind above considered, be

only obliged, at most, to consider that degree of variety which

mig^ht arise from changes of the tvi O points b and e; so that the

Quotient in (|iRstion could not involve more than six distinct

numerical elements. Considering, next, that it is not on the

actual or absolute lengths of the two vectors that thmr guotient

depends^ but rather on their rehiive lengthy or on the batio of

the one length to the other» we see that the lifvworvJime b-

a
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may be treated as having its length equal to some one ftxed

btandard, or unit^ provided that we suitably, that is to say pro-

portionally^ change the length of the dividend-line E - a ; and

thus the NUMBER of distinct numerical elemenU» in tbe concep-

tion of the quotient, is reduced at least as low as five ; because

the point B may be eonoei7ed to be situated upon the suHace of

a «pAere» with its radius equal to the unit of length, described

about the fixed point a as centre : so that its degree of possible

variety is reduced troin a dependence on three numbers to a de-

pendence on TWO only, while the other variable point e continues

to furnish only three numbers. But again, it is 7iot absolute, but

relative dibbctions with which we have to deal; we must ther^

fore allow the angle bab to turn in iie own plane, round its own
ertez a, and must esxlude, as merely appartni^ whatever dSs-

ftiie^tOB or variety seems to result, from the comparison ofany one

such position of the angle (or biradial) sorevolTing, with another

position thereof. We may then conceive the unit-vector ab to

be brought, by this sort of rotation, into one fired plane ^ such as

the horizontal plane drawn through the fixed point a ; and then,

although the possible variety of the point b will still remain nif-

marieaUjf tripte, yet the variety allowed to the point b will be re-

duced to a dependence upon a singk number, such as that which

would express the tizimuth of this point b, or generally a single

angle in the horizontal plane. The whole possible variety

OF TUE QUOTIENT OF TWO VECTORS, Of of ottc directed line in

space divided by another, is found, therefore, by this mode of

examination or analysis, to involve a dependence upon not morb
THAN Four distinct numerical blbmbnts. And that it in<-

volves NOT FBWBB THAN FouR such elements appears from con-

siderations stated above. It may therefore be properly called (as

in fact I do call it) a Quatbrnion. In short, when such a

quotient is pictured by a biradial^ it is fouiiii to involve two nu-

merical elements lor species, and two others for aspect ; or more

concisely, two for shape, and two for plans : but two and

two make Four.

108. It is easy now to answer the last of the questions (80,

IX-X which were proposed at the commencement of this Lecture

;

or to shew» generally, what ought to be understood by the msd-
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' tiplication ofone Quatcru /on hy anuiher. For we need only

conceive the tivuJut lor quattrnivus as beifi4^ ref>resenteii or con-

structed by tWQ biradial figures^ having, tor greater simplicity,

one coOTflMW vertex s to inquire next in what Une /3 the ylamee of

these two figures intereeci ench other ; to determine thence two

other Urnee a end so that the quotient /3 ^ a may be eguat to the

multipUeand quatemUm^ and that 7 /3 may be in like manner

etjual to the multiplier^ according to the notion of equality be-

twoeiujuotients, which has been already iull \ cxjilainett; atui hiially

to determine the product quaternion^ namely, the new quotient

7 -3- a» according to the identity in art. 49, by completing a tri*

angular pyramid^ or at least by closing a trihedral angle* That

the process, thus sketched out, is an absolutely dbfinitb one,

and altogether frsb vroh vagijbness, you may already see.-

You cannot, therefore, be surprised to have it shewn to you, as

I hope in the next Lecture to shew it, that the results of such

MULTIPLICATION OF QUAT£iiNiONS constitutc, in miiny remark-

able instances, or classes of cases, connected with useful geo-

metrical interpretations and applications, the eulgect-malter qf
THSORSM8.

For example, the aeeodative principle ofthe muUtpUeation qf
quatemione^ or the equation

g q .q^q .q q,

(where the point is used as a mark of multiplication), will be

found to be such a theorem. It will be shewn to be a truthf but

not a truiem ; corresponding, in this system of symbolical geo-

metry, to certain pro|>erties of spherical figures, which are indeed

important, but are not obvious: and which cannot probably be in

any other way so simply expressed.

109. But while thus rcservinti^ for another occasion any such

investigations as these, respecting the theory of Operations ou

Quatemionst with the geometrical constructions and conse-

quences that pertain to them, a few remarks may usefully be

added here as illustrations of, or corollaries from, some things

which have been already stated in the present Lecture, respect-

ing operations on lines and numbers. ThuR, without entering

yet on the general operation of taking the Unsor, we may at

1
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least consider here the two particular but useful l ostsj wiirrethe

general quaternion, on which it is proposed to operate, reduces

itself, first, to a nwnber^ and second, to a line: and so may at

present inquire only, in the first place, what is the tensor ofa
scalar; and, in the second place^ what is the tensor qfa vector?

And then we may observe, that whereas etTei^TBNSOR is (by art*

63) to be reirarded as a signless NUMBBit, whicb denotes ffene^

rally (hy 90) the metric ellmkn't ofa factor, the former ot

the two tensors just now nnentioncd expresses tltat tactor-eleinent

of the scalar^ namely, its absolute value, or arithmetical magni'

iude^ which is independent o/ai^ebraieal sign ; while the latter

of the same two tensors expresses that analogous (actor-element

of the vector^ namely, its length or geometrical magnitudey which

is independent of geometriced^ direction. As examples of such

tensors ot scalars, we Lave the values,

T(±3)«3; T(± v'2)=t^2;

and as examples of such tensors of vectors, we have the equa-

tions, «

Tt«T/^T*«l.

110. In fact, by prefixing the characteristic T to any sym«

bol p ofa vector, or directed line in space, regarded as being itse(f

a geometrical factor (on the plan of art. 82), we imply (see art.

UO) that v/e abstract from tlie gr \imc otkiiation uf (1i1> /^/c/ot--

lincy and attcMui only fo iis .^^K^Hu: ki fect ; wiiich comes to

ahstracting from the direction of the line p, and attending onlg

to its length. This length of any vector p may hence be de^

noted by the symbol Tp, and may be called, as above, on the

general plan of these Lectures (see in particular the latter part

of art. 90), the tensor of that vector p. In other words, theNOM-
BKR Tp is to be conceived to denote the anf^wer to the question,

How many linear units (of a length piwKjusly assumed as the

standard of length) are contained in t lie lirie ^ ? Vor when ihe

tensor Tp is considered (on the plan of same art. 90) as one e/e-

ment ofthe factor p (the other factor-element being the versor

Up), it must be supposed to answer this other but connected

Question : In what ratio does the proposed vector p, regarded as
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a Mri-TiPLiER-LiNK, (lUer the lennfh ofany other vector o-,

perpendicular to itself, on wliitti it operates, in the way explain-

ed in the eighty-second article ?—that is to say (<r being still sup-

posed perpendicular to What is the ratio of the length of the

product'iine pa to the length of the multiplicand-HM a? On
the one hand, by art. 90, this ratio must be that of Tp to 1,

because it is, in general, the ratio of 'IVy to 1, if </ be the i actor

of the multiplication, whatever that factor may he: while, on

the other hand, by art. 82, the mme ratio is expressed by the

nnmber of linear units In p, because the length of the product-

line p<rwas found, in that article, to be the /iroc/iic< ofthe lengths

of the two factor-lines, in the sense that the number denoting the

length of p<r is the product of those which denote the lengths of

p and <T. We must, therefore, conclude, as before, that the nnm-

btr 'Tp expresses the h iKjth of the line p ; or that ** the teiibor

of a vector is the number (lenoiing its length."

With this ^ignificatiou of a symbol such as Tp, it is clear that

the equations of art. 90,

may be written as identUies thus,

T.kX = Tk.TA, T(A ~k)=TA.u Tk;

where k and A are symbols ofant/ ftro vectors: and indeed it will

be found that analogous identities exist, for the more general

case where those symbols under the characteristicT are supposed

to represent two quaternions.

111. There is, however, another mode of eTpressinff ihelength

of a line p, on the principles of the present theory, without em-

ploviiit^ the clianieteristic T, which mode it may be proper here

to mention, and which depends on the principle enunciated at

the beginning of art. 85. It was there shewn, as a particular

case of the multiplication of parallel vectors, that the square of

every vector is a negative scalar, of which the positive opposite

expresses the square cf the length of the vector; that is, the

square of the number which denotes that lenglli, by denoting (as

usual) the number of linear units contained in it. Hence, for

i 2
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example, ifr be the Bunber which tbas denotes the length of

tile vector (>, we shall liuve the equations,

which gire ftlso these othersy

the ezptesiion onder this last radical sign, being here a posi-

tive niunber, because the square ^ of the vector ^ is «Cw^(by

the lately cited article) a negative number. The radieai V (- p') is

therefore, in this theory, another symbol/or the length o/the

line p ; and by comparing the results of the present and of the

foregoing; article, we arrive at this important symbolical equality,

where ^ may represent cmy vector

^

Tp-V(-P');

giving also this eqnation freed from radicals,

(Tp)«+p»-0.
«

If 19 be a scalar^ then, by what was shewn in art. 109, iU tensor

is, on the other hand.

Tic = (+ ««^),

where the positive or absolate value ofthe radieai is to be taken

;

and we may just mention by anticipation here, that whena^vo-

ternion q shall have been put under the general form already

referred to in art. 78, namely,

QTg more concisely,

q'W + p,

where is a scalar, and p is a vector, the tensor of this quater-

fifdft will be found to admit of being so expressed as to include

the two radical forms lately written; namely, in the following

way:
T^-T(te^ + p)=^(iD»-p2).

1 12. It may be instnietive here to remark, that becausewhen
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pand (T are any two perpendicular lines, their product pa is itself

another line» the tensor of this product may, by the last article,

be thus expressed

:

And because the length of this product line pa is the product of

the It n inths of the two factor lines p and a, we have also (com-

pare art. UO)y

T * p9 • Tp . Tff

,

EliminatiDgt therefore, the characteristic T, by the principles of

the preceding article, we arrive at the eqaatioD,

which must no doubt seem strange to those who are accustomed

only to the expressions of ordinary or commutative Algebra* But

in the present Geometrical CaletUus^ by the equation qfperpem'

iffm/ority assigned in art. 82, the fonnuta last written, when

cleared of radicals, expresses simply that

— (>a . pa = ^p . ffa, if - a(> = + pa ;

and since this last condition gives evidently,

— p.(Tp.<y= + (). pa . (Tf

we see that we have only to remote the points^ regarded as marks

of multiplication, which serve to groupe (and, at the same time,

to separate) thefiutore^ in order to arrive at . the expression of

the equality asserted in the formula. Now such removal of

POINTS, or of other sepaiaLing and associating marks inserted be-

tween factor-symbols, is precisely what is allowed by that Asso-

ciative Principle of multiplication, which was stated, in art.

108, to hold good for quaternions generally. We have, therefore.

Dot only explained what might for a moment appear a dijpeuUy,

but also have verijied^ in one useful case of application, that ge»

neral associative pri/uipicy which \s iil be louiid to Itu among the

most important links of connexion between Algebra and the

Calculus os QuAxaaNioNs.
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113. The vcrsor ofa scalar is simply the sign if the scahir

be positive, or the sign , if the scalar be negative; but because

these SIGNS, regarded asfactorst have respectiv^y the game^
ftcU as the (actors + I and - 1, we may write for any scalar ir,

the formuta,

« ± I, according as i& ^ 0.

For example,

U (+3) = + = +1;

U (- t^2)-~ = -l.

The twTJor ^fa vector p is the yscTOR-UNrr in the direction qf
thai vector ; for such is the otherfactor of p, in the identity

p B Tp • Up I

the factor Tp having been seen (in art. 110) to be the number

which denotes the length of the line p» so that on dividing the

line by this number, the quotient

Up»p-hTp

must be in geiietai a new liuCi with the same direction as p, but

with its length reduced to unity. For example

U(3i)=i; Ui-J 2) = -/

We may also write (in virtue of the value of '1 (i, assigned in art.

Ill) this gcmral expresawny

where p may denote amy vector ; and we shall have, with the

same generality, the equation (compare arts. 75, 77),

(Up)«— 1.

The vereor qfzero must be regarded as indeterminate^ unless the

zero be supposed to be tbe/imi^ of some known process^ in which

case we may be induced to treat it as an ittfiniteeimal scalar with

known sign, or (according to the case) as an infinitesimal vector

with a known direction ; and then this sign, or this direction.
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may be eonsidered as the particular value ofthe symbol UO, for

that particular question. And for the same reason that + 1 or - 1

may be substituted for + or as tlm value of the versor of any

scalar different tVom zero, we may also, wlienever we think fit,

equate a tensor to a positive scalar^ although it was seen (in art.

63) to be more property a signless number^ or one unaccompanied

with algebraic sign.

1 14. The conjugate qfa scalar is simply that scalar itsrlf; but

the conjugate ofa vector is the vector reversed^ or taken with a

direclion o|)p<;i»ite to the original, without any change of len^th;

because in ireneral (by art. 89) conjugate factors produee the

same ejfects in the way ot tension, but produce opposite effects

in the way of version : and opposite lines (by same art. 89) pro-

duce such opposite effects, when used as axes of right-handed

rotation, to operate on any other line to which they are both per*

pendicular. Thus with the recent significations of w and and

with the chuj acteristic of conjityation K, we have generally,

ami it may be state*! by anticipation, that uhen any quaternidii

q is put uuder the form (see art. Ill) y = t£7 + p, its conjugate is

= Ki^iv + p) = it' - p.

115. Finally, as regards powers oflinest with positive or ne-

gative numbers for their expontnts^ it is easy to give a char and

simple interpretation to any symbol of sucli a j>o\ver, by an oh-

vious extension of what was shown in art. b6, respecting powers

of unit-vectors. We saw, when considering such powers, that

whereas the unit-line for.exampie, if regarded as a factor,

would have the effect of turning any horizontal vector on which

it operates, horizontally and right-handedly througti a quadrant^

or of causing this multiplicand vector to advance ihrough 90'' of

azimuth, the power with the iiaction V for its exponent, would

only cause the vector to turn, in the same plane and towards the

same hand, throu'^h half a quadrant, or would make it advance

through 45° of azimuth. The operation of which the iactor is

the agent, is therefore lialfofthat other opergtion^ of wiiich the -

agent is the factor A itself; in the sense that two operations of
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the one kind are equivalent to cne of the other. In symbols we
have» thereforoi here, as in eommon algebra, the equation or

identity.

Suppose now that p is some other upward vector,

where ;r is a positive nnmber different from unity ; for instance

let

z = 2 V 2, p = A V8.

Xo interprety then, the symbol we have only to eombine, with

the recent act of version throug-h halfa quadrant^ an act of ^en-

sion^ which shall, in like maimer, produce halfthe effect of mul-

tiplying by the number z: in oilier words we are to multiply the

square'TOOt A' of the given versor by the square-root of the

given tenear For the product thus found, namely,

p* = 2U* = 8*A*,

where has its usual arithmetical signification, is a symbol satis-

fying the analogous identity,

P* P* = p;

and the symbol p*, when thus interpreted, represents a (actor

which is the agent of a certain complex operation, on length and

on direction, whereof the metric and the graphic elements [ire

respectively, as operations^ the halves of tJie corresponding ope-

rations of tension and version, which are the elements of that

other operation, whereof the given factor p is the agent. In fact,

if we twice eucceeeivelff multiply the lenfftA of any proposed hori-

riaontal line by the new inoommensnrable tensor V B, we shall

thereby, upon the tcAo/e, have multiplied that length by the ori-

ginal number or z; that is, by the proposed tensor of p. And
if, in like manner, wc icvice successively operate on the direction

of the same horizontal line, by the versor regarded as a gra-

phic faetor, we sUall, on the whole, have caused the line to

^^vance through two oetante, or through one quadrant of azi-
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mulh, which is precisely the effect of operating orice hy the pro-

posed versor X; of the factor p itself. Again, with the same base

p^k V d> but with the fraction ^ for theezpoDent, we obtain on

the aame plan the power,

p^ = k^ y/ 2,

which satisfies the Identity,

pipipi»p;

and, as a factor, has the effect of turjiiog any horizontal line on

which it operates through 30° of azimuth, and of increasing the

length of that line in the ratio of the diagonal to the side of a

square, or in the ratio of the cube nwt of the number z to unity.

And the power

when used as a factor, changes the half base to an adjacent side

of a horizontal and equilateral triangle, in such a manner that

this last-mentioned power of p coincides with that quaternion

which has been already considered in articles 102, 103 of the pre-

sent Lecture, and is represented or constructed by any one of

the five equivakiit i)jraiUals dua, &c., of the figure 18, or by any

one of the three other equivalent biradials, aob, cod, eof of fig,

22.

1 16. More generally, for the same base p, and for any nume-

rical exponent /,*we may write, as in ordinary algebra, the fol-

lowing expression for the power:

That is to say, the teneor 2*, qfthe power p', in the corresponding

power ofthe tensor z ; and the vereor A' ofthe same power p', is

the power of the versor k. t;vi(leiiL that aimlogous results

must hold good for the powers of all other vectors, and that we
may write generally, for any such power, with a vector for base,

and a scalar for exponent, the formultt,

T.p' = (l>y;

U.p'«(Upy.
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A POWER of this sort is, therefore, in (/tneral n qi'aternion',

of which tiie tensor and the ver«»or can be assigned by the fore-

going rules : but this quaternion may^ in certain particular cases,

degenerate into a line or a number* In facty since, with the in-

terpretation assigned above, the power regarded as a factor,

has, in general, the effect of causing any line cr, perpendicular to

the base-line p, to revolve round that base through an an^le » t

X 90°; while it multiplies the length of the same multiplicand

line by the t'^ power of the number 1 o, which CApresses the length

of the base ; we see that in the equations,

p'<r = T, p* = r -T- <x,

where r denotes the product-line, or the result of the multipli-

cation thus conceived, this line r will not only be perpendicular

to p, but also to cr, if the exponent I be any odd ivkolv Jtuiuher

;

in this case, therefore, tlie power p', being equal to the quotient

of two rectangular lines, will be itself a line or vector. For ex-

ample, the power p^ is evidently the base-line
f>

itself* On the

other hand, if the exponent t be zero, or any positive or negative

multiple of 4, the direction of the product line r caincidee with

that of the mnitipHcand line 9, and the power p', regarded as the

quotient r a, is seen to be a //ositiue number ; for example, we
have, as in algebra, the value

But if the exponent t be any positive or negative multiple of 2,

without being a multiple of 4, then the direction of r is oppaeiU

to that of (r, and the power p' ti^negative number: and, in fact,

we saw, for example, that the square p^ of every vector p is equal

to a negative scalar, or that (by arts. 85, 1 1 L),

p«-~(Tp)^

117. Another useful thoui(h particular cane, in this theorv of

powers of lines, is the power with negative unity for exponent,

l ins power p"' is itself, by the last article, sl line^ because the

exponent is an odd whole number ; and this new line may be
called the RBCiPROCAL of the old or given line p, on account of

^ relation
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whieh M indoded in the more general formiik (coaunoii to alge-

bra and to qualcuiiuns),

where m and it are any scalar exponents. The tensor ofthe re-

ciprocal of any vector is evidently the reciprocal of the tensor of

that vector : and, in like manner, the n rsor ofthe reciprocal is

the reciprocal of the versor. The factor p * bas^ therefore, the

effect of dividing by Tp the length of any line a perpendicular to

on which it as conceived to operate, and also of turning that

line 9 left'kamdedfy through a quadrant round the direction of

or rfghi'hamdedfy through a quadrant round the cppotiU di*

reciioii of - p as an axis. We may then write

U(p-)=(Up)->— Up;

which result evidently agrees with the formula of art. 1 13,

and gives the general expression

p^ = - Tp' ' . Up.

Any two reciprocal vectors, such as o and n \ have, therefore,

their (iirrctiofis oppositt y and their lengths reciprocal ; in such a

manner that the r^ctaii'ifr ron.

structed with those lengths fot

its sides is equal in area to the

square described upon the unit

of length. For example, if

AOB, in fig. 24, be a diameter

of a circle, and if tuc or<linate

or half chord oc or or), per-

•

pendicular to that diameter, be

taken for the unit of length,

then the two oppositely diredt^

ed segme$tU of that or of any
other chord throogh o, for in-

stance the two o|)po^itc j»ai is or segments B - o and f - o of the
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chord EOF, are, in the sense above explained, r€ciproc€U vectors,

so that

if s - o B ft then f ~o

»

118. If we combine this notion of a reciprocal with the rule

for forming generally the product of any two vectors, which rule

was deduced in art. 88| we shall infer easily that " to divide one

vedar /3 ^ another vector a» and to mukipfy the former vee^

tor into the reciprocal a'^ of(he laUer^ are operations wbleh

give generally one common guaiemion as their result:*' or that

we may write (in quaternions as in algebra),

In faet, the quotient in the one member, and thejiro^Hcl in the

other, have one common teneor^ namely T/3 To, or the quo-

tient of the length of /3 divided by the length of a. Again, the

axis ofthe versor ofthe quotient j3 -4- a, regarded as a graphic

operator, is perpendicular to the plane which contains both a and

(3, or to which they both are parallel ; and the relation round this

axis from the divisor a to the dividend )3, is (by our general con-

ception ofa geometrieal quotient) right-handed ; such then is also

the character of the rotation round the same line, from j3 to -o,

or from fi to and, therefore (by 87, 88), this line is also the

ajns ofthe versor ofthe product, j3 x a~ ^ or pa'^. And finally,

the angles of rotation are the same ; tor the angle ofthe (^uoittut,

0 -i- a, which angle may be thus denoted,

^ (/3 -r a),

is simply the angle between the directions of a and /3 ; while (by

the same arts. 87, 88) the angle ofthe product, /3 x a~ ^ which

may, on the same plan, be denoted thus,

^03xa-i).

is the eitpphmeni of the angle between /3 and o ' S or between jS

and - a, or is eqmU to the angle between the directions ofa and

^ themselves. We may also agree to denote occasionally the

^^Vocal vector a ' by ihvfraciionai tymhol -
; and to repie-
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tent the quotient p -i-a, or the product j3a ^ by the analogous

symbol ^.
a

119* Those who are acquainted with the properties of loga-

RiTHiiic SPIRALS may employ them with advantage to illustrate

the whole preceding theory ofpowers qfUnes* In figure 25» let

ABCDBFO be one half>spire ofsuch a curve, subtending two right

angles at the polb o; while another half spire, proceeding in the

opposite direction irom a, passes through the points uvwxyk.

Fig. 26.

Let the six transversals through the pole, aozo, bot, cox, dow,

BOT, Fou, be concdved to succeed each other at equal angular

intervals of thirty degrees each ; and of the two rectangular rays,

or vectors from the pole to the curve, oa and on, let it be sup-

poMcl that the latter is to the lornier in the ratio of to 1.

Then if the figure be laid upon a table, with its face upwards,

the quotient of the ray od, divided by the ray OA, will be (by

prindples already explained) the same upward vector, peA^B,
which was considered in a recent article (1 15) ; and, in general, the

power ^ of this vector or base-line p, with the scalar exponent

will be equal Co the quotient of some one ray r of this spiral, <ff-

vidcd ly amiiker a\ the condition being that r shall be vtom ad-

vanced than cT, in the order of progression Ironi a to g, by an

angle at the pole o, which shall be = ^ x 90°, if the scalar i be

positive \ or eliethat r shall be /ess advanced than a, in the same

order of rotation, by the amount so expressed, if the exponent I
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be negative. Thus we ma) torm, for some of the positive powers

of the table:

(a-o)-j.(a-o) = p'>«1;

(C-O) -i-(A~0)=pt=2At;

(D-o)^ (a-o)-<>i = A^^8;

(e-o)-5»(a-o) = p*«4*I;

(f-o) -r (a-o) = p* = 4/(* V-^;

(g-o) (A-o) = p2=~8;

with lliib other table of net/alive powers

:

(D-o)^(A-o) = p-^«*-*i/i;

(v - o) ^ (a-o)-p * = iA-J;

(w-o)-^(A-o)-p-'.A-» VJ--^;

(x-o)^(A-o)«p-*-iA ^;

(Y-o)^(A-o)«p-*-i*-^ Vi;
(Z-O) -S-(A-0) = p-««-4.

The e^tiaftofi the spiral may, therefore^ be said to be the foU

lowing

:

crap' a,

if o be some fixed ray, such as a - o, while <7 is a variable ray

(from pole to spiral), and < is a variable scalar, if

T =p* 'O

be the arial(»i,M)us e.\|)ression for another variable ray of the same

spiral, and if, while the exponents t and A + ^ both vary, their

difference h remains^'irecft the quotient qfthe two wiriabU rays^

namely,

will then remain aUo Jixed, being equal to one constant quater^

nicn : and tbe triangky whose sides are the two rays a and r and

the chord r - tr, will be of a constant species^ depending on the

length of the base-line p, and on the scalar exponent A. Thus, in

iig. 25, making or conceiving r to be more advanced than
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9 by 60^ of rotation, that is, by two-tbirda ofa quadrant, we find

the fixed (][uaterinon quotient p^^^ki; and the trianglL', as tor

example aoc, or dod, &c., beLuiiie;*, in this case, the half of an

equilateral triangle. If the dilTerence h of exponents be chosen

continually less and less, so as to tend to zero, the vertical angle

of the triangle tends to vanisb ; apd its base-anglea tend to be-

eome the constant acute and obtuse angles which a variable ray

(from the pole) makes with the spiral. In the ease of fig. 25, this

acute angle between ray and curve, which may be called the <m-

ffle of the spirnh suppose the mixtilinear angle at g, is nearly

= 5(»'^A; and in general it can be computed without dittieulty,

either by the theory (not yet stated) of differentials of qua-

TBRNioNS, or by methods otherwise known.

120. I shall conclude this Lecture, which has already ex-

tended to a greater length than 1 could wish, by observing that

(ifwe set aside, for a moment, the ca^e of numerical quotients or

parallel lines), EVERY Qi oTiENT OF TWO RAYS may be nynrdcd

as a POWER OF a vectou, with a scalar for the exponent of this

power; and even that we are at liberty to a^^^^unie tliat this scalar

exponent is confined between the limiis 0 and 2 ; so that we may
write generally, as an expression for any such geometrical quo*

tient, the formula,

<3-r-a=p', t>0,t<2:

just as the particular quotient 2/;^, which jiresented it«;elf in some

former articles of this Lecture, has been seen to admit of being

put under the form where p = A \/8. in fact, any given bi-

radial, such as aoc in fig. 25, with any actual angle, whether

acute, or right, or obtuse, may always be conceived to be fji-

scribed in a definite spiral (of the logarithmic kind), in such a

way that the vertex of the given biradial shall be the pofe of the

spiral, and that the two given /e(/s or /v///.v of the hira<'iial shall

also he two rays of the same sj)iraJ, while the arc in fcreep led be-

tween them shall be iess l/ian a semi-spire. And, then, by tak-

ing any tufo rectangular rays of the spiral, including between

them what may be called a quarter^spire^ we shall form a new
and quadrantal biradial, such as aod in the same figure 25,

whereof the second ray, divided by the first, shall give, as the
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quotient) a oertatn vector p, perpendievlar to the plane of the

curve, which vector is to be taken as the base ot the sought

power ;
w hile the kxponen t of that power is simply the uwn^

ber obtained by dividing the angle of the biradial by a quadrant,

and therefore is (on this plan of construction or representation)

greater than zero, but Use ihejH two* Or, without thinking of

spirals, wemay conceire that afiter determining, by the last-men-

tioned division, the numerieal expommt t of the power p', which

power is to be made equal to the given quotient /3 a ; and after

fixing the direotiou uj the base-line p» by the confiitioii that it is

perpendicular to the plauc of the twu given rays a and /3, and

that the rotation round this base-line p, from the divisor-line a to

the dividend-line j3, is positive^ or right-handed: we then proceed

to determine the leufftk of the same base p, or the number Tp,

which expresses this length, by the condition that the power

of this sought number Tp shall be equal to the quotient 4-

i a, which is obtained by divitliug the lei»gth of the ray /3 by the

length of the other ^iven ray a. At the limit t = Oy this process

may be said to fail, for it would require us then to take an inii-

nitely high power of a number which would generally differ from

unity ; but at this limit the angle of the biradial veauehee^ and

the quotient 0 a becomes simply upoeitive number* And, on

the other hand, at the limit I» 2, although the process cannot

precisely be said to Jailt since it still allows a possible construe-

tion, yet this construction becomes now partially vagvc^ for it

conducts to a semi-apirey in an indeterminate plane ; and the quo-

tient is, in this case, a negative number^ which is indeed the

square of a vector, but of a vector with an indeterminate diree^

tion* But whenever the quotient of the two rays does not thus

reduce itself to a ecalar^ that is, whenever (as above said) the two

rays contain between them any actual angle, whether acute, or

right, or obtuse, the process then docs not merely eucceed^ but

gives a perfectly DEiEHMiiNAiE result; at least if, for tiiesake of

simplicity and definiteness, we still exclude the supposition of a

rotation through any greater angle. We may then regard the

expression assigned above, namely, the scalar powbr p^, or

more fully, the power, with scalar exponent, or a vector basb,

as a general expreetionfor the qw^iewt oj one rag divided hgmo-
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tker^ at least if the two rays do not happen to have one common

direction. And because the base p, being a vector ^ depends (by

arts. 17, 101)9 on a system of tueke numbers, serving here to

fix the aspect and angU qfthe spiral; while the exponent t is

itself ANOTBBR MUMBBB* Serving to msrk theyhwluw f^aqmr^
ter-spire; we are thus oondaeted anew to that important and

fondamental oonelnsion, from whieh the present Oalcnlns may
be said to derive its imme. For we thus are led to conclude again,

that the Quotient of two Rays, when directions in spacCy as

well as lengths of lines, are attended to, depends generally on a

Sy6T&m of Four Numbers, which result confirms, in a new

way, the propriety of our calling sucha^ifo^tefi^ a Qdatbbnion.

Bat the genetal theory of Operatunu on sach QjnUermmu must

be reserred for the following Lecture.
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LECTURE IV.

121. Although the last long Lectore, Gentlemen^ has gone
fax towards a ttatemeiit ofthe chief notoHimt of that QJculus to

which the present Course relates^ yet a few other general signs,

or characteristics of operation, require to be still ezpldned. And
^although the chief operations on lines, rctrarded as having direc-

tions (as well as lengths) in tridimensional space, and called

sometimes by us, for that reason, rays, or vectors, have been

considered^ and some leading problems respecting them resolved,

at least for the eases in which not more than two lines at any

one time were to be combined among themselves in the way of

mnltiplicatton or division, yet even for lines it has not hitherto

been distinctly shewn how to combine, in that way, even so many
as three v, ith each other. The (juotieui of any two such rays has

been proved to be in general a (^i atermon ; and so liave also

the product of any two rays, and the power of any one ray or

vector, with any scalar or numerical exponent ; in the sense that

each SQch quotient» or product, or power, denoted by any one of

the three symbols,

and interpreted on the principles of the present system, has been

found (in the last Lecture) to involve generally a dependence on

a system of distinct and numerical elements; but we have

done little more than hunt^ as yet, at the methods of combining

such qmUmAone among themselxiee by oj^roHone of one on ofio*

ther. The operation of sneh a quaternion, as afactor^ on a line,

has indeed been seen to involve generally a metric and a graphic

element; a stretching and a turning ot the line thus operated

upon ; or in other words a tension and a version : to denote which

ekments leparately we have introduced (in art. 90) the two elo-
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raeierisiic letters T and as signs of the operations of what

we bave called taking the temormad taking the versor respectively.

Bat while thus decompoaing generally a quaternion intojaetonf

or into elementa to be combined by multiplieaHonf we have as

yet proved nothing respecting the equally general and equally

important decomposition of a quaternion into parts, or gum"

mantis, to be combined \vitli each other by addition ; and in par-

ticular we bave only alluded, by anticipation, to the separation

of the scalar and vector partSt such as the parts w and p in the

expression

of articles 114; to denote generally which new eort t^de-

eompotiHon of a qnatemion, it will be necessary to introduce (as

above hinted) two nbw signs, such as the two new charaeterie^

tic iettere S and V, not yet submitted to your notice, for the

j»ur|)()sc of indicating the uperations of taking the scalar, and

taktmj LUe vector, respectively, of any proposed quaternion. To
express that in passing according to a certain law from one pro-

duct of lines or from one quaternion to anotlier, we have con-

ceived or found (as for example in passing Arom kX to Aic)» the

teneor element of the quaternion, as a &ctor, to remain nmehangedt

but the jsereot element to be reoereed in its effect ( 1 14), or to be

made to turn the line whereon it operates in a direction contrary

to lb a in which it turned the line before, but througli an equal

aifiouiit ot rotation, aii<l in one common plaufy we have introduced

(in art. 89) the deoomioation oH conjugate products, or factors, or

quaternions, and have employed the letter K as the si^n of such

emiimgatkm^ or as the characteristic of the operation of taking

the eaigngate of a quaternion ; but we have as yet said notbbg

respecting the confugate qfa product of quaiemiane; and no*

thing has yet been proved respecting the tensor or the versor

of such a product. The outline of a general couslruclion for the

ninlt Iplication oi giuj ftvo quaffrnionfi^ by imans of a trthedral

angle^ has indeed been given (in art. 108); and the correspond-

ing construction for the division of quaternions may have easily

thence suggested itself : but the simplifications and transforma-

tions of the eonstmcttons, which ipAertoal i^eoMielry affords, have

k2
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nut yet been touched upon. The inultiplication of lines amonjg^

themselves has been shewn to ^ive different results, according as

the factors have been taken in one or in another order ; irom

vrbicii it foUowtt by still stronger reasooi that the multiplication

qf^uatemiom it iiol generally a cammuiaiive operatioii ; but it

has hitherto been only staiedt and not generally proved^ that the

Mome new and enlarged operation Offrees with the process of the

same name in ordinary arithmetic and algebra, by its possessing

another general property, which is at least equally important,

namely, by its being an wx.svjrva^ii'g operation (108) ; much less have

the geometrical MigH^fications of this general result been brought

as yet before your notice. Another great link of connexion be-

tween quaternions and ordinary aigebray I allude to,the dittrilnh-

ihepmpett^ of multiplication* has not hitherto been so much as

mentioned in these Lectures. And wldle the product or the quo-

tient of two rectangular lines has been represented or constructed

by a third line rectangular to both, yet it may be admitted that

the motives for adopting- such a representation or construction,

which were suggested towards the close of the second Lecture of

this Course, e?en when combined with the degree of sticce$9

which may be supposed to hare been since attained in unfolding

the consequences of this geometrical constmetioo or conception,

may sttU leave room for a not unreasonable demand, on the part

-of a severely logical inquirer, that some new and more stringent

TEST should he applied, as a check on the consistency of this

view, respecting perpendicular lines, with principles which have

been judged, in these Lectures themselves, to possess a character

still simpler, earlier, and more fundamental*

182. To examine then* first, in a new way, the views already

propounded respecting the multiplication and divinon of perpen-

dicular lines, as regards the consistency of those views with each

other and with still more general principles, let me once more

remind you that the quotient -v- a o/any iico rays in space has

been found to he, generally^ in our system of interpretation, a

QuATEKNiON (sce articles 91, 106, 120) : this being indeed that

mun and fundamental conclusion, from which the present Cal*

CULOS derives its name. But we have also seen that this pene^

~^^^\ral futiUmUm nMiy» lo certun particular cases of relative direc-
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tioii of the two rays, degenerate into a scalar or into a vector, that

is, into a number or a line : namely into a scalar (hy articles 59,

64)« when | a» that ift wbeo the two rays compared areparaUel

to each other» or to aoy oommon line ; and into a vector (by art.

82), when /3 JL a» that is when the two rays are perpendicular

to each other;* to that muhbbrs and lines are both inclu-

ded in the conception ofquatbrnioks, and a complete theory

of the latter must consequently include the theories of botli the

former. As an example of a quaternion thus d^enerating into

a Tector, we had, in article 83, the equation

and other ezaDiples, where the quotient of two rectangular lines

has been already treated as a third line rectangular to both, cannot

foil to have been observed by you. In fact it was shewn generally,

in art. 62, that the product afi of any two perpendicular lines is

equal (in our system) to a third line ; luuiu'lv, to one which is

perpendicular to both the tacfors, havino^ also its length equal to

the product of their lengths, and having its direction distinguished

from its own opposite, by a simple rule of rotation, assigned in

the last quoted article; a conclusion which is also deducible (by

making I) from the more general theorem ofart. 88, respect-

ing the multiplication of cmy two Unet. Hence, by the general

relation of multiplication to division, or immediately by the same

art. 88, we may write an equation of the form,

the new vector p being so choaen, as to satisfy the connected

equation,

X = px K,

with the signification already referred to. That is to say, the

length of the quotient-line ft is to be equal to the quotient of the

lengths of the two given lines X and k, with the usual reference

to an assumed umt of length \ or in symbols (compare art. 1 10),

The dUreetioH of the quotient line f« is to be perpendicular (as
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abaye nolioed) both to the divideiid-Uo« X wad to Uiedivisor-liae

K ; or in tymbolsy

And finally this perpendicular direction of the quotient line is

di$tiiUfuished/fam its own oppoiiUf by the rule that the rotation

roand ft from « to X w patitwei or more fiilly» that the rataHom

romnd i&e quoHetUMnef/hm thedioisar4im0 to theditidemi4in«f

99 right handecL In short a quadraktal auATBRMioN, or a*

quaternion with R^uathwUal vertor, is in our system oonstrueted

by a LINE, which is drawn in the direction of the axis ofthever*

nor, and of which the length re/iresents the Itnsor of the quater-

nion. All this may indeed have been collected from what was

said in former Lectures, but it seemed worth while to state it for-

mally and explicitly here : since it is in fact one of the chief fea-

tures or main elements of this Calculus, as regards geometrical

interpretation,

123. ConceiTe now, as an application of the foregoing rule

for constructing the quotient of two rectangular lines, that a line

c is drawn from the point o of figure 22 (art. 103), perpendicular

to the plane of that figure ; and more particularly, let this new
line f be directed vertically I9)tc7iir</.f, if the figure be laid horizon-

tally with its face upwards on a table. Let the length of this

upward line < be equal to the length of the ha\fbaee oa of the

equilateral triangle of which oB is a Bide ; and let the attitude

ab of that triangle be assumed as the unit of length. Then, by
the general process of construction above explained, if this new
and vertical line t be em{)loyed as a divisor, and if the horizontal

ray a or o\ of the figure be taken as a dividend, the ^uo^ten^ will

be the ray y or oc of the same figure; and we may write the

equation

For the tensor of the quadrantal quaternion a -f- 1 will here be

equal to unity, on account of the equality ol ieji^-tlis subsisting

between the divisor and the dividend ; and the length of the line

oc is the same as that of ad, which has been taken as the unit of

length, so that we have, in conformity with the first part of the

general rule in art. 122,

Ty-Ta-f.T€=L
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Again the (horizontai) direction oi j is perpendicular to tbe^ver-

tical) plane of a and f» so that we have here

as It required by another part of the nme geoeral rule for the

constnictlon of the quotiefit-line. And finallf the only remain*-

ing part ot the same rule is also satished ; lor the rotation round

y from { to a is rii^ht liamled. In an exactly similar way we shall

find that, with reference to the same figure 22, and with the sig-

nifications of j3 and B in thai figure, as denoting the rays ob and

OD, while f denotes the same upward Tector as befoie* we nay
write the equation

finr now the dividend-Hoe /3 h in length double the divisor-line €,

and the length of the liae S is double of the assntBed unit of

lengthy so that

Tj3~Tf=TS=2;

we have also the perpendicnhuitiesy

and the rotation romid 9 from c to /3 is positive.

124. To iegt now the eonsltfMey of Aese resnlts with other

principles, which we regard as being even more essential, and

which had in fact been laid down in the Second Lecture, as go-

vemiog geturaUy the composition and decomposition oj/actions^

before we |mieeeded to consider specially the case of rectangular

linesy let us resome the general conclosion of articles 60 and 56,

namely, that in eveiy such analysis of fiMtion/' the tms^
tor divided by the factor gives the probctor as theqooticBt or

in symbols, the formnla,

T-=.^-(y^..)-5-o+•),

v\ here o, 7 may detiote any three rays in space. The ideiuily

last written gives evidently this other equation oi the same form,

0-^>t)-r(«-S-t)-^-i-a;

where «•^ f may be supposed to have the significatiooi whidi
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wereaeugned to them in the foregoing artiele (123). But k
was shewn there that our plan for constructing the quotient of

two rectangular lines conducts to the two equaiioiia,

SvhiHtmUng then these valaet fat these two qnodents in the

identity written above, we eliminate the symbol c, but introduce

•y and I instead, and arrive thus at this other equation, which

aUo ought to be true,

8 7 »0 -I- o.

IJert then is a tt st whereby to judge of the consistency of our

principles, notations, and rules ; for we know by the 1 bird Lec-

ture how to interpret an equation between quotients^ such as the

one just now obtained ; and indeed thai particular interpretation

had been perceived by others, or at least one partially agreeing

therewith had been so, hejbre the quaternions were thought of.

Aiul accordingly the test is boDte; for this very equation ^ ~ 7 =

(3 -T- a was shewn, in art. 103, to hold good, with referenee to

figure 22, in the sense that the bi radial (y, may be formed

from the biradiai (a, /3) by merely turning the latter biiadial

round in its own plane, and altering the lengths of its two legs

proportionally.

125. There are therefore at least two e$gentiaUf diMtinet

interpretations (without counting the distinction between ana-

lytic and synthetic views), which may thus be given, on our

principles, to the equation,

taken in connexion with the figure 22 of article 103 ; and which-

ever of these two we adopt, that equation is found to be irae.

According to the interpretation which was given in that former

artiele itself, we analyse the lengths and directions of /3 and

by comparing them respectively with those oi a and y ; we find

thus that whiie the line /3 is twice as long as n, B is at the same

time twice as long as y ; and that while fi is advanced beyond a

f by sixty degrees of azimuth, ^ is also advanced beyond y by the

same amount of rotation, in the 'same horiaontal plane; and
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benee we infer that the quoHenig 0 a and 8 -ry are equal, be-

cause they correspond to one common relation oflengths^ and to

one common relation of dirt ctions. Or if we rc^^ard the qualer-

nioDs /3 -^a and asfactors^ then these two quaternions are

equal, because they Lave ggualtetuort and equal verwr^i namely,

in aymbolay in the preaent example,

and

so that they answer to precisely sxmilar acts of tension and of

Teniouy performed respectively on a and on y, in order to pro-

dmee the rays /3 and 8* This is the^W^ interpretation (analytic

or synthetic) of the equation between the quotients 0 -7- a and

8^7; it is the one which agrees most closely with yiews already

published, and which flows most naturally from the principles of

the foregoing Lecture; and in adopting it, we have at ilie same

time (by the conception of a quaternion) an interpretation for

each quotient separaieii/, which was alluded to at the close of ar-

ticle i05f and which involves only the consideration of a singU

verskm (or angle), combined with that of a single tension (or

ratio), or the comparison qftwo ra^#with each other.

126. But there is also a second interpretation of the equadon

7 0 -T- a, or of the quotient S -4- 7 itself, which is suggested

by the process in art. 124, and is derived from general principles

respecting decompositicms ofjactions, or of acts of tension and

version, combined with the construction in art. 122 for the quO"

tient of two rectangular lines, or with the earlier construction in

art. 82 for the product of any two such lines, as being itself

another line. According to this other interpretation, we consi*

der y and 8 as being themselves quaternions^ namely qttadrantal

ones, equivalent respectively to the two quotients o -r- t and
/ y t

of article 123; and then the act of dividing the line § by the line

7 comes to be considered as a particular case q/"the general ope-

ration qfdividing one quaternion hg another* In lAw view y is

nfiictorf which operates on the line t as on what was called in

the Second Lecture nfiidendf to produce what was there called

Sk/actum, namely (at present) the line a ; j9 -t* a is thepro/actor.

Digrtized by Google



138 ON aUATBRNIONS.

which operates anew on a, as on a pro/aciend, to produce /3 as a

profacium ; and S is the trans/actor^ which operates on the ori-

ginal subject E, as on a fransfaciend, to produce immediately, by

a sort of short cnU or (technically speaking) by an act o/trant'

fibcHoHf tbe $amefinal result^ namely the line /3, regarded now ai

a tran^/aetum. And then the resiiii that /3 a t« thus the pro-

jactor, or i« found to be the ttgeiU in titat racceMtoe act {^fiiHkm

which, hyfittmtnng the operaiUm of y as a fiictor, prodocesy on

the wholCf the same effect as that which is produced by $ as a

transfactor, is precisely the result expressed by the equation

aecofding to the second mode qfinierpretaikm ahore alioded to*

But we see that (even If we abstract fmt the momeot from any

companaon of the acta of tension among themselves) this latter

interpretation of the division indicated by the symbol S ^ y in-

volves not merely (as at the close ot article 125) the cousidera*

tion of a single version, namely the rotation from the ray y to

the ray but the consideration and comparison of three different

versions, or rotations, perjbrmed in three different planes f

namely the version from « to o; theproomum from a to /3 ; and

the transversion from i to Tet we see that the results qfthese

two distinct interpretations harmonizef in the sense that each

conducts to one common quaternion^ as the value oj"the quotient

^ -i-y; and also that each conducts to the equation 8 -^ 7 = /3 -r- a,

under the conditions already supposed. All this may be illus-

trated by what was said in art 76t respecting the double signffi'

cation of the equation

ixj^h,

as being the cormnon expression for two disti?ict but connected

results. It may also be usefully compared with the still earlier

and more elementary remarks in article 57, respecUng the double

view which may be taken of the eu^ithmetical formula

^ expressing at one time that on measuring a line = 6 a, suppose

thorn, bjf another line = 2 a, suppose by a two foot rule, or on
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DMaftiiring any Uker canereU magnitude called 69 by a magnU
tnde of tlie lame kind, called 2, we find the number 3 as the «e-

suit of this measurement, or as the quotient of this division ; and *

as expressing, at another time, that if we analyze the act of sex-

tupling^ so as to decompose this act into two other acts, of which

one shall be the act 0/ doubling, then the other component aci is

found to be the act of tripling. But it cannot be necessary^ at

this stage, to carry these particular illustrations any farther, as

regards equations between quotients.

127. There is however one other teet^ which, although intl-

inately connected with the foregoing, it may still be satislaetory

to consider; and which will have, besides, the advantage of

tending to render us familiar with the geometrical signification

of a certain symbol, which frequently occurs in the applications.

I refer to the symbol

/3 a X y,

in which a, fi,y are, for the present, supposed to denote some

three coplanar rays, that is, rays in or parallel to one common
plane, and which may be interpreted in either of the two follow-

ing ways : the teti above alluded to being the eoiinctVfeiice Ae-

iween the rendte of these two dietmetproceuee ofinterpretation.

I. We may determine Bjhurth ray in the same plane, or

purallci thereto, bo to satisfy the equation

in the way which has been already fully e.\})lained (in art. 103,

ike.) ; and then, on substituting for /3 -4- a, the equal quotient S-r-jt

the symbol to be interpreted becomes (compare articles 40, 99),

II. Or we may torn about the rays a, /3, or others equal to

them, by one common amount of rotation in their own planOf

until o comes to be perpendicular to y ; after which it will-

always be possible to 'determine a new ray c, perpendicular to

botii a and and such as to satisfy the equation

yxf-e,

with that interpretation of a product of two rectangular lines
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which was assigned iu art. 82. We bhaii iLeu have also the con-

nected equation

with tbat connected interpretation of a quotient of two perpendi-

cular lines which was given in article 122. And on substituting

this value for y, in the symbol lately proposed tor interpretation,

that symbol becomes (compare article 49)»

/3-i-axy = (/34-o)x(a-i-€)=j34-l.

But e being perpendicular to both a and y, by construction, is

necessarily perpendicular also to the ray
J3,

which is supposed to

be coplanar with those two other given rays; or in symbols,

f X /3f because t ± a, € ± y, and p ||1
a, 7,

if we agree to use the mark |||
as a sigh of coplanaritt.

Hence the quotient /3 ^ c may itselfhe interpreted, on the plan

of art. 122, as a certain determined line ^, which will evidently

be in (or parallel to) the plane of the given rays, because

if 8'-0 ^t, then S'X 0, and S^j. c,

so that the quotient ^ is perpendicular to the line c, which is

itself perpendicular to that given plane. And by equating the

two foregoing yaluee of the quotient j3^Ci we find for the pro-

posed symbol this ueand interpretation, or value,

128. Now the te$( to whidi it still remains to rabmit the

whole foregoing theory, as regards the consistency of its parts

among themselves, is to be applied by our examining whetlier

the line 8', thus determined, coincides with (or is equal to) the

line ^ which was found above, by the other method of interpre-

tadon, as being at least one value of the symbol ^ -i- a x

Have we or have we not (in the present question) the equation

for ifnoti we shall have not merely two differentproeutei ofin-

terpretation for the important symbol p-r-axy under examina-

tion (which might not be, ul iiseii, a disadvantage), but aiao two
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Hjfiarmll valuei for that tynbo], MA tquaUif vaUd on our prlii«

ciples, and scarcely to be dutiDgnisbed from each otber by any

new care in the notations: ifvbich would produce an intolerable

confusion, or at least a very inconvrMicnt ambiguity, occuning,

as it would do, in a symbol so elemi iitary. Aiu! happily the

equation ^ is found, in fact, under the conditions above sup-

posed, to be irue ; to that the ambiguiiy does not txut* For the

eqnadoni

give

bat it bas beea sbewn tbat tbe quotient of two given rays is a

given qnatemion, and conversely tbat any essential ebange in

either of those two rays, the other ray remaining unchanged,

makes a real alteration in this quotient ; consequently the quo-

tients ^ -7- y and S H- 7 could tiot be equal, as we have just now

fottod that they are, if the rays ^ and £ were unequal, that is if

tbey differed from eacb other eitber in length or in direction.

All tbis may be illustrated by a reference to figure 22 of arti-

cle 103| in conneaion witb tbe remarks wbicb were made in the

more recent article 123 ; wbere, with the same significations of

the letters, the value of the quotient /3 -h t, that is (by art. 127),

an equivalent lor tlic line ^, was found in fact to be ^.

129. I hus the two methods 0/ interpretation of the symbol

^ -r a X y, where y ||| o, /3,

conduct to one common result^ namely to tbe determined line 9;

altbottgb Ofie of these methods introduces only tbe consideration

of a tingU roiatioHf namely tbat from a to /3, or from y to ^,

while theofW introduces (as in 126) the consideration of two suc-

cessive rotadvnSf performed in two different plane*;, namely the

rotations from r to a and from a to ^, rompoundtd together into a

third rotation in a third plane^ namely the rotation from c to /3»

performed round ^ as an axis* And with respect to this value

of tbe above written symbol, or tbe length and direction of tbe

§me B wbicb thus satisfies tbe egvaiion

P a X "y = ^,
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or the proportion

by wblcb that equation may be replaced, we see, first, that this

iourtli line S is coplanar with the three ^\ver\ lines n, 7, u hich

were sup})osecl to be coplanar with each other. We see also that

its lenffth is (in the o/d geometrical sense) a fomrth proportioned

to their three lengths; so that, by arl. 110, we may write the

following proportion between teneore^

Ta:T/3::Ty:T5.

We sec too that its direction also is, in a certain modem sense (not

however peculiar to quaternions), afourth proportional to their

three directions ; meaning hereby that the rotations from a to /3

and from 7 to 8 are equal in amount, and similar in direction

;

which relation, at least when eon^ned with the two rdations of

coplanariifff namely with the following,

7 III
a, ft and S

III ii,ft

may eonyeniently be symbolized in thb calculus, by the follow-

ing proportion beiufeen versors^

Ua:U/3:;UY:Ua.

Indeed this interpretation of the symbol ^ -S-ax^, for the c<ue

ofcoplanar lines, had been familiar to a certain class of thinlcers,

and had been well known to myself, hejbre the quaternions were

perceived, although some of the foregoing nottUUms connected

with it are new. But on account ofmy having departed from

many other usages, and having tbuiul myself obliged to give up

(as unsuited to my purposes) many other results, of those who
had thus speculated before myself, even as regards combinations

of lines tit one planSf it became necessary, for the sake of clear-

ness, and even for the sake of hffie^ that I should explain di^

dnctly on what grounds I r^in the previously proposed signi-

fication of the symbol /3 -f-a x 'y, as denoting a oertfun definite

fourth line 8, at least when the three given lines a, /3, y are in one

common plane: together with the equation ^ -i- a ^ y - and

with the proportion a : : : 7 ; ^.
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130. Ai additiimal examples of toch •igQificatioiii w« nay
remark that tf> in fig* 25 (art. 1 19), we make

qbA-O, /3»B-09 y«C-0,

we ahail then have

and that, generallji the fourth proportional to any three rays of

a logarithmic spiral is (in length and in direction) thatJbnrth

ray of the same spiral, which is ani^ularly related to the third

ray as the second is to the first. It is evident that whenever the

equation

interpreted as above, holds good, we then have also the inveree

equation

and the alternate equation

results which may also be expressed as inversion and alternation

ofa proportion^ and from which it follows (compare art. 99) that

j3-f.ox7«y-^«x0,ify||| «, /3,

the line above determined, being the common value of the two

members of this last equation, under this condition ^cophmof-

rUy. We may also write more condsely (see art 1 16),

What happens when the three lines a, /J, y are not in nor pa-

rallel to any one common plane ; or in other words, what is to

be regarded as being theJimrtkproportkmai to three lines not

eophmar^ is a question which must be reserved for investigation,

at a stage a little more advanced. But at least we may already

see that in this more general and reserved ease of non-coplana-

rity, the sought fourth proportional /3 -4- a x y, cannot (con-

sistently with the foregoing theory) be equal to any fourth

LIMB S : for the equation ^ = ^ ^ a requires, by the priiici*

pies already Udd down, that they&«r rays compared should be
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eoplanar, and by still stronger reaaoii that the three rays a, /3, y
should be so. In fact it was this very difficulty, respecting the

interpretation of the symbol
f3 a x -y for the general case of

non-coplanarity which had pressed most upon my own mind, as

seeming to be insoluble upon knowa principles, before 1 was

led to conclude (what will soon be proved) that **Me FourthPro^

partiomal to three Lines which are mot copkautr is gemeraify a
Qitatemum**

131. When the three lines a, /3, 7 are eoplanar, the following

is a simple and somewhat neat construction, for that fourth line

8 which is then their fourth proportional. As there Is never any

difficulty about the length, or tensor, of this fourth iiae> since we
liave always the arithtnetical equation*

TS-TP-s-ToxTy,

we need only attend to the direction or to the versor of and

in seeking this fourth versor, U^, may dispose at pleasure of the

lengths or tensors of a, fi, 7, provided that we leave unaltered

their directions, or their three ffenors Uo» U/3, Uy. It is ob-

lons also that a reversal of any one of these three versors* or

directions^ merely reverses the direcdon of the resnli. Conceive

then that the three proposed lines a, /3, 7 are made the successive

sides of a triangle, bca, by some suitable changes of their

lengths, without any change in their directions, or at most with

simple reversions so that we shall have the values*

a-C-B, /S-A'-Cy y-B-At
with the relation

Circumscribe a circle about this trian*

gle, as in Fig. 26 ; take the arc ad

equal to the arc ac, and prolong the

ebord bd to meet in b the tangent to

the drcle at a; take also on the same

indefinite tangent the portion af equal

in length to the portion as, but lying

to the other side of the point a ofcon-

tact. Or draw the chord bg parallel to

tangent at a» and prolong the chord
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Gc to meet that tangeot io p. Then if we denote by B and c the

lines

we shall have not only the relation

5 + f + y-0,
but also the yalaes

For it results from the similarity of the two triangles bca, bab,

and from the equality of ba and af, that the proportions

Bc : CA : : BA : AB : : AB : af» and bc : ab : : ab : bb»

hold ti;ood, even when the directions as well as the leng-ths ol the

lines are compared ; that is» we have here theproportions between

a : 0 : : 7 : 3, and a : y : : y : c.

The curved arrows in the iigure may assist the perception of the

relations between the direction* of these lines ; and a student

might find it worth while to vary this figure 26, by supposing the

angle abc to be obtu$e instead of acute, or by placing b between

A and c, leaving those two points unaltered in the figure. In this

new case, the chord bd wouUl lequire to be prolonged tlirough b,

in order to meet the tangent at a in a point whicli mit(ht still be

called B, but which would now lie at the other side of the point

of contact a, or at the same side as the old point f ; while the

new point F would thus come to lie at the same side of a as the

old point B. But the new triangles bca and bab would still be

similar to each other, and the requisite relations between direo-

tions, as well as between lengths, wouh^ still be ioutul to hold

good. We should therefore still have the proportion between

Jintr vectorsy

C"B! A^C!JB'"A! F~A5

as also llie following continued proportion between three vectors,

C-BlB-AXIB-AtB-B;

although the posiiion.s of the points b, e, I" would (as above ex-

plained) have, all three, changed together. And if the angle

L
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ABC were rir/ht^ the only moilihcation of the construction would

be that the points c nnH d would coincide. We may then enun-

ciate generally this result, which it will be found advantageous

to remember : The Fourth Proportional to the three Bucces-

nve rides of a Tnangle inacribed in a Circle is equal to a fourth

Lincy which touches the circle at the corner of the triangle oppo^

99te to theJirst side." Or somewhat more folly, we may say

that the fourth proportional to the base bc and the tu n successive

sides Ch and ab, of any plane triani^le hca, reirarded as three

vectors, is equal to a fourth vector af, drawn from the vertex

so as to ^oticA, at that vertex, the segment bca of the circle

which cireuiKueriheM the triangle. In the figure 26 itself, this

segment does not contain the point d, and the tangential vector

AP touches the shortest (rather than the longest) arc of the circle

from A to c ; but if B were placed s^ott that shortest arc ac, as

in a recently suggested variation of that figure, the segment bca

would then contain the point d, and the recjuired tangent at a

would take (as was above observed) the opposite direction, so as to

touch the shortest arc from a to d, rather than that from a to c«

In each case, however, in conformity with the last enunciation of

the rule for construcUng the direction of the fourth proportional

AFy or 5, or /3a~^. 7, to the three directed sides c - b, a- c, and

B- A, that iou^dit dtreetion of the line af may be found by the

condition of touching the ser/ment bca, or of coinciding with the

initial direction of motion along the circumference, yro^i^? a to b,

through c. If we had adopted the plan of determining the point

Ffirom the point Ot without employing b or n (namely, by draw-

ing, as above suggested, the chord bg parallel to the tangent at

A, and by prolonging the chord 6C to meet that tangent in 9),

the rimilar triangles to have been compared would then have

been the original triangle bca and the triangle acf: and the

figure might have suggested the proposed proportion under the

form

which is in fact (see 130) a legitimate transformation of it, in

quaternions as in ordinary algebra.

132. All the remarks which have been made in the foregoing
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article, so far as they regarH only proportidns qfdirected lines in

ame plane, depend (as it lias been already stated) on principles

which are not peculiar to the theory ofquaternions, but are com- -

man to some other modern systems also. Yet it a])[)eared useful

to introduce them in this place; and before we resume the con-

sideratiun of things peculiar to quaternions, it seems worth while

to mention here another construction, depending on the same

principles, and involving only (like the former) some elementary

properties of the circle^ which construction serves to form a geo-

metrical representation for the fourth proportional to any three

eopianar Knee, when directions as well as lengths are attended to.

Let the three given eopianar lines a, /3, y, to which we wish

to construct the fourth propdrtional |3a^ .7, be conceived to be

respectively arraii;red as the second, /irst, and third sides, iic, ab,

CD of a quadrilateral abcd; and let it be at first supposed that

this quadrilateral is inecribed in a eircUf as in figs. 27, 26.

Fig. 27. Fig. 28.

Draw the chord bb parallel to the/httrM side da, and prolong (if

necessary) the new chord CB» to meet this side ba in f; and da*

note the line bf by c, so that

a«C-B, /3»B-A, Y^B-C, d>F-8.

Then by the similar triangles cba, cdf, and by the curved arrows

in the figures, we have the required proportion,

C-B : B-At:D-c ; P- D, or ai^iiy.l;

so that the line dt or S is the sought fourth proportional, or is

l2
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the re«ulL obtained when the^'r sY si'U p or ab of the inscribed qua-

drilateral is divided by the second bide a or BC, and the resulting

quotient or quateroioiiy /3a~^ is then multiplied as a factor into

the third side y or cd. And according as the inscribed quadrila-

teral ABCD is an unerased one (as in fig* 27), or a croued ooo

(as in fig. 28), we see that this resulting line B is in the direction

opposite to the fourth side da, or in the direction of that fourth

side itself. And it for greater generality the third of the given

lints be now supposed longer or shorter than the third side cd of

the quadrilateral inscribed in the circle abc, or even opposite in

direction to that side, we may still conceive it placed so as to

begin at c, and may represent it by

y = D'--c;

and then by drawiiit? from \t9 final point d' a parallel to ad or to

BE, so as to meet the old chord ca in a new point f\ we shall

find a new line

S'-r'-D',

as in the same figs. 27, 28, which will be the fieis fourth propor-

tional sought, or will satisfy the equation

For example, in fig*. 27, if g he the intersection of the lines CD

and BE, then (;k is, in length and in direction, the fourth propor-

tional to BC, AB,and cg.

133. The same principles giye easily, as has been seen, a
simple construction for ihsi thirdpnfpartional to imif Iwo directed

lines, such as a and y in fig. 26 (art. 131); and the inspection

of the same figure shews easily, as was to be expected, that the

line f so found is the third proportional also to a and-y; for in

that figure it is evident that

c-b:4-b::a-b:b~b.

But it is important to observe that when we have thus a amti*

*'*^d proportion between three yeclors,

a:y::7:a, ora:-y : t-yu,
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we mast not in quaternions write generally, as in ordinary alge-

bra, an equation between square and product, such as

for isy in our system (see art. 85), a neg<Uive scalar, while ot

and fa are in general (by arts. 89» 91) two conjugate guaiemiinut

of which neither reduces itself to a scalar^ positive or negative,

unless the vectors a and t have coincident or opposite directions.

This new deftarture from ordinary usages (from which it may be

noticed that 1 aim at departing as seldom as I can), arises iiotn

thai ftindamL iital /j' f7///r7/ ///^ of quaternions whereby they, and

even the vectors which they involve, arc not generally commulO'

live asfactors (arts. 74, 82, &c.) In fact if we could infer gene-

rally the equation 7'" af» from the continued proportion between

three vectors a : 7 : : 7 : e» then since this proportion may be tn.

verted (art. 130), or written thus, f : y : : 7 : a, we should be equally

well entitled to conclude the equation y- = ta, aiul therefore also

fa = ae ; which (as a general inference) would contradici Lhe non-

commutative principle^ respecting the multiplication qfvectors*

It is therefore satis&ctory to know, what is easily shewn on our

principles, that the continued proportion above supposed, between

three vectors a» 7, c, gives stilly as in ordinary algebra, and as in

those otlier and more modern systems also to which allusion has

been made, the equations,

£tt-»-(7«-% «r>«(7€-')»;

provided that we retain in quaternions, as the de^nition of a

MquarCf or eeeondpower^ the formula

which will agree with what has been already laid down respect-

ing the squares or second powers of vectors. In lact if we make

g = 7a"*, or ^0 = 7,

we shall then have

g'^a^g X go « 70'* • 7 = e . a,

and therefore
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134. Conversely, by an iiitroclucuon of the notion of the

power of a quaternion, with an exponent ^, which includog whal

has beeo shewn respecting such a power oi a vector, I bhoixidstiU

write generally,

7o"^e=± («o"*)*, when aiyiiyn;

although I am noi at liberty to write generally, under the aame

condition of proportionality, the equation

as might be done in commutative algebra. Thus the fntan pro-

tional y between any two proposed vectors, a and e, is not (with

me) equal generally to the square rfiot qftheir product ; but

this mean and the third vector be each divided by theJirst

ector a» theformer of the two quatiente (or quaternions) so ob«

tained is sttll (as in algebra) a spe<nes of squarb-root of the

latter. Ami accurdingly I write, as an expression for this mean^

the formula

where, to remove generally the ambiguity of eign^ I may here

state that I take the upper si^n f+) when y has the direction of

the bisector of the ojujlc between tlie directions of o and «; but

the lower sign (-), when, as in figure 26, has the opposite of

that direction. And when I have occasion to speak definiiei^

of THE MBAN proportional between two given vectors a and I

adopt then the upper sign in preference^ or take the hieeetor

selfof the angle between the two extremes, in preference to the

opposite ot that bisector. There is thus only one case left, in

which the direction of the mean remains ambioruous, or rather in-

determinatey if the directions of the extremes be given, namely,

the case when those two given directions are opposite to each

other: for then the resulting symbol, suppose

y^i^a^a, o'*)l a, or 7 « (- x «)» a,

where a: re[)resent8 some positive scalar, may on the foregoing

principles, denote any line y which satisfies the two conditions,

ly=wi;la, yJLa;
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so that THIS MEAN y may have any inuLcnoN in a plane i'KK-

PENDlci LAii to n. Accordino^ly it is evident that the third pro-

portional to any two rectangular vectors is a third vector with a

direetion opposite to theJsrst, whatever the plane of the two reo-

tois may be. It is obvious also that the third proportional to any

two parailel vectors is a third vector, whose direction eoincidee

with that of the first ^iven vector. And there can be no diffi-

culty in perceiving (what indeed does not depend oa anything

peculiar to quaternions) that the mean proportional between any

two rays of a logarithmic spirals at least if they be taken, for

simplicity, as belonging to one common semispire, is constructed,

in length and in direction, by that other tay of the same half*

spire which bisects the angle between them.

135. It is natural to interpret, on the same general plan, the

symbol

0-i-o)*xa, or(j3a-»)^a,

as denoting theJirst of tico mean proportionals (in length and in

direction), inserted between the two lines a and j3 ; the second of

these two mean proportionals, thus inserted, being denoted by

the analogous symi^ol,

(i3-rd)*xa, or(^ia i)*a.

For example, if a aiui (3 should be chosen so as to denote the

rays oa and OD of the logarithmic spiral in fig. 25 (art. 119),

then the two meane^ symbolized above, would be the two m^er-

mediate ray$ of the same spiral, ob and oc. In symbols, the

two means between t and^ V8 are t V ^ And 2 u (Such is

at least the simplest pair ofmeims between the given extremes;

for we shall soon see that is possible, although in a /(.s,s simple

way^ to insert uthfr jxiirs.) Indeed this notation is, so Jar^ con-

sistent with the principles of other systems also ; but it is impor*

tant to observe that in owr system of notation we must not de-

MOTB these two means between a and by the symbols

wliich won 111, in common or commutative algebra, be merely

tran^ormations of the foregoing ; whereas they denote, on the

Digrtized by Google



152 ON QUATSBNIOMS.

principles of the present theory, no two linbs whatever^ unless

the directions of a and /i should happen to emncide, bct two
QVATBRNI0N8, of wbich the tensors and versors shall be assigned

hereafter. Meanwhile it is clear that since (by what precedes),

if y, y denote the two means above considered, so that

o : 7 : : 7 :

7'
; : y : 0,

the powers of any jnoposcd quaternion
ft with the exponents

^ and |, or in other words the aibe-root of |3a~^ and the square

of that cube-root, are generally themselves quaternions ; whose

teneare are the corresponding powers of the tensor of the given

quaternion,

T . Oa-^i = ( r . iia = (Tj3 Ta)K

while the axes of the new versors are the same with the axis of

tlm r/iven versor of j3a'^, and the angles of those versois are re-

spectively equal to one third and to two thirds of the given angle

between a and j3 : so that we may write, with relierence to the

versors, in consistency with former resultsi

U . (/3a- 1)* = (U . ^a- 0* - ( Ui3 -i- Ua)^

and also, with reference to the angles, the equations,

^.(j3a-»)*-i^O«-').

136. More generally we may now interpret the symbol or

the FOWBR OP A QUATERNION 9, with any SCALAR BXPONBNT I,

as denoting a new quaternion^ of which the ^eiwor and the ver-

sor are respectively the same {t"") powers of the tensor and ver-

sor of the old or given quaternion ; in such a manner that we

may write, yeneraiiy (compare art. 11 G),

T.^*«(T^)'-T5';
u.9'=(Uf/y«Uy^

the points and parentheses being omitted in these last symbols.
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and U^,

as being not required for the precenticm ofambigmtif. The ten*

sofs being rimpty positive or (more properly) signless nmmhers

(by articles 63, 1 13), their powers are to be formed by the or-

dinary niles of algrebra, or father of artl4iitefie. And with re-

spect to the foruiaiion of powers ofversors, or the interpreta-

tion of the symbol U^, it i» natural to consider each such power

as being a N£w vbrsor, which has the effect of turning any line

m io a plane perpendicalar to the axis of q, through an angle» or

an amonnt of rotation round that azts» which is represented by

the product

the rotation he\ng right-handed or left-handed, according as this

product is a positive or a negative number. All this is evidently

eomeieteni with, and ineiudest what has been already laid down

respecting powere ofvectorst or of quadrantalversore (in articles

86, 1 15-, 1 16, &c.) ; and it enables us to write, in the calculus of

quateruions, as well as in oruiaary algebra, tiie formula,

where m and n are any positive or ntu/ative whole jiumbers, or

zero. For example, we have the identities

so that (compare arts. 44, 117)» we may call the power 9**,

with fUB^oUpe aat^ for its exponent, the EBCiPBocia of the qua-

ternion q. We have also, for any such whole values ofm and m,

the usual algebraic identity,

{q*y* «B q'"^.

But before we can decide whether these two last fonnulse (uith

m aiiil w) are true generalh/ for all scalar values of tlie expo-

^E.\ i^ m and «, \nc\\id\u^r jructions nnd tncoNnjicnsnrables, vre

must consider more closely, and detine more precisely, than has

yet been done, what is to be understood in general by the anolb,

or AMPLiTODB, z 9, ofa quaternion, or of a versor.

137. It will be remembered that whenever we have supposed

that an equation of either of the two following (brnis.
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holds good, we bave always oonceired (pee arts* 40, 90, &o.)

that the qaaternion q, regarded as a mbteographic operator,

produces the complex (metrographie) effect of changingy/r.s^ the

Itiiijih of a to ilie leng tli of /3, accurdiiig to the rule expressed

by the formula (compare art. 1 10),

T^xTa-T0;
and also ofehanu^ing, seconeffyt the direction of a to the direction

oi p, as is expresseti by this other formula (compare art. U3),

and tliis chauye ofdirection, of tlie liiTe a thus operated upon,

has been always supposed to be accomplished by a kotationjn
THE PLANE ot' the tti'o rays a and /3, round an axis perpendicular

to that plane, but coincident with (or parallel to) the axis ofthe
cperating quaternion q. Now it is evident that if we only care

for obtaining, in some way, the direction of thefinal ray /3, re-

garded as the RESULT of such a rotation, we may add (or su/j-

tract) ANY whole number of complki e iikvolutions (per-

formed in the same plane) ; bee; u^^c » ach such revolntwn, forward

or backward, restores the direction of the revolving line or

ray. For example, a rotation through + 60° in any plane is equi^

vakntt as far as regards only its final effect, to a rotation

(round the same axis) through + 420**; or through - 300^; or

through + 780^, &c. Conceive then that we wish to form, on

the gi-noral plan of the foregointr article (136), the power with

exponent } of the versor ^ = /3a where a and shall be sup-

posed to denote, as in fig. 29, two coinitial sides oa and OB
of an equilateral triangle aob in a

horizontal plane, the side ob lying

towards the right hand, with refe-

rence to the side oa. Ifwe select,

for the present pair of rays, the sim-

plest value for the antjle between

them, and the one which agrees best

with ordinary geometry, and with

the analogy of former articles,

namely, the following value of the
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roUtion (foand an upward axis) from the direction of a to that

zg-z(/3-^a)« + 60^

the general expression in article 136 for the amount of the rota-

tion performed by the power cf^ considered as a new operator

on a, will tlieii supply us with the following value tor this new

rotation (round the same upward axis) :

We shall thus be led to write the equations

5*«-7i 03a-^)* = 'yo-i, 7 = C-o;

where c is conceived to denote the point on the circumference

AB (with the wigin o for centre), which is advanced by 20^ be-

yond the point a in the order of right handed rotation; and this

result will agree perfectly with article 135, because it will g;ive

the ray y as the first of two meao proportionals, y and 7', inserted

between a and j3 ; so that

a : 7 : : 7 : 7' : : 7' : j3, where 7 =1; - o,

c' being the^al point of a positive arc of 40% measured from

the point a of the circumference, which latter is assumed as the

initial point ; thefour rays,

A — O, C — O, C' — Of B — O,

thus forming, by their directions, a continued f>raporiion*

138. But we might aUo, although lbss simply, have supposed

that after turning the radius oa, as above, through an angle of

60% and so bringing it to coincide with the position of ob, we
then continue the rotation through an additional and complete

refofution, passing successively throu^ii ihe points de', ed', acc'

in the figure, and thus returning to the position OB again.

And if we adopt this <iupposition, respecting the amount of rota*

tion performed, that is, if we suppose it to be s-i- 420% we shall

tken have, by the general formula of art. 136, the following value

for the corresponding rotation effected by the required power g^:

<xz<?=ix(+ 420°) 0 + 140%
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In thif manner we shall be led to toM>i(ler the point d in the

figure, Damely, the termination of a posiitive arc of 140^ from a,

together with the connected point d' which is the termination of

the same arc doMed^ as the extremities of two new rajfs^

£sD-o, andS'-D-o,

which are, although in a less simple sense than before, two mean

proportioncUs inserted between a and j3« and satisfy the conditions

of the formulai

a:8::S:d'::$':/3;

while the tirst of these two new means satisfies also, in the same

seneSf the equations,

(0«'i)i«8a-».

139. Or again we might conceive ourselves as passing from

a to /3, or from a to b, by a rotation in the opposite order, through

the points d'b, b'o of the figure ; which new rotation would thus

be expressed by the symbol - 300^ : and then the general formula

of art. 136 would give, for the rotation caused by the operation of

the sought power of the versor q, the value

«xz^-ix(-300*»)=-100*

And thus we should be led to consiiier the two new points e and

x' in the figure, which are the extremities of two negative arcs

from A, namely, arcs of 100® and 200® respectively, measured in

an order opposiU to that adopted in recent articles. In fitwst if,

after finding these two new points (or at least conceiving them

to be found), we write

f S5 B — O, «5 b' - O,

we shall have the new continued proportion,

a : c : : c : £ : : f' : /3

;

and shall be led to write, in cunaexion therewith, the new equa-

tions,

140. And NO NEW variety ofpositions for the line q^a would

be obtained by any/urMer addition or subtraction of revolutions,
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in e'idmating' the amount of the rotation horn a to fi; because a

change of thrbb such revolutions, in the estimate of that rota-

tion, produces merely a change of one complete revolution when

we come to lri»eet the whole angle (or at least to conceive it as

trisected), or to multiply z g by the given exponent J. For ex-

ample, if, Instead of treating the rotation from a to /3 as being

= the negative arc - 300° (as in the preceding article), we were

to treat it as equal to the positive arc + 780*^, wliich is ifreater by

three circumferences, we should be led, by the supposed trisec-

tion, to conceive an arc of + 260°, which would still conduct us

from A to B (in fig. 29), although by an order or direction ofro-

taiianf i^ppoeiU to that which was considered in the foregoing

article.

141. It appears then that (^we allow tbe symbol

zy, orzO-5.<i), orz(/3o-i),

to represent not merely (jO° (in tlie example receiiil}' discussed),

but any one of the angles or rotations which differ from this by

mtUtipies of 360^ the power qk^ or the eube-^root of the quater-

nion 9, may represent, or be interpreted as being equal to, any

one ofTHRBB msTiNCT QUATBRNiONs; namely (with the recent

significations of the letters), by arts. 137, 138, 13D, any one of

the three following

:

(/3«-*)* = 7a S or*&i-^ or«fo-M

but not (by art. 140) any other quaternion, disHncl from these.

In fact if we de^fine the cube or the third power of a quaternion

by the formula ^

^ = qqq,

which agrees not only with common algebra but with the general

definition of 9* in art. 136i we shall have, in the recent example,

the equations.

In short, we reproduce here, by this way of viewiog the subjeetf

precisely that kind and degree of hultiflicitt of valub,

which is so well known to present itsdf in the ordinary algebra

of iraaginaries, and indeed in some known systems of geometrical
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interpretation also, in connexion with the roots of UNITY:

although it was necessary^ tor the purpose ofa logical dcvelopement

of the present theory, that I should not asfume^ without a new

and independent investigation, so important an dement of any

aiher system, with which the principles of the Calculus of Qua-

ternions come on some points into oppotitiom. It would not have

been a legitimate process for me to have borroweu, without in-

Quiiiy , the Theorem that " three distinct and unequal ex-

pressions (as here ya'S ta^, and ia'^) mag have Of^v. common
CUBE," from any system of ccUculation in which the order oftwo

factors is supposed to be genendly indifferent to the result ; nor

from any system of interpretation^ in which the three distinct

ctAe-^roots of one common expression (as here of /3a*') are sup-

posed generally to represent t'kree linesy having directions in one

plane, iustmil of lepj cseiiuiig (as with me) three quaternions.

142. Had the exponent / denoted any other fraction,

n

m
where m k supposed to be prime to », so that the fraction t is

expressed in its lowest terms, there would have been no difficulty

in proving, in like manner, what is analogous to known results

in other systems, that m distinct quaternions, that is, as many as

there are nnits in the denominator of thefractional exponent

mi^ht all be considered as vali i s ot the power ot aiiy pro-

posed quaternion or as mt hi<U.d umuny the dijft rod uUtipre-

tations of (he syinhol (f ; provided that in calcuiating the rota*

tion denoted (see 13(>) by the general expression

txLg,

we still allow (as was lately done) the symbol iq to denote any
ONE of those injinilclg many anc.les, or vAihQT amouuts of rota-

tiun about a given axis, which can be formed as above, l)y addi-

tions or subtractions of circumferences, or complete revolutions*

For example, the square-root q* of a given quaternion g would,

ON THIS PLAN, be fouud to have in general two values, of which

one would however be mesely the negative of the other, or might

be formed from that other by multiplying it by - 1 : which re-
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salt it Men, of course, to bear the closest possible analogy to

algebra. And if the exponent t were TNCOifMBNSURABLB, the

rahtes of the POWER would then, on the mme plan, be found

to be INFINITELY MANY. But a power of a i^iven quaternion,

with a given wholb number for it« exponent, such as the square,

cobe, reciprocal, &c.| is still, even on tku plan, itself a dbtbr-

MiKBD QUATBEVioN ; in the sense that by operating as a factor

on any (fiven line^ in a plane perpendicular to its axis, it produces

a DBTBRMINE0 LIMB in that plane as the result.

143. If then we were to adopt the plan mentioned in the last

few foregoinij: articles (137, &c.), for estimating the an^le of a

quaternion, wiu icby the symbol l q for that angle, or for that

rotation, should not be confined to its simflest and most geo-

metrical value or signification, as denoting generally some

acute, or right, or obtuse angle, such as are treated of in Euclid's

Elements, and which for the moment we may here denote by this

other symbol q : we might then write gciicrally

Z^ = ^ + 2/ir,

where / is employed as a sign for any positive or negative whole

number, or zero, and the angular value of w is (as usual) 180^.

And then, on the same plan, we might write (see art. 136),

Z (^»)«/ X (^ +2/,r) + 2rir- 1 • $ +2 (1^+0 »,

where /'denotes any new whole number, whether positive or

negative or lero. In the same manner we might write

where in and m would be allowed to denote any new pair of

whole numbers ; the new exponent u, like /, being still supposed

to be scalar: but being still allowed, like it, to become fractional

or incommensurable. And if we seek, on the same plan, the

angle of that other power of which shall have ii -f I (or ^ + »)

for its exponent, we find this other expression,

^ «^^« « (ff 40 $ + 2p (» -I- 1) ir -t- 2 p' ir,

wherep and p' are two new arbitrary integers.
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144. This being perceived, there can be little or no difficulty

in seeing that l)ecause generally the multipucation ofrer&ors cor-

responds ill llie theory of quaternions to the composition of ver-

$ioM (see art. 65), and because the 4ixes of the rotations answer-

ing to the powers ^ and 9" may be regarded as coinciding with

the oxiV 0/ the btue^ or with that of the given quaternion we
may form (on the present plan) a general expression for the

angle of the product oftwo powers,

by adding the two separate expressions (found as above) for the

aiujles of the factors^ and afterwards admittins: or introducing* a

term which shall be some multiple of a circumference. In this

way we should be led to infer that

/I (2" X 9^) = (tt + <) ^ -f 2 {It + mu + «) IT,

where 11 denotes some new positive or negative whole number or

zero: provided that in interpreting the symbol for the angle

the product we allow every value of the one factor power to be

coinhiiied with every value of the other,

145. Comparing now the results of the two foreoroinir articles,

we iind that in order to justify our establishing the fuiiowing

equation,

where the exponent of the product is represented as being equal

(as in arithmetic) to the sum of the exponents of the/actors^

we must endeavour to select the five whole numbers m, 11, |i,p' in

such a way that the part independnet of 9, in the differemce of
the angles of the two equated quaternions may either vanish^ or at

least be equal to some multiple of the whole circumference ; or that

the cot(jicicnt of 27r in the expression ot liii.s dillerence may be

equal to some whole number /»", whether positive or negative, or

zero ; since otherwise the two compared qnatemions would not

be equalf because they would give unequal vectors as the results

of their operating as versors on one common vector, perpendicu-

lar to the axis of q. In this manner we are led to the condition,

p (< + 11) > (ft mil) + p'- 11 « jp"

;
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or more concisely^

n' denoting some new whole number whieh may be cboien at

pkaanre.

146. Now without entering here intoa minmie diaemrion of all

the CA8BS which may arise from varieties of selection of the sca-

lar exponents t and ?/, it may suffice to observe that for general

and INCOMMENSURABLE valu€9 ot thosc two scalars, not con-

nected by any relation with each, oiher^ the condition recently

written can be satisfied only by supposing that p-l^ and

fi' all separately vanish; or by our establishing the equations,

p^l = m^ and n = 0.

For example, if we assume

we shall find that the equation

cannot be satisfied by any scalar and whole values of a, c, dis*

dnct from zero. We are theroloic ltd to conclude that the pro-

duct of the two powers r/ and </" will not generally (on the

present plan) be equal to that other power q" of which the

exponent is the sum of the exponents of the factors, umlbss the

three whole numbers, denoted above by /, in,p, are equal to each

oiher; that is, mhIbm, infirming the tbrbb fowbbs,

by the three nntltiplicaiumt (see art. 136),

WL assign one common value, such as

to the ANGLE OF THE BASE, Of to the amount of the rotation

which is conceived to be produced by the operation of the qua-

ternion q. But i/s conversely, we do thus choose m « / and^ I,

that is, if we do thus assign ofie common value to ^ ^, in form-

ing tlie three powers to be compared, we shall then have

M
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independently of t and u ; and the expression for the angle of the

product, assigned in art. 144, can only differ from the last ex-

pression in art. 143 by some whole multiple of the circumierence.

And therefore, even if the quaternion q were not a simple versor,

but had a ie$uor different from unity, we should be able to infer

from this supposed^xity ofiU angle L 9, for oaK^ two tcaiar ex-

ponents i and the equation

which was proposed for investigation near the beginning of the

foregoing article; and also, under a slightly different form,

towards tlie end of article 136.

147. With respect to the equation

which also was proposed for investigation in the place last re-

ferred to, the exponents t and u being stiU saUarf but otherwise

generaif if we adopt, for the angle of <2^, the value assigned in art*

143, we shall have, on the plan of that article, the expression

where /, T, t are aJiy tlnee wiiole numbers. And on the other

hand we have, on the same plan,

Z . 5^ = . g + 2 (mill+ !»') IT
,

where m and m' denote some two new whole numbers. Equating

then the difference of these two last angles to a multiple of the

eircumferenoe, we find, as the condition for the correctness of the

equation above proposed,

where m" is a new whole number, which may be chosen at plea-

sure. But because the scalar exponents m and ut are supposed

to be generally incommi nsunihle^ and not to be connected with

each other by any such relation as the foregoing, we can only

satisfy the recent condition by supposing thatwe have separately,

m^li and / ^ 0.
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We are therefore HiU to suppose the anyle ofthe <fHginal 6a$e

q to be FiXBD» as in the itniiiediately foregoing article; or to con-

ceive that one common vaiue of Z. ^ is employed, in iurming liie

tujopowers,
and

Bat buides this supposition, which answers to the condition

m s I, the otkett condition recently found, namely, the equation

fsO, shews that in proceedings to form the power from the

power ^ as a base, we must in general retain tfiat ralue ofthe

angle of qf which is immediately given by the rule of art. 136,

namely, the vaiue (compare 143),

and must not (generally) add to this value any multiple (different

from zero) of the whole circumference, such as the multiple 2

which was added in art. 143, htfire proceeding to multiply by

tf; at least if we desire to obtain generally a nerr power (^)*, of

the intermediate base q\ which shall be equal to the power q^* of

the given quaternion q.

148. But on reviewing the whole investigation contained in

the eleven foregoing articles (137 to 147), it appears to me
that you are likely to admit that although it was perhaps useful

thus to studyy&r a whUe some of the ways in which the theory

of Quaternions might have led to symbols with moltipli

VALCBH, mialogous to the known roots of unity (compare art.

141); yet it may now be iie^irable, with a view to simplicity

and clraniess in our fittnre researches, that we should call in the

aid ot DBFiMiTioM tofix, as precisely as we can, wuicu onb sig^

nificationf or value, mU qfali the possiblb values orinterpreta>

tions recently considered, we shall hereafter choa$e to adopt, in

pre/erence to all the others, and indeed to their>iifiire exehi9ionp

in the further developement of this Calculus. And I conceive

that we cannot better attain this object, than by adopting hence-

forth KXPiiKssLY what has indeed been often adopted already> at

lea«t tacitly and by anticipation, in earlier articles of these Lec-

tures, namely, the 8IMPLB8T valve ofthe anglb of any proposed

quaternion 7, or in other words the one which most cot^fimns to

ordhtary geomeirieai usage ; that is to say, an angle in the first

M 2
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positive semicircle : and by itgarding this as the value of the

symbol L q. This comes in the notation of art. 143, to suppos-

ing that / is zero, or to establishing GBNEaALLY the equ»-

tioiiy

or (more fully), it comes to assigning the limitatioRs,

where > and < are, as usual, signs for greater than'* and less

than" (compare art, 1 13); which will dispense with thefuture ttse

of the recent symbol q, and will allow us to consider the prefixed

mark Z as being (in quaternions) the characi eristic of a cer-

tain D£FiNiT£ oPfiftATiON, whioh may be called the operation of

TAKING THE ANGLE of any proposod quaternion. And the sym-

bol z g will thus denote, with us, hems^fitrthf sunply an acute or

right or obtuse angle, such as Euclid usually treats of, to the

exdusian of negative values, and ofvalues greater than two right

angles : altlioue:h null angles, and angles et^ual to two right

angles, shall still be admiticd as litfiits.

149. It was thus that (in art. 77) we regarded unil-vectorsy

such as i,y, A, &c., as being simply guadrantal versore^ and not

as operating to turn a perpendicular line throughJive nor Mfie

positive quadrants, nor through three nor seven negative quad*

rants, &c., round the given unit-vector as an axis: and that

accordingly we regarded (in art. 8(j) the symbol i' as denoting a

VersoTy which turns a line k, pt ipeiuiicular to i, through a

niie amount ofrotation^ and in a definite direction, which were

expressed (in quantity and sign) by the product <x 90°. It was

thus, again, that (in art. 1 i6) we interpreted more generally

the symbol ff as denoting a gwUemimSf whieh multiplies the

length of a line a perpendicular to the baseline p by the tensor

Tp*, and turns that perpendicular line 9 round p as round an

axis, through the same definite rotation t x 90° as before, hxxinoi

generally through any of the following odd miUltpUs tiiereof.

-3lx90% + 5<)(90% &c.:

'^htoh came to establishing the equation
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as holding good for every vector p, to the exclusion of the less

simple va/uts, -270'^, +450**, S:c., winc!) the angle Lp ofthe vtc-

tor might otherwise have been supposed to receive, when this

vector p is regarded as being in part a versor also. It was thus,

once more, that (in art. 134) we proposed to remove the andd-^

guiijf ofsign in the expression for a tqnart root of a quaternion,

by interpreting the symbol (fa*^)* as equivalent generally to one

definite qvoHent^ such as lya'^ ; where the symbol i) (not expressly

introduced in \aA) denotes that dejuule vector which bisects the

(acute or right orobtu^t ) an2cle l)et\veen a and t, and not the op-

posite ot that bisector {in fig. 26 the line and not the line -f y).

And a leaning towards the same view may have been observed

in art. 135, and in other earlier articles. But 1 nom propose to

VIZ it, by DsvmiTioM, as what I shall kene^fitrtk alwage adopi^

in these Leetures, unless and until some tpeeutl noHee shall be

given, of the temporary adoption of any other and less simple mode

of est imaiuiff the auyle ot a quaternion, and oi caiculalttiy its

poirtrs thereby. And then the i ower ^, so calculated, by com-

bining UUm value oi Lq with the nde in art. 136, will be always

A DSTBRMINBD QUATftRiiiON, if the quaternion q and the scalar

exponent t be themselves determined : with the single exeepticm

qfthai UmHng ease (to be afterwards more closely considered),

where the baee q becomes a negoHve wtUttr, by its angle taking

the limiting value,

in which ease the axieqftke power (like the axis ofthe base) has

an entinly indeterminate direction; although the anylc o/ tlie

power ill still have a determtnale value,

150. i rom theJixity of value which we have now assigned

to the symbol tq^ when q is any fixed quaternion, we may see

at once, by the considerations of art. 146, that the formula

was lately proposed for (fiseusdoK, docs ia iact hold good

gmeralfyt or as an idbiititt, in qmOmdcm as well as in algs»
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bra : the exponents still being scalar$^ and the case where the

ban is a negate number being still excepted or reserved. And
we see that (abstracting from tensarSf respecting whieh there is

never any difficulty), this formula simply expresses, that whether

we cause a line perpendicular to the axis of q to turn round that

axis, from some f;iven initial position, throuiJfh two successive

amounts of rotation^ denoted as to their quaiui lies and directions

by the symbols

tLq and uLq^

or through a »ingU ruultaiU rotaHon round the same axis» dfr>

noted by the symbol

(tt + 0 ^

thefinal pomiiou of the revolving line will be the Mmie, for the

one process as for the other.

151. U is important to observe* however, that although the

rotation round the axis of the base 9, produced by the operation

oi thu power q\ is correctly expressed (on the plan which we

have adopted in recent ai tides) by the symbol 1 1 yet the

aiiyU oi that power cannot now be generally expressed by the

same symbol : because the value of the yroductf

tx Lqy

is not generally confined between the limits 0 and ir, between

which limits it has been thought convenient to confine the angle

of any quaternion or power (art. 148). It may (and often will)

be necessary, in the applications, to add or subtract some whole

number ofcircumferenctSy or in other words some multiple of 27r,

to or from the product tLq^ in order to obtain hereby a result

which shall be comprised within the Jirst positive or negative

gemicircU, And if the result of such addition of the multiple

2itir, where n is some positive or negative whole number, shall

be an arc different from zero, and contained in the first negative

semicircle, so that

piust then change the sign of this result, in order to g^t a

ttos angle: taking care, however, at the same time, tomwrse
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the axis, in order lhat the rvtaliun may still be rtyhi handed.

We must therefore not write, as a general formula,

although this equation will qften be true: but we mag write ge^

Z(9*)-2fi»±lZ7,

the iiifpfjer n and tlie sign ~ bem*^ detenmned (when the angle

L q aod the exponent t are given) by the conditions that

and the axis ofthe power tf being in the fame direction with the

imt the base 7, or in tho opposite direction, according as il is

necessary to take the upper or the lower sign (•)• or in con-

formity with the foregoing conditions.

152. For example, if the exponent t be ^, or ^, or or ge-

nerally if it have any value between 0 and 1, whet!icr commen-

surable or iDcommensurable, the product t Lq will then be con-

fined between the same given limits (0 and ir) as the angle q
itself; and therefore this product i^^ei^ezpresses the angle ofthe

power (f : while the axis of this power coincides with the asis of

the base. The formnln at the end of art. 135 remain therefore

undisturbed ; aiid the square-root of any proposed (non-scalar)

quaternion has always its angle acute^ as being the half of an

angle in the first semicircle,

while the direction of the axis of tins s(|iiare-root
(fi

is coincident

with {not opposite to) the tiirectioa of the axis of q.

153* In like'manner the square ofan acute-angled quaternion

has, as compared with that quaternion itself, a double angle and

a coincident axis; so lhat,

if Z.^<^, then i:(^)-2^9, and Ax. As. 9,

where Ax . q is used as a (temporary) symbol for the unit-rector

which is drawn in the direction of the positive axis of q. And the

square of a right-angled quateraiou is a negative scalar (compare
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arte. 75» 66> &c.)f which mmt be regard^ aa having its m^J^ « ir,

and its am tfi<l«^en»ukilci or in symbols*

if Z 2- = ^, then l {q^} = ar, < 0 ; Ax . ^, indet.

But the square of an obtuse-angled quaternion q is another qua-

ternion, with an opposite axis^ and with an angle which is the

double ofthe supplement of the given obtuse angle ; or in symbolsy

if ^g>^, then z(^)»2ir-2 z 9; Ax.^s- Az.^.

154. For ezaiDple» in fig. 29, art. 137,

if £«So S then ^=^o'*;

but whilo the angle of ta'^ is 140% and the axis ofthe same qua-

temion is upward (by 137> ISS), the anffle qfihe mptarey or of

the quaternion ^a'S is (on the plan of recent articles) regarded

as being not the double (namely 280°) of the an^le 140° itselfy

but the double (itaiiiely 80") ot its supjti* rnfnt firdmely 40°) ; the

axis of the new or squared quaternion being at the same time

treated as a downward line; because when we compare tmmo-

diatefy the ray ^ with the ray a* wiihout introducing the conside-

vation ofany oih^ ray, such as we find it siMpLsa to eoncetve

a right handed raiaiion of 80^ from a to round such a down-

ward axis, than to conceive another rotation, also right-fianded,

although round an upward axis, but extending* througli a wore

considerable amount, namely 280°, from the same initial to the

same final ray. In fact we do not mow regard 280° as being, in

a s^fieiently simple sense for our present purpose^ an miffle at

ALL ; and therefore we adopt, instead of it, what U wants qffi/nr

right anglest taking care, however, at the same time, to reverse

the axis,

155. Again, we saw (in art. 141) in connexion with the same

fig. 29, that the three quaternions,

ya'^ 8o'*, fa"*,

had all one comaton cu6e^ namely the qoaternion
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and the values of the angles of the three quaternions j ust men-

tioned may now be definitely stated as follows (see arts. 137,138,

139):

Z(7o-i)-2(y»; il(Sa-i) = 140^ ^(fe ^) « 100°

;

their axes bein^ respectively upward, upward, and downward

\

while the axis of their common cube upward^ tte angle has

(by 137) the following value

:

We have then, indeed, in this example,

^•(7«'0*-3z.(7o i);

bat we have also,

il.(8a-»)»-8^(8a->)-2ir;

and

all which illustrates and exemplifies what was said in art. 151.

156. If with the recent significations of a, /3, y, 8, c (in con-

nexion with fig. 29), we denote as follows the four quaternions

considered in the foregoing article,

70** «r, 8a:*-/, «e-* = r%

we shall have (by art. 141), the equations,

and, by what has just been shewn, we shall have also,

^g = 3^r = 3£r -2ir=2ir-3iir".

These last expressions for L q give,
*

but (by 135, 152) we have, generally^

and the only one of the three distinct quaternions /*, r ', with

q for their common cube, which satisfies this last condition, is r«

We must, therefore, by our recent defimiiom, regard r as the
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(unique) cuhe-root of </, id ihis example ^ and accordingly must

eitabiisii the equation^

to the exclusion ot the two other equations,

these last being inconsistent with that definite signification ofa
power (or root) of a quaternion which has been recently assigned

;

although, in that vayucr sense which was considered by us nut

long a^o, t^ach of these two other qusift inions, r and r", might

alsOf as well us r, have been regarded (sec arts. 138, 139) as being

among the values qfthe cuhe-root of the quaternion or as beiog

ofie qfthe interpretations of the symbol

157. Continuing then to adopt that dbfimitb imtbbprbta*

TioN of a symbol such as which was assigned in articles 148,

149, we see that (with the recent sigfnifications of tlie i\ nihols)

we MAY write, definitely, for the particular quatecnion lately

denoted by the equation

but iffusT NOT regard this equation as being an idbntitt, since

it will MOT be TRVB to assert that, for the two other particular

quaternions r' and r% either one or other of the two following

equations, as at present interpreted, holds good

;

On the contrary it is easy to see, with the help of fig. 29» that in

the present example, we llhve (compare art. 86),

(results which will soon be generalized:) l)eeau»e the line -y, or

qiuf or ra, is less advanced by 120° (in the figure) than the line

ht or r'a ; but is more advanced, by the same angular amount,

than the line c, or r*a. The cube^root ofthe cube ofa quater-

nion is therefore not generaVy bqval to that original quater-

nion itself; although it may well be suspected, from the recent

example, to have at least (what it has in fact) some simple rda-
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tion thereto : and although a quaternion is always (like a

number) the cube qf Us own cube-root. In short, the pro-

perty of having a gitbn cvbb is shared in common (see art*

141) by three distinct quateniions ; of which onb alonb is, by

our recent definitions (see arts. 148» 149, 162), regarded as being

THB CUBB-ROOT.

158. With the same </f/?nt7c interpretation of r/, it is still more

easy to see that the square-root of the square ofa quaternion

is not necessarily equal to that quaternion ; since it may just as

often happen to be the negative thereof {-q instead of-¥q)', be-

cause the original quaternion q may be as often obtuee^aaffied as

ocvle-angled. In fact, by the foregoing principles,

ifz^<^, then {fy = g\

but if il g > ^, then (^)* = -q.

For example, in fig. 29,

{(y«-i)«)i-(ya-i)*«7«-^;

but, in the same figure,

((&i-»)«)*-(fi'o-i)*— 5a-»;

because the bisector of the ano^le of 80° between a and ^ is not

the line r itscli, but the opposite line (terminating at the ex-

tremity of an nrc of - 40°, instead of an arc iof + 140^ from a) ; or

because (see 1^3, 154) the half of 2ir - 3 Z ^ is « ir - Z 9, and not

^Lqi while a rotation from a, ronnd an axis opposite to that of

^, and through an angle supplementary to 4 9, conducts to a line

which has a direction opposite to that which would be attained

by revolving towanls the same hand round the axis of q itself,

tbrout^h the angle itself of q. At that intermediate stai'^e, where

q is ri^/it-angied, and therefore equal to some vector it follows

from what has been shewn in several former articles that the

square-root of its square is a vector, with an entirely indettrmU

naie direction: thus we may write,

{p^)^ = o * i or = 'Vp i Ua, indeterminate.

159. We see then that we are by no mbans at libbbtt to
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establish gbnerallt, in quaternions, at least with the definite

signification lately assigned to a power^ and when versors as well

at tensors are considered, the AUiTUMfiiiCAL equation

which was one of those proposed (art. 136) in the present Lec-

ture for dtscussion. For we have found that erea the iegg ^eiw-

ro/ formula)

{ff^q, or

which is included in that equation, and in which n may be con-

ceived to represent some positive whole number^ is an equation

not generalhj true (see arts. 157, 158), for the values n = 3, « = 2

;

and the same ibrniula may be easily shewn to fail (generally

speaking) for all ki{fher whole values of n. in fact» the equation

u satisfied generally, in quaternions as in algebra (compare ait.

142)^ by n di$imci values of r, when the quaternion g is given

:

but only one of these n values of r, suppose the unaccented r

itself, coincides with ike vabie (compare 156, 158)» of/. If we

Hart with any other, suppose of these it values of r, which all

agree in satisfying the equation r*-q; if we raise it to its n*^

power; nud if we afterwards extract the n^ root qfthispower^

namely, ot the quaternion

which shall have been so obtained : we shall not hereby be

brought hack to the value r' its^f but to that other value r,

which has indeed the eame n*^ pomer^ namely, but is, notwith*

standing, a quite distinci guatermtm. By still stronger reason,

therefore, we must bbjbct, as a obkbral conclusion, in this

Calculus, the equation cited at the beginning of the present ar-

ticle, liuieed if we rememlier the conditions for the s^eneral vali-

dity of that equation, which were assig^ned in art. 147, we shall

see that in the very act of our since satisfying onb of those con-

ditions, byfixing (in what appeared the simplest way) the value

^""^^^I^Hiwy^ of a qoaterniont and thereby saUafying the equation
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which (in the article referred to) was written as »i = /, we have

made it iinjivssible for us also to satisfy (generally) that ottier

condition ot the same article 147, which was there written under

the form t -0. For it is no longer possible for us, since ourJiX'

ation of the value of the angle of a giveo quaternion* tlirough

the Umitatiom of art. 148, to escape the necessity (art. \&\) of

in general adding some muUipie of 2w to the product ix^g^
and even of often ehangmy the wign of the result, in order to

obtain a iluhj limited value ot liie ai;gle ol tiie intemudiatc power

(f, before proceeding to raise this power, as a new base, to the

new power denoted by the symbol {(/f\

160. A little consideration, however, will suffice to shew,

that although the arithmetical equation

is thus not generally true in this Calculus, yet a power ofa

power ofa quaternion hears generally a simple rtluiion to that

Other power of which the (scalar) exponent is the product of the

proposed exponents, and that we may write, as a generalfur'

micia, the following,

(g')-=(Ax.g)*'«.2«,

where t and u are still two arbitrary scalers, and q an arbitrary

quaternion, while n is some integer number, positive or negative

or null, of whicli the value depends upon and varies with the va-

lues of ip u, but which can always be so chosen as to malce the

formula true, in each particular case, with our present significa-

tion ofa power. For example, if we remember that generally

(compare 75, 77, 153) the square of the unit-axie Ax . ^ is equal

to negative unity, so that the equation

(Ax.yy—

1

holds good, independently of the particular value of the quater*

njon g; while, for whole values of the exponents, the simple law

of transformation, above discussed, holds good (compare art*

186), and consequently,

(Ax.j')*'-(-l)"-±l;

«
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we shall perceive iliat the formula ahove written is true for the

cane u-^i and that it gives, tor that case, the expression,

where the eboioe of the ti^t is to be detennined, for any pro-

poeed vmluee of q and I, by coDndeiations of a kind already and

reeently explained. And it will easily be found that when u*^^

the same general formula is true, becoming then,

(50*-(Ax.5)V\^.

161. For example, witli the particular significations of r, r\r%

in recent articles (156, 157), we have for the unit-axes of these

three quaternions the expressions

:

Ax.r»^; Aji.r'»A; Ax.r^»-ik;

k still denoting an upward vector^unit; and if we observe (com-

pare arts. 116, 89) that

it<»= 1, and {-kyi=ki,

we shall see that the lesultSy obtained in art. 167» may be thus

written

:

and that they agree with the general expression, asttgned in the

foregoing article, for a power ofa power of a quaternion. But 1

leave you to supply the general demonstratiuii for yourselves,

through fear of being tedious on this subject. I may however

add here that the new symbol

where / denotes an arbitrary integer, has precisely that kind and

decree of muUipUcity ofvalue^ with our present d^nUe signifi-

cation of a power of a quaternion, which was attributed provi*

slonally, in article 142, to the simpler symbol

b^bre theJixaiioH (In articles 148, 149) of the vahte ofthe angle
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162. After these general remarks on powers, let us conj>iiier

more particularly the imporliuU and useful case where the expo-

nent is negative unity, and where therefore (see arts. 44, 117t

136) the power to be studied is the reciprocal^ of the origi-

nal qaaternion There is no difficulty in seeing that the tmuor

ofthe reciprocal of a quaternion is equal Xo the reciprocal ofthe

teneor ; and that in lilce manner the vereor ofthe reciprocal is

the reciprocal of the versor ; or in symbols (compare 117), that

T(9-i)-(T?)-i-Tj-S
U(s'-»)-(U9r)-i-Uj-»;

because an act of refaction (44) is generally compounded of two

other acts, of retemion (63) and reversion (89) respectively.

Indeed these last formulae are included in the corresponding and

more general ones of article 136» which eUU hold good, for any

scalar exponent with our present definite significatio|i of ^.

We have also evidently,

C{q'^)^Lq\ Ax . Ax.g;

because the reciprocal, 7 conbidered as a re-versor, and com-

pared with the original quaternion q, has simply tlie efiect of

turning the line on which it operates, through the same anglCf

hut round an oppoaUe axis. And because (by art. 89) the con-

jugaie ofa versor is exactly such a re^versor, so that generally,

LK\jq^L\Jq, Ax. KU^^ - Ax . U^,

and therefore also (returning from versors to quaternions),

LKq = Lq, Ax . = - Ax . ^,

we see that the conjugate and the reciprocal of a quaternion can

differ only by their tensors, which are mutually reciprocals of

each other, because generally (see arts. 89, 90, 114),

TK'_/ = T^.

Thus we may write, as a generalformidajbr qwUemioms^

and may derive from it this general e^ressiomjhr a reciprocal^

Digitized by Gopgle



L76 ON aUATK&MlONS.

which incladcB the formula ofart 117 for the reciproeai ofa wc-

tor, namely

beeausoi by 1 14,.

163. We sec at the same time tliat the following is a general

esprewonjor Ike conjugate ofany quaternion,

which may also (by the foregoing article) be written thus:

And because the quaternion q itself may (by art. 90) be expressed

as follows,

where the tensor is still (by 63, 113) a positive or absolute

munfter, and is therefore commutative as &factor with all other

factors, so far as the order of their multiplication is concerned,

we see that this other general formula holds good, as an idenHtif

in the present Calealus

:

so that the product or two cohjuoats quatbrnions is always

a posiTivB SCALAR, namely the square qfthe common tensor. In

fact, when we proceed to compound with each other the two co?i^

jugate acts offaction, of which tlie a<4^ents or operators are the

two coi^ugate factors q and K^, we iiiui that we have to repeat

a tension^ and to undo a verrion, producing thus, upon the whole,

a double act of Imton, or nmUipfy^ by the sqqarb of Tq^

wiihout any uUimate turnino of the line on which we have thus

operated. We arrive then at the following general expresaion

the tensor of any proposed quaternion :

. T}- v'(«Kv)-(?K<j)*;

"^vhicli gives (see 90, 1 13) this coimecled expretsion/or the veraor,

V(vK})-}(}Kj)-»;
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vviiere it may be obscrveH that, for reasons assigned in recent

articles, I (tbaiain from writing, as a getieral tranaformation, the

ezpreMion *

although we are at liberty to write, yeiimi%, or aa an identity

in this Calculus, the lonnula,

164. In faet, when 9, and therefore also K^, is an aetUt'

ftogled qaaternion, the quotient 9^ is a quaternion with the

joMe axis, and with a doMe angle ; or in symbols,

L{q^Kq)^2Lq, Ax . -f- Kg) »Ax . if^^<^

But when q and K7 are f7/>/fi^«-angled quaternions, then the quo-

tient q Kq is a (juatemioii w ith an axis opposite to that of

and with an angle equal to the double ofthe mppUmerU oi Lq
(compare art. 153) ; that is, in symbols,

Z.(j-4-Kg) = 2ir-2i:g, Ax. (gf^ Kg)-- Ax. ii Lq>^,

We may therefore, generally, establish the formula,

(q -T- ' ± U9, according as z. 9 ^ ^ w.

For example, in fig. 29, art. 137, we haye the two following re-

lations of conjugation,

ami therefore, by the general formulss for multiplication and divi-

aon in arta.49> 56, and by the property of a reciprocal (118), we
have the two quotients, ^

oy~*-*-K . ay "
^ - (a -i- y) « a y'^cpy*^ .yy'"^

«

and

because here

a^ycty^y',

But when we come to extraci the square'toots of the two squares

n
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o/versors, obtained by tliose two divisions, we litul (ai t. 158) tbat

because the angles of the two quaternions and ' are re-

8peetively*aciiie and obtuse^ we hare, indeed,

but al80»

and similarly tor all otbcr cases of acute-angled and obtuse-

angled quaternions, wIk u tliey are divided by their respective

CQ90ugate8y and the square-roots of the quotients taken.

165. If the quaternion q should happen to be righl-Sii\g\ed,

and therefore (art. 122, &c*) to become a vector^ we should have

(compare 1 14) the equations,

and the square-root of the quotient of these conjugates, although

it might be exprbssbd by the symbol,

(tf-*-K9)i-(-l)*- v^(-l).

would represent, or signify* on the principles of the present Cal-

culus, an iNDBTBKHiNATB VBCTOR-UNIT, or an unit-TCCtor with

indeterminate direetiim. We should, however, still be allowed

to write, in conformity with what was remarked at the end of art.

163, the equation

V^mq^Kqi

the common value of each member being, in this case^ negative

unity.

166. Tins seems to be a natural occasion for introducing

some additional remarks on that important casb |or imdbtbrmi-

NATION, in the theory of powers of quaternions, which we hare

already several times found to present itself, when the base is a

negative scalar. And as the only ditht ulry (if any) in the ques-

tion arises from the power of the versor (see art. 136), which ver-

ior is here equal (by art. 113) to the eif^n minus, or to the num*
meqatwe trnity, we have only to consider the powers of this

m or of this number, or the interpretation of the symbol
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(-)'or(-iy,

where t is still supposed to denote a scalar. And because wlien

this exponent I u an odd number, positive or negative, the potoer

19 evidently (compare art. 60) itsel/equa\ to - 1 ; while; when t

is an even number, positive or negative or zero, the power be-

comes = + 1 (as in uiilinary algebra) ; we need only attend to the

cases where t hfraclionaU or incommenturable* Now because,

when the base (-) or - I is regarded as a versor, namely (by 60)
as an tn-versor, its angh is and iu axu is indeterminate (com-
pare articles 149, 163), we may write,

Z (- 1) = IT J Ax . (- 1), indeterminate.

The power under discussion, namely

must therefore, on our general principles, he conceived to be a

guaternioriy of which it will soon be proved that the tensor is

unity; and which, as a versor^ has the effect (compare the end

of art. 149) of producing a given rotation « but in a wholly

arbitrary plane,

167. The symbol

Vn^, or(-l)*,

regarded as a particular case of the foregoing more general power,

comes thus anew to be regarded (compare art. 75) as a quadran-

ted versor y with an arbitrary axis^ or as operating in an arbitrary

plane ; so that we may write,

^•V^w^; Ax.V-l, indeterminate

:

•I least until some epeeial cireumstaace, of any particular inves*

ligation, by introducing some new condition, shallJix or limit the

direction of this otherwise arbitrary line However, ihe tensor

of this power is given, being always equal Lu unity, because such

is (more generally) the value of the tensor of the power (- 1/.

In feet, such a power is simply a vereor^ because its base is sueh

(oompaie art. 136) ; and we have generally, by art. 90, the equa-

tion

N 2

Digitized by Google



180 ON QUATBUNI0N8.

Thus we may write, generally*

and in particular,

T^-l«l.

We are then led to regard this symbol - 1 as having, ia the

theory of quaternions, a psrf£ctly real, but also a par-

tially INDBTBRMINATB, Intbrprbtation ; namely as denoting

an arbitrary tbctor-unit, or eUrected umi4ine in iridimen'

Honai space. This conclusion indeed agrees with what has been

already said in several former articles; but it appeared impor-

tant enough to be reproduced in a new way here : since it is in

fact ONE OF THE CHIEF PBCULIARITl ES OF TflE PRESENT CaL-

cuLus, in 80 far as its connexion with Geometry is concerned.

And if we denote by i the pariieuiar vector unit which in any

partiadar question is the wdue of V- li A»d at the same time

the axis of - 1, we shall obmusly hare the transformation,

for we shall now hare

and therefore the power denoted by is (by art. 86, or by our

more recent and more general theory of powers of quaternions)

a iersor^ which, like the power (- 1)', turns a line perpendicu-

lar to I, through an amount of rotation expressed by the product

21 X ^, or by <ir, round the particular unit-axis c. Indeed, be-

cause i' a - 1, the recent equation i** may be thus written,

which last equation, although ?wt an identity in this calculus

(see article 169), is, notwithsiauding, true, with the present par-

ticular interpretation of the symbols.

168. To give now a notion how such powers of- 1, although

^ indeterminate in their signification, may come to be us^(
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in tiie gtomHrical appUcatious of tbk Caiculus, 1 shall shew

bow iu very imdeUnmimatkm renders sack a symbol aibpted to

assist in fofmiiig djiressioiu for a few simple bat Important loci

in geometry. And first let ns suppose that we meet tbe cqoft-

tioR

p-V - w here ^ = P ~ o

;

p being tbos the 9teior ofike poirni p (see art. 13), drawnyWwi a
given point o as from an origin. Had the equation proposed for

interpretation been of the form p^a, where a is coi:c\ i\ed to de-

liule some given and dttermined rector, ihe inlerence would have

been that the sought point r had itself a determimedpontUMy de-

noted thus (see art. 19)

:

p « a 4 o.

Bnt precisely 6ecoMfe tbe symbol V^i denotes an orfttlroi^fvec-

tor-tinit, tbe eqnatioQ

p-u=p=y-l, orP =V-l+o,

leaves the positioh ofp partbf arhUrartf ; and only obliges thai

point to be mtmtted somcu here upon a given spherical locus,

naiiiiriy, on tlic -urface of the sphere descriUii about the given

origin o as centre, with a radius equal to the unit ot length. Call-

ing then this surface, for shortness, thb uiiiT«6PBSKS» and regard-

ing pas the sana6/eoeclor<2^a|N)ta/i9io« a we see that tbe

BQUATioH OF TBI CNiT-fiPHBSB is limply. With OQf notatioos,

p=V-I, orp*+l=»0;

a remarkableJ^sft pbculue (so &r as 1 know) to Ike Calcu-

LOS OF Qi ATERNioNS, and one which appears to me to be very

eilensivety vsefl l, in connexion with spherical gcomvtry,

169. Had we chosen to form, on the fame plan, the eqimlion

ojany other sphere^ wilh its ctulre ut any other given point &

(and not at the given or assumed origin o), and with any other

mdimSf such as 6; we might have denoted the vector ofthe ecu-

tre by /3, or might have aflsumed

and might then have written the eqt»tion»
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Thus the symbol,

is seen to be, in this calculus, adapted to represent the variable

vector />, or F - o, of a variable poiot p, situated anywhere on
the mtrfixce ofthe new sphere, and referred to the old point o, as

being still the assumed ot iyin of vectors. And accordingly, by

art. Ill, the recent equation

is seen to be equivalent to the following,

where the symbol,

TO»-0)-T(P-B)-BF,

denotes the length of the right line from b to p, that is here, from

the centre to the surface : which lent^th is thus seen, in the pre-

sent question, to l)e constatUf and equal to 6.

170* The equation,

po-i-V-1.

where it may be supposed that o is the known vector of a given

point A, so that

o»A — o, p«P — o,

would require a diffecent (although an analogous) interpretation,

and would reprasent a different ioeuB. For now the unit vector,

denoted by the symbol V - 1> being equal (by 1 18) to the quo^

titmt ofthe two other vectors p and a, must (by art. 122) be per- ,

pendicular to each ; and they (hy the same article) must be per-

pendicular to each oUicr : we must also have (by same art. 122),

the equality

-h Ta » 1, or Tp » Ta.

The line p or or must therefore now be equal i7i U iKjth to the

line a, or oa, and perpendicular to it in direction : that is to say

the locus qfthe point p ie now a circular circumfbrbncb ;

i^amely a certain great eircie^ or diametral section, of the sur&ice
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of tliat sphere which is described about the origin o as its

centre, so as to pass through the point a ; ih'i^ section being made

by a plane through o, which is at right angles to the gi?en ra*

dius OA. Such therefore is the locua represented by the eguationf

wheo iaterpieted on the priudpies of the present theory, in OOQ-

fonnity .with the Dotations of this Caleulus.

171. Another mode of arriving at the same geometrical sig-

nification of this lobl equation would have been to put it first

under the form

and then to multiply each number into the given vector a; for

thm we should have found the transformation,

which would have shewn that the third proportional to a and p
is -a: and consequently (compare art. 134) that the symbol p
must here denote a line which is equal in length to the line a,

but perpendicular to it in direction.

172. If we wish to remove all restriction on the iength of the

variable vector or to eliminate whatever depends on its tensor

Tpf we need ouly take the versora (art. 90), or write this other

equation

which latter equation thereloje represents, on the same princi-

ples, a new and different locus^ namely, that indefinite plane

which is drawn through the point o, perpendicular to the line

OA. And if we wished to form, in like manner, the equation qf
anff other pUme^ which might be supposed to be paraiM to the

former plane, but to pass through some other cr'wen point, such

11, we should only have to write the unalogouji formula,

U.(p-/3)a-'« V-l-

In short, the two efjnaiions of the present article may be tratU'

iated into the two following formulae

:
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173. It may be here remarked, as an example of the use in

greoDDetry of other powers qfnegative umty^ that the equation

interpreted on the foregoing principles, is easily seen to be tbe

eqwaiMim qfanother cireie : namely (if p and a be still conedvefi

to denote two €o4miial veetott), tbe circle which is the Iocm qf
the summiiM of aU the e^ilaterai triangUe which can be de-

scribed upon tlic given hase a. And if, taking the versors^ we

write this other equation,

we shall thereby express or denote one shbbt of ABlGHTCONBy

or cone qfrevolution^ described about the line a ns ite interior

axis (or semt-azls)) and with a semi-angle of sixty degrees. In

fact the second equation of the present article is equivalent to

the following angular or graphic formula,

while the first equation includes also the metric relation,

T/» « To.

174. It is with some regret that i leave, lor the present, this

class of speculations and inquiries, to which already might be

annexed several remarks on equations of straight lines and cy-

linders, and also on conic sections, and which would tend to

shew that you are already in possession of an. organ, or of a

LANGUAGE, which cnjoys no inconsiderable power of geometri-

cal EXPRESSION. But for the sake of inethody 1 think it better

to reserve the remainder of these applications for a later period

of our Course. You see, at least, already, that tbe degree of In-

DBTBRMiNATioN of the PowBRs of Negativbs (which powers

idone our definitions suffer to be indeterminate^ is rather a rb-

8OURCB than an bmbaras8MBNT, when properly managed in this

Calculus. I may also just remark (see art. 150), as regards the

^^ory of tiiese powers, that the equation
*

(-!)•(- !)'=(- !)««
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is only (hen to be gfcnerally rctrarrU'd as true, when {he fjcuerally

indttt rm'uidtt dirtctioHs ot tlie axes of those three (juaieniions,

which are here each denoted by the common symbol - 1, are

considered as eonnciding with each other. Bat with these re*

marks on powets I most conclude the present Lectnre, being

obliged to seserve for the next any such remarks as I had hoped

to make in this one, respecting the general multiplication and •

division of quaternions, and especially respecting the associative

property of such multiplication.
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LECTURE V.

•

175. Rbscming without preface, Gentlemen, those inrestiga-

tions which were propoeed near the beginning of the foregoing

Lecture, and which Imve already been partly entered upon, let

US proceed to examine whether the AMoeiative Principle of the

Multiplication of Quaternions (mentioned in arts. 108, 112, 121)

holds good for the ca^c of the multipiication ofthree rertorSyVihich

we shall at first suppose to be coplanar. And because (by 1 17)

the reciprocal of a vector is itself another vector, with a recipro*

cal length, and with an oppoeite direction, the queation at pre-

sent for eontideration nmy be stated thus

:

.7, when a
III

ji, Y ?

176. If we retain the significations of a /3 7 ^, with which

those letters were need in fig. 22 (art 103), and assign to the let-

ter t the same signification ;is in articles 123. .Sec, in connexion

with the same iigure, we shall have ou the one hand (by 127,

&c.) tiie equation (compare 130),

and on the other hand (by 123, 1 18) we shall have

whence it fellows (see 1 17) that we have also.

It is then proved that tlio a5>(ici;itive prineijile of mnltiplicauun

holds good, at least for ihcse tiiree vectoi-s, a, ^, 7 ; the common
value of the two symbols /3n '.7 and /3.a'*7, being (in this

case) equal to ihefimrth coplanar vector

177. It is easy now to see that the same reasoning may be
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employed to establish the same result, for evt-ry other case where

the two following conditionSy of coplanarity and perpendicularity*

«lllP>r» and Y J.O,

are tatisfied : It being only neeemry to introdace, on the same

plan, the conBideration of a new vector «, perpendicular to the

plane oi a% ji, 79 and determined by the equation (compare 127)»

which will give (compare 43),

For, by taking £ to denote the fourth proportional to the three

giyen vectors /3, 7, so that the proportion and equation (129t

130),

a:/3: : 7 : S = p»a ^
. 7,

shall still hold good, we shall also have, by inverrion and alter*

nation (art. 130), this other proportion and equation,

7:0::$:^, orp8-^ = a7 ^
*

Taking then the cof^ugaies of these two last equal qoatemions»

we find (see 89),

S-i/3 = 7-^a = e;

whence

j3»^f, and, as before, /Si'^^^

But k'^ was seen to be equal to a~^7 i therefore we have still,

^ . o"^7 = S = j3o'^ . 7.

178. It is still more easy to perceive that when a is parallel

instead of being perpendiculat to 7, so that (see 59, G4, 83),

ol7» 7 = ^«*o«i o"'7=c,

e being some scalar coefficient, the associative property holds

good, and the equation of art 175 is satisfied. For we have, in

this case,

^Ja-» . 7 = (/3a-^ . a) =c/3 = i3c = /3 . o'^ 7.
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*

When we cumc to establish, independentltf, the (lisinbulirt yvo-

perty of the multiplication of (|iiattriiiuns, we shall bo aMe to

infer, from the results ot this article and of the one immediately

preceding it, that even wh«n a is neither parallel nor perpendi-

cular to Y» tbe equation of art. 176 Ml holds good : for we shall

only have to decompose 7 into two parts, or component vectors,

thus uparaUly parallel and perpendtciilar to «» or to write»

and then we shall have, by the distributive principle thus here by

anticipation spoken of, in combination with what has been re-

cently proved, ofijf three eopiamar veeiars^ o /3 y,

i3a •.y^/So-i.y + jSa-i.y -^.a V + *7'-i3-«"'7-

179. Without assuming any knowledge of the distributive

principle, if the vectors a and y, although still supposed to be

coplanar with /3, had not been perpendicular nor parallel to each

other, we might then have proceeded as follows, in order to de-

termine the valoe, or the geometrical interpretation, ofthe sym-

bol /3 .a'^y, and to prove that this value is equal to the already

known value of j5a'^ .y. The symbol here to be interpreted is

seen to be expressed a? a product ; namely, as the product of tlie

quaternion a'^y, multiplied by the vector /3; which last we

know to admit of being considered as being itself equal to a cer-

tain other and quadrantal quaternion (art. 122, &c.). We have

therefore here to resolve a particular aue of the general problem

considered in art. 108, namely that of midtiplying one guatermom

by another. Now the general rule^ or process, for effecting such

a multiplication, which was assigned in the last-mentioned arti-

cle, may, with a siiglitiy alurod notation, be thus rc-stated here.

To multiply one given quaternion t/, m a multiplicand, by ano-

ther given quaternion r, as a multiplier, we are in general to

find three vectots, suppose k. A, /n, which shall satisfy the two

conditions,

and then the sought prodMct^quatemion will be the following

:

rq^fiK-K
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III other words, we are to avail ourselves of the identity (com-

pare 49, 1 18),

Or because k'^ and X'^ may represent any two vectors, we may
present the same identity under this other form, whieh is some-

times a more conyement one

:

That is, we may put the gtwn/aetort^ g and r, under the fonns,

and shall then be able to infer, for quaternions as for ordinary

algebra, that the product sought U

180. Apply iijg therefore ihh last torin of the rule to the

Elsewhere a'^yis the multiplicand, and j3 the multiplier, v\e

are led to seek for some three vectors, 0, which shaU satisfy

the two conditions,

after which we shall ha^e the expression.

The conditions just written give (by the last Lecture),

n\\\a,y; ii±/3; Sxn; Z±fi;
«

ibey give also,

thus is a line perpendicular to |3, but coplanar with a and y, Q,m\

thence also with /3 and 9 ; while 2^ is a line whose length is the

quotient of the lengths of /3 and q, this line ( being also perpen*

dicnlar to the common plane of these five vectors, a, /3, 7, i|i 0,

and being directed so that the rotation round it, from q to /3, is

right-handed (122) : and 0 is the fourth proportional to a, y, i).

These conditions allow us to assume an arbitrary length^ and

either oftwo opposite direclioiis, for the auxiliary vector ^ ; but

when once these selections have been made, they serve toJix
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the lengths and directions of the two other auxiliary vectors,

and But in whatever way we assume ^, cotisiiitently with the

foregoing conditions, we shiUi have

and the product will denote a certain determined vector i, co~

planar with a,^ 71 i|t ^ ; for if we double (for example) the length

of we shall be obliged to halce the length of i|, and therefore

that of $ also, leaving the length of Z$ unchanged ; and if we
reverse the direction of 5, we must at the same time reverse

those of I) and ol 0 ahOf so that we shall not alter the direction

of the line {^0, or We may then write

and it only remains to examine whether this line i is equal to the

ector» obtained by the other mode of aeeodating (or grouping)

the Actors, namely, to the line

/3a->.7-a.

181. To render manifest this last equality, or to prove that

we have (under the supposed conditions) the equation,

we have only to co!>Htruct a figure, Fig. 30.

suppose the annexed (figure 30), in go

which no essential generality is ^\ \
^

lost by suppoung every tensor to

be unity. The unit vectors, o, jSt

7, from the centre o of a horizon- o*(^^—^^3^;^— I18O

tal unit-circlCf may be supposed, -ior''''T^^/'''^ /

as a sufficient exemplification of .^^^^^ /
the^nature of the question, to ter- \.

minate (as in fig. 29, art. 137), at — -^
points on the circumference which are respectively graduated as

the extremities of three arcs of 0^ and 20®J in the direction

of right-handed rotation round an upward axis» from the initial

point A of that circumference. It is required, with these data, to

construct the vector which is the value of the symbol ^ .a" '7.

By the precediog article, we might choose ^ so that i} should be

20^
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directed either towards the extremity of an arc of4 150°, or of an

arc of ~ 30% from a ; but there may be considered to be a slight

eoiivenience in adopting ibe latter alternative, because then the

direction of £ will be upward^ instead of being downward, the

figure being looked at from abore. Taking then for ( an upward

«eefor*iifNl» or assuming

t^-^K (and not

with that signification whicii we have hitiierto usually attached

in these Lectures to this last letter A, we find that i} is the radius

terminating at the point graduated as - 30° ; because this, but

BO otker value of 4» gives (compare art. 70),

The proportion (180),

shews next that B is the radius (enninatiii^^ at - 10° from a. And

when we come to ettect hoaiiy the multiplication £0, or k&y in

order to obtain the vector

we find that in thus forming i from 0^ we matt cansa the eztre*

mtty of this last-mefitfoned nnlt-veetor to advance through a

quadrant on the eircK , n luu ly trom - 10° to ^80°. But this last

point of the i ircunitcrtiice is also the termiiiatiun of liie line ^,

or ^a'^ , yy because the vector <, which is drawn to it from the

centre* is evidently such as to satisfy the proportion,

a : 0 : : 7 : i, or a : 7 : : ^ : c.

In short, instead of at once going forward, in this example,

through an angle of 20* from /3 to 9, as from a to 7, we have

merely gone backward through 90° from /3 to rj ; then forward

throui^h 20° trom 17 to 1/ : and tlicn attain forward through 90%
from 0 to f, which line i is thus Ibuud to coincide with

182. in fact we have here

•ad it ia dear that the saaae proetm of reasoning applies to all

Digitized by Google



192 ON QUATERNIONS.

Other cases of the same kind : the general principle on which it

depends admitting of being tlius expressed in symbols,

in the language of a former Lecture, a Hradiai 0) b onljr

changed to an equwalmt biradial {Z^t Z9)$ when both the raya

are caused to turn together in their own plane through a qua-

drant, their lengths beings at ilie same time either left unaltered,

or changed proportionally. We have then fjenerally^ for any

three coplanar linesy ^ ^ equation which was proposed for

discussion at the beginning of the present Lecture, and may
write, as the answer to the qoeation proposed in art. 175, the for-

mula,

183. The following investig-ation will confirm in a new way
this result, and will (it is hoped) be found in otiier respects in-

structive.

It can scarcely fail to have been already collected, from what

has been said in former articles (142, 168, 164), that the symbol

- ^, or the negaiive qfa qmaiermm^ is regarded, in this caleulua,

as being equivalent to the product of that quaternion q itself, as

one foetor, and of negative unity (or the sign minuM), as another;

or, in *syiiil)ols, that the following ideuLily holds good in quater-

nions as iu ordinary algebra,

-^«(-l)x^;

or, if we choose to write it so (compare art. 60),

With this definition of - ^, the nsgativb of a quaternion q i%

another qnateniion, such that,

if g = ^ -T- a, then -g«-/3 -ha*

In fikCt we have only to treat the three symbolsy

q^ - 1, and -
g,

as representing respectively (see Lecture II.) a factor, profactor,

aiid transfactor, while a is the £Bu;iendy/3 the factum or profaciend.
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and - /3 the pro&ctum» or transfactum, in order to arrive at the

conclusion just now expressed. With this sigaification of thesym-

bol - q^\t is evident(compare158)that Fig. s i

.

See figure 31, where g (or + 5') and

- ^ are pictured as two biradials. ^—fi +j3
'

184. This being perceived, as regards negaHves of qoater^

nions, and what was lately said respecting conjugates being re-

membered, it will be seen tiiat because, on the one hand, the

angle and axis 0/the negative are such as they were just now

stated to be, while the angle and axis ofthe cat^ugate are such as

was set forth in art. 162» the following general relaltons exist be-

tween them

:

Z(-7)eir-^K^; Ax.( (7)=»Ax.K^.

In words, the axis qfthe nioatitb and of the conjuoatb (of

any qnatermon) coincidb ; bat the aholb qf'the one i§ svpplb-

XBHTABT to that qfthe other.

185. Hence, as respects the ne^^^ve of the 'conjugate of a

quaternion, or the symbol

- K^,

we easily perceive that ite tensor, angle, and axis are as follows

:

T(-K9)»Tjr; Ji('-Kq)^w'lqy Ax. (-K^)- Ax. 9;

so that this negative of the conjugate has the effect of turning

the line on which it operates, round the «aiae axis as the quatei^

nion q iuelf, but through a supplementary angle. In fact, as re-

gards the angle and axis, we have only to change q to K^, in the

fonnulfls of the foregoing article, and therefore also to q, be-

cause the conjugate ofthe conjugate of a quaternion is that ori-

ginal quaternion itself in order to tran storm those earlier into

these more recent equations. In symbols,

KKq = q;

or more concisely, and in still more characteristically symbolical

language, the formula,

o
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liol<l6 good, whateTer mj be the quateroion q which k soppoied

to be the subject of the operations. Or we might hare changed

q to Kqt in the formula; of art. 183, and have then employed the

values, assigned in art. 162, for the tensor, angle, and axis of a

conjugate.

186. To iiluatiate these eonclusiont respecting the negatif«

of a conjiigate by a diagram, concave> ia

figure 32, that the three liaet OB, oc» 00 ate

equally long, and that the third is opposite
^

in direction to the second ; let also the line

OA be supposed to bisect the angle boc be-

tween the two tirst oi the three lines just

mentioned; and let as write,

A-o = a, B-o=/3, c-o=7, D-o = 8,

80 that, by the constnicdon, the following

relation shall hold good,

d = - 7.

Then writing, for abridgment*

we shall have the two other and connected equations,

•y -i- a = K^, S -T- o = - Kg ;

which are seen at once to ezempKiy the resales of the Ibregoing

article, so far as axes and angles are concerned.

187. It is easy to prove, on the same plan, that the cof;/i«7a/e

of the negative of any quaternion is at the same time the negative

of the ooi\iugate $ or that, in symbols*

K(-^)— Kj.

Thus if we conceive, in the recent figure 32, a points so chosen

that the line bb shall be bisected by o, or that

B~0 = £ = 0- B= --/3,

we shall then have,

€ -i- a = - 5', and S -^ o = K(« o).
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It may also be just noted here that the negative of the conjugate

of a vector, regarded as a quaternioo, is equal (by 114) to the

origioai ^eetor itself ; or in eymhola^ that

And h IbUowSy oonvenely, from trt. 180^ tliftt ifa qnateniioii q
satisfy the equation,

then that qoatemion must be a vector ; or that its angle laast

have (compare 122» 149, IG^) the value,

It

because thus only can we satisfy the condition,

188. It was shewn in art. 1 10, that the ieiisor of the product

or quotient of any two vedore is the product or quotient of their

two tensors; and hence^ or from articlee 87» 86, 90, 113» it is

easy to infer that the versor of any such product or quotient of

two vectors is ia like manner equal to the product or quotient

of their versors ; or in symbols, that

U.icX-Uk.UX; U(X-5-ic)-UX-5-Ujc.

Since then (by 49, 113),

while it is still more obvious» from the numerical significatioiisof

the symbols, that

Ty - Ta = (T7 - T/3) X (T^ -T- To)*

we see by the last cited articles, that fbr any two qmUmioMf q
and r, the following relations hold good

:

T.rjF-Tr.Ty; U.ry«Ur.Uy,

And in a way quite similar it may be shewn (by 50, 56) that

T(r^q)mTr^Tqi \5{r ^q)^\3r ^Vq.

189- We see then that for any two quaternions, as well as for

«
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«»y two veeUirtf the tensor of the product is equal to the product

of tbe tentors; tlie tensor of the quotient is equal to the quotient

of the tensors; the versor of the product is the product of the

versors; and the versor of the quotient is the quotient of theyer-

sors. And when we come to inquire into the meaning or inter-

pretation of these four symbolical results^ we easily perceive that

their yaliditj depends ultimately on the mutual independence of
the two aeUf or operationst of tension and of Yersion ; in virtue

of which independence, we may compound two successive acts of

Action into one, or may decompose one such act into two, hy
compounding separately y or by separately decomposing, the cor-

responding and component acts of tension and of version (com-

pare arts. 54, 56, 63, 65, 90).

As a corollary it may be remarked, that we may always

write,,

(T . r^)« = (Tr . Tyy' - Ti* . T9«

;

a tensor being subject to ail the ordinary laws ofarithmetic ; but

that we have not always, nor generally, for two quaternions q
and r, the analogous formula for the square of the versor of their

product,

(U.r2)« = LV.U^;

because we have notf generally,

these versor* being not in general commutative with each other

as foctors.

190. The conjugate of the product of any two quaternions is

equal to the product oftheir cojijuyates, taken in an inverted

order s or in symbols,

K .r^- K^. Kr.

To prove this theorem, let a j3 7 be three lines chosen so that

(aS'in arts. 40, 46, 49) we may have the relations,

« /3 ; r/3 = 7 ; and therefore, . a = y

.

We shall then have also (see art* 163),
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and (compare 49, 189),

iKq.Kr).y=Kq.(Kr,y) = Tr^{Kq,^)

« Tr« ( . ^«) - Tr« . «- (T . )« . a

(K . rq X rq) K » rqx (rq . a) ^ K . rq . y

;

whence, as above,

Kq,Kr^K,rqt

these two quaternions being thus proved to be equals by its being

shewn that when they csperate separately, asfactort^ oit one com-

mtm Une y, they conduct to one common resuUf aamelyi to the

line denoted by the symbol

191. The rationale of the foregoing process may be said to

consist in this: that it puts in evidence, through the notations of

the present calculus, the conception, that if by any two succes-

sive acts of faction, whose agents or operators are here the two

quaternions q and r, we pass from an initial line « to a final line

7 ; and if we then perform, in a contrary ordetf the fwo respec-

tively conjugate acts^ whose operators are, in this new order, Kr
and l\q ; we shall hereby have repeated each factor act of ten-

sion, but shall have reversed (ami thereby annulled, as to their

effects) each of the two component acts ol version (compare art.

114): and shall thus, vpon the whoky have merely multiplied the

original line a by the product of the squares, and Tr*, of

the tensors of the two proposed quaternions q and r, or by the

square of the tensor T . of the product of those two quater-

nions. But in thus passing from y, or from r^ . a, to (T ./'^)"~ • a,

after passing from a to y, we have, upon the whole, repeated the

act of tension denoted by i ^rq^ and reversed the act of version

denoted by U . r^;. that is, we have multiplied y, upon the whole»

by the eov^ugate K . rg, of the product rq of the quaternions.

192. A reasoning nearly similar would shew that the recipror

eal ofthe product of any two quaternions is equal to the product

oj the i tciprocalSf taken in an inverted order : or, in symbols,

that

(rqy^=q~^ r ^
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Accordin crly, with the recently suppoAed choice of the lines at /3»Yf

w« iiare (see 44» 136),

and the recently written relation of product to ftctori is seen to

hold goody in virtue of the geneml foimula of multiplieatioii in

art. 49. It wa3i thus, for example, that in art 177 we had the

two coDoected equations,

193. The formula of art. 190 includes the equation of the same

kind which was established, as a definition, tor the conjugatepro^

diteis of any two vedars k and in art. 89, namely

because (by art 114),

It enable us also to infer, for any three vectors ai /3> 71 the equa-

tion,

K(7a-i.P)«-0.aiY;
because

K0— and K.^ya'^ -tt'^y.

Whenever, therefore, the three lines a, 0, 7 are copUmar^ so that

(by arts. I29» 130) afourth line B may be so chosen in the same

plane as to satisfy the equations»

we see that we shall have also

and thus we are couducted anew to the result obtained before, in

art. 182 ; while, in arriving at it, by this new train of investiga-

.tion, we have had occasion to deveiope some usefiil principles and

general results of this Calculus.

194. It is therefore immaterial where weplace the point (or

other mark) ofmuUiplicatian^ in combining any three eopUmar

lineSf such as here 7, a~ \ and as/actors, in one determiued
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ordeTf or in the order opposite to this ; the result being still equals

when interpreted on our prindples, to one definite vecictt or

fourth directed lioe in the same plane, whichever place we chooie

Ibr the multiplyiDg point or nark, and whichever of the two op-

posite orders of fiictors we may adopt. The associative prih*

ciPLB OF MULTTPLiCATtoK (referred to by anticipation in several

former articles) is there^ire Iierc seen to hold good; together

-nith at least a partial valulit)- of the coninniiative principle also,

for the same case here considered : that is to say, tor the case of

ihe muUipiicalion ofany three coplanar lines. And we may now

proceed topr^t by it (compare art 136), by diemiuinfft a$ im-

MccefMiry, ihe pahU^ or other multiplying mark : and by thus

writing simply^ under the conditions of articles 129) &e., the

equation,

S = /3a-»7, or g = 7a-i/3:

becausef whether we multiply the quaternion fia'^ into the vec-

tor Y9 or the vector 0 into the quaternion a'^y^ or ya'^ into /3i

or y into a*^/3» we obtainy by each of these four processes, one

line S as the reeult ; namely, thefourth proportional to

flj /3j 7» «» 7? determined as in those former articles. And
we may call this fourth proportional the continued peoduct of

the three vectors a"S and /3; or of /3, a*S and y.

195. If we should meet with a symbol of the form

pkK, where /x |1| X, ic,

wUk4nU negative unity ocenrring as an etponeni of the middle

lictor, we might stUl speak of this symbol as denoting a conli-

mted product ofthree vectors, namely k, A, f.i\ that is, the pro-

duct-iino obtained by multiplying k by A, and then multiplying

the product A»c by ^\ or we may read the product thus : yu into

A into K. We might also, by the recent associative principle, in-

terpret the same symbol /iXk as denoting the product-line obtained

by multiplying first /i into X» and then the product pik into k. Or
^;ani we may regard the symbol juAk as being equivalent to the

continued product of the same three coplanar vectors, taken in

the contranj order^ namely the order /u, A, or ma) interpret

it as beinir eqnal to the product *' k into A into ju hecR!i«e it fol-

lows from what has been already shewn, that under the supposed

cowDmoN OF coPLANARrrr, the equation
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it satisfied. We may also, by the last article, speak of either of

these two last equated symbols as denoting theJburih proper^

Umud to X*^9 fh and le^ or to k» and /t; because, by a princi-

ple which has indeed been already tacitly employed, the

cal of the reciprocal of a vector, or of a quaternion, is tliat vector

or quaternion itself; so that (compare 117, 136),

196. Since (by 117),

while the square of a vector is (by 85) a scalar, namely, a ne-

gative namber, and the place of a scalar factor among other fieu^

tors is (eompsTe 83) indiffeient to the alue of the product, we
see that the following geneial reletfum between the two products

/3a'^ 7 and /Say,

which are of the forms considered in the two foregoing articles,

holds good in quaternions as in algebra

:

/3ay .^'^y*

If then we wish to construct the continued product ^oy of any
three gfivcn coplaTiar lines, y, a, /3, we see that we muy first con*

Struct, on the plan of either of the two articles 131, 132, the

fourth proportional to the three lines a, /3» y» and afterwards

multiply the line so constructed, by the n^^atiye scalar a* ; that-

is to say, reirerse its direction, and multiply its length l>y Ta^ : be-

cause (by 111, 116, 136),

a' « - Ta*.

In symbols,

if a :
/3 : : y : then 0ay - - Ta>

.

19T. Thus, for example, if a, ^i, 7 tlenote, as in fig. 2(i, art.

131, the three successive sides of a triangle bca inscribed in a

circle, the continued product J3a7, or ^a/S, denotes a vector which

has the direction ofthe tangml ab at a to the segment abc, and

not the direction of the tangent af to the segment bca; because,

in the article just cited, it was shewn that this last is the direc-

tion of the fourth proportional S, to a, /S, y. As to tlie length
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of the line which is denoted by the symbol /Say, it bears to the

length of the line af, in the same figure 26, a ratio which is the

dnplicate of the ratio of the length of the side bc or a to the as-

sumed Qmt of length; or in other words, this length of the line

Pay bears to this unit of length the same ratio which the right

solid, constructed with the three sides of the triangle bca as

edges, bears to the unit of volume, or to the cube constructed

with the unit of length for its edge, lo symbols (compare 1 10»

188),

r T • /3«y » T/3 • Ta • Ty.

198. We know then how to interpret the symbol,

(a - 0) (c - b) (B - a), or (b - a) (c - b) (a - c),

for any three points of space a, b, c, supposed at first to be noi

situated on one straight line, but to be the corners of a plane

iriangie} namely, as denoting a certain iifte or vector^ whose

Im^M represents the product ofthe Ungths of the sides of that

triangle, while its direeiion is that of the tangent ai a to the seg^

ment abc, of the circle circumscribed about it. This remarkable

interpretation, or construction, for the symbol (a - c) (c-b)
(b-a), appears to me to be frequently useful, in the applications

of the present Calculus to Geometry ; and it is one of tho6e

which are, so fiur as I have hitherto been able to learn, pbculiab

xo QtTATBBNiOBS, from the principles of which we have seen that

it is a necessary and inevitable consequence.

199. If the three points abc should happen to be situated on

one straight line, the interpretation of the recently assigned sym-

bol would in that case be still more easy. For because the pro-

duct of two vectors which have the same direction is in this

theory (by art. 84) a negative scalar ; while the product of two

vectors which have oppaefte directions is on the contrary (by the

same article) with us n positive scalar; it follows that if the

point A he intermediate between b and c, as in tig. 33,

Fig. 33.\ c— B —

*

1 "IT A M
the continaed product.
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/3o7»(a-c) (c-b) (b-a),

is constructed in this case by a line, which has the direction of

either of the two extreme factors u - A or A - C. Bttt in the CBSO

represented by tbis other bgure,

Fig. 34. } c • A

*

in whieh the intermediate point it b« the same symbol of a con-

tinned product denotes a line^ which has indeed the direction of

1? A, but not that of A - c. And on the other hand* In the case

where c is the iiUermediate point, as in the figure subjc^nedy

Fig. 35. \b A

the same continued product has the direction of a - c, but not

that of B - A. In each of these three cases, therelbret the pro*

duct ^ay is constructed by a vector^ which has the same direcUcm

as the ee^metUe of the finite straight Hae on which the three

points A u c are situated, some two of them being at its extrenri-

ties, auti the thirti beina: in some intermediate position; and in

each case, tlie so//<i under the whole line and its two seg'mentS

lias the same numerical expression as the lenyih of tho product-

line. But it must again be observed that the direction thus as*

igned to this jvoAiel-lnie appears to be pecuiutr to the present

cafea&M^ or to ita modes of geometrical interpretation.

900. Again, ifwe suppose that abcd is, as in figarea S7 and

28, a quadrilateral inscribed in a drde, then becanse, with the

significations of the letters in tho&e figures, we have (^sec 132),

it follows that the contiuue^i product,

7a/3 = (D -c) (c-B) (b-a),

is constmeted by a line which has its direction of^pasite to that

of and therefore similar to that of a - d in fig. 27» bat opposite

to the direetioii of a - o in figure 38. Hence the eomtitmed pro-^
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duct of three successive sides^ ab, bc, cd, 0/ a quadrilateral

inscribed in a circle, is (in this theory) a linb, which has the di-

rection ofthe FOURTH 8IDB, DA, or else a direction ofpositb to

tkejbmrth side^ according ac the inscribedJ^^e abcd m an um*

CB08BBD ora CBO88BD quadriUUerai (compare 132). lo symbolty

for every quadrilateral in a cirde, we have

U.(o-c) (c-b) (b-a)-±U(a-d);

the upper or the lower sign being taken, according as the figure

ia uncrossed^ as in fig. 27i or erosced, as in fig. 28. And from

what waa ihewn in art. 132, in connexion with those twofigores,

it ia easy to infer that the recently written formula of versors

wotdd not hold good, if n were changed to any other point on

the third side cd, or on that bide prolonged, such asG or d or d",

within or without the circle; because the versor of the continued

product in the first member of the formula would then either le-

flsain Tinchanged, or merely change its sign, while the versor of

the foortb side^ in the second member of this same formula,

would be mnltipUed by a non-scalar quaternion. No plane quor

drUaterali therefore, can eatiefy the condition expressed by the

recent formula, unless it be inscnptible in a circle: for if it cannot

be so inscribed, the two members of that iui inula w ill represent

two different vector-units. And if the quadriluterai abcd were

what is called a gauche (or twisted) figure, that is, one not con-

tained in any signle plane, we shall soon see that the formula

would in that case fidl, firom the first member becoming a bob-

quadreaUaiversory while the second member would still represent

a vector-unit as before. It follows then that the recent equation

between versors exjiresses, in w hat may be regarded a remarkal>le

way, a property which belongs to inscnptible quadrilaterals alone;

and ooBsequentiy that it expresses, at the same time, SLcharacte"

risOe property qfthe eircie^ by assigning, with the notations of

this ddculos, a general rehtion which exists between fodb con-

ciBCVLAB poiBTS, and between four mcA points exclusively,

201. It is time to consider now, what a recent remark may
remind us of, the continued products and fourth proportionals of

three lines not coplanar.

Suppose then that it is required to assign the value of the
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symbol j3a - ^ 7 , where the line although not now coplanar with

a and j3> aball be supposed at first to be perpendicalui to a, so

that we shall hare

y not
Ijj

a,p, but y ±a.

Under this last condition, we can, as in the second section of

art'. 127» determine a ilbe c, such that

and shall then have, as in that article.

But whereas weformerly concluded (in 127, 11), that the quiK
* tient 0 4- f9 thus obtained, was equal to a d'ne, because c was

found, li that former investi^tton, to be perpendieular to p, on

account of its being perpendicular to both a and 7, with which

lines j3 wasformerly coplanar ; we must nowy on the contrary,

infer, from the present non-coplana/ ifff of a, /^3, -y, that the line*,

which is still perpendicular to both a and y, by its construction,

cannot aUo be perpendicular to ]3 ; or in symbols (contrast the

corresponding expressions in 127), that

€ not J. /3, because s J. a, c ± 7, and ^ not
1||

a, 7*

202. We are not therefore now to consider any iine^ such as

the ^ of 127, but a certain non-quadraiUaL quateniioUy to be the

vaiue of the symbol /3c~^ or /3 -s-f, and therefore of ^'^*y.

And if we $HU agree, from the analogy of former investigational

to call this last symbol, namely,

/3a 1.7, or ^^ax7,

a symbol for ihtfourth proportional to the three lines n, /3, 7,

we find ourselves oblig^ed to admit the following conclusion,

already mentioned by anticipation in art. loO, namely, that **The

Fourth PRoroaTioNALTO three Lines not coplanar is not

A Limb, but a Quatbrhion at least when the first line a is,

as above, perpendicular to the third line 7. But we shall soon

see that this last condition of perpendicularity is not essential to

the correctncM of the conclusion.
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203. Retaining, however, a little longer, this condition of

perpendicularity, there is no difficulty in proving, for the three

lines of art. 201, or rather for the three lines 7, a'\ and the

auoeialive praperiff qfmuiiiplicaiia», or the equatioiiy

/3 . 0*^7 = j3a^ .7, at least if 7 J. a;

each member of this last formula being here »/3s'^» becauae^as

in 176, 177, tbe equation

7««f"* gives a'*7«r*.

And if we were now again, for a moment, to suppose known the

distributive principle oj multiplication, already more than once

alluded to (121, 178), and of which an independent proof wiW be

given in the ensuing Lecture, we should be able to infer, by the

process described in art 178, that the same associative propuHjf^

or the equation /3 • a~^7*^a~^« 79 holds good for any ^ree we-

lord •* namely, by decomposing 7 into two parts, or component

vectors, 7' and 7", of ithlcfa y shall still be parallel to a, and 7"

still perpendicular to a, although this last component y" would

not 7WW be supposed (as in 178) to be in general coplanar with

0,13.

204. If instead of supposing 7 X a, we had supposed

/3 ± a, and therefore /3 = Xa, j3a'^ =X,

where X is some new line, the same associative property might

easily have been inferred. For in this case we should have (com-

pare 179),

/3 . o" ^ 7 = Ao . o ' ^ 7 = A7 = /3a' ^ . 7.

And hence by dUMhUing any olAer vector /3, into two parts

respectively parallel and perpendicular to a, we might again infer,

in a way quite analoLcous to that mentioned in the foregoing ar-

ticle, that the expressions /3 . a"'7 and /3a" ^.7 are equal, for any

three vectors, if the distributive principle, for the multiplication

of quaternions, had been already proved* But we shall soon

prove generally this auodatite properiff of the multiplication of
veet&rs, witkmtt assuming any knowledge of the diHributiveprin^

ciplc, as regards the multiplication o/qualfr/no^/s. Meanwhile

we see that the common value just now found for the two equal
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ezprmiomy 0*a'^Y taid ^a~'•Y» is the one where /3 x a,

namely the value Xy, is (like the value found for the case

7 _L a) /^o^ r a line^hU to a quaternion ; because X, being"

perpendicular to a and cannot be also perpendicular to when

the three linee a»^ 7 mre supposed to bo not oopUnar with each

other.

200. if it happeo that the three Imes a, j3» 7 compose a bbct-

ANOULAB STSTBMt SO ss to be perpendicular each to eacht

0 X a, 7 ± a, 7 X 0>

then the line c, determined as In 201, will have its direction ro-

incident with, or opposite to, the direction of p, according as the

rotation (compare 122) rouiul y, from /3 to a, \s positive or nega-

tive ; or, in other words, according as the rotation round a from

/3 to 7 is negadve or positive. And because the symbol ^s'^t

which has been foond (201, 203), to be the value of /3a~^ . 7, or of

0 • a'*7, denotes in the first ease a positire, but in the second case

a negative scalar, we see that The Fourth Proportimial (j3a~ ' y),

to any three mutnaUy RectanQtdar Lines a, y, is a Negative or

aPosidve Number^ according as the notation round theJirst (a),

Jrom the second (/3), to the third (y), is ofa Right-handed or qf
a Lefi-handed character.''* We might also prove this Theorem
otherwise, by observing that in the first of these two cases the

line X, of art. 204, has the same direction as 7, but in the second

case the opposite direction (compare 82, 84).

206. For example, with the sigfnifi cations assig^ned in the

Second Lccfuro (art. 77) to the symlnil'? ?, 7, 1I10S0 symbols

denote three rectangular vector-units, such that the rotation

lound t from j to A, and therefore also rounds' from A to i, is posi-

tive or rightJianded. We may therefore expect, in virtue of the

Theorem enunciated in the immediately preceding article^ to find

thai the fourth proportional to^, ky and t', is a neg€ithe mtmber^

which (from tlio value of its tensor) can bu no otixer than nega-

tive unity ; or in symbols, that

And accordingly we saw (in 76 and 75) that

h -^j^if and • X t 1.
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On the other hand, the rotation round the samej from i to k is

negative ; and we have accordingly, as aoother ejmaple of ihe

(null of liMOicm in 205» the equation

t -I- f*x i = -f 1

;

because (compare 74 and 75),

207. Since we have still (as in 196)

a = a-.a ^ and a*=- To* <0,

we see thai the continued product /Bay (compare 194, 195) of the

three Tectors y, a, /3, namely, the product obtained when y h
multiplied by {not inio)a, and the partial or intermediate product

ay is again multiplied by may still be funned from the fourth

proportional to the same three vectors taken in the order a, /3>

tliat is to say, from /3a'* . by multiplying this last quaternion

by the negaUve wcalar o'. The theorem of art 205 may there-

fore be thus enunciated: Tlie coalisifetf product /3a7» qfw^
three reetamguiar vector* y, a, /3, is a poeiiwe or a nepatiee

mmbery according as the rotation round thefirsts y^from the e»-

condf u, io the ilnrJ^ p, is itself positive or negative* (that is,

right-banded or left-handed). For this rotation, round y from a

to j3i has oecessarily the same direction as the rotation round a

from j3 to y ; while the values of /3o' ^y and /Say are scalers with

opposite signs (as positive or nq;atiTe)i when 0, y compose a

rectangular system.

208. With respect to the teneor ofthe eonthmed produetf it

is obviously equal to the continued product ofthe tensors ; for

in general it is an evident consequence of the conceptions and re-

sults c.Tplaiued in former articles, that ifa^y ntmbbr of qua-

TBiiMONs be multiplied together^ in an^ order, and with ang

mode aeeociatum (or of grouping) amtmg themehtee agfitctore^

the TBNSOB OFTHB PBOBUCT St otUH^M eqwU tO the PBODVCT OF

THB TBNS0B8 (compaxo 188, 197). We may agree to denote this

general principle, or theorem, by writing concisely the formula,

Ta«nTs
where tiie Greek capital letter n is used as a symbol for a pro-
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duct. And on applying it to the case of the last article, we find

that the number, which is the value of the continued product (5ay

of three rectangular lines, must, if we abstract from ita sign^ de»

note the produei qfihe UitgthM of those three iinee.

a09. Thut»

and if da, db, dc» he three co-initial edges of a right soUd (or

rectangular parallelipipedon), the continaed product

(c -d) (b - o) (a - d) » ± volume of solid $

the upper or the lower sign being taken, according as the rotO'

Hon round the ed^e da, from the ed^j^e db to the edge DC, is di-

rected towards the right hand, or towards the l^,

210. For example, the lines t, j, k may be regarded (by 77)

as three conterminous edges of the omit-cubb, if we give this

name to the enbe of which three co-initial edges are three vector-

units, drawn in three rectangular ami standard directions from a

point assumed as origin of vectors ; and the rotation round i from

^' to k is positive, but the rotation round k from j to i is negative.

And according-ly we find, in consistency with the foregoing the-

orem, the two following continued products (compare 206)

:

•*^-/xife/ito-%--it« + l;

This last result, in connexion with those of art, 75, gives the

cotUittued equation^

and I cannot forbear to notice, by anticipation, here, that all the

rules respecting the multiplications ofi,j^ A, will beJound to be

included i)L this snnplc formula.

211. When the following conditious concur,

7 not III a, j3, and 7 not X a«

we may conceive, as in 127, II., that the rays a and /3 are made
tO' turn together in their own plane, without any idteration of

their relative lengths, or of their relative directions, till « comet

to in its mew position, perpendicular to 7 ; while /3 will, at
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the same time, come to assume a certain othernew position : and

then these two new posi/ions (or directions) ot a and j3 may be

substituted tor the two old or givei) ones, in order to determine,

on the plan of 201, a certain line t, perpendicular to the given y
and to the new a, but not to the new,/3» and such tbat this new

^« divided by £, ahall 9tUl give, as the quotient, a wm-quadran-

tai guatemion ^{-^ which shall be, in the present question, the

value oftheJburth proportional /3a'* . 7, whether both the old or

hotk tilt new values oi a and p be employed, in interpreting this

last symbol.

212. To avoid any possible contusion which might arise trom

the use (in the last article) of one common pair ofsymbols a and

^, to denote two distinct pairs ofUnes^ although these latter

pairs are merely the rays of two equivalent biradials (93, 94), it

may be useful to employ one of the identities of art. 1T9 ; and

for that purpose, retaining the given pair of lines a, /3, whereof

the first is not perpendicular to the third given line we may

advantageously seek to assign three other lines k, X, /li, such that

for then we shall have the following expression for the fourth

proportional sought,

It is easy to sec tliat this last symbol, //k ^ denotes here a ?/ort-

qiiadrantal quati i nioii ; as, for consistency with tlie result of the

last article, it ought to do. For if k, which U perpendicular to

both Y and X, could also be perpendicular to /i, then y would be

coplanar with X and fi, and therefore also with a and /3 ; but this

would be contrary to the hypothesis which is at present under

consideration. It may be remarked that the three lines ic, X, ^,

of the present article, may be conceived to coincide respectively

with the line £, and with the new (or altered) lines a and j3, of

the article immediately preceding.

213* With respect to that other and at least apparently diHe-

tent expression, which is formed from the expression |3a'^ . y for

the fourth proportional, by displacing the point of multiplication,

we may still write (as in 180, only changing to 1),

p
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a^y - n^O i fl it}; /3.a'^7 = i6;

but we shall now have

I not ± B,

and therefore the valae t0, of j3. o'^7» will noi now represent a

linef but (as in recent articles) a tunhquadraniai quaUrmon, In

fact, since c is here perpendicular to both /3 anH t^, if it could be

also perpendicular to 0, we should have p i (j|»lan;ir with and 0,

and tiierelure also with a and y ; but such a coj lm irity of afly

b not at present supposed to exist. Thus gbnsrall¥» or (more

precisely) with the bxception ofthe casb of coplavaritt» the

expressions |3.a~^Y and /3a~^ • ^ denote, each^ a quaternion,

but not a line. (Compare 202, 130*) But it remains to prove

that theee two quaternions are always equal to eaph other ; or

that, in the notation of the present article, and of the one im-

mediately preceding it, the following equation holds good :

214. Tt may first be proper to shew distifictly that this ques-

tion is qmte/reejrom vagueness ; or that the two quaternions,

here to be compared, hnvee^parateli/ determinate values^ whether

these be equal or unequal to each other. Now with respect to

the quaternion it is obvious (from principles respecting ten*

sors, already laid down) that its teneor is,

T.t(>-T/3T«-»T7;

while its versor is (by 188),

U.,0-Ui-U^;

where Ui and U0 are allowed no variety of values, except that

which arises from their freedom to change their eigne (or to re^

verse their directions) together^ a change which will not alter

their product. For tj (by 213) is coplanar with a, 7, and is also

perpendicular to (i ;
;i:id

fl
is not perpendicular to the plane of a, 7,

because it is not now supposed to be perpendicular even to a,

since otherwise we might at once employ the reasoning of art.

204, to establish the associative property : whence Ui| must be
equal to one or other of two determined and opposite vector-
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ii::i[s, because it must be parallel to tlie intorsoetioii of a plane

perpeodicuiar to with a plane parallel to both a and 7. But

and therefore (see 188, 129)>

Ui = U>3 -i- U, ; Ud«(U7-^- Ua)x Uq;

whteherer, then, of the two determined values jost now men-

tioned, we assnme for Uir, we get a corresponding pair of deter-

mined values for Vi and VO ; and these three last vector-units

can <io Tio more than chanace all ihcir three sifpis together. The
value ot the quaternion S is therefore entirely detenmned^ because

the values of its tensor and its versor are so. This reasoning may
be usefully compared with the corresponding process In art. 180;

and it may serve to illostrale and confirm a remark made in art

108, respecting the deierminaU native of guaitmion muti^i"

eaHon generally.

215. By a process quite similar, but applied to the equations

of 312, or to the quaternion /(^•"^ we find first that the Uruor of

this quaternion is determinate, because its value is

T.^r-»-T^T«-iTy;

and that its versor is also determinate, as being the quotient of

two other versors, Ufi and Uk, which can only change their

signs together* For X is coplaoar with a and /3, and is also per«

pendicular to which Is not now supposed to be perpendicular

even to a, and therefore not to the phine of « and /3 ; UX most

lia rctorc (like Uf|) be equal to one or other of two determined

and opposite vector-units ; but whichever of these two values we

select for UX, the equations

U-y-UX^Uic. U/3 -5- U0 - LV UX,

derived from 212, will assign connected and determinate valuea

for Uk and ; and the three vector-units Uk» UX* U/c, are

only free to change their signs t/ogtthgr. The versor and qua-

ternion,

VfL -r Uk, and fi -r »c,

ate therefote entirely dtUrmm^ under the conditions here sup-

p2
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posed. And there would be no difficulty in adapting^ (if required)

the reasoning of the two last articles to the cases (recently ex-

cluded), where

7 X or ^ X o

;

which cases admit, however, as we have seen (in 203, 204), of

being each treated io a simpler way, as regards the proof of the

associative,property.

216. The qaaternions jujc'^ and iB (of arts. 212, 213) having

thus been seen to be each separately determinate, and to have

their tcnsurs equals it remains to shew that their vcrsors are also

equal, in order to establish ytutrally this associative property of

mulliplication, so far as any three vectors are concerned. And
for this purpose it is clear that we need deal only with vector^

uniti s or that we may assume,

. Ta » Tp « T-y « T* «» Tn o TO «» Tk « TX « T/x « L

We may therefore regard these nine vectors,

o> Pt 7» h S» ^» hh

as being so many radii qfone common unii'sphere ; because they

may be conceived to begin all at one common origin o, namely,

at the centre of the sphere (compare 168); although they must

then in general l)e supposed to terminate at nine different points,

upon the conimnu spheric surface, which points we shall here

mark, respectively, by the nine letters,

A, n, C) I, R, Of K, I«, M •

in such a way that (for example) the angles of the versors (or

quaternions) ^a*^ and shall (by this construction) coincide

with the angles aob, kou, at the centre of the sphere ; and shall

be represented^ as to the corresponding amounts and directions

of rotation, by the ares ofgreat circles^ ab and km, upon the

surface. Let us then proceed to constmct the rcrsor /ak'\ by

constructitjg its REPRESENTATn k akl, km, with the aid of some

simple principles of spherical geometry.

217. In general let p, q, r, s denote any four points upon the

^face of the unit-sphere, o being still the centre; and let r
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Fig. 36.

denote the two ioilowiug quaternioos, or versors, with and rs

for their representative arcs,

^ = (q-o) -T- (p- o), r = (s-o) -^(u - o).

Then in order to construct, by a new representative arc, tu, the

produeif rq^ which is ohtdned when the former of these two ver-

sors Is multiplied hy the4atter, we may (compare 49, 108, 179)

proceeil as follows. Prolong if necessary, as in fig. 36, the

two given representative

arcs, PQ, AS, till they

meet in a point L upon

the surface ofthe sphere.

On the great circle pql
take a new point k, so

as to satisfy the equa-

tion

^ KL B PQ,

which is designed to denote that the arc from k to i. has not only

the $ame Itngih^ hut also the sanu direcHony as the given arc

from p to q: this mmenets ofdirection of two arcs being con-

ceived always to include the condition of their being parts of one

great circle. Again, on the great circle rls take another new

point M, such that

^ LM ^ ^ BS,

with the same full signification of tquaUty of arcs as before.

Finally join the points &, m, by a great circle, and take thereon

at pleasure any two new points t and u, such that

Then we shall have the equation,

or in other words, the arc km, or its equal tu, may be taken as

the representative arc of the required product, namely, the ver-

sor or quaternion ry. In (act l ither of these two equal arcs, km
or TU, may represent in tlii^ question (compare 65) the transver-

Mor^ ry, the arcs kl and lm at the same time representing re*
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speedvely the V€r.<:or, y. ami tlie proversoi
,
r, in this rjiul^pitca-

tim qfversors, or coniposiiion of versious or rotations. And it

seems that we may DOt inconveniently say, that the versor» pro-

enor» and transvenor^ of the Second Lectniei are now repre-

tmUed on the unit sphere, bfia vector are, kl» a praveetar arCf

uiy and a trangMdar arc, sm, respeettTely. (Cooipare Leo*

ture I.)

218. It may be noticed here that the foregoing process, when

couibiiicd vvitli the principle (188) respecting the tensor of a pro-

duct, serves to accomplish oeneraiir/y by the aid of arcs upon a

sphere, the muUiplication ofany two quaternions. Indeed if we
compare the recent figure 36 with fig. 7 of art. 53, we find that

we have only to conceive the centre e of the itpAere to coincide

with the vertex d of the pyramid^ and the edgte da, db, 0C, of

the pyramid to meet the spheric eurfact in the points k, l, m.

And the recently suggested an aloc.y of multiplication ofvcr'

sorSf to \vh:it may be called addiltvn oj arcual vectors, appears

to be well worthy of attention; a quaternion product being (as

we ha?e seen) represented by an arcual sum, if we agree to say,

for arcs as for lines (see 31), that Proveetor, flus Vector,

equals Tiansveetor."

219. The constraction in art. 217 may serve to illusttato

some general propertiet of quaternion multiglicadon. Thus, if,

as in tig. 37, we pro-

long the an s ki. and' Pig. s<.

ML to k' and m , so

as to have the equa-

tions,

KL = LK',

m'l = ^ LM,

the arcs n'and h'm

thus bisecting each

other in the point l
;

and if we still conceiv^e that kl and lm are representative arcs of

the versors q and r, so .that lk' and m l shall also admit of being

regarded as representative arcs of the sane two quaternions:

then, while the are km will etiU represent the former product r^.
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it will on the contrary be the arc m'k' which shall represent, on

the same plan, the product qr, of the snnie two iactors, / and 7,

taken nuw in the (vnl/ui y onltr. Ami because the two ui\y> km
and 31 k', which thus rtpresent these two products, rc^ and gr, are

indeed equally long, but are portions of different great circieSj we
must not assert that they are bqual. In that full sense of ar-

CUAL KQDALITY, which was employed in art. 217* We have,

therefore) the following inequality ofarc9 ;

m'k' not " KM,

under the circumstances of fig. i^T, when the directions^ and con-

secjuentiy the planes, of the ares are to he compared ; or when

(see 93, 94) the aspects of the two corresponding biradiaUf

m'ok and kom, are taken into account, o being still the centre

of the sphere. We arrive then thus anew at the following in*

equality of vereorst which involves, as a consequence, the cor-

responding inequality of the two quatemiona^ which are denoted

by the same two symbols :

' qr not generally » rq*

And thus we are conducted Offain to the important and remark-

able conclusion, that the nmli
/
iflicalian of qf/otcnaons is hvL <jr~

ntrally a comnmiatwe ojftralu n : which result has, at least par-

tially, presented itselt in many former articles. (Compare 74, 81,

82, 89, 1 12, 121, 133, 134, 135, 189, 207, 209» 210.)

220. In the same figure 37, the are lk, or k'l, will represent

the reciprocal, q'\ of the quaternion or versor q^ this reciprocal

bein<r regarded as a rever^or (compare 44, 89, 136); while r'm

will represent the product rq'^, on the recent plan of construction

for mulliplication of quaternions ; and the triangle k'lm sIjcws,

when employed on the same general plan of art. 217, that (as in

algebra) the following identity holds good

:

rq'^ .q = r.

But also, by art. 50, we have, as an identity,

{r^q)xq = r;

equating then these two last expressions for r, we arrive at this

other identity (compare 1 18) :
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We know then bow to construct the quotient ofamf two verwrM^

and therefore also (by the principle respecting quotients of ten-

sore in art. 188) the quotient ofany two guatemioM ; namely, by

construcli/Kj its i fpresentative arc upon the unit-sphere: which

may be done (as we see) by first representing the dividend r, and

the divisor by tu o co-initial arcs of great circles, such as lm
and lk'; and then drawing a third arc k'm, to represent the^KO-

tientf from the end of the arc which represents the divisor, to the

end of that other are which represents the dividend. In short we
can thus (compare 36) recover the proveetor are km, by a spe-

cies of ARCL AL suHTRACTioN, from the given vector and trans-

vector arcs, I K ami lm; and can thereby hbcoveh the pbo-

VERSOR, rq'\ considered as a pro/actor, when (he versor and

transversor, which are here q and r, are given as factor and trana-

iactor. Bat sncb a keturm to the moltiplibr (in this case a

proversor, rq^\ regarded as a profactor), when the mMplicand
(in this case, q) and (he product (in this case, r) are given, is pre-

cisely that opkratiok, to which, in this calcahis, by an extension

of a received jihraseolotry, thr name of Division lias been as-

signed : wlielher tbe }u «j]it»>t'tl uiuUi[>lifaii(l and product, regarded

thus as divisor and divtdind^ be simply vectors (as in 40, 41), or

quaternions, considered as/actors (as in 50, 54, 56).

221. It must not be forgotten that in consequence of the (ge»

oerally) non-commutative property (219, &c.) of quaternion mul-

tiplication, the product ^'^ris not to be confounded with the

product rq~^ ; and is therefore not to be equated generallij to the

*/fiotient r -7- qt to which the last mentioned product (rq^) has

recently been seen to be equal. In fact, ueic jiroduct, 9~*r,

would be represented^ in hg. 37, by tbe arc m'k; but this latter

are does not generally belong to the same great circle as the are

k'm, which has been seen, in art 220, to represent rq~\ otr^q,
(Compare 219.) What is to be understood generally, by such

symbols as ^~^r . ^, or rqr'^, will be an important subject for

discussion, at a subsequent stage of our inquiries.

232. The two co-itntial arcs el and km, in the same figure

37, might be employed, by the recent construction (220) for <ft.
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vfston of quaternions, to put in evidence this o^At r general rela-

tion between multiplication and division (compare art. 50):

The identity of art* 192, namely,

nay be illustrated by eonsidering ml, lk, and mk, at an arcual

system of vector, provector, and transvector. Or ifwe ehooee to

consider conjugates rather tl an rt dprocaU oi quaierj)ioiis, we can

easily employ the conslruelion ot art. 217, to prove anew ihe

analogous theorem of art. 190, as in the annexed figure 38, where

the cunred arrows are de-

vgoed to remind os that (ab-

itraeting from the tensors) the

conjugates and Kr may
be regarded as equivalenl (by

89) to the r€Vtr60ts, uiilch

answer to the two given ver-

sors, q and r. For the figure

shews that . Kr, or that

the product o/ihe two canjugateM, taken in an inverted order,

is represented by an arc mk, which has the eawte length as the

arc KM, and is part of the same great circle^ but has-an exactly

opposite direction, and i» j)resent!> thereforu the conjugate of the

product rq, which latter protiuct rt presented by the arc KM it-

self. We are therefore again led to write, as in 190, the gene-

ral equation, or identity,

which is frequently useful in this calculus.

223. After these remarks on certain modes of representing

generally, hy spherical constructions {com^nViTM 121), the products

and (juotient^ of (juaternions, and some other things connected

therewith, let us now resume the problem proposed at the end of

art. 2 10 ; namely, to construct the representativewc km, of that

particular fonrth proportional, or quaternion product, jSa'^.y,

which was considered in 211 and 212; the three nnit-yectors «,
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/3, 7t that enter into its conpositton, being si]pi>osed (as in 2X6)

to radiate from a known and common origin o, and to terminate

at three given points, a, b, c, upon the surface of the unit spiiere.

And whereas, we have already considered >cialiy, in connexion

with the associative property, the cases (203, 204) where o is

perpendicular to ^ or to 7» or, in other words,whereone of the ares

AB, AC is quadrantal, we shall now begin by supposing, for the

sake of simplieity, and in order to fix our thoughts, that eaek of

the three sides of the spherical triangle abc is an arc less Chan a
quadrant. Let us also imagine, for ihv junpose of makintr our

conception of the question still more cumpleteiy detinite, with

the aid of astronomical illustration^), that a and b are points on
the ecliptic of an ordinary celestial globe, with longitudes respec*

tively equal to 100^ and to 70®; while c shall he that point of

the equaiar of the same globe, which has its right ascension

equal to six hours» or to 90% as in the following diagram (fig. 39).

It is required then, under

these conditions, to con-

struct an arc km, which ^
shall represent, as to

amount and direction of

rotation,that sought qua-

temion, or rersor, which is the fourth proportional to the three

direetcd radii, or unit-vectors, oa, ob, oc ; o being: the centre

of the globe, and the length of each radius being unity.

224. For this purftose, I form the anneied figure 40, which

is designed^to be an uriho*

graphic projection of one

quarter of the globe, on

the plane of the equinoc-

tial colore; a, b, c being

still placed at points cor-

respuiiiliiig to those of the

recent and simpler figure

39 ; but the letters, l, q, L' D C T, N L
and l' being now written, for convenience, instead of the as-

^'^SlMHiomical marks ^, 0, and v in that figure; and the letter

K being employed to mark the place of the north pole of the
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equator, so that cl, ck, and kl are quadrants, respectively, of

the equator, and of the solstitial and equinoctial colures. Now
this latter quadrant, kl, may be taken as the representative are

of the muUipiicand, in the proposed product jSa'^.y, thit

veeiar or oc, being regarded, by our general principles (art

122^ &c.), as a quadrantal guatemion ; while the are ab repre-

»enU, on the same general plan of art. 9)6, the multiplier, /3a~S
or OH -^ OA, regarded as anvthf^r (fuaternion. And although this

last mentioned are, ab, does nut innin diately^ or in its actual and

present situation, begin where the arc kl ends^ yet it can easily

be MADB to begin there (compare 99), without any alteration of

its va/tie, or significance^ as representing one d^niU verear:

namely, by causing (or conceiving) it to turn in its own pUme^
or on the great circle to which it belongs, till it comes to take a

new positiotii such as that denoted in the figure by lm, begin-

ning noWf as a provcctor arc (217), at the point L, where the

vector arc kl ends, and satisfying the arcuai equality,

LJl «='-' AB.

And then by simply drawing the tranwector are of north polar

distance, km, from the pt int k where the vector arc kl begins,

to that new point M wliere the new or prepared proveetor arc LM

ends, we shall have accomplished the construction which it was

required to effect. For the arc KM, thus drawn, will representt

on the general principles already explained, that sought quater-

nion, /tiic''f which is, with the here supposed directions of the veo-

tor^units, the mine ofthe product f^a'^ .y, or of what we have

already called, by analogy, ihejburlh proportional to iht three

vectors f a, j3, y
225. Before proceeding to compare this arc km with any other

are, as respects their equality or inequality, it will be useful to

determine its polb, and to construct thereat an equivalent 8PHB>

BiCAi* ANGLB ; bccBUse we shall thus, in a new way, have con-

structed or determined the quaternion, or versor, /3o'^ .7, by as-

signing its axiSj and its angle. For tiiis purpose we need only

prolong (in fig. 40) the arc of nortli polar distance, km, till it

meets the equator in ^ \ and then take a new point d on the
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same equator, which shall satisty the arcual equality (compare

217).

^CD w^LN ;

for then the are nd will be a quadrant, and d will be the sought

pole of KM. i he arc md being thus another quadrant, if

oblige MR to become a quadrant also, by taking the point a upon

the ecliptic so as to satisfy the equation

M will be the pole of the arc dh, and the angles mdb, msd will

be right. But KON is alao a right angle» kd being a quadrant of

north polar distance ; wherefore

RDK e MON« and l'dr s kdm.

We may then take the spherieal angle l'db^ or its equal, kdm,

as the BBPRB8BNTATIVB ANGLB of the quatemion /3a '^.7, or of

its equal ^k'^ ; because not merely is each oi these two splitiicai

angles equal in amount to the an^le or amplitude of the quater-

nion, so as to satisfy the quantitative or metric equation,

Z 0«"* . 7) = l'DB KDM,

but also the axis of the same quatemion is the radius 00, draum

iowardi the vertex d of the same angle on the spheric surfiice,

in such a manner that we may establish also the following direC'

Hanoi or graphic formula,

AK.(j3a"^.7) = D-o.

226. Let B be a new point on the equator, such that

and from this point e let there be drawn the arc of latitude, or

perpendicular on the ecliptic, es. The right-angled triangles^

iBBy L'BOy shew evidently that the arcs es and db are equally

long, or that the points B and d bave their two sooth latitudes

equal; they shewalso that

Ls» rl'i and - sq « qh.

But by 225, 224,
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thus

and

-nSA + BR = ABa^ AT + --TB,

trbatever new point t may be chosen upon the arc ab« We can

therefore so clioose this point, as to have, at once,

8A « ^ AT, and '> BR ^ TB.

And then by erecting at t a perpendicular tf to the edtptici to-

wards the northern side, and equal in length to either of the two

former perpendiculars, dr or bs, so that the north latitude of the

point F shall be equal in amount to the sottth latitude of d or e,

the two pairs of riorht-anglcd triangles, drb, ftb, and esa, fta,

"will shew that the opposite angles at b are equal in one pair, and

those at a in the other pair ; and also that, in each pair, the two

hypotenusal arcs are equal : from which it follows that if f be

joined by ares of great circles to d and b, these joining arcs shall

pass through the points b and a, and shall be bisected at those

points. The vertex of the representative angle, l'dr (225), ofthe

cjufiti ntii,n f^a'^ . y, which is thefourth proportional to the three

nnil-vcclors, a, ft, 7, that are drawn from the centre o of the

sphere to the three given points, a, b, c, on the same unit-sphere, is

therefore situated at a comer d of a certain new spherical trioju

gUsy DBF, whose sidbs, bf, fd, d^, are reepectiveip bisbctbd^
ike three cormbrs qfthe oivbn (or old) spherieaf triangle, abc«

And the choice ofrmn particular corner^ d, as distinguished

from the two other new corners e and r, is seen to be determined

by the condition, that it shall be opposite to that side, ef, of the

new triangle, which is bisected by the first corner, a, 0/ the

given triangle, abc ; or by thefirst (namely, at present, a) of

the three given vector^unite,

•227. A not less simple rule for geometrically connecting the

ANGLE (as well as the axis) of the quaternion, /3a~' . 7, with the

new triangle dkf, circumscribed according to the recent law

about the old or given triangle abc, or for constructing the mag-

nitude (as well as the situation) of the representative angle, l'dr.
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may be investigated in the following way. Let figure 41 be eon*

cei vcd to denote the southern hemisphere

of latitude (of a celc*»tial globe), projected

orthographically upon the plane of the

ecliptic, of which great circle the south

pole is denoted in the figore by p ; a', b',

f', in the same figure, denoting the points l'[

diametrieally opposite to a, b, p; and

the other letters, a, b, c, d, e, l, i/, q,

R, s, retaining their recent significa-

tions. Then, because the three points D,

E, f' have equal southern latitudes, they are all contained on one

small circle, described about p as a pole, and parallel to the

ecliptic^ or (in the figure) concentric therewith. We wish to ob-

tain some simple and convenient expression for the angle l'dr^

or for its vertically opposite angle» cop. Now this last is one of

the base-angles of an isosceles spherical triangle, namely, of the

triangle dpe ; and each of the adjacent triangles, dpf', epf', is evi-

dently also isosctiies. If then, in the triani^le def', we deduct the

angle at from the sum of the two angles at d and B, the half

of the remainder will be the angle required. But in- the lume n*
(only partially pictured in the figure), the opposite angles at w

and f' are equal ; so that the angle at F, in the triangle 0BF9

is e^tfo/ to the angle at v\ in the triangle dbf'« On the

other hand, the angles at d and e, in one of these two tri-

angles, are supiftii nu ntary to the angles at the same two points

in the olher. We are then to siiljiiact the sum oi the three an-

gles of the triangle dsf from four right angles, and afterwards

to halw the remainder. And thus we find that lAf tmgU i«'or

or COP, 1^the qmUemfom which U thefourth propartumal to the

three unit^veetortj oa^ ob, oc, which retpeetivelif hieeet the three

eides^ bf, fd, de, ofa epkeHeai triangle dbf, is equal (at least

under the conditions lately considered) to the si ptlement of

THE SB5fisuM OF THE ANGLES ofthc triavglc wliose sides are so

bisected: or in symbols that (in this recent case),

228. It must however be observed, that by (urrangitig the
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three points, a, n, c, as in the recent figures, we iiave tacitly

supposed that the rotation round a trom /3 towards y, or that the

rotation round OAfrom ob towards oc, is negative or left-handed.

And Ihus it happened that, in fig. 40, qfter going by a vector are»

Ki<« from the north pole of the equator to the autumnal equinoo-

ttal point* we went next along the ecliptic, by a provector are,

LM, through thirty degrees of longitude, but in a direction ctm-

trary (in astronomical parlance) to tJie order ofthe siyusy tliereby

HE 1 ROGRADiNG liuiii Libra to Virgo, and consequently approach-

ing to the north pole K of the equator, from which we had at hrst

aet out. This was the reojion for the transvector arc, km, being

found to be Uu than a quadrant^ under the conditions lately con-

sidered. Had the rotation in the ecliptic^ corresponding to the

proversor, /3a ~S been supposed to becftVcc^, instead of being re-

trograde^ the result would, in this respect, have been different

;

for we should have gone, in the arcual provcction upon the

spheric surface, stiil farther from the north pole than we had

done, in arriving, by the first v€Cltm$ at the autumnal equinoc*

tial point ; and the arc of irantveeiian would have been found to

be, in that case, greater than a quadrant.

229. For example, if, without making any change in the sig-

nifications of the letters lately employed, we now propose to our-

selves to determine the axis and angle of the following new qua"

ternion,

a/3-1. 7J

or if we seek the fourth propotdonal to the three former unit*

vectors, in the new order J3, a, 7, and not now in the order

a, /3, y : we shall be led to advance (according to the order of

the signs of the zodiac) from Libra to Scorpio, or (by th^ pi ovec-

tion) from l to a new point m', Jiot opposite on the sphere to m,

but such that (compare fig. 37), * .

^ lm'«'^ MLf^ ba;

and the trausvector arc will now be

km' > ^, although KM < ^.

In fact it is clear that the two trarisv ector arcs, km and km',

which arc also the representative arcs of the two quaternions
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Pa*' .
7 and a(6'^ .7, are, in apiount, supplemf.ntary to each

other ; so that it we attend only to the viagniludes of these two

arcs, we may write

or, passing to the angles of the two quaternions which corres-

pond,

£(0/3-1.7) -ir-il(P«-^ 7).

But if wc attend also to the planes^ or poles of the arcs, or to the

CLxes of the two quaternions, we see easily (on the plan of art.

225), that the pole of the arc km' is the point e, and that, there-

fore, we may write»

Ax . (a/3"l . 7) = E - O.

230. SttU we perceive that the rulb of art 226 holds good,

since the pole or point b, thus determined, is (as the rule re>

quires) that corner of the circumscrihed triangle def, the side

opposf/e to which (nuineiy fd) is bisected by the extremity (at

present b) of what is now theJirst (namely /3) of the three given

unit-vectors (/3,a,7) . That rule of«226» for the direction ofthe axis

ofthe quaternion, is therefore seen to be independent qftke order

ofthe rotation of those vectors among themselves : although, as

we shall presently see, this order of rotation is not in alt respects

indifferent to the result. For it is easy to perceive, from what

has been already shewn, that the spherical angle ces, in fig. 40,

may be taken as the representative angle of the quaternion

ojS'i • 7 ; and hence it follows (by the reasonings in 227) that we

may write,

z(a/3-».7) = i(D + J5+i^);

the 8EMI8UM ITSELF of the angles of the triangle dbp, or the

scPPLBMBNT ofthat semieum, being thus equal to the anolb of
TBB FOURTH PROPORTroNAL to the three bisecting veetore, ac»

cording cr* Me rotation round thi first ofthem (in the recent

case fi),froi}i (he second (in this last case a), towards the thud

(7), is POSITIVE or NEGATIVE. It is to bc remembered that the

' arcs AB, Bc, CA, or the angles between a, /3, 7, have been sup-

d (in art. 223) to be all teee than quadrants, or than right

Digitized by Google



LBCTURB 225

angles, with a view to avoidingt at first, aoy complex moditica-

tions of the figures.

231. Retaining still for simplicity this restriction on the

•ides of the given triangle abc, we may proceed to prove^ as

follows, that the problem of circnmscribing about it another tri-

angle DBF, whose sides shall be bisected by its corners, is not

inerelv (uhaL iia* been already proved, in art«. 'i'i.O, 225) a poS'

sibic problem, but also one entirely deierminutt^ at least if we

attend only to those spherical triangles which have (as is usual)

their sides each less than a semicircle. Conceive then, converselyi

that three points a, b, at distances from each other which are

each less than 90% are given as the middle points of the sides

BFy FD, DB, of a triangle dbp ; and let us study some of the re-

lations which connect the two triangles abc, dbf together, with

a view to inquiring whether any other triangle, such as d^eV\

would ailmit of being substituted for the given def, without

change of abc.

232. Now, for this purpose, it seems sufficient to observet

that if f' be the point diametrically opposite to f, the small cir-

cle DBF' must always (as in fig. 41» art. 227) he parallel to the

great circle ab> having a common pole therewith, which pole we
may still call p ; and that, therefore, the bisecting perpendicular

PC, of tiio arc DE, must always cross the great circle ah likewise

at right angles. For hence it follows, that if we let fall a per-

pendicular arc CQ on AB from c, and then through c draw a great

circle perpendicular to cq, this last great circle must contain not

merely (as in figs. 40, 41) the points d and b already considered,

hut any others, if such there be, which can be substituted for

them. In like manner the points B and f, or any substitutes for

them, must be situated on that great circle through a, which is

perpendicular to the arc let lali perpendicularly from a on bc;

and F and d must be on that other great circle, which is tirawn

through B, at right angles to the perpendicular arc let fail on ca

from B. Thus we have three great circles, entirely determined

in position, which must intersect, two by two, in the three points

]>, B, F ; and if any other points admit of being substituted, in

whole or in part, for these, as corners of the triangle whose sidet

Bre to be bisected, they can only be the opposite inier$eeiianM of

Q
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the three great circlet found as aboTe, or the points d\ e\ w\

wiiicli are diametrically opposite to the turriKr points D, B, F.

233. But two sucoL ssive and supplementary arcs of the same

great semicircle cannot both be bisected by any common point

;

we caoDOtf therefore, make any partieU change of the given

poiQt8» 0, Mj Vf to their oppoatea, costbtently with the eoedituma

of the qveatioo : Ibr ezainplet the arcs w\ Bf^, in fig* 41, are not,

like the arcs or, bf, of fig. 40, biaected by the points b, it And
ifwe make a tatai ehasnge of d, e, f, to the three opposite pMots,

d', e, h'\ wc shall indeed have altered the triangle def to another,

namely d'b'f', such that the three loliowing arcual equations shall

hold good

:

^b'a-^av'; '^i'b-^bd'; '^i>'c«^c»';

but tlic sides e r', f'd', d'e', of this new triann^le, if, as is usual

and as we lately (in 231) agreed to do, we measure these three

aides so as to be each less than a semicircle, will not (in the

Hrictut and mmpiui lenae of the words, whieh is the sense at

present under consideration) be bisbctbd by the three points a,

b, c, but bi/ the three retpeetively and diametrieaUif oppositb

points, that is, by the three points a', b', The triangle abc

beings then given and fixi-d, the triangle def \s also deter-

mined, ivithout any anihnjuity wiiatever, under the conditions

hitely supposed. Under certain o/Aer conditions, it will be shewn

teieafler that a different result may take place.

234. If then we were to propose to ourselrea to investigate

the yalae of the fourth proportional to the same three given

nntt-Teetors as before, but taken now in the new order, a, 7, J3

;

or (in other words) if we should seek to construct the represen-

tative arc, or representatiire angle, of the following new quater-

nion,

it is dear that we should be led, on the plan of recent articles

(225, 226, 229, 230), to cireumseribe, about themme^'een /rion-

gle ADC, the same auxiliary triangle, dkf, as before. And be-

cause what is now the /irst of the three p^iven vectors, namely a,

or OA, bisects that side, namely r.i , of the auxiliary (or circum-

scribed) triangle which is opposite to the point j>; whale the xo-
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Ution rouncl a from y towards 0 is pomiive ; it follows, from the

rules laid down in articles 226, 230, that the axis of the new
quaternion, proposed lor consideration in the present article, is

directed towards tiie point d, and that the angle of the same qua->

teroion (ya'^ . /3) is equal to the semitum t^(/'(and not to the

supplement of the semisum) of the three angles of the spherical

triangle dbv. Jn symbols, under the conditions sapposed, the

two following equations, or formnlm, hold good

:

Ax.(Ya~^.j3)-]>-o;

iC(7a-^/3) = i(Z> + i? + J).

As the repregentaiive angU of the new quaternion ya"^ . we
may take the spherical angle rd'c in (ig. 40 (art. 224) ; and there

would be no difficulty in hence constructing, if it were required,

the representative arc also.

235. Comparing; now the expressions (in 225, 227, 234), for

the axes and the angles of the two quaternions,

/3a" ^ .7, and ya'^ .p,

we find that t£ere exist the following relations between them^

Ax . (7a-* ./3) « Ax . (j3a ^ y) ;

Z(7a-».|3)«ir-il(/3a-i.y);

the oxeM being thus ednHdmit and the of^lei being $upfii^

meiUary, But these are the very relations which, as was shewn

in art. 185, and as was illustrated by figure 32 of art 166, exisi

generally between

q and - K^,

or between a quaternion and the nefjative oj the cviijuyatc thereof,

80 isiT as axes and anylea are concerned. And the only remain-

ing relation, between two such quaternions, namely the equality

of their tensor* (186), exists here also, because each tensor U
unity* We are then entitled to establish, at least under the co»-

ditioDi above supposed, the formuhi,

Pa-».7--K(ya-».0),
q2
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Hut when we come to traiislorin the second member of this for-

mula, by the principles of art. 193, we find that it becomes,

-K(ya-'.p) = /3.a-»7.

We are then led to establish anew, under circumstances more

ffeneral than before, that associative formula of muliiplicatioa

of three ve€tar§f which has been the principal subject ofinvestiga-

tion during the whole of the present Lecture : namely,

236. In this method of treating the question, we have not

found it necessary to construct that other quaternion, or its re-

presentative arc, which was mentioned in art. 213 ; namely the

quaternion denoted in that article by the symbol t$. There would,

however, have been no difficulty in constructing Us arc also, if

required. To shew this, conceive that the annexed diagram (Bg.

42) is an orthographic projection ot a he-

misphere witli H for its visible pole, wliile

X denotes the pole of the great circle ac
;

the letters a, b, c, d, b, f, still denoting

the same points as before, and i, i' being

the positive and negative poles ofthedr-:

cte vBD, while h, h' are the two poles of

the circle i'bxi ; let us also conceive the

arc EX to be j)roluiiged, till it terminates,

on the other hemisphere, in a point e',

diametrically opposite to e : and let the arcs xb, xd, prolonged,

meet the great circle hach' in two other points, t and a. Tlien

taking another new point o on the circle ac, such that

GH = CA,

we shall be at liberty to write, on the plan of 216,

o-O"0; a-OBii; i-o-i;

and may (by 213, &c.) regard the arcs gh and ih (or ui ) as re-

presenting, respectively, the versor ji^d (or a'^y), and the pro-

versor iq (or /3) ; whence it will follow that the irmuoereor^ t9

(or /3 . a*^7), is represented, in the same construction, by the arc
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ai'. But it is easy to prove, by methocb recently explained, that

the pole of this new arc oi' is the point and that the amount of

the equivalent mi^/e goi', or ZDS', orxDB, at that pole, is equal to

the supplement of the semisum of the three angles ofthe spheri-

cal triangle dbf; which last equality may'be established by the

help of the lune ee', and of the three isosceles triangles fxd, dxe',

b'xf; the quadiaiit I'j through g is also useful. Hence hy com-

parison with fig. 40, and with the results of arts. 225, 227, we

ahould find ourselves entitled to infer the arcual equation,

^Q^B^ KM

;

and on passing from these representative arcs to their versora,

we should thus have proved the equation proposed for inquiry at

the end of art. 213, namely,

or, by liiat article, and liy the one iminLdiaLuly preceding it, we

should have thus an ivtd unew at the associative formula of mul-

tiplication of three vectors,

237. The case where ab is a quadrant, or where 0 ± o, has

been considered in 204 ; yet, if we wished to examine how our

recent and more general investigations may adapt themselves to

that case as a limits \vc uiight conceive,'in fig. 40, that the equal

arcs AFi and lm are each only a very little less than 90°. Under

this supposition, the point m would almost coincide with q; n
with c ; D and a with l'; b and s with l ; and f with t, this new
point T being such as almost to satisfy the connected equations,

LA » AT, TB = Bh\

At the same time the trianf/le def would tend to coincide with

the lune l'l ; the angle at f would be almost = tt, and each of

the angles at d and e would almost coincide with an angle of

that lune ; and therefore the supplement of the semisum of the

three angles of the triangle would tend to become equal to the

complement ofthe angle ofthe lune. We may therefore expect,

from our recent results, to find that as j3 tends to become per-
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pendicular to a, the fourth proportional ^a'^y (in which symbol

we do not here think it necessary to write the point) tends to be-

come a quaternion, whose asa» is directed towards the point l

0n figf. 40), and whose oji^Is is the complement of the angle

ql'c ; or in other words that the angle kl'q, or the are kq, re*

presiftls this limil-quaLernion. And accordingly it may easily

be shewn that this result agrees perfectly with the conclusions of

art. 204 ; the line, which was there called A, beintr now conceived

(in connexion with fig, 40) to be directed towards the north pole

of the ecliptic; and the rotation from this pole to the point C

heing similar in direction, and supplementary in amount, to the

rotation from k to Q, as by our general principles of interpreta-

tion of the quaternion product Ay, obtained in 204» it ought to

be. (Compare the general construction for a product of two vec-

tors in 88 ; also the value of the product in the recent article

236.)

238. Let us now consider (although more briefly) the case

where the arc ab is greater than a quadrant; this arc being still

conceiTed to form part of the semicircle l'ql, in fig. 40, and the

point A being still advanced beyond B, in the order of right-

handed rotation round c. We may conceive, for instance, that

the longitudes of a and b are now respectively, 160° and 40°

;

the points c, k, l, l', q, retaining their posilions in the figure.

The points m and n, determined on the plan of 224, 225, will

now fall in the JirH quadrants (instead of the second) of the

ecliptic and equator; and the points D, b will fall in thefimrtk

and third quadrants of the latter circle (instead of falling in the

first and second), so that they are now outside the hemisphere

depicted in the figure, as also are the new points R and s. The
latitudes, dr, es, arc northern now; but the arc km, or the angle

KDM, or I I) It, still represents, by its new position and magnitude,

the new value of the quaternion /So'^.y j while the angle l'ks

Still represents this other quaternion, a/S"^ •y. The point f takes

now a southern latitude, while the arcs bf and df are still bi-

• sected by a and b ; hut the new are db is bisected rather hy a

certain new point, c', diametrically opposite to c, than by the

point c itself Taking still a point f' diametrically opposite to

F, the small circle def' is still parallel to the ecliptic as before.
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but Is now situated In the northern hemisphere of latitude. If

i»' be tiie north pole of the ecliptic, the three triangles, di' e,

FA' i \ f'p'u, art: each isosceli s
;
liut the angle edf', which is a base

angle of the first of them, and may servc^ instead of the vertically

opposite angle i/UK^ to represent the quaternion j3a~^ . 7^ is equal

now to half the excels of the angle at v'over the sum of the two

other angles in the triangle dbi"; whereas in fig. 41, art. 8279

that excess was in the contrary direction. Considering then the

lune ff', we see that we arc now to subtract two right angles

from the semisum of the angles of the new triangle def, whose

sides EF, FD, DE, are bisected by the points a, b, c', instead of

subtracting in the opposite way ; so that while the aatu of the

quaternion /i^a'^. 7 is still given by the formula,

Ax • (/3o"^ . y) «D - o,

as in 225, the angle of the same new quaternion is now to be ex-

pressed as follows, and not as in 227 :

Z Oc-^ 7) = i + + -P)- a-.

The relations,

Ax.(aP ^7) = E-b,

and

Z(o^^7) = »- 2:00-^7),

still hold good, as in 229 ; but this last angle now becomes.

All this will easily become dear, after what has been said in re-

cent articles^ at least with the aid (if it be thought necessary) of

a common globe. (See also figures 47, 48, 49.)

239. If then it be required to determine the a^tia and angle

of a quaternion, such as

where a, /3,
7' are the vectors of the three points a, b, c', considered

in the foregoing article, the arcs ab, bc, c a being thus each

greattr ikon a quadrant (and not now each less, as was the case

with AB, Bc» CA, in 22d» &c.)> we may proceed in the following

way. Since we have here '
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-j3a** .y, because 7' «- y,

and have just now determined (in 238) the quaternion fla'^ .7,

we need only take the negative ofibat quaternion, on the piao

of art 183. Reversing tl\en the axis, and taking the supplement

of the angle, we find, in the present question,

Ax,(^"^ .y)=D'- o«o-D,
and

where d' is the point diametrically opposite to d. But by a simi-

lar process, attending (as in 228, 229) to the changes in thecAa-

racUr ofihe rotation, which was right-handed round a from /3

towards and is consequently left>handed round the same a,

when measured from y towards /3, while d is still (compare 226)

the corner opposite to that side kf of the trianirle dkf which is

bisected by a, we find, without difficulty, that the following re-

lations hold good

:

Ax . {y'a'\ /3) = d'-o = o- d;

^ (yV*^. P) = i (i^ + + /•')- ir.

In fact this triangle DEF, when combined with the results of 238

respecting the quaternion «p •
. y, gives the following values for

the axis and angle of the quaternion ya'^

Ax .
(ya-l

. /3) - D - U ;

./3)« 2ir- i (/> +^ + -F)

;

by taking the opposite of which axis, and the supplement of

which angle, the recent results respecting ya'^.jSmay be ob-

tained. And on comparing the conclusions of the present article,

respecting the two fourth proportionals,

/3o-i.yandyo'i.0,

we find, by the general results of 186, that each of these two

quaternions is the negative qfthe corrugate of the other. But
hence again we infer, by the reasoning of 193, 235, that
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or in words, that the associative propei ty iioUis gotul, lor the

mui 11 plication of any three vectors, a, /3, 7 , which make obtuse

angles with each other. And we had proved (ia 235) that the

MM property holds also, when the angles between the three

Tectors to he eombtned are all acute* Bat to these two principal

cases it is easy to reduce all others, by a suitable use of ne^aUvu
and of iimts; for example, we can at once infer, from the pre-

sent article, by returning from y to its opposite, that

when y makes ru i/it anorles with a and j3, while the^ form an

obtuse angle with each other.

240. The associative property ofthe multiplication ofthrbb

TBCTORS if thereforefully proved, with the assistance of a little

spherical geometry ; and although it will be seen in the next

Lecture (compare what has been said in arts. 178, 203, 204), that

the same important property admits of bein^ independently (and

e%'en more simply) established, by the aid ol other principles, in-

volving the Addition and Subtraction of Quaternions, on which

we have hitherto forborne to touch, yet it was judged proper to

develope the method of the present Lecture aifo, as an exercise

in their Multiplication and Division, and as being connected

with aome interesting geometrical coNJlmclioM, and with what

will be found useM uUer^reiatMme of some fundamental Sym-
bols of this Calculus.

241. An allusion has been iiiaiie (at the end of art. 233) tea

particular but remarkable case of the jreneral construe lion, on

which it may he well to say a few words, on account of a diffi-

culty which it might present, in the way of indelermination, and

also in order to illustrate by it the theory already given (in 205,

207)» respecting the fourth proportionals and continued products

of systems of three rectangular vectors. Suppose then that the

three sides of a given spherical triangle abc are all equal to

quadrants (instead of being all less, or all greater) ; and let us

seek to circumscribe about this triangle another, sik h dkf,

which shall have its sides bisected by the given points a, b, c

(as in arts. 226, 231, &c.) ; in order that we may thus, by some

suitably limiting form oi a more general process already ex-
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plained, determine, if it be possible to do so, the axis and nii<rle

of that (sought) quaternion which is the fourth proportional to

the three given rectangular UDit-?e6tor8» OA^ OB^ OC, by deter-

niiiiDg the limiling values of the expienionB found in 225 and
2S7 ; namely, the following*

OD (or D - o), and ir - i (D +^ + F),

Jvow the three perpendiculars from the three given points, a, b, c,

•which arc to be let fall (by the general rule of 232) on the opposite

sides of the given triangle abc, become, at present, indetermi'

naitf in virtue of its triquadrantal character : so therefore do the

three great drdes also become, which are to be drawn through

those three given points (by the same general rule of constme-

tion), perpendicular to ikese perpemHa^s; and consequently

the triangle^ def, which (in the general process here referred to)

was to be found by suitably connecting the points of intersection

of those g^reat circles, becomes, in this case, itself also indrtcnni'

note. We cannot then assign^ in the present question, by any

limiting form of the general rule, the poniion of the point d, nor

tpecf/y the particular unit-vector od, which is to be the axis of the

sought quaternion. Nor is it wonderful that the rule should fail

to do so, rinee It was proved, in art. 205, that the^^ttrf^ propoT'

Hima! to three rectangular vectors ig a scalar : that is to say, a

positive or negative number, which is iricked conceived to adroit

of being- laid down (64) on a scale exteiKiing from - oo to t- oo,

but which has no one axis in space, to be preferred to any other

axis. If a scalar be positive^ and if we abstract from its tensor,

or disregard its metric effect, as multiplying a line on whidi it

operates, we can only consider it as a iiofi-i2erMr(60); if, on the

contrary, the scalar be negaiive^ it is, on the same plan, to be re-

garded as an inversor (see same art. 60) ; but the nontfersion, in

the one case, and the inversion in the other, may both alike

be conceived to be performed round any arbitrary axis ofrota^

tioitf perpendicular to the line on which it operates, and which

line itsei/h arbitrary. (Compare the results of 167, &c., respect-

ing the indeterminate axis of the semi'inversor ^{'- 1), and ge-

nerally of the power (- 1)', considered in 166.)

242. To render still more clear, by the help of a geometrical
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diagTam, and of an astrononueal illustration, the imktcrwination

of the circumscribed triangle dbf, for the case Tvhcre the given

triangle abc is iriquadrantalt and at the same time to shew how

the tcalar nature of the quaternion, ob «^ oa x oc, may yet be

deduced fibm that very triangle dxf, by meant of the semtBttm

of its angles employed in art. 227) let us conceiTe that the ai>*

nexed figure 43 represents an orthogra-
pj^^

phic projection of the western hemisphere b
of a globe on the plane of the meridian ; c

being supposed to represent the (projec-

tion of the) west point of the horizon, while

A denotes the south point itself, and b the

Bsnith; the letter o being still coneeived

to denote the (unseen) centre ofthe sphere.

Let D denote the (projtctioD of) some poirit

chosen arbitrarily upon the surface of the globe, except that (to

fix our conceptions) we shall suppose it to be abo?e thehorison,

with some north-^western azimuth ; and then let B represent, on

the same plan of projection, another point, deduced from n, by

the conditions that it shall deviate as much in asimuth from the

south point towards the west, asD deviates from the north point,

and shall be as much depressed below, as d is elevated above the

horizon ; under which conditions it is clear that the west point

(represented by c) will bisect the arc de. Again conceive a new

point, F, to be so taken on the remote (or eastern) hemisphere,

that it may deviate as much to the eaet^ from the south, as b has

been made to deviate from the west^ and that this new point r

may also have the same altitude above the homon, which was

arbitrarily assip^ned to d. The figure having been thus conceived,

it becomes cvi(]( iit that the arcs kf and fd are bisected respec-

tively by the points a and b, at the same time that the arc de

was seen to be bisected by the point c, while yet the altitude

and asimuth of d were chosen at pleasure. It is true that we
might have so selected n, as to render it necessary (compare 238)

to change the given points a, b, c (or some ofthem) to points dia-

metrically opposite, in order that tiie conu rs of the one triangle

mij^ht bisect the sides of tlie other; but this circumstance cannot

be considered as affecting the essential indetermioation of the
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circumscribed triangle dep, when the given triangle abc is tri-

quadran tal.

243. On the other hand, ifwe conceive a new point which

shall have the same altitude as o, and the same asimutb as and

of which therefore the projectioo, as indicated in the figure*

would be exactly superposed on that of the point g belonging'

to the near half, and the point f to the fitr half of the globe

;

and if we suppose area of great circles to be drawn, upon the near

hemispliere, from lliis point g to the three given jtuiii u a, b, c : we

shall see that the three new spherical angles, ugc, cga, agb,

which endently, when taken together, make upJimr riffM cngltt^

are respectively and exactly tqual (in their amounts or flto^nt-

tudtM^ though differently panted) to the angles bdc, cba, afb ;

which latter are precisely the angles at the three corners, d, e, f,

of the triangle DBF. It follows then that, although the eircum'

scribed triangle, dek, is allowed (in the present question) to as-

mime infiffinitely many posUions, and althou<;li i(s annles may

separately vary^ yet, in each ofthese dijf'erent J'w^im and posi^

iUms^ the semiscm qfits three angles is equal to two riyhian-

gU$i or in other words, the supplkmbnt of that semisum va-

' msHBS. We ha?e then here (by 227) the following deiermimUe

wthie for the anolb qfihe sought quatermtm^ or of the fourth

proportional to oa, ob, oc :

ir-i(Z> + jB + ii') = 0.

This sought quaternion is therefore definitely founii, bv the

foreguijii^ j)roccss (compare 205, 2Uti), to rtdure itself to a I'osi-

TivE scalar; its axis being of course, for that very reason^ in^

determinate^ as it was otherwise found, in recent articles, to

244* As to the positive character of the scalar thus deter-

mined, or the evanescence of the angh of the quaternion, we
must not forget that, in the recent figure (43, of art. 242), the

rotation round a from b to c, or round oa from on to oc, that is,

round the first of the three given unit- vectors, ^rom the second

to the third, has been tacitly supposed (by the arrani^c ment

chosen for the iigure) to be l^fL-hand^d^ or negative. If, retain-

ing thefigure^ we alter only the order <^the vectors, and seek

the fourth proportional to on, oa, oc (instead of oa, oa,
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oc), we shall thereby reverse ike order ofthe rotation, as esti-

mated .s7/V/ round first from second to third. And then the con-

sequence will be, that instead of the rule of art. 227, we must

employ the rule of art. 230, to estimate the an^ie of the sought

fourth proportional ; or must take, for this angle, the eemisum

iteelft and not the eMppkment of the semisum, of the three angles

of the triangle dbf. When therefore the last mentioned order of

the vectors is chosen, or when the rotattgn round the first from

second to third is positive, the angle of the fourth proportional

is found, by the geometrical reasonings of the last article, mx/eacf

ofvanishing, to become equal to two right angles ; for it acquires

in this case the value

i(/> + E + JF) = T.

For this case, then, ofpositive rotation among the three vectors

(estimated in the way just now explained), the quaternion which

is their fourth proportional reduces itself not (as in the contrary

case) to a positive, but to a hboativb scalak; hecause (com-

pare 166) its ongU is now » ir. It is obvious what a satisfactory

confirmation is thus given to the two contrasted results of art,

205 ; and thereby to the t^\(> connected and similarly contrasted

conclubions, respecting continued products of three rectangular

vectors, which were obtained in 207.

246. As particular (but important) eases^ of such contrasted

results, respeeting products of three rectangular lines, the for-

mula
4/i = +l, yA = -l,

were given in art. 210 ; and since the course of our investiga-

tions has suggested those formu1» to us offoin^ it may not be in-

appropriate to offer here a remark or two upon them, not as a

new proof of their correct nc^s (w hich has been perhaps suffi-

ciently proved already), but ratlar as a new interpretation of

whatever may appear at first to be all strange in their symbolic

FORMS, especially when looked at in connexion with each other,

and with the continued equation,

Any such illustration of the foregoing formuUs appears to be
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80 much the more natural in the present Course of Lectures, be-

cause the three italic llhtlrs, ?, j, A, used with their own appro-

priate LAWS OF COMBINATION, by mulUj^Ucation among them-

selves^ which laws were conmnunieated (as was stated in art. 2) to

the Boyal Irish Aoademy io the year 1843^ and which (as it hat

haen already noticed in article 210) are aU snbitantiaily mchided

in the formula recently written, were orioinallt the ohlt ps«

CDLiAR Symbols ofjhe Calculus of Quaternions.

246. With respect then to the formula,

I wish you to remember that erer?/ multiplication of n kksors

(and as denoting versors it was, that the symbols iyj, k presented

themselves in the Second Lecture to our notice) has hitherto been

conceived by ut (see ^) to correspond to some cokbination

Of TBRSioirs, or eompotiium qfroUUUm»> It is natural there-

fore that in proceeding to study the proposed contimdbd pro-

duct, kjiy we should look out now for some original tbrtrnd ;

that is (compare same art. 65) for some line on which we may
begin to operate by turning it, and which is to be thus operated

on, IN SUCCESSION, by each of the three versors, t,J, h; one

line^ at eocA of the three stages, being the subjedf and another

iine being the remit of the operation. For when Mitch am ori^
nal Un$f suppose Xy shall hare been found, and mtek a <emt» or

euceeeiion ttfthree other linu^ suppose fi» v, C shall have been

derivedfrom it, by the trrbb succbssitb turnings here con-

ceived ; so that, in symbols, we shall have the following expres-

sions for the relations between thesey&«r UneSf

/Li = iX; vjfi^jiXi K = hv'= kjii = kji\;

it will then only remain to comjEMire, as regards their dirbctioks,

the FOURTH with the first of these lines, in order to discover, or

to investigate anew, what bffbct theproposed continuedproduct y

kjif PRODUCES, wlien it is regarded as beinpr itself a sort of resul-

tant VERSOR, or an instrument of compounded rotation ; and

when, by operating on the initial direction (of X), as its sub-

ject, it gives thus, as its rbsult, the final dirbction (of Q»
d47. Nowall Ihiscant withthegfeBtesteaaetbedonet if we
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observe that, in the recent figure 43 (art. 242), the three rectan-

gular radii, OA, oc, ob, which are conceived to be drawn from

the (unseen) centre o of the globe, and are supposed (at in

former articiea) to have their lengths eaeh equal to unity, may
be regarded aa eangimeium$9 or representations, in the order just

now written, of the three successive and quadranCal ««r«or#, or

rectangular vector-units 1,7, A (compare 77) ; and that the sought

vertendy X, of the last article, may be assumed to coincide with

the radius oc of the same figure, or with the vector-unit j.

Writing then (with this reference to fig. 43) the equations,

A-o-i; B-O"*; c-o=^*=X;

and remembering the nature of the rotations which the three

successive versors separaidy produce ; namely, that each (sepa-

rately) has the effect (77) of causing a line, in a plane perpendi-

cular to itself, to turn in that plane, through a right angle, right-

handedly round itself as an axis; we find the three iollowing

lines, as the results of the three successive versions

:

/tt«tX-j;«A-B-o;

^=kv = ki=J«=c-o.

248. In words, the line (X or oc), which was taken as the

original vertend, and was directed towards the w<#<, is changed by

theJirMt version, performed round a wuthward axU (t or oa), to

a line (;i or on), which comes thus to be directed to the zenith.

This ujiivard liiiu (/i ur /•;), reL!;;inied as a new vcrfCJM/ (or as what

was called, in 65, & provertciid), is o])t rated on by a new versor

(j or oc), which is an axis directed to the west ; and it is thereby

brought into another position (denoted by y or oa), becoming

thus a line directed to the south. And finally this Monihward

line (v or t), as a new subject of the same sort of operation, is

made to turn round an upward axis (k or ob), till it takes the

Jinal position or oc), of a line directed to the west* But by

this TRIPLE vEusiuN, a Jihul Une (^=oc = f) is attained, which

has the samk instward direction as the initial line (X-oc«

j). And hence we find that (with the lately assumed initial direc-

tion) the three eueeessive versions (ifj, h) have neutraUzed or
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annulled the effects of each other ; or that their final product

(£X~ ^ » 1) 18 a 1I0NVSR60R (60) ; which resait not mm\yju^ifi€9

in a new way, but at the same time serFes to imtbrprbt, or

etplainy that aymboltc equation or formula^ namely, +
which was proposed anew for consideration, at the commence-

ment of the foregoing article.

249. The only oMer direction which it wouhi have been pos-

sible to ahbume for the orig-inal verieiul X, consistently with the

conditions of 246, would have been an eastward (instead of a

westward) direction ; and if we had so chosen X, and had sub-

mitted it to the same three successive versions (t,y, A), we should

have obtained, as the three successive results, a dmonward line

for fly a northward line for v, and finally an eastward line for

We should therefore still (compare 71) have been brought hackj

by this triple version, to the direction originally chosen (whe-

ther that had been wesi or east) : and should thus have been

still led to establish, with this sort of interpretatioHf the same

formula of art. 210, = 1, as before.

250« On the other hand, if we had taken the operators in the

opposite orderf A,j, t, with a view to find, on the same general

plan, the value of the product ij'k, we might have begun as in

247j with a westward line j', as the original vertend; but we
should then have deduced from it, successively, by the three suc-

cessive versions, in their new order, a northward line (kj = -i), an

upward line (- ;V- A), and finally an eastward line {ik ~ -j) ; so

that the Jinal direction would iiave been opposite to the initial

direction^ and we should have found anew, in this way, and with

this interpretaiionf that this other formula of the same art 210,

U*«-lf

holds good. Or this last formula might, on the same plan, have

been obtained, if we had beffun by operating on an eastward

line, which would have been changed at last to a westward one;

the THRRF. «?ucccssive and rectansrular rotations, whose axes

are the three lines A, ji, i, being thus found again to be, in their

^ COMBINRD BFFRCT8, equivalent to an INVERSION. But with these

new iNTBRpRRTATtONs of these characteristic formulas, it appears

that we may conveniently conclude the present Lecture.
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251. ALTHOUGH) OeDilemeti, an intention was more than

onoe announced, in the foregoing Lecture, of proceeding, in

the present, to the consideration of the Addition and Subtraction

of Quiiternions, and to the proof of the Distributive Principle;

yet the subject has so much thrown under our eyes, and so much

still remains which it appears to be interesting or instructive to

contemplate, respecting the Operations of Multiplication and

Division, considered in themselves^ and without any express re<-

ference to those, oiher operations of Addition and Subtraction,

that I scarcely at this moment hope, without extending this

Sixth Lecture to a length inconvenient and unreasonable, to

t>.«jape the necessity of once more postponing that promised proof

of the Distributive Principle of the Muhi])lication of Quater-

nions : in order that we may the more fully occupy ourselves, for

some time longer, with the study of the Associative Principle, in

connexion with some constructions of spherical geometry, and

some expressions for rotations of solids, or of systems of points

and lines in space, which will, however, be more of a geometrical

than a physical character. I shall proceed, then, without fur-

ther present preface, to complete, or at least to develope more

fully than )>efore, that accouiit of certain general processes autl

results, connected with multiplication^ but Wit immediately with

addition of Quaternions, to which the foregoing Lecture related.

252. After the recent remarks on systems of threereelon^/or

lines, and on their continued products, with which we know (194,

207) that their fimrth proporHcnals are connected, we might,

as another verification of the general theory of such proportionals

which has been given in the foreq-oing T-.ccture, proceed ihav to

apply that theory (but it would be tedious at tliis stage to do so

ft
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with any fulness of detail) to the case of three enplanar vectors,

which case had been previously and separately examined by us,

and indeed by others abo. In returning, for a moment, to the

consideration of this particular case, and treating it as a /iti»i< of

the more general case where the lines are no/ coplanar, we should

now be led to eonceiire that the three proposed vector-units,

a, j3, y, the fourth projiortion.il to which is required, arc radii

drawn to three given points, a, n, c, of some one t/reat circle on

the unit-sphere ; and we should have to seek for a system of three

other points, d, f, arranged upon the Hime great circle, in

such a way that the three arcs EF, rD, db may be respectively

bisected by the given points a, b, c; or at least ftylAeM in paH^

and partly by the points a', b', c', which are diametrically oppo*

site to tliese. Supposing for simjtlicity that tliu distances of the

given points a, h, i: from each other are each less than a quadrant,

we may denote their given (positive or negative) arcual.distances

from some assumed initial point i of the circumference by the

letters 6, c; and may denote the sou^hi distances of the

points D, B, F from the same initial point by the letters x, y, z

;

so as to have the equations,

iabOi id»5, ic-ci m^Xf iB^y, iv^Zi

where ia, ^c.^ are arcs, each less than a semicircle. The relations,

will then hold good, in virtue of the supposed bisections, if i

have been suitably chosen, and will give the values,

such then are the distances of d, e, f from i. If then we denote

by 5, c, ^ the unit-vectors ilnwu to these points n, r, f, regartled

DOW as liiiiiiing positions of the corners ol a certain circumscribed

triangle (22G), of which triangle the spherical excefSVanuhea^^X

the HmU here considered, so that the semisum of Its angles, and

the supplement of that semisum, are now each equal to a right

angle ; we find now (as limiting cases of other and more general

results) that, for the present system qfcoplanar lines, the follow-

ing expressions hold good

:
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And these expressions agree perfectly with the conclusions pre-

viously drawn from simpler and earlier considerations.

253. For example, it* we assign to a, /3, 7, c the same signifi-

cations as in tig. 30, art. 18 ly placing (as in that figure) the ini-

tial point of the circttmference at a, and measuring the area by
degrees^ we shall have,

a = 0, 6 = (i0, c = 20; X'-b- a-t c = HO.

The same values of a, b, c give

jf«c-ft + a = -40; ;p«a-c+*« + 40

;

and accovdingly while the points a, b» c, d foil at the extremities

of the radii o, J3, 7, the points b and f will fall at the extremi*

ties of t and Zt if these last radn be the fourth proportionals to

/3, 7, a and to 7, a, /3, respectively, and if we take the point b

at 40° behind a, but the point f at 40° bttjoHd the same initial

point A, with reference to the assumed order of rotation on the

circumference. AU this may be illustrated by figure 44, where

the points and lines connected with the

present example are inserted, and others

are suppressed as being not now required

;

and where you may observe that a, b, c

bisect, respectively, as by the general

theory they oiig-ht to do, the arcs ef, fd,

DB : while OD is seen to be the fourth pro-

portional to OA, OB, OC ; OB to OB, OC, OA •

and OF to oc, oa, ob. Or we might con-

ceive, in fig. 40 (art. 224), that c came to coincide with Q (by

the obliquity of the ecliptic vanishing), and we should find then

that the points D, E, F would come to coincide respectively with

R, T ; while the relations of art. 252, between a, b, r and

X, ^, 2^ would be found to be satisfied by the values of those let-

ters, which values would become, in this example,

0= 100, i» = 70, c = yO; a; = 60, y=120, ^^80;

the assumed initial poiui being here the first point of Ariei>, su

R 2
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that the ares are, in this example, expressed in degrees of longi-

tude.

254. To illustrate similarly, by the limiting ease of coplana-

rity, the theory giren in 238 and 239> for the fourth proportional

to three vectors which make three oUun angles with each other,

let us oonceiye that the distances id, i?, if are now assumed re-

spectively equal to 160% 320**, and 80^, as in the annexed figure

45, being thus each positive now, but

not each less than a scniieircle. The

points A, B, c, bisecting respectively the

ares bp, fd, and db, will thus be such

that lA, IB, ic shall be respectively equal

to 20% 120% and 240^ ; and their mutual

distances will be,

ABxlOO""; BC>120*'i CA'-UO'';
26Q

each of ikete distances^ as also each of the bisected arcs, being

treated as an arc less than a semidrcle. Regarding then the

€ircun{ferenee as the limit ofa spherical triangle, dbf, whose

sides EF, FD, DB are (as above) bisected by the points a, u, c,

which are themselves to be considered as the limitinff posi-

tions of the corners of another spherical triaiif^le, we see that

the sides of U^is last mentiouetl triangle, auc, are each greater

iham a quadrant ; and that the angles of the former triangle^

DBF, are each (at the present limit) equal to two right angles ;

BO that we have the values,

and

The angle of the fourth proportional to the three cophmar vec-

tors (>.\, OB, oc, taken in any order, is therefore liere aqum loujid,

by the rule in 239, to be a right angle ; and thus (compare 122,

149) we find again that, in this case of coplanarity, the guater-

tuoHt which is (compare 130, 202, 204, 211, 213) the general

value of the fourth proportional to three lines, degenerates into a

linct or becomes a vector (as in 129, &e.)*
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255. As reg-ards the directions of these various vectors, which

are thus the tourth proportionals to the three coplanar lines,

OA, OBJ oCf taken in diifereut orders, we are, by aoother part of

the same rale of art. 239, to change now the points d, f, to the

points respectirely and diametrically cppotiie^ namely to d', e\ w\

in the figure; and so to fom the equations,

0D'» OB -i- OA X OC » OC OA X OB ;

OB'aa DC OB X 0A» OA -f- OB X DC ;

OF^B OA -f- OC X OB » OB -^ OC X OA.

And these three radii OD't ob, of' have evidently, as the pre-

sent figure shews, the precise directions which might hare been

otherwise and more easily founds by the simpler and earlier

theory (129) of propai^iimaU in a tingle plane; although they

have here been obtained as limiting results of a more gene-

ral CONSTRUCTION, which citendis to LiiNiiS IN SPACE, and in-

troduces spherical fi tangles.

256. As another illustration of the general theory of fourth

proportionals to vectors not coplanar, I shall here offer the fol-

lowing modification of figure 40 (art. 224), with some letters and

lines euppreteed^ and with some others iniroducedf chiefly from

fig. 42 (art. 236), but without any changes being made in the

signi/ications of the letters which are thus retained, or traublcrred.

For instance, in this new

figure 46, the letters a, b,

C, D, E, F, K, L, L , M, N, Q, R,

are merely retained from fig.

40 ; and, as in fig.||42, x is

the positive pole of the arc

AC ; T and z are the feet of

perpendiculars let fall from

V, and D on the same arc ac,

or on the great circle, of

which that arc is a portion

;

the same arc ac prolonged

meets the [prolongation of

BD in h'; i' is the positive

pole of DB, or -the negative
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pole of no; G is supposed to be so chosen on the great circle

thn>ti_:h c and a, that the arcs u'c, and ca arc similar in direc-

tion, and supplementary in amount ; iinaily i g, prolonged, meets

DB prolonged in J ; and k' and x are the points diametrically

opposite to K and x. Uence^ at in fig* 40, the arc uc, and the

apherieal angle i>'ob» are representtUions of the quatemioii

0a~^ . 7 ; and, as in fig. 42, th€ arc oi'» and angle 2Db', representf

in like manner, the quaternion ft,a'^y. But the points J, g, i"

are easily shewn to be on the great circle through kmn; there-

fore the arcs k..m, gi' have the same positive pole at n : and the

spherical angles ldh and 2dh\ subtended by these arcs at thai

pole, are equal to each other, as being each equal to the sup-

plement of the semisum of the three angles of the triangle DBF

;

we hare therefore the ar^ual equality (compare 217, 236),

^ Gl'-^ KM.

Hence, as before, we gather the iutoeiaiwe principle, for the

multiplication of three vectors, 7, a /3 (compare 194), at least

as at present arranged; or the formula,

It would have been possible to have gone through all the rea-

sonings of several former articles upon this singlefigure 46, at

least with the aid of a few additional lines and letters; but it was

judged expedient, for the sake of clearness, to break up the in-

quiry into parts, and to employ more figures than one for that

purpose.

257. 1 lic reasonings of ariicles 238, 239, and therefore also

ihose of 254, 255, may be iiiuslrated by the three foliowiug

figures.

Fig. 47. Fig. 49. Fig. 49.
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to which allusion has already been made (at the end of 238),

and of which it teems to be almost sufficient to observe here that

the two first of these new figures (47, 48) are dcsi^iK cl to be or-

thographic projections of two opposite hcmisi)heres, with c and

c' for their poles, namely, of those two which may be called the

hemispheres ofsummer and winter^ on the plane of the equinoc-

tial colare; while the third new figure (49) is the corresponding

projection of what may on the same plan be called the hemisphere

ofspringy on the plane of the solstitial coture. It may be noticed,

however (compare art. 2S5), that h is now the negative pole of

dr; ami that the angles kdk, mdn, are now supplementary

;

which (liiTerenccs from fig. 40 arise from the circumstance that

the point d has now (as in 238) a northern latitude. We may
add (compare 227)s that the angles l'dr, cdp are now not oppo-

site, but eoineiderU ; and that in employing, with reference to

the new figures, the arcual equation

SR = 2 X An,

of art. 226, we are now to conceive that, as in fig. 40, the arcual

motion from s to R is measured in the same direction as that

from A to B. Finally, the arc kn'm', or the angle kem' (= l'es),

in fig. 48, represents the quaternion aj^'^.y; the point m' an-

swering to the one which was so named in art. 229 i and n' being

so situated as to satisfy (compare fig. 47) the arcual equality,

258. Before dismissing figure 40, we may observe that it

leads to a simple and remarkable expression for the ha(fof the

epherieal excess of the spherical triangle def, considered as the

angle ofa certain quaternion. In fact it is clear, from whia iias

been already shewn, that the angle mdn in that figure, being the

complement of the angle ldb, which last has been seen to be the

supplement of the semisum of the angles of the triangle dbf,

must be itself the amount whereby that semisum exceeds a right

angle ; and therefore must be equal to the half ofwhat is usually

called the sphericai excess of that triangle. In symbols (for this

case of tig. 40, urt. 224),

MDM»i(D +£ + ^-ir).
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But the are mn is (in degrees) equivalent to the angle udn, and

has the vertex o of that angle for its pole. If then we write (aa

haa in part been done already)*

as well as

a"A-Ot /3"B-o, Y"C-o,
and

the arc mn, and the angle mdn, will be the representative arc and

angle of the quaternion vfA'^i which quaternion may easily be

transformed as follows

:

vft^ ^vX^ .Xfi' ^iy' .afi-^;

where

But by the theory of square roots of quaternions, explained in

the Fourth Lecture* we have, for the present figure

:

If then we denote the recently considered quaternion by so

that

I?- («£->)*. (^^-^^

we shall have» for the aids and angle of the expressions

:

Ax.j = S = D- o;

and

Zjr==J(i)+£+JP-»);

this ANGLB of the qwUemiony ^, being thus the 8bm[*excess of

the triangle.

259. If it were proposed to interpret on similar principles

this other equation,

the symbuls c, f, ^ being supp osed to retain their recent signifi-

cations, we might proceed as follows. By figure 40, aud by the

theory of square-roots of quaternions.

Digitized by Google



LECTURE VI 249

hence

We are tben to go first along the arc ca, whiefa represents the

factor oy ', or along one arcually equal thereto, as along a vec-

tor arc : and then along the arc bd, or some equivalent, as a pro-

vector arc, to represent the profactor S/3~M after which we are to

detemune the transvector arc, in order to obtain an arcoal repre-

eentation of the sought tiansfactor^ or product, ^. That is, in

fig. 43, we are to go fiist from o to b, and then from h to j,

which wiU bring us, upon the whole, from g to j. The arc OJ,

in fig. 42, or 46, is therefore the sought transvector arc, and re-

presents the required quaternion q'. We see then that it follows

(from what has been already shewn respecting ihu^e hgures), that

the point d is the negative (and not the positive) pole of the sought

representative arc, or that the a«i« of g is directed aioa^from D;

while the angle of this new quaternion ^'ia seen to be sHU equal

to the 9€mi^€xce88 of the spherical triangle dbf. In symbols,

Aiul the distinction between the two cases, considered in the pre-

sent article and in the foregoing, is seen to arise from or to con-

sist in this ; that the rotation round S from { towards c is positive,

but the rotation round the same S from t towards Z is negative.

260. If, instead of the arrangement in fig. 40, we adopt that

described in art. 238 ; and propose, on the general plan of 258,

to express, still, by means of square-roots, the quaternion whieh

has MN and mdn for its representative arc and anoxic ; we shall

Still have for this quaternion, as in 258 (see figs. 47, 48, 49),

because (238) the arcs f.f and fd are still bisected by the points

A and B. But because the arc dk, when treated as an arc less

than a semicircle, is (by same art. 238) bisected now by the point

c' oppoHie to c, and not by the point c itself ; or because the are
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CD 19, with the present arrangement, greater than a qnailrant, and

thcreloi c the angle between and Z is obtuse ; we aiusl (by 1^8)

write now,

prefixing' thus a negative sign to the square root. Thus, in the

case here considered, the expression ior the sought quaternion be-

comes,

instead of the expression wliich was found ia 258, and which

differed from tliib one in sili^i). And if we still denote by q the

product of the three square roots, written (as in 258) without the

negative sign, we shall now have the equation,

261. Bat we have stiliy

therefore, by the general theory oinegativu qfqutUemioiu (in

183), we have

Now on considering" the construction described in 238, we easily

perceive that the angle mdm is still (see fig. 49) the complement

of the angle kdMi which represents the quaternion /3a'' . y ; but

jthis representative angle was found in 238 to be,

KDM - Z (/3a- 1
. 7) - J (£> + jE + i^') - a-

;

its conqUement is therefore (in the present case)

and the supplement of this angle is evidently,

ilj'«i(i> + JB+JP~ir).

The angle ofthe product (<j) ofthe square-roots ofthe three sue-

cemve quotients (2^5" S iZ,'\ gc '), of the vectors (S, 1^ of the

lliiu: Luniers ofa sphtrkal triangle (n fk), is tin-nfore sri llfound
to be equal to (he semi-excess of that triangle^ And whereas

the axis of this product q is now = - like the axis of q in 269»
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LBCTURB fl. ^251
and not « + 9, as it was in 258» this diffei«nee of tign» or of direc-

tion, arises simply from the eircmnstanee, that in the eonstrae*-

tion of art. 238 the rotation round d from r towards e is ?ie(/a-

tivey whereas that rotation was positive in 40. Accordingly

it is easy to prove that if we still denote by q the same product

of square-roots as in 259, we shall have, for the case of art. 238)

the values (compare that of the arc m' in figure 48)

:

I leave it to yoursdves, as an exercise, to apply these principles

to the two chief Umiting ceueSf where the three bisecting vectors

compose^ first (as in articles 241, 242, &c.), a reetanyular^ or

secondly (as in 252, 253, &c,), a coplanar systetn ; and to shew

that eacli of the recently considered products of square ruuts

reduces itself, in the^r^^ case, to a vector^ and ia i\xQ second

case to a scalar*

262. In general, the two lately studied quaternions q and q'

are vtrscrgf with opposite axes^ but with eqwd angles ; so that

They are therefore (by principles and definitions already fully

explained) two conjugate vcrsors, and are each the reciprocal of

the other; each, as an Ojurator, undoing what the other does,

(Compare 162.) We have therefore here the formula^

Now if we write, for conciseness,

f»=(e5-l)i; f=(?e-0*; r^(EZ^)^;

we shall have, by 259,

q*mf^.r^r;

and therefore, by 100 and 192,

and also.

But, as in algebra, by the Fourth Lecture, the two square roots,

(fS O* and (& 0^
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are always reciprocals of each other; they are also, as quater-

nions, conjugcUe, if c and £ be both unit-vectors, or even if (a«

lines) they be equally long^ that is (by 1 10), if their tenson be

equal. Admitting then this equality of lengths of the vectors

c> which will not essentially affect the generality of the final

conclusion, we bave,

2C3. Tiiub, by the foregoing article, we have the e^tpression,

Sr-{&-)* (i?:-)*.C8-')t.

And we bad, in art 258,

^«(§a-')*.W-')* (2S-')*.

These two ^xprtuUmSt for the quaternion differ only bt
THE PLACB OF THB>oiNT, wbich is uscd as the mark ofmuU^pii-

cation ; m ikU nbw otMe, therefore, the associativb principle

STILL holds good ; the thrbb buccbssivb factors being naia

NOT vKCToiis, HUT QUATERNIONS. In exEctly the same way we
should prove that the expression (in 259) for </ does not change

its value, when the place of the point is changed; or that with

the recent significations of r» r\ r'\ the following equation holds

good:

r r ,r^r,r r.

Yet because these three successive factors, r', r", are cow/iecterf

with each other by the relation,

we cannot assert that we have as tbt done more, in these Lec-

tures, as regards that obnbral associatitb primciplb of iiul«

TiPLiCATioN OF QUATBRNioNs, wMch WRS tnunciotedf without

proof, in art 108, under the form of the equation

than to raise, perhaps, a sort o(presumption in its favour, not yet

converted into certainty.

264. Before entering on the general demonstration of this iro«

portant proportion, it may be useful to desciibe here a new and
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Fig. 50.

7

\ / X /3

19)/

GBNERAL CONSTRUCTION yo/ ihe MULTirr.IC ATION OF ANY TWO

QUATERNIONS, ^ and r, of wbich the REi iibisLM ai ive angles

are given upoo a spheric surface, in position as well as in mag-

nitude.

Suppose then, at first, that these two angles qftkejhetorst q
and r, are given as the base angUa^ at the corners a and r of a

spherical triangle, qrs, as in the annexed figure 50 ; and let it

berequhcMl lo I'md the reprcsehta-

tive any it oj the prochtct^ rq. For

this purpose we may employ the

ideniiiy of art. 49, namely,

7 -^ a = (y /3) X (/3 a) ;

aiming, as in the article just cited,

to put the proposed quaternion

Jheiors, g and r, under the forms

/3 a and y -1-
fl,

respectively. The line /3 must be situated in,

or parallel to, the planes of both the factors ; and these two planes

are constructed by the two tanfjent j/lmies to the sphere^ at the

points Qand r. Conceive a cylinder circumscribbd about

THB 8PHBBB, SO as to touck it iUong the great circle which passes

through these two points; then every tangent plane to the

sphere, at any point of this circle, is also a tangent to the cylin-

der, and is parallel to the axie thereof ; the line ofintersection

of any two such tangent planes must therefore he itself ahso pa-

rallel to this axis, and consequently perpemlu nhir to the plane of

the great circle of contact qr : we know then the direction of

the line namely that of this last-nlentioned axis, or perpen-

dicular ; and may proceed to deduce from it, as follows, the two

other sought directions, of the lines a and 7. Imagine that, at

each of the two given points, q and r, that is at each extremity

of the base, a normal are is erected, perpendicular to that given

base, but contained upon the spheric surface, and situated (to

fix our conceptions) on that hemis|ihne which contains the given

vertex s. The common initial direction of these two perpendicular

ares, or (in other words) the common direction of the two corres-

ponding and reetiUnear tangents to the sphere, may (on the plan

just now mentioned) be denoted by the letter /3, regarded as sig-
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sifyini^ a certain vector, to which both these tangents are parole

leit and which is (as has been seen) perpendibolar to the plane of

the base. And then by suitably erecting (as suggested in fij*". 50),

at Q and r, two other normal arcs, perpendicular to the two given

sideSf Q8 aod as, we shall obtaiot by their iuitial directioDS, the

two ofAer required vectors, a and y, as the initial tangents to

these new normal ares, or at least lines parallel thereto.

265. But these two new perpendiculars have the directions

respectively of the tapes oftwo new cylinders^ circumscribed about

the sphere so as to touch it alonr^ the two sides of the triangle;

and the tangent plane to the sphere at the vertex s of the trian-

gle, being a coimnon tangent to the sphere and to these two

cylinders, contains two Hnes tangential to the sphere, and parallel

respectively to the two axes of the two new cylinders, or paralWl

to a and y. The plane of the quaternion y-^a, which is, by the

general theory of quaternion multiplication, the piane of the

sought product^ rq^ is therefore parallel to, and may be assumed

as coincident with, this last tauncutial plane at the vertex s. And
this point s itself, as distinguished trom its own opposite upon

the sphere, is the positive polb of the required resultant rota-

iioHf or of the sought quaternion product, at least with the ar-

rangement in fig, 60 ; while the anglb of Mb product is equal

(as the same figure shews) to the svptvement qfthe vertical am-

gle, at s, of the given triangle qrs. We have therefore only to

prolong one side of that triangle, suppose qs, to some point T,

and to take then the exterior vertical angle, tsr, as the

representative angle of the sought quaternion product, rq, if the

two quaternion factors^ q and r, regarded as multiplicand and

multiplier, be, as above, represented hy the two base angles, sqs,

and QRS, of the same given triangle, and if the arrangement of
the points be such as we have lately conceived it to be ; that is,

more fully, if the rotadon round the vertex (s) of the triangle,

from the base angle (u) which ropiesenls the multiplier (r),

towards that other base angle (q) which represents the

eand (</), he positive, as in the recent figure.

266. Many conclusions may be drawn from the foregoing

general construction for a product ; but it seems to be proper

previously to exhibit the agreement of this method ofemploying
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representative anyUs, with anoM^r general method ofmultipli-

cation, which wa8 explained in the foregoing Lecture^and which

made ate of repreaeotative aret; namely the constroetion in

art. 217. To make this agreement evident, I have drawn the

annexed figure 51, where QRS is the same spherical triangle as in

the recent figure 50 ; p is the

middle point of the base qh, ^*
and the hemisphere with P for Ii*

pole is supposed to be ortho-

graphicaiiy projected ; QS pro-

longed meets the bounding

drele in t ; and k» m, are

respecdvely the positive poles

of the arcs qs, qr, su, while l'

is opposite to l. The new

figure shews, reciproeally, that

(I, s are the positive poles,

respectively, of the arcs kl,

LM, KM ; and that the arc$ kl,

LM, represent the same two gi-

ven quaternion fiictors, q and r, as the ajiyles sqr, qrs. Hence by

the rule of art. 217, and by the present figure, the arc km, or the

angle KSiM, represents tlie sought quaternion product (abstract-

ing still from tensors). But we have the equation between angles,

KSM = TSR,

even when planes and directions are attended to ; consequently

the BXTiRMAL TRRTicAL ANGLE, TSR, of the triangle whose hoMe

angles represent the factors, is seen aiiew to represent the />ro-

duct sought. It will not fail to be noticed that the triangle ml'k,

as compared with qsu, is merely the well-known polar ^ or sup-

PLSMBNTARY TRIANGLE, Considered often in spherical trigono-

metry ; but it may be observed that 1 have hitherto made no use

ofanif trigotumetriealformula. It may also be remarked that

the quadrants kq, ks, prolonged, are touched by the two lines

which lately received the common desiirjiution of a ; L(j, lr, by

the two lines named j3 ; and MU, Ms, by the lines which were

denoted by y.
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267 Resumint; figure 50. we may notice that the operation

of tiie multiplicand <j, regarded as a versor, has the elTect of caus>

ing the lioe a, and the tange9U io the side as» to turn together in

the plane which is tangential to the sphere at q, till they take

respeetiyely the positions of the line /3» and of the tangent to the

hose QB. We may therefore conceive the eame act of version to

cause the side, qs, ttsblf, together with its prolongation sr, to

turn upon Lhe spheric surfitce, round the poiiil m as a pole, till

this arc qst comes to coincide, at least in part, with the oi i'jinal

position qf the base, qr, and of that base prolonged. Aii:aii) the

act ofproversion, of which the muitipUer^ r» is the agent, turns

the other line marked ^, in the tangent plane at R, till it takes

the position ofy ; and at the same time obliges the base rq to

take the position of the side rs ; or causes the prolongation of
the base, which had originally the direction of qr (and not the

opposite direction of nq), to turn upon the spheric surface, round

the pole R, till it takes the direction of the side Ui. n rasedy or in

other words the direction, su, of that side measuredyrom the ver^

tex. We may then say that» in this example^ which may repre-

sent generally (at least with some easy modifications) every

ease of multiplication of two quaternions^ the vbrsor {q) has

ehanjtd the areuai direction^ st, ofone side prolonged through

the vertex, to the direction ofthe base, qr, or of that base pro-

longed; and that the puoversor (r) has afterwards c/iam;e</ //if*

dutction of the fxise, qr, to the direction of the other side, SR,

measured no\s from vertex towards base. But we have seen that

our principles establish a general connexion between multiplica>->

tion qfversors and composition qfrotations; so that while we
have generally thef/rmula (65),

Transversor = Proversor x Versor,

the effect ofa transversion is always conceived to be e^ioaieni

to the two successive effects ofthe corresponding version and pro-

version combined. It is therefore natz/ral to expect, in the re-

cent example, that (by a sort o( elimination of the intermediate

direction of the base) the tuansvehsor, r^, should be found to

have the effect of causing the direction^ sr, ofone side pro-

LONOBD through the vertex, to torn upon the spheric surjhee
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KOUMD THAT VERTEX 6 OS a POLB, till it OBtumes ike direction,

BR^qfike otbbb Hde ofthe triangle unprolonobd ; or at least

not prolonged ihromgh the vertex^ but measured towabds (and

not away from) the hate. Aod such accordingly ha$ beenfounds

in fi^. 50, to be precisely tbe bffbct of trb transvbrsor;

for the c.itcrnal vcrinai angle, tsr, has been suea in that

figure to repi tstnt the sought ji/'oduct, rq ; althoug^h the proof

of this result, which was given in recent articles, did not involve

the consideration of any rotation of arcs, but only introduced

and combined rotaiione qfetraight Unee,

268. It was remarked in art. 218» that there exists a remark-

able analoinj between the mnlHpHeaiicn ofvereortt and an opera-

tion which may be calkd the (iddition of their representative

arcs. And at this stage i do n^t think that it will appear to be

altogether fanciful, or useless, if I call your attention to another

analogy of the same sort» etmneeiing multiplication and addition*

For we have recently seen that while the fiieiore q and r are

represented by the Utee-anglee of a spherical triangle, their pro-

duct, rg, is on the same plan represented by the eseteriar and tfer-

/tea/ angle. x\ow, if this sp/iericul triaf)i,Ho shouid happen to be,

in all its dimensions, a small one, and iheiefore ntarit/ plane, it

is obvious that this angle of the product would be, in the most

simple and elementarg sense of the words, equal (at least nearly)

to the enm ofthe angUe of the faetare. If then we agree to

say, by anahggf even when the sides are notsmallf that **ike

BXTBEioR VERTICAL ANGLE ofa spheHcoi triemgle, ie the sphb-

KiCAL SUM of the two l>ase aiKjlts' (taken in a certain ordrr, to

be considered presently), and remember the law of the tensors

(188), we shall iind ourselves able to enunciate, ^enero%, the

following Rdlb for thb Multiplicatiom op am7 two Qva^
TBBmoNs : ** The tbnsor ofthe product is equal to the pro-

duct ofthe tensors; and the anglb ofthe product is equal to

the spherical subi ofthe angles of the factors.*'

2b0. It observeil, just now, that in taking this spherical

.su/)i, the OKI) EH of the symmanfis must be attended to. In fact

if this were otherwise, the spherical addition of angles would

be a commutative operation ; and would therefore be unfit to re*

present generaUy the multiplication ofguatemions^ or of veisors,

s
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which we know (aria* 2i9f &c.) to he a non-commutative one.

Accordingly it was obscnredi at the end of art. 9659 in oh-

taining the external vertical angle tsr as a repiesentative of the

produeif rq^ we had assumed the arrmtffemeni ihejkctan, q
and r, to be such as is indicated In fi^. 50 ; the rotation round s

from n towards q bcinjg; positive. Had \vc wished to construct,

on the .sY/w^ jtlan, the product, yr, of the sfinic jxilr id factors,

taken now in an opposite order ; and to contrast^ as to their |»ro*

ntiotu on the sphere^ the representative an^^les of these iwo pro*

ducts ; we shoidd hare been led to form a figure such as the fbl*

lowing* In this new figure, 52, the angles eqs, bqs' are e^ieol

in amoimii hut lie at opposite tides of

the common base^ qr, of the two tri^

angles^ qsr, qs'k ; and a similar rela- >^
tion connects the angles qhs, qrs'; /f'-i^ '

'whence the old and new sides qs, qs' A
|

^'^''^v^

are equal to each other vs length, andso
,^A?7l tS^^

are the sides na, rs', compared among ^""^Vi j^Xi-^T'^^^ ^'j''f

'

themselves. The vertiad angles of

these two triangles are therefore also \a' t*

equal to each other i}i amount^ whether

bodi the interior oi both the exterior be compared ; but the two

vertices^ & , are situated at opposite sides qfthe basCf altliough

with a certain sgmmeirg of situation respecting it 4 in such r
manner that the arc ss', connecting these two vertices, is perpen~

dteuiarlg bisected by this common base, or by the great cirde of

which it is a part And while the oiie exterior vertical angle, tsr,

still represents, as before, the product rg lately considered, it is

the other exterior an^le, rsV, at the other vertex, s', which re-

presents the new product qr^ These two products,

rq and qr,

are therefore again found, by this new construction, to differ ge*

nerally among themselves ; becanse although their tensors and

angles are egwd (in amount), their polrs^ b and s'. Am diffr-

RRNT positions OK TBB 8PBRRR.

270. As to the reasons for this difference of positions, and

the rules by which it may be remembered or recovered, it might

perhaps be sufficient to observe that while the rotation round 8
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from R towards q is positive^ as before, (lie rotation ronmi the

same pole from q towards r, iSfJbr that very reason^ negative i

while it isy on the contrary, from a towards Ry that the rotaiioD

it poridTO ronnd s'. For thus we may perceive that the genend

relaHtm qfponUmu beiween the three pelee^ of multiplier, nulti-

plicand, and product, with respect to their aimmffemmt on the

sphtre, or to the character ofthe rotation from first towards se*

coiul round third, which in our former construction (264, 265),

for the multipiicatioD r x 9, uhib in fact satisfied by the points r,

s* is now, for that very reiisoD» noi satisfied also by the same

three points, in their new arraugementi Qf B» 0; whereas it m sa-

tisfied by the three points Oi b» s'. In short we are now obliged

to look out for some new point on the sphere, iftsftnel from 9f

and adapted to be the pole ofthe new product, qr; because that

old pole s does not possess, with respect to q and R, regarded

now as poles respectively of multiplier and multiplicand, the re-

quisite relation of arrangement ; or (in other words) is not situa*

ted in what ie now ike propet hemupheref with respect to the

great circle through a and b. And m the otker kemi^heret which

is now the proper one, we Jind a point, namely the one called

lately s', which does in fact satisfy not only tfiis condition^ but all

the other conditions of t lie problem, and is therefore of course to

be adopted, as tiie^le the new product, qr, to the exclusion

of the old pole, s.

27 1. We might also reason on the lines a, ^, y, of fig«6S,

as we did on the lines a, fi, of fig. 50« Or we might construct

a new diagram, in connexion with the new order of the factors,

but on the same general plan as fig. 51, whieh would enable us,

by com[)arisoa and contrast witli that figure, to bring into play

again an earlier construction (fig. 37, art. 219), whereby we ex-

hibited, in the foregoing Lecture, the general non-commutative*

neeeofquaternion multiplication, or the non-coinctWenecaa to their

planeef and therefore also as to their poiee, of the two aree (in

that former figure, km and M'sOt which were obtained when tho

two enmmand airte (kl and lm) were combined in two opposito

orders. Or, in fig j I itaelf we might construct tliree new points,

k", m", s', which should be, respectively, the reflexions of the

three old points, k, m, s, with respect to the base qr, as l is

82
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already, in the same fig^urc, r lic analogous reflexion of ir, an<l

then, while the new versor r would be represented by tbe new

arcoal vector m"l', and the new pForeraor q by the new arcual

pTovector l'k% the new and soagfat transrenor gr would be seen

to bo represented (on the plan of 217) by the new areaal trans-

vector i^K% of which the pole would be at the new vertex and

the length would be equivalent (in degrees) to the supplement of

llie new vertical angle qs'r, or of the old vertical angle ksq ; so

that by prolonging the new side qs' to t', we should again be led

to construct the new exterior and vertical angle RsV, as a repre*

aentation of the new product, qr. Or finally we might employ the

same general mode of illustration as in the more recent article

267 ; and ohierve that in performing the new muitiplicaftion) qxr^

after the newwnor (r) has changed the direction of rs' to that of

RQ,or the direction of s ii to that qk, the newproversor q ch2k\\)^ii^

this last direction of qh to that of Qs', or of sV; whence it natu-

ral to suppose (what in fact has been otherwise proved) that the

effect of the new transversor (qr) must be to produce at wee that

change which the two olher veisors have thus done sncoessivelyi

and tt/NMi the whole ; namely, the change of the direction of the

are s'b to that of the arc sV* For thus it might be seen again

that the an<^le rst', in fig. 52, may naturall/ be supposed to

represent the nnu product, qr, as in fact we have found it to do,

272. As furni^lliIltr anothfr </( neral rtle for remembering or

recovering, if we should ever happen to forget, the distinction

between the two positions ofthe vertex^ a and a", which thus cor-

responds to the distinction between the two arrangemente i^ihe

two faeiore^ q and r, we may employ the following Theorem^

which is easily derived from remarks lately made, and includes

several earlier results: In any Multiplication of two Qua-
teriiions, the Rotation round the Axis of the Multiplier, from

the Axis of the Multiplicand, towards the Axis of the Product,

is FOSiTiVfi." With the help of this theorem, or rule, there cau

never be any difficulty experienced, in forming at least a distinct

coiicBFTioii <^the reeuU ofthe multiplicatiok of ant two
QOATSRNiONS, whoee representative anglbb are given^ as two
determined spheriad angles (theb order bmg also given) ; even

when these two angles do not happen to be given, as in 2(j4 they

were supposed to be, as being already the two base angles of a
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spherical triano^le, whose vertex was moreover there conceived to

be ^?i'en as having (as 'supposed in fig". 50) a certain rtlrition to

the base, depending on the order of the factors, and on the cha-

racter of a certain rotation. To shew this clearly, let us imagine

Ibat the two arbitrary spherical angles kql» mbm, in fig» 53, re-

present respectively aa^ given mtaltiplicand

and any given moltiplier r ; and let us

seek to construct another spherical angle,

which shall represent the sought producti

rq. For this purpose we have only to sup-

pose the vertices q and r of the two given

angles to be connected by an arc ofa great ff.

circle qb, and then to conceive a new ver- ^
lear s determined in that hemisphere towards which the rotation

round r from q is positive, by the conditions that it shall satisfy

the two fuliuwing equations between angles

:

' 8QB= &QL ; QBS = MRN.

For then by prolonging qs to t, or rs to Vf we shall obtain an

angle T6R, or qsu, which shall be, on principles recently explained,

the required representative anoxic of r^, or at least oi die versffr

of this souLrlit quaternion proJuct, wliilc the tensor is simply still

the arithmetical product ot tiie tensors.

273. A few corollaries from this general construction for muU
tiplication, which Is for angles what the construction in art. 217

was for aretf may be usefully inserted here. And first we shall

employ it to illustrate, and to deduce anew, the general signifi-

cadon of the symbol a/3, where a, j3 are supposed to denote two

unit-vectors oa, (.)b, terminating at two given points a, b, of the

surface of tiie unit-sphere. For this purpose, I conceive that Q,

in fig. 54, is the pole of the

arc AB, and of the semicircle

aa'; and then because baq

and QBA are evidently repre-

sentative angles ofthe multf*

plier a an(i the mutiplicand

/3, considered as quadrantal

versors (122, &c.), it is clear

(from recent results) that A' D
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BQA must represent the product a/3. Tlic axis of(he product o/two

vectors is tliereforu seen anew to be perpeiulicular to their plane,

and to be such that the rotation round it from multiplier to mul-

tiplicand is|HW»etM j while the amgU of the same product is seen

to be, ia amount, the^i^^ilemeii^^Meaii^ltfMKwai^AejfSMlort;

all which agrees with the earlier conolurioiis of art. 86. (See also

128, and compare 286, 237.) If B Uke the position p, in the

same new fig. 54, the angle between the factors is rights and such

therefore is also its supplement, namely, the angle of the pro-

duct; the product oftwo rectangular lifies is therefore seen anew

to degenerate from a quaternion to a Hnep because, as a versort

it is guairantal (compare again 122). On the other hand if b

approach to a, the angle bqh' tonds to heceme equal to two right

ongttBi and the pfoAiet of two eomeidmi Urn is thus anew

perceiyed to reduce itself to a negative seaiar (as in 84), because

its angle is = tt (compare 149, 153). And finally, when b ap-

proches to a', the angle bqa' tends to vanish ; from which we

might again infer (as in same art. 84), that the product oftwo

opposite lines is a positive scalar^ its angle being = 0«

274. The same figure 54 illustrates also the general signtfi-

cation of some other useful symbols, for example, the symbol

/3a~** The right angle qa'b, at the opposite comer A'oi tbe

rectangular iune aa (or more fully, the lune aba'qa), represents

evidently the reciprocal a"' of that given vector a, which was

itself represented by the other right angle of the luncy namely by

BAQ ; because it is obvious that two quadrantal and right-handed

rotations, round the two opposite poles a and a', destroy the

effects of each other; or because (see art. 117), if a be an mii'

veetOTf its reciprocal is equal to its negative : in symbols,

o'^ = -o, if To« 1.

Hence the product fia'^ is represented, in the recent figure 54,

by the angle aqb. And hence again we might conclude (as in

118), that the following equation or identity holds good:

For we see anew that the product /3 x a"', as well as ihe quotient

a, has its caigU equal to tbe angle between the lines a and
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^, and ha^ its a,i'is perpendicular to the plane of those two lino?,

this axis being aUo such that the rotation round it from the divi-

sor a to the dividead ^ is positive. The vector character (122, &c.)

of the quotient of two reUangukur lines, and the scalar character

(69t &c*) ol ibe quotient,of twQparalUl lines, together with the

oicumttftiice of this last qdotibnt becoming pontine or negth

lioe, aooording as the dtreeUoiu of the two lines compared are

mmHar or opposite^ whereas, for a product, this rule ofsigng

is, as we have lately seen again, reversed, would also offer

themselves anew, as oh\ ious consequences, from the recent con-

struction for ^a'^y regarded as being at the same time a construc-

tion also for /3 -4- a.

276* Again we may employ the same fig. 54 to interpret in

a new way another symbol, which often occurs in this calculus^

namely the symbol /3a
'

' . /3. Conodve the point c so chosen on

the are AB prolonged, thai we may have the avciial equality,

then the angle bqc will be a new representation U>t ^a'^,t^

garded now as a multiplier ; and the triangle bqc, considered as

baving Ba for its base, and c iw its vertex, will shew, by the

general rule of art. 265, that its external Tertical angle a'cq

presents the sought product, fia'^ . (i. But this laitor angle is

rinht ; therefore the corresponding pi oducty in writing which we

may (by the last Lecture) omit the point, is a line: namely, the

unit-vector y or oc, drawn from the centre o of the sphere to the

point c. We may therefore write, under the conditions lately

supposed, the equation,

and we see that the line y , thus found, is simply what may be called

the RSFLUXION of the line a, with respect to the line /3 ; in such

a nianjicr that p bisects the angle between n and Indeed

this result o1)viou!»ly agrees with what was hhewu, in arts. 133,

134, respecting the third proporduuai to two directed lines. Of
course you do not require to be told, that from the way in which

the figure has been put into p€r$p€ctive^ by the prindpies ofo^
ikoffraphie prqieeHonf the supposed equal ara ab and bc (which
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I happened to take as each f!0°) are represented hy unequal

lines ; and that, in all the otJier orthogra})hic projections sub-

mitted to you, results of the same sort occur.

276. It was remarked in the last-cited article (134), that the

Mfuare root qfthe produd oftwo vectors it not generally equal

to that oiher vector^ which thos bueeU the angle between them,

and it in a certain tense their mean proportumal. Aoooidingljry

with the help ofthe reeent figure 54, we can easily assign a repre-

sentation for the value of the symbol

(«"?).

and thereby shew distinctly, in a new way, that this symbol de-

notes geaMToXtf a qmUemion, but not a line. In fact, in fig. 64,

the product ay It lepretented by the angle cqa', and its eqmre

root it therefore represented, on the prindplet of the Fourth

Lecture, by the kaifof that angle, namely by cqd (or dq4% if

we conceive the point d to bisect the arc ca'; but this new re-

presentative angle, cqd, is acute, and, then fnre, is not fit to be

the aiH/lf of a vector^ reg-anicti as a (quadrantal) versor. It !s

true that this process of construction and of reasoning admits of

tome Umite and modifieatiQne^ connected with changet of the

value of the are ab ; but thete do not aJTect the general retult,

nor does it teem that, at thit stage of our courte, they can occa-

sion to you any diflSculty. It may, however, be noticed here that

the same figure 54 may serve to illustrate, for the case where the

arc AB is less than a quadrant, or where the angle between the

two vectors a and j3 is acute, the conclusions that

(ya 0^«=^a ify»/3a-i0,

and that under the same conditions the symbol

(7--*)*«

denotes the line j3» namely, the mean proportional between a and

y ; both which conclusions agree with ordinary algebra, and with

what wat thewn in art. 134*

277. The following product ofsquare roots
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U again not to be cot\fouHded in this Calculus, with the Urn,

nor with eUher of the two guatemumSf

although^ in oommon or eomnnUative alg;ebra, these foor aymbola

might be treated as being only trans/ormaHanM of each other*

It is easy, however, to sh^w what ttf, on our principles, the ^ig-

nification of the symbol recently written (/S^oi). For this pur-

poee we may conceive that a and /3 are unit vectorSf directed to

and B in the annexed figure 56 ; and that on the arcas as base,

a spherical isosceles triangle abb is con-

structed, with its base angles at a and b'

each equal to half a right angle, and with a

positive direction of rotation round B from

A towards d; for then the external vertical p.

angicy at the new point d thus found, will

tepresenl (by 2d5, &c.) the product of^
aqiiare roots required; because these two square roots them*

selves, namely and /3^, are represented, in this construction,

by the two angles, of 45° each, dab and aud.

278. A^ain, it ^vas re marked, in art. 135, that the following

other products of fractional powers of vectors,

^iol and

denote, generally, in this calculus, noi the two UneB which may
be supposed to be inserted astwo mean proportionals between the

lines d and /3, but two qttatemiotu, of which we promised to as-

siLj;ri aflerwards tlu' fi-nsors and tlic verbOi's. xVccordingly WO

know now that their tensors are simply,

To* and T0» To*^,

namely the two mean proportionals which are in hot inserted

hetweem the two tensors Ta and And with respect to the

two versorSt the recent figure 55 enables ns to construct them^

or their representative angles, by merely erecting on the base ab

two new spherical tiiungics, asi iudicuted in the figure, with the
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base angles eab, abb of one triangle respectively equal to 60®

and 30°, while those of the other triangle, namely, fab and a bp,

are on the contrary 30® and 60®, and directions of rotations are

attended to. For then these four base angles will represest re-

spectively the four fractional powerM of Teetorsy

o»,^^, and a*, /J*;

and the two products required will be represented by the exter-

nal vertical angles at e and F.

279. More generaiiyy if a and /3 be two unit-vectors oa and

on, and t a scalar exponent which we may conceive to vary from

0 to 1» then the qnatemton

is a versor, of which the unit azis, Az . 9* op, if drawn from a
6zed origin o, describes, by its extremity p, a certain curve apb

upon the vinit sphere, from the point A to the point B ; and this

curve is such that in each position of the spherical triangle apb,

the two base angles at a and u are complemenUury to each other,

while the exterior and vertical angle at p is equal to the variable

angle of the qnatemion q. It is dear that if the (fivm bamt

be a maU are^ the eorve apb thus described^ approaches to a
eemieirekt and the qnatemion q does not much differ from atwe-

torf because its angle is not much less than a right angle ; and

those persons who are familiar with the doctrine of sj)herical co-

nies may easily convince themselves that in general this curve

PB is what is called by geometers a spherical semi-ellipse^ de-

scribed on the arc ab as its major am$f and projected orthogra^

phically into the pl^ne semi-ellipse abdfb of the leeent figure

05» in which figure the major aiia becomes the Un€ ab. Indeed

It is known (and quaternions will be found to fomish a new and

simple proof of the result), that if the base of a spherical triangle

be given, and also the sum of the base angles ithi^ sum being

taken in the usual sense, by mere addition of magnitudes), then,

whether this sum be or be not a right angici the locus ofthe ver-

U» is still a spherical conic,

880. Combining the same general conceptions of fractional

wers of vectors^ and of products of versovs constructed by their
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representative angles, but not obliging now (as in the last figure)

the angles of the iactors to be complementary, we may easily

see that for ant/ spherical triangle arc, of which the corners a,

By Cy conceived still to be situated on the surface of the unit-

spbere, have a, j3, 7 for their vector unitSi while the magnitudet

of the angles at those three comers are sapposed to be expressed

as follows

:

the three following relations exist

:

y9-'mpr^; a^-'my'^i ^g-Jf.^y.

provided that, in fig. 56, the rotation round C from B to a is

positive. And hence it follows tbat^ under

this last condition» we have also,

7'/i'.a' = a2-^a* = o« = -l.

The associative principle holds, therefore,

here again ; and, omitting the pointy we
may write, bvbrt spherical triangle

ABC, whose corners are arranged in the lately mentioned oudeh

qfrotation, the simple but important formula:

And hence, either by permuting cyclically the symbols o, j9, y
on the one hand, and z on the other, or by a direct peiv

formance of calculations similar to the foregoing, we are con*

ducted to the analogous formnlm

:

It might not be too much to say, but I cannot eirpeet you yet to

feel the full force of the remark, that the whole doctrine of sphe-

rical Tu F(,oNOMETRY is INCLUDED 111 any uNE of tlicsc thrce

lastformulce ; at least when they are interpreted and developed

according to the principles and rules of the Calculus of Quater^

nions. Meanwhile it may be observed that by combining the

results of the present article with the phraseology proposed in
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art. 268, or even IVom the principles of that former articlo alone,

we are naturally conducted to enunciate the following general

propotttion: *<TAe Spherical Sumo/ three ANOLBS^aMf
Sphbrical Tbiamolb, taken in a anitable Order of iiiccesuoOy

t# alwttya equal to Two Right AvoLEa.**

281. The general rignification of the symbols

9' ^r. 9 and rgr'\

which, in virtue of the non-commutative character of quaternion

multiplication, cannot gmeraUy be reduced to the simjiler forms

r and 9, was proposed in 221 as a subject for our future discus-

sioD. It is easy now to interpret either of these two reserved

symbols, for example, the latter of them, as follows. Constmel,

as in figure 57* a spherical triangle abc, ofwhich the base angles

at A and b represent the

Actors q and r, while the

rotation round b from a ^
towards the vertex c is ^/
positive ; and let b' be the B d\<

point diametrically oppo- ^v^/"
site to B. Then the ex- ^
temal vertical angle, acb',

will represent the product rq\ and the angle cb'a will re-

present the reciprocal r"*. To construct next the new product

r^.r'S we are to reflect the triangle cab', with respect to its

base cb', so as to change it to a new triangle ceb', sacb that

cb'a = EB C, and acd' = b'ck
j

for then these new or reflected base angles, bb'c and b'cb, will

represent the new multiplicand r*^, and the new multiplier rq;

and the new external vertical angle, bec, will represent the new
product, rq.r'^. Again, in the same figure 57, if we determine

a point D on the semicircle bb by the condition that

B AD " CAB,

the angles bad and db a may represent 9 as a multiplier and

as a multiplicand; and therefore the angle CDA, or its equal edb,

will represent their product, qr'K But dbb is a representation
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fyr r ; ud tlierefere dbb' repretents r . qr'K And ttsee it is dear

from tlie coudliucliou, that

we see that we may write

the associative principle being thus seen to hold good here again.

282. We see at the same time (omiidng the point), that the

above proposed symbol rqt'^ denotes a quaternion wiiicb isyeiie*

raUy dtMimei from the qoaternion but wliich beats a very sim-

ple rdaium thereto. In fiM^t» we pereeiTe^ liist, that not only

the liasorf but also the nn^/et <tf these frnqnaten^onsaiee^ifal

(iu amount) ; or in symbols, that

And in the second place we see that (if o he still the centre

of the sphere) the eixis os of the new quaternion, rryr~\ may be

geometrically derived from the axis ok of the old quaternion

hff a CONICAL and posinvB rotation^ ronmd thM aaeU ob of the

oMer given quaternion r» thrcmffh an an^le eqmd to docblb ths

ANGLB qfthai aker given quaternicm* In fact we may pass, upon

the surface of the sphere, from the pole A of ^ to the pole B of

rqr'^y or from the vertex of the rjiven representative ano^Ie of the

one quaternion, to the vertex of the sought representative angle

of the other, by moving along an arc ofa small circle, which is

projected in the figure into the dotted line ae, and which has its

positive pole at the pole b of r» while it subtends at that pole an

angle expressed as follows

:

ABB»2^r.

283* An analogons interpretation may be obtained, without

any new difficulty, for the symbol q'^rq; since we have only to

conceive that q'^ and r are written, in fig. 57, instead of r and

and consequently that g is substituted forr"*, in the same recent

figure. For thus we shall see that while the tensors and angles

of the two quaternions q'^ rq and r are equal (at least in amount),

the ads of the former may be obtained from the axis of the laU

ter, by causing this axis of r to revo/ve coatcali;^, in a aepafins
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direction, round the axis of through an angle equal to dmbie

the angle of q. And generally, if i he cmff scalar exponent.

It will be loundf with the help oC the theory ofpoHfert whieh

was explained in the Foarth Leetave, that the symbol

denotes a quaternion formed from r, by causing the aaeis of thia

operand quaternion r to revolve, conicallt, round the axis of
the operator quaternion q, through a (positive or negative) ro-

tation, expressed by the product

Thus conical (as well as plane) botation is easily symbolized

by quaternions.

284* Another construedon, in appearanee different from the

foregoing, but in reality connected with It, for a symbol of the

class recently discussed, may be obtained as follows, from the

consideration of fig. 37, in art. 219. In that figure, let us sup*

pose that

80 that # denotes a new quaternion, or versor, represented by the

arc m'k. Treating that arc as a vector, and the arc rl as a pro-

vector, the arc m'l is seen to be the transvector (on the plan of

217, 218) ; and thus, or immediately from the equation just uow

written, we derive this other equation.

Hence by the arcs k'l, lm, treated as a new system of vector

and pfovector, or by the oonstmction already assigned for rq'\
in the same figure 37, we see that the are k'm represents the pro*

duct,

in which latter symbol it is easy to prove anewy by an analogous

construction with orct, that the point may be omitted. But the

are k'm which thus represents the remdUng quaternion qtq^ ^,

has the same Imglh as the arc m'k which represented the original

quaternion #, and is inclined at the same angle as that former are

to the great circle of which ill, or lk', namely, the representative
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mre of the operating qualeinioti is u part. Aiiil i\x^ double oi

this latter part, namelyi the arc

exhibits the distance along which the arc m'k itself^ or its inter"

section k with the great circle klk', has to be trmuported aloDg

thai circlet as by a motion of a node, without any change of the

tJiciiiMitiVm of the moving arc thereto, or of the kngih of tho

same moving arc, in order to tahe that new position on the

spliere, wttereiii the iiitLTsection or node conies to be placeii at

the point k'. The interpretation of the symbol

or of any other symbol of the same general form, may therefore

on this plan be easily and fully accomplished.

285, We know then how to interpret, in two apparently dif-

ferent ways, which are, however, easily perceived to have an

essential conneiion with each other, the following stubol of

CPSRATION,

where g may be called (as before) the operator gwUemio»t

whilo the symbol (suppose r) of the operand qvatemion is con-

, eeived to occupy the place marked by the parentheses. For we
may t-idiLr consitlor the effect of the operation, thus symbolized,

to be (as in 282, 263) a conical rotation of the axis of the oper-

and round the axis of the operator^ through double the angle

ikereqfj in such a manner as to transport the vertex ofthe re-

preeentaUve angle of the operand to a new position on the unit

sphere, without changing the magniiiide of that angle, nor the

teneor of the quaternion thus operated on : or else, at pleasure,

may regard (by 284) the operation as causing one extremity of

the representative arc of the same operand (r) to slide along the

doubled arc of the same operator (q), without any chang-e in the

length of the arc so sliding, nor of its inclination to the great

circle along which its extremity thus slides. But it is clear that

these two conceptions are merely tranejormatione of each other;

nnce they ore evidently rekded, as, in astronomy, the rotation

OF TBS POI.B OF TBK saoATOR FOUttd tho pole of the eclipttc is
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related to the precbssion of tbb equinoxes. Still, it is satis-

factory to observe the complete ( onsisiency between the results

of the two AifSeTent processes uj interpretntion of a Rvmbol of the

form qrq'^j which have been employed in recent articles; and it

may just be noticed here* that, whichever of those tvo ptoeenes

weadopfcy the pftndples of the Fourth Lecture respectbgiioweri

' coodact to the following important equation,

as holding good in the Calculus of Quaternions, as well as in

ordinary Algebra, if < be any scalar exponent.

286. When the operand qnatemion r of the last article re-

duces itself to a tfeeiorp^ then the resuU, gpq'^» of the operation

of q{ becomes itself another sector; for, by 149 and 282,

and this new vector fjpq'^ may, by the article just cited (282),

be derived from the old or given vector by simply caut>ing it

to revolve conically round the axis Ax.^, though the doubled

angle 2^9, whatever the direction ofp map be. Assuming, then,

as in several former articles, some one fixed point o, as the com*

mon origin oiall the vectors p, which may be conceived to ter^

minate at the various points of some system, or body^ B ; we
may regard the recent symbol of operation, g{)g~^i as signify-

ing that we are to caffse this body to revolve, through the an^le

2^7, round an axis Ax . which is drawn from or through the

fixed point o : and the new symbol,

may be conceived to denote tke position of the body B, after

this 1 [MiE iiOTAiiuN has bttii performfid. In like manner the

symbol,

may consistently indicate that new position of the scune body B,

into which it is brought by performing a new and encceeive rolo-

Uonp through the angle 2 ^ r, round the new axie Ax • r ; while
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the lesolt of still a third finite rotation
^
through a third angle

2 id round a tkifd aaeis Ax . wili be denoted by the symbolt

s(r,qBq Kr'^)8-^;

and timiiarly for oity nm$nber qftueceinve midfinUt raiatiaiis itf

a body roand any arbitrary axes, which are» however, here tap-

posed to be all drawn through or from one common point or

origin O.

287. The symbol

where a is supposed to be a constant, and p a variable vector,

may easily be interpreted as follows. Let

a« A-o»o-B» f»«p-o;
then

where a, b are fixed pointa» at opposite sides of o, but P and Q
are points which vary together. Conceive that a rotation round

the axis Ax . q, through an angle 2z 9, causes the line OQ to

take the position oq' ; then, by what precedes,

and tlie point r is to be conceived ^is having been transferred,

upon the wliule, through the point q as an intermediate position,

to the final position a'. The axis of the last rotation, aa of the for-

Buer onesy is here conceived to pass through, or to be drawn from,

the given point o; but i( from the point b» we draw t^paraUei

c - B a Ax • 9,

and denote by Br' the position into which the line bp is brougljt,

by revolving, through the same angle 2/.^ as before* round this

mew axis bc, we shall have

1' -p = q'-q, q -p'-q-p = o- b = a- o;

so that the point q' nmy be obtained also from the point p',

namely, by adding or applying (see Lecture I.) the constant

vector OA, or a. It follows thai the symbol

T
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is adapted to denote that final position into which the hody.B is

brought, when it is first made to revolve (as above) ibrougb a

finite angle round the recent axis bc, which azb does not (in

general) pass thrangh the giren origin of vectors o ; and when

the body is qfterwardt made to movb, without retfohmiff, through

a finite amount of tbanslation, expressed both in length and

direction by the line no or oa, or by the vectoh of transla-

tion a. We see, however, that the same symbol may aiso be in-

terpreted as denoting a translation represented by the line a, fol-

lowed by a rotation round an axis Ax . which axis is here again

supposed to be drawn from the origin o ; this latter point being

regarded 9Afit€d in tpaee^ and as not participating in any motion

of the body. By adding any other constant vector, such as^ we
form an expresMon for the result ofthe foregoing operations, mc^ *

ceeded by a ntiv translation of the body in space ; for example,

if we wish to neutralize the recent translation a, and thereby to

express that the body has only revolvbo round the axis bc,

through the angle 2 ^ ^, but has not otherwtMe changedplactf we
may write the expression^

286. If we wish to express that a veetor or body is made to

torn round an axis Ax . q^hieh is drawn from the origin o»

through an angle of finite rotation expressed by i 9, that it

through the anyle iiselj oi the quaternion and not through

the double of that angle, we need only (by 283) employ this

other symbol of operation,

7* (

)

Hence, by conceiving ^ to be the quotient of two given vectors,

for instance, by supponng

and therefore

we find that the symbol

denotes that new pudition into which the body ii brought.
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when it is made to revolve rouiul aa axis drawn from o, perpen-

dicular to both a and /3, through that amount and in that direo-

tion of finite fotation* which would bring the vector a into the

difeetion of the Teeter 0 £y a roUOian in cnepkme; nanie!y» in

the plane through the origin o, perpendicular to the lael men-

tioned axis.

289. On the other hand, if we omit the fractional exponents,

and so form this other symbol,

we find, on the same general principles of interpretation, that

tkf9 symbol denotes die result of the rota^on of the same body

round the same axis, through double the an^le of the quaternion

/3a S or through an amount which is the double of the plane ro-

tation from -a to /J. For example, in fig. 40, art. 224, where

A, B, c, D) B, F are supposed to be six points upon the unit

sphere, with a, /3, ffithi ^ unit-Teetort ; while the

three ares xf, fd, db have been shewn to be bisected by the

three points a, b, c ; and (compare fig. 41, art* 227) the conical

rotation from e to d, round the axis or pole of the arc of a great

circle from a to B, is equal to the double of that arc ah, namely,

to the plane rotation from s to r ; we may infer, from the result

just stated, respecting the interpretation of the symbol

that the following equation holds good

:

290. If. the operaHng quaternion q reduce itself to a tvcfor,

suppose y, then since its doubled angle is equal to two right

angles, or in symbols,

2ZY«ir,

the cperation symbolised by

is seen to have the effect of simply rbflbctimo the vector or

body on which it operates, with respect to the operating vector^

y. That is to say, this operation causes each operand vector,

t2
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suppose pf drawn from the common origin o, to itini conical^

through two right angles roond the line 7^ which is here con-

ceived to be drawn from the same origin ; and thereby brings

this operand without ehange of length, into a new position p\
soch that while we have the equation between tensor*^

Tp^Tp/lfp^ypy\

the line ± 7 at the same lime bisects the anyle between p and p :

and consequently the following equation between versors also

holds good

:

U.py '-V.yp

For example^ in fig. 40,

also, in same iigorei

291. Another mode of interpreting the symbol

ypy'l

is the following. We may observe that, by 111,117,

p«-p-» Tp*i 7-'--7T7-*;
and that therefore

Now we know (133) 194) that the symbol 7P~'7 denotes the

third proportional to the two vectors p and 7 ; and therefore that

(see 134) the vector ± 7 bisects the angle between the directions

of p and 7p~^7 ; or by the recent transformation , the angle be-

tween p and yfry'^ • which was the graphic part of the result of

the last article. Anti with renpect to the metric part ot that re-

suit, we know (by I29» &c.) that the tensor of a third propor-

tional is the third proportional to the tensors, and therefore that

T . 7p" ^ 7 = T7' . Tp

;

an expression which reduces itself to Tp» when it is multiplied

by TpS and divided by T7*. Indeed it is clear from the more
'^neral principle of art. 18S| respecting the tensor of a product*

at
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T . * - Ty Tp Ty '
^ = 1 p,

292. Wilh reference to fig. 40> we haire, by articles 289» 290,

the cominon value of both members being here the vector S : to

tbat the remooffl ^pomt§ is here again permitted ; and the awo-

dative prineiple of multiplication iS| at least so fart here seen

tmee more to hold good : while the geometrical interpretation of

this result shews that the equation thus obtained is by no means

a TiirisM in this Calculus (comj)are 108); but expresses that a

certain coSlc.M, rutation ?s equivalent in iiji effect to two suC'

cessive and planb rotations. In the astronomical illustration

here referred to (see the last Lecture), the conical rotation was

performed round the axis of the ecliptic^ from b to D in fig, 41,

through an amount represented by the double of the arc ab of that

great circle; while the two plane rotations were performed across

the ecliptic, namely, from e to f, and from F to d, in fig. 40, the

])i)int> A anH h being eiiiployed as two successive reflectors. Now
it was by no means obvious tbat these two ditierent geometrical

processes must conduct to one common result. Yet they have

heen proved in the last Lecture to do so : and the conclusion ai^

rived at, by this geometrical demonstration^ is now seen to be

symbolically expressed^ by the very simple and apparently obvious

formula, which has been given in the present article.

293. It is now time to enter on the proot already promised

(in arts. 108, &c.), that the Associative principle of MuUiplica"

Hon qf Quaternions is valid generally, in this Calculus : and first

to demonstrate generally, what indeed is the chief, and (we may

say) the only real difficulty in the required proof, tbat for amt

THRBB VBRSOM the asscrtcd principle holds good. Conceive then

that any three proposed versors, ^, r, are represented by some

three given arcs, qq', ru
,
ss', upon the surface of liie unit-sphere:

and that it is required to construct, on the same spheric surface,

another arc tt, which shall be the spherical (or arcual) sum of

those three giveu arcs, or shall represent the product, # • rg, of

the three given and corresponding versors, when the arc rr' is

first arcually added (on the plan of art. 218) to the arc qq', and
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the afe ss' is afterwards arcaally added to the retulti so as to oon-

daet to and determine ajburik arc Tf : or when the versor of^ ta

iint muItipUed^ the new msor r, and then the product* rqt is

again multiplied bjf the third given rersor, t, so as to conduct to

a fourth versor^ s . rq^ or t. And let us afterwards proceed to

COM! ARE this process, as to its result, with that other combi-

nation of arcs, or of versors, in which the arc ss is first added (on

the same plan) to the arc rr', and the resulting arc then added

to qq', so as to form a new and Jifth arCf vv' : or when the versor

4 is multiplied into r, and the product, sr^ is then multiplied iiUo

80 as to conduct to anew final tatdjffth versor, mr\q^ which we
may for the present'call «• In other words, let us examine who*

ther it be true that, under these conditions, we have the follow-

ing equation between arcs (to be interpreted in the sense ui art.

Or that we have the eorreeponding equation between versorsf

u t?

Id short, let us inquire (compare 108) whether the following

formula ia, in this caiculus» aa well as in algebra, an ufsnli^,

tr ,qmt ,rq7

294. After what hns been already said, and illustrated by ex-

amples and by diagrams, it can scarcely need to be now formally

shewn, that instead of the three ^ven but wholly arbitrary

orct, aa'y re', as', from which two otherSf iV and on', are to be

derhted (as stated in the foregoing article), we are at perfect

liberty to euhetitute any three other aree, to which those three

given arcs are equal (217). We may
then suppose, without any real loss of

generality, that the Jirst and second

are two eucceuive arcs, such as ab

and ac in the annexed figure 58 ; and

that the third given arc is the arc bf

in the same figure, which has its hU-

iial point B on the greed eirele ac,

connecting the initial point a oi' the

first with the final pointc oi the second
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arc. Then the arcual additwn (218) of the second to the first

gi^en arc produces^ as their mtm^ or as the representative arc of

iheprodtiei, rq, ofthe two first given rersors, the are ac ; for which

we may substitute an equal arc, such as db in the figure, which

siiall end at the point k, where the third gfiven arc ef, representing

the third given versor .v, begins: so that the subsequent addition

of this third arc, or the multiplication by this third versor, con-

ducts to the fourth arc df (which here takes the place of the are

tt' of the last arUcie), as representing the product tf.rj* Again,

in order to add the third given are to the second, or to represent

the product««r, we are (by 217) to find the point H where the arcs

BC aiul EF intersect, and then to determine two new j)oiiits, u

and I, such that gh and hi shall be arcually equal to kc: and kf,

and shall therefore be tit, like those given arcs, to represent the

given versors r and $ ; for then the joining arc oi will repre^

sent, as required, the product of those versorsi namely sr.

And, finally, in order to multiply this last product, #r, into

we are to find the point l where the arcs ab and oi, representing

respectively the multiplicand q and the multiplier 8t, intersect

;

and to determine afterwards two other new points, K and m, such

that the arcs kl and lm may be respectively equal to those two

representative arcs, of the new multiplicand and multiplier; for

then, by merely joining these two last points, we sliall obtain an

arc KM (the uu' of the foregoing article), which shall, by the

general construction in 217, represent that other sought product

of versors, of which the symbol is

295. It was proposed in 293 to examine whether the products

of versors, denoted there by the two symbols u and or by

9r.q and s.rq^

were equal. And we now perceive that this question may be

thus expressed, in connexion with the recent figure 58: are we

entitled to establish the arcual equation^

- K.M - --^ DF, (#ry)

in the^/f sense of article 217, when, in the Mime foil sense, we

are gicm thcbc jloe other equations between arcs,
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^ BC 9 ^ OH, (r)

'--Br-^BI, (•)

AC = DE, {rq)

You will observe that at the margin of each of the six iast lines,

expressing arcual equalities, 1 have written, within parentheses,

the symbol of that particular venor, which the two equated arcs

are given, or are to be proVed, torepretent.

296. To tboie ttudenla who are acqwDted wit|i the theory

of the ipkeHeai eonicM, and 1 know that here, through the ex*

ertions of the late and present Professors of MathemaUcs in this

University, an acquaintance with that doctrine has come to bo

widely diffused, the following brief process may be sufficient for

the establishment of the result in question. Let such a conic be

conceived to be described upon the surface of the sphere, passing

through the three points BfK, with the are CB for part of one of

its two egdie arcs ; then the two equations, between the arcsBC,

GH, and between Bf, Bi, suffice to shew that the arc oi is part of

the other of those two cyclic arcs ; and the equation between

AB, KL, where a is on the first and l is on the seeuud of the same

two arcs, shews next that the same conic passes also through the

point K ; or that (if f, k be joined) this conic is circuimcribed

about the quadnUUeral kbhb : because it is known that every

arc of a great circle tntetsects a splierical conic in two points

which are equally distant from the points in which thb are re*

spectively euts the two cyclic arcs," if the transversal are inte^

sects the conic at all. (See Section 11., article 13^ of a Memoir

by the celebrated Chasles, on the general properties of the 8phe>-

rical conies, as given at the foot of page 46 of the translation of

that Memoir by our present Professor of Mathematics, the Rev.

Charles Graves, which translation was published in Dublin in

the year 1841.) Conceive^ in the next places that the are fk is

prolonged to meet the cyclic arcs ; it will meet the first ofthem
in D, and the second in h, in virtue of the equations between the

arcs AC, DB, and between gi, lm : because it is known that if

through two fixed poinu ou a apbericai conic two arcs be drawn
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which intened in any third point of the curve, the segment

which they will intercept upon a cyclic arc will be of invariable

magnitude." (See Section 111., art. 29, of the same mcnioir by

Chasles, page 50 o( the translation by Graves.) Thus the four

pomU F, M, are situated on one common great circkf or traii^^-

versal are ; and therefore, by the principle before referred to, the

intercepted portions dk and fm, orof and km, are equal in length,

while it is evident that they are similarly directed* It is there^

fore proved to be a consequence of these few and known pro-

perties ot bphcrical coijics, that, uiider the conditions ot the pre-

sent inquiry, the arcual equation,

KM » ^ OF,

which was lately proposed for investigation (in 295), docs in fact

hold good (in the full sense of art. 217) : or that the two equar

ted arcs are equally long and similarly directed portions of one

common great circle of the sphere*

i97. Although the properties of spherical conies, which have

been referred to in the foregoing investigation, are well known to

a large number of students, yet as there may he others to whom

they are not familiar, it appears to be useful to otier now an in-

dependent and more elementary proof of the result to which they

have conducted us* Indeed it would be doing a grave injustice

to the Calculus of Quaternions, and conveying a false notion of

the nature of its principles, if you were to be allowed to suppose

that, for so important and essential an element as the associative

})ro{)trty of mulliplication, this Calculus was dependent on the

doctrine of spherical (or even of plane) conies. On the contrary,

1 believe that the easiest and most elegant method, in the present

state of science, of treating those and other spherical curves by

calculation, will be found to be that method which is furnished

by the Quaternion Calculus. In order, then, to prepare for legi-

timately so applying this Calculus, it seems to be necessary, in

point of logic, that we should seek to establish the arcual cc^uation

of article 295, namely

^ JLM^^ OF,

on which (by 294) the'equation between quaternions, or between

versorsy
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has been made to depend, by some process of geometry, wliicii

shali be of a comparatively e/tw/cw^ar// nature; and which shall

therefore not introduce the conception of a spherical conic (nor

even that ofan oblique cone) at all : although there is no reason

why» at tbifl stage, we should seruple to use the notions ofplane

and tpherSf as freely as those of the right line and circle. The
persons who have alreadif studied the theories ofcones and conies

roost ofcourse have an advantage thereby; but the object, which

we at this moment propose to ourselves, is to render thoroughly

intelligible^ to persons who liave not sUKiied those theories, so

muck as may be necessary for perfectly understanding the force of

the demonstration, which was given in the foregoing article : or

ofthat apparently longer, but essentially equivalent proof, which

we are now about to give.

298. Conceive then that, in connexion with the recent figure

58 (o being still supposed to be the centre ofthe sphere), the three

radii ob, oh, of, are prolonged to meet, in three points r, li, r,

a plane rgu, which is drawn (as \ve shall suppose) outside the

sphere, but parallel to the plane of the great circle dabc; con-

ceive also that these three prolonged radii OP, OQ> or, are cut in

three olAer points, v\ q', b', by another plane rVn't which shall

be drawn parallel to the plane of the great drde olim. Round

the four points o, p, q, r, circumscribe a new sphere opqr, which

we shall call, for the present, the diacentric sphere^ because its

surjact passes through the centre o of the original or unit sphere^

whereon the former figure 58 has been conceived to be traced.

Let these two spheres be conceived to be out by the plane of the

irreat circle gbuc, which circle

thus becomes itselfone ofthe two

sections hereby formed, as in the

annexed figure 59, the other sec-

tion being the circle opq. Then,

because the comparison of the two

representative arcs of the versor

r gave us (by 295) the equation

BC - GB, we have also the

equation between angk^t^
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COB « HOG, or COH « FOG.

Bat oc is parallel to pq, because these two lines are the inters

sections of two parallel planes, namely, of nAic (in fig. 58) and

I'Qu, made by one common secant plane, namely, by the plane

of the recent fig^ure; and (compare fig. 58) ihu direction ot oc is

evidently not ujijjo.site, but similar to thatofpQ: we baYC there-

fore this other equation between angles,

pqobcoh;

and consequently also, in yirtue of the last equation^

PQO = POG.

The radius og of the unit sphere is therefore a tangent to the

circle OPQ^ and consequently it is a tangent also to that diacen-

trio spAer^t opqr, whereof this curcle is a section. And because

the line aV is parallel to this radius oo (on account of the pa-

rallelism of the two planes p'qV and olim), and has a similar

(not opposite) direction, we ha?e this other equation between

angles,

OP s= FQO ;

which shews that the four points p, q, q', p' are on the dreum-*

ferenee of one common circle, and that therefore the following

equation between rectangUs subsists

:

POP'« qoq'.

299. By a reasoning ezaetly similar it may be shewn, that if

the two foregoing spheres, and the two
Fi|. 60.

, planes pqr, p'q'h', be cut, as in figure 60,

by that new secant plane which is the

plane ot the great circle suFi in fig. 68,

then the equation

'*BF«'^ HI,

which was obtained (in 29a) as the result

of the comparison of the two representa-

ti?e arcs of when combined with the

piiallelisms between rq, ob» and between a'a » oi, conducts to the

angular equalities.
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IIQO - EOQ = ROI =ORV i

and to the fbUowingp equation between rectangles,

qoq' = rob'.

The radius oi of the unit sphere is therefore a tangent to the cir-

cular section oqr of the diacentric sphere, and to that sphere

OPQR Itself; and the four points r, q, q', r', are situated on one

common circular circumference. And by combining the results

of the present article with those of the foregoing one, it becomes

clear that the plane glim (see fig. 58) of the iwo radii og, oi, of

the unit sphere, touches at o the diacentric sphere opqr s and

also (firom the equalities ofrectangles), that the six points F, Q, n,

P'f q'» R', are situated on the surface of a third sphere^ pqrp',

whcfeofthe circlespqqV and bqq'r' (in figures 59 and 60), as also

the circles which may be conceived to be ctrcumscribed about the

triangles i qr and i' q u , are sections.

300. Conceive, in the next place, that the radius uk of the

unit sphere is prolonged to meet respectively the diacentric

sphere and the plane p'q'r in two new points, s and s' ; and let

the given and diacentric spheres be supposed to be both cut by

the plane of the great circle arbl (see fig. 68) ; the section of

the unit sphere being that great circle itself, but the sectioo of

the dicentric being a new circle, ops. A new figure will thus

be constructed, so siiuilar to tliose of the two last articles that it

seems to be almost unnecessary to write it here ; for all essential

purposes you may form it, or conceive it to be formed, by merely

changing, in fig. 59, the letters c, o, u, Q, a» to a, l, k, s, s',

respectively : still formore perfect dear*

ness I shall give it to you as figure 61.

But whereas, in each ofthe two figures

of the two last articles, we inferred a

tangency //o//^ a parallelism, we Lave

now, on the i ontrnry, a tangency ^itvw,

and a parallelism is thence to be iti/er--

red. For we now knma that the radius ^

^^^mmm^^Oi, of the unit sphere Umekes the sec-^ ^iioo OP8 of the diacentric, because (by

ig. SB) this radius is contained in the

Fig. 61.

P
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plane GLIM, which plane was seen (in art. 299) to touch the dia-

cetitric sphere at o. Hence the an^le b^l or pol, in f\^. 01,

between chord and tangent oi the section of the diacentric, is

equal to the angle pso in the alternate segment ; but it is a/«o

equal to aok or aos, on account of the equality ofthe angle* aob,

SOL, or ofthe arcs ab, el, which last equality ofarea was deduced

in 296 from the comparison oftwo differenl representations of the

ersor q : we have therefore the following equation between

angles^

PSO = AOS,

and may infer from it that the chord ps of the diacentric is pa^

raiUl to the radius oa of the unit sphere. But (see again fig. 58)

this latter ladius is contained in the plane of the great circle

cBADy to which (by 298} the plane pqr is parallel ; this latter

plane must therefore contain the chord ps : or in other words, the

/bur points p, it, b are all situated in one conivion jjlane. And

because by the construction they are also situated on the surtace

of one common sphere (the diacentric), they must beJourconcir^

cular points: they are in fact all situated on the circumference

of that eomnum eircUt in which the diacentric and third spheres

intersect each other. Again, in fig. 61 , the lines aCp' and ol are

parallel, as being the traces, on the plane of the figure, of the

t\vo parallel planes (see 298), pVr' and glim ; these lines are

aUo similarly directed : thus the four points p, s, s', p' arc con-

circulari and we have the following equation between rectangles,

bos' = pop*.

In fisust the circle pssV is contained on the third sphere ; and

(mother circle of the

same third sphere con-

tains the four points p',

I > t

Q, U, S.

301. Com paring next,

as in the annexed figure

62, the circle pqrs of

the diacentric with the

parallel and great circle

CBAD ofthe unit sphere,

Pig. 62.
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Fig. 68.

and attending to the arcual ocjuation ^ ACsa-^DE, which was ob-

tained in 295 by the comparison ot the two representative arcs of

the quaternion rq^ we see (bat beeaute (by the three last figures)

Ihe three obords pq^ hq» pshavereepeetively tbedireetionsofUie

three radii oc» ob« oa» therefore tbe fotirth ehord u moat hftYie

the direction of the fourth radiiia od, on aeeoant of the eqaaiity

of the angles spq, srq, on the one hand, and aoc, dor, on the

other. The point d ( 1 the unit sphere, or the corresponding

radius od, is thert tore contained in the plane ors, which coin-

cides with tbe plane ofk.; that is to say (see fig. 6b), the three

points F, K, D are on oiieeo»iii09i^ea< circle of tbe vnit sphere. In

a similar way by oompaitng» as in fig. 63, the two panUlel eirelee

v^aVs' and milo» it may
be shewn that, beeatise

the three chonls qV,

Q K, sV, of the one

circle, have respectively

(seefigs. 59, 60,61) the

tame directions as the

three radii oo« oi, ol, of

theother,while (by 295)

the arcs ai and lm are

equal, as both representing" the qnarernion sr; and the ang-les

f'q'R and p's'r' arc also erjuul to each other, as being in one com-

mon segment of a circle : tiierefore the fourth chord s'r must have

the same direction as the fourth radius on. This radius is there-

fore contained in the plane orV, or in tbe coincident plane opk;

or, in other words, the point m, like the point is issituatedon the

great circle fk (fig. 58). And
if we finally cut the unit and

diacentric spheres by the plane

of this great circle, we obtain

a new figure 64, w herein, by

the present article, the radius

CD ofthe section dkfm has the

same direction as the chord rs

of the section oiis, \vliilt» this

latter section is touched at o by

F|f.64.
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tbe mdhit om of tlie forner. The angles fom and ookm con-

sequently equal to each other, as being each equal to the angle

Rso ; and therefore an equality subsists between the angles dof

and KOM, or the arcs df and km. These latter arcs are there-

fore equal to each other^ in the full sense of articU 317 ; which

was (in 295) the thing propoMd to be proved.

303. After the elementary investigation eontained in the four

foregoing artidee, whieh haa established the aaeociative principle

of nnltiptioation for tkrw venan (oompare art. 293), with-

out introducint:;" (see 297) even the coiieeptiori of a cone, by era-

ploying certain combinations of representativeam, toi^c tlier with

some evident or well-known properties of planes and Bpheres» it

Buiy be considered unnecessary now to establish the same prin-

ciple by meana of representative, angle* aUo, Yet» for the sake

of those stndenta who are already foiniliar with the properties of

•pherical eonlat) or even with a fow of the best known among
tliose properties, I shall give rapidly a proof, by them^ of the

same creneral and important result {sr .q ^ s .qr), in which proof

angles, instead of arcs, shall thus be employed to represent the

versors.

Let then, in figure 66 (in which it has been thought sufficient

to draw straight

linesinstead ofarcs

of great circles ),

the versor (j be re-

presented by the

spherical angle

XAB ; r by abb,

and also by vbc;

and s by bcf and

ECU : moreover, let

the anglub dec and

BBA be supposed toA

be sopplementary.

Then (see 264) the angle dbc, and the supplement of cfb, will

represent respectively the two binary products, rq and «i* ; and the

supplement ofcdb will represent on the same plan the ternary pro-

duct 8 . rq. But to shew that this latter is equal to the other ter-
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nary product #r . ^, it is necemary and tnflSeient to prove that the

angles DAF luul fda are respectively equal to eab and cde; and

also that the angleM afu and cfb are supplementary : because

we have to prove that the angles daf and afd represent re-

spectively q and «r» and that the supplement of represents a
ternary product «r .^i which is equal to the former product 9.rq*

For this purpose, oooceive a spherical conic descrihed^ with B
and F for Jhd^ so as to Icweft the are ab ; this conie will also

touch the arcs bc and cd, on aeeonnt of the equalidee of the two
angles at u which represent r, and of the other two angles repre-

senting 5 at c ; while by the supplementary character of the angles

at the focus e, it will touch also the arc ad, and therefore will be

inscribed in the spherical quadrilateral ABCO* (See the Memoir

of H. Chasles already cited* at the same pages as before of the

translation by ProliBssor Graves.) Bat this inscribed eonic gives

the two required eqnalitiea of angles, at the comers A and D.

and the supplementary character of the angles at the focns P ;

and thus the tlieororn is established, or the associative property

of the multiplication of three versors is proved anew.

303, It is therefore demonstrated, in several diiferent ways, of

which some are shorter while others are more elementary, that

the equation already often mentioned (see 293, namely,

is in ftct an idbhtitt, although by no meansalmtMi (compare

108, 292), in this Calculus, when r, # denote miy three ver-

sors ; from which, by the properties (188, 208) of tensors ofpro*

ditrtft, it follows at once that the same equation is identical when

the three iactors denote any theek quaternions. We may

therefore oaiiT obnbrally (compare 136, 194) the point or

other marlc of multiplication, in the expression of any ter-

nary product, and may denote that product by writing simply the

symbol
erq.

kAVe see also that when we introduce (as in 296, 302) the con-

'Heration of spiierical conies, which, however (by 298, 299, 300,

1), it is noi necessary for us to do, then the two partial or M«

tryfroAuief rq and «r, are represented either by portions of
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the two e^iic arc* ofa conic eireumscribed about a quadrilateral,

or else at pleasure by angles at the twoJbei of another conic, tn-

scribed in anoiher quadrilateral: and that certain portions of the

gides of the one quadrilateral, or certain angles at tfi(> corners of

the other, represent the three given JactorSf q, r, regarded as

venora, and their ternary product^ wrq. It may be allowed me
here to state that this focal rbprbsbntatiom of the geome-

trical relations between the tix quaternions r, rq^ sr^ $rqy

was perceived by me almost immediately after the notion itself

occurred quaternions generally; and was exhibited at a gene-

ral min ting of tlie Royal Irish Academy, in November, 1843,

together with various geometrical corollaries, deduced from the

same construction.

304. It is easy now to establish the associative principle of

multiplication geiuraliy^ for Ukyjimr or more quaternions. For

if t denote a fourth given fiietor, we shall have

t . a ifq) » ts*rq^(<U) r • ^

,

by treating alternately the binary products rq and ts as ifeach of

them were a single given quaternion, and by employing u liat has

been already proved respecting the multiplication of any three

factors ; thus we may write,

i , 9rq»' is ,rq^ Ur , q = tsrq,

the points being Offoin found to be needless. And on the same

plan we should pass» with the utmost ease, from the case of/bur

to the case of Jhie given factors, and so to that of any greater

number of quaternions to be multiplied' together: the order of the

factors being still, however, in general essential to be preserved,

because the muitipHcation ot (juaternions has been seen in tornier

articles to be not a commutative operation, though it has since

been proved that it i« an associative one. We may for the same

reason now assert, generally, if we retain the phraseology of

articles 218> &c., respecting the operation of arcual addition^

that this operation also, like the muUiplication of quaternions

which it represents, is associative^ although not generally com-

tnutalive. A similar assertion may be also made respecting

the operation of angular summation, if we understand by the

u
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tpherieed ium of two ang^les on a tplierie Mirfiioe what was de-

fined in article 2G8. And it is important to observe that evni

the commuiative property holds iJ:<)">ii, wlienLver the quaternions

which are to be multiplied are coplanar, or co-axal ; that is

(see 93) when their representative biradiaU are parallel^ even

though they may have opposite aspects^ or although the axes of

the fiictor quaternions may have their directions opposite. For

the same reason, the additum vector ares is a comnaUoiHoe

operation, when the arcs to be added are portions, whether simi-

larly or oppositely directed, of one <jreat circle ; and the sufiwm-

twn ofspherical anylts is in like manner commutative, when their

vertices either coincide, or else are diametricaUy opposite.

305. Regarded as a theorem of spherical geometry, theasso-

eiative property of multiptication, for the case of three versors,

was seen in art. 295 to admit of being stated under the following

form: that a certain arcual equation^

interpreted as in 217* vttAd^ consequence offive other arcual equa-

tions of the same sort, namely (see fig. 58), of these five

:

AB = ^ KL, BC = GH, EF = HI, ^ AC - '-'DE, GI = LM.

To assist ourselves in remembering this result, we may state it as

follows, in connexion with the same figure 58 : xifioe out of the

SIX arcual equations,

' KL«»^ AB,'^GH"'^BC,'^BD«'^CA,

be givenf the sixth tnay be inferred. Here abc and mif are

irUmglest and klohbd may be considered as a Aeso^on, al*

though its sides kl and gb cross ; and if we suppose this hexa-

gon to be given^ we can always choose the two triangles, so as

to satisfy the two first out of the three equations on each of the

two foregoing" lines; namely, hy the process which would he em-

ployed (sec 217, 218) for arcuaily adding gu to kl, and us to

HI: but if the hexagon have been etrbitrarily taken, neither of

A two remaining equations (between »d, ca, and between dk,

) can then be expected to hold good. The theorem invdved in
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the associative principle shews, however, that ifone of these two

remaining equations between arcs be satisfied, the other will be so

loo. We may then state this associative thborbm as followa :

—

IfthefirU^ thirds andfifth sides (kl, oh^ bd), qfa spherical

hexagon (RLaHBo) be relatively and areuaUy bqual to the

firsts second^ and third sides (au, bc, ca) o/oihe spherical triangle,

then the second, fourth ^ and sixth sides (lg, he, dk) oj Ihc ^amk

hexagon are respectively and arcualhj equal to the firsts second,

and third sides fj/*ANO'i her spherical triangle (mif)."

306. We might also^ although less simply, conceive the six

points A» M, B, I, c, as being the six successive corners of

another spherical hexagon ; the arc ab, drawn from the first of

these comers to the thixd» might be called the first diagonal of

this new hexagon ; the are mi, from second to fourth corner,

might be cailctl tiif second diagonal ; and iu like manner the

arcs BC, IF, CA, fm would come to be called the third, Inurth,

fifth, and sixth diagonals, respectively, of the same second hexa-

gon AMbicf. And then the associative principle for the multipli-

eatioD of three versors ought be expressed as follows: ffnvu
successive sidbs qfoHE spherical hexagon he respedhelg andar-^

cutUfy BavAL tofipe successive diagonals ofANoTaBR ^herical

hexagonf the sixth side of thefi^rmer hexagon trill in lihe man-

ner be arcually equal to the sixth diagonal oJ the latter.** 1

once proposed to call this result the theorem ofthe tiro hexagons;

but perhaps the comparison which afterwards occurred to me, of

one hexagon with two triangles (305), is umpler and more na-

turaL

307. The enunciation of the same fertile principle may be

varied in many ways. For example, since the arcual sum of the

three successive sides of any spherical triangle (third plus second

plus first) must he considered as iqaal to zero^ on the plan of ar-

cual addition adopted in former articles ('218, &C.), we may state

the result of art. 305 as follows :

—

Ifthe arcual sum qfouR sbt

qfthree altbbnatb sidbs ofa spherical hexagon VANrsH, when

tahen in a suitable ordbr (fifth plus third plus first), then the

arcueU sum ofthe otrbr sbt qfthree aUcmaie sides ofthe same

hexagon (supposed to be suitably and similarly taken, as sixth

plus fourth plus second) will likewise be equal to zero." If

u 2

Digitized by Google



292 OU aUATEaNlONS.

then we allow the mark ^ to rcmiiid us that + signifies arcual ad^

ditiofij when interposed between two symbob of arcs 90 marketis

we may write the following formula

:

then DK + HE ^ - LG = 0.

The first of these two equations expresses a certain rdatiou be-

tween the positions of the six points K, o» h, d, upon a spheri-

eal Burfiiee ; the second equation expresses another relation ofposi-

tioii between the same six points ; and tho theorem is, tliat these

two relations are so connected^ that each involves the other. It

seems to me that we might also employ, not inconveniently, the

symbol d - b to denote the same dirbctbd abc« or abcual vbc-

TOR (217), as that already denoted by ^bd; in such a manner

that we might write, generally, by a comparison of these two no-

tations, the identity,

And then the recent formula would come to be thus expressed,

perhaps more clearly than before

:

ifo-B + H^a-t-L-K'O,

then K'D-i-B~H + o- L«=0.

We may alto write»

B-H + G-LsD-K, ifH-G + L-K-iB-D.

308. If we denote respectively by

•f^iy; ^t>?»«f ^i,

the twelve unit vectors drawn from the centre o of the unit sphere

to the twelve points

Ay B, C; O, B, f; O, B, l; K, L, H,

upon its surface, then we may consider the three versors r, s,

with their binary products rq^ and their ternary products

« • rg, «r . ^, as equal to certain quotienU of these vectois : for

we shall have by 294, 295, and fig. 58, the equations.
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c3 X y n Kr-^-^; '-7-,.
a K

y f t ft

^ ft

To justify, therefore, the amiflsion of the pami in the symbol

or to establish the anoeiatwe principle, conies to shewing (com-

pare art. 295), that the equation between quotients,

is a consequence oi live other equations of the same sort, namely,

K-P, JL^y.^ ±=.X.
k" a' e fi' n~' ^ a' k e'

And this consequence respecting guotieni» may now be con-

sidered as having been already proveif, through the investiga-

tions respecting arcs and angles, which have been given in recent

articles. Indeed, we lately spoke of a, /3, &:c., as being unit vectors;

but on inspection of the six foreg-oing equations, it is evident that

their lengths may be curbitrarilu chosen, without disturbing the

result : because the five equations,

2^ Tn_TV Ti_ T? Tf Ty Ji^i^Tt.

conduct by ordinary algebra to the sixth equatbn,

TV TT.

since the twelve symbols Tw, Tj3, &c., denote (by 110) twelve

positive or absolute numbers^ which represent the lengths of the

twelve vectors. We may therefore dismiss any restriction upon

those lengths, in inferring the equation

1
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from the five other equations between quotients of vectors, which

have been written above.

309. The six connected equations between quotients qfveo-

torSf which have been assigned in the foregoing article, might

have been mtgguled by oar general coneeptum (art. 108) of the

operation of muUipliettium qfgvatermimSf wichont any sueh con-

struction by representatiFe ares upon a ephere, as was given in

iigure 58. To see this clearly, it may be useful to refresh, as

follows, our recollection of that earlier and (in some respects)

more general conception.

To multiply any one quaternion, ^, by any other quaternion^

it was shewn, in the article just cited (108), that we are in ge-

neral toprepare for the employment of the earlier formula of art.

49, namely,

Transfrctor « Profiustor x Factor,

by making the given muUipUcand quatemUmi 9, and the given

multiplier quaternion, r, assume the porms of a factor, 0 -t- a,

and ofa successive factor, or profactor, 7 -r j3, respectively ; in

order tluu the sought product fjuatemion, rq^ may then emerge,

under the FORM OF A TRANSFACTOR, or as equal to the new (juo-

tient, 7 ^ a. In this preparation of the two given lactors, the

symbols e, /3t 7 are supposed to denote thrbb limes, or vectors;

and the conception of bqualitt of quotibmts, which was de*

veloped in arts. 102, &c., is employed, un order to tna^fbrm (ge»

nerally) the given quaternions, q and r, into two others, which

shall be equal to those given oiies, but shall be better suited for

combination am on*; themselves, according to the general and

damental relation, above cited, between factor, pro&cUir, and

traos&ctor* In other words, it had been^ed by definition,

for reasons assigned in the Second Lecture (arts. 49, &c.) that

the two equaUons,

conduct to an equation of the form

7 s « X a, where * «= r x ^

;

provided that a, /3, 7 denaie three veciore^ whereof a at least is

supposed to be fiol a mill one. This was indeed the veryyaiM-
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dation of our interpretation of the symbol, r x y, or r.<7, or

rq'y it was by this conception oi thansi ac r ion that we gave a

meaning, a distinct signi/ication, to the general expression:

Product of two Quaternions. Thus, notiodeeci withoutr^a-

«nu assigned, but still at last by d^finiiionf we agreed to fix,

generally, that

y^rq. a, if /3 = ^a, and y = r^;

or, eliminating the symbols
f3

and 7, we so interpreted the pro-

duett rq, ofany two qiiolemiotu q and r» as to maks t&us tuk
A880CIAT1TB FORMULA,

UNDB» THB COHDITIONS THAT THB THBSB SYMBOLS,

Of qat and r • qof

SHALL denote SOME THREE VECTORS.

310. We may also say that we have chosen so to interpret

the product rq^ as to render (compare 87) the following formula

an identity^ for quaternions as for ordinary algebra

:

rq = rqa -r- a ;

where rqa is written for r,qa\ and where it is sHU supposed that

a 18 a LiNB (not null), and that this line is so selected, that when,

according to the simpler and earlier conception of the

multiplication of a line by a factor (arts. 40, &e.), com-

bined with the notion of equalities of quotients, or of factors

(103, &c.), this iine a is multiplied ^r«/ by ^, and the product

again multiplied by the two successive results, qa, and rqa^

shall likewise both be litus. Now such a sdet^Um qfihe Hne «

has been seen to be always possibles namely, by taking (see

again 106) for the line qa, or /3, a Hne situated (generally) in the

intersection of the planes of the two given qnateniions, q and r,

with amj arbitrary length, and with cither of two opposite direc-

tions. If the two given planes coincide, or are parallel to eacii

other, then any line, in or parallel to either plane, may be selected

for /3, or for ; but, in every ease, what we may call the Defi-

nitional AssociATivB Formula of Multiplication of Qua-
ternions, namely, either of the two following, in which a, qa,

and r . qa (or r«^a) ai c uLill supposed to be ///it*.
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r^.a = r,qat or rq= rqa ^ a,

gives a definite meaning and determinate value to the symbol

rq^ when that symbol it interpreted hereby. Andfor tkie very

reason^ as was remarked in art.'108> we were not at LiBsaTT,

ff/?fr esCabiisbingf these formula of association, for the casb

where a, (Ja, and rya were li.nes, to establish without

riMioi . this OTHER and more general formula of ihe same

associative kind,

which has been the subject of our discussion in several recent ar-

ticles. For we knew already how to interpret dejinitehj the

four symbols ry, .vr, s . rq^ and sr . q ; and i/*such deliiiite iiiier-

pretations of the two last of these symbols v/etefound (as in fact

ibey have been found) to give tufo equal vaiues, or to conducl to

the general associative equation above-mentioned, this bqoation

was (as stated in 108) to be considered as a thborbm, and not asa
dejinition. It seemed useful, at this stage, to bring this view dis-

tincily before you, although it was partially iioiiced before ; lest

it might for a moment be thought that in all our investigations,

past or to come, respecting the general associative property

of multiplication of quaternions, we were merely proving, with

more or less of pains, what had been previously assumed. We thd

indeed avail ourselves of DBFiMiTiON,sofar as wei(i^ica%coiild^

to assUnHatet in this important respect, the calcuhitions of qua.

ternions to the operations of ordinary algebra ; but this aid was

only valid up to a certain point : .md ht yond that point it be-

came neeessary to have recourse to fhoof, and to employ gtomc'

trical demonstration,

311. But we proposed (in 309) to shew how the six eon-

nected equations between quotients, of art. 308, might present

themselves, without any consideration of ares or angles on a
sphere^ and limply as consequences of that general conception of

multiplication of quaternions which has been discussed in the

two foregoing (as well as in hoine earlier) articles. Now by the

nature of that general conception we are tinvitdialcly conducted,

as we have seen, to the establishment of the three equations.
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when Offif y denote as before, three lines ; such being the very

TTPB of the multipiicatioiiy by which rq is conceived to be pro-

duced, fiul when we come to muUipiif tku produdp f^, at a

new nmUipUcand^ by the new ffiven muU^Uerf we cannot,

without danger of confusion, continue to use the same three lei-

ters, aj /S, 7, although the type is still to be preserved. We must

coiictive in general, that some new line, denoted by some netv

letter^ such as €, is found as the intersection of the two new

planes of rq and in the same way as j3 was conceived to be

found as the intersection of the two old planes, of q and r; and

mi»t then derive, or suppose to be derived, from this new line i,

two other new lines, S and the former in the plane of rg, and

the latter in the plane of just as a was taken In the plane of ^,

»nd in the plane of r; these uew lines being moreover such as

to satisfy the equations,

rq»9^B, s 2 <» therefore, « .r^" (

For the multiplication a x r, we must in general employ another

line »j, namely, the intersection of the two planes of r and s; and

also two other lines, 0 and «, taken in those two planes respec-

tively, in auch a way as to satisfy these other equations,

And finally, to effect the multiplication #r x ^r, we are to take

two lines k and /i, in the respective planes of g and «r, and a line

X in the intersection of those two planes, so as to give the equa-

tions,

312. This process shews then how, withoui arcs or angles 00

a sphere, and even without any preliminary restriction on the

lengths of the lines compared, we might be led, by our general

eoneepiion of multiplication, to establish twelve equations between

(piaternions and quotients; which, by comparisoi) oi the two

values thus assigned for each of the five quaternions,

^, r, rq, sr,

would conduct (as in 308} to the Jive following equations between

quotients of vectors, which are true by the foregoing construc-

tion :

Digitized by Gopgle



ON QUATBBMIONS.

A^ic>^-rai i|-i-d«7-j-/3; i^i)«J^.t;

It shews also iiow we may be led, on the same plan, to i/iquire

whether these five equations involve, as a consequence^ that sixth

equatioo between quotients, namely the equation

whieh is found by comparing the values of 4r • g and t . rq. For
unless this sixth equation can be shewn to be a consequence of

the other five, we shall not have provetl the general assoeiativo

principle of multiplication of three quaternions, at least on the;

present plan ; and if it could be shewn that the above-mentioned

consequence did not exist* this associative principle would be

overthrown. But if, conversely, this consequence shall be shewn

to be valid* we shall thereby have prwd the truth of that as-

sociative principle; for the five equations give, asexpresaionafor

the two members of the sixth, if we adopt for shortness the no-

tation ol ii actions (i 18) :

K Ak da nO a c/3 a'

I «S sa i'^a'

com pari nir, therefore, these values, we shall have« generally, by

tlie sixth equation, the formula,

C ji a t ^ a

where the thne quotieDts

nay represent any three qmtenwme^

notwithstanding that s has been supposed to be coplanar with a
and y. To aueri then that the sixth equation of the present

article is a consequence of the former five equations, is merely to
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CNUNci A i K, as a theorem about certain quotients 0/ twelve vec-

iorst the principle that

lint having thus shewn that the cnuuctation (or expression) of

this associative principle might naturally concluct, without any

reference to a sphere^ to form the foregoing system qfsix con-

nected equatuma between six guolimUs 0/twelve lines m tpac€^ I

ahali be oontenC to allow^ for the present, the denumatraiion cf

the same aMociatitre principle to rest on what has been shewn in

the present Lecture (296, 302), in connexion with certain curves

upon a spheric surface ; or on the comparatively elementary in-

vestigation with spheres and planes, in nrts. 298 to 301 : althoug-h

(as has been several times said) a new and independent proof of

the same general and important result will offer itself to our no-

tice hereafter, in connexion with the distributive principle.

313. The tame assoetatiTe principle may be etaUd in other

ways by means of quotients of Teetors, nnd of binary products

thereof, without its being necessary to employ so many as twelve

lines, or so many as six equations. For example, this principle

will be sufficiently stated, if we in any manner express that the

following formula is in the present cakuius an identity i

t a ji e a j3

'

because any three given quaternions may be pul under the forms

of the three quotients,

a 7
3* r*

and no essential generality will be lost, if we assume at the same

time the eopkmaritif^

« III «» 7-

liut tiiits last relation allows us to introduce tino^Aer vector co-

planar with a, 7, c, and such as to satisfy the following relation

(which is in fact the fourth of the live given equations l>etween

quotientSi in 308 or in 312)

:

i sZ; or by alternation (130), ^= ^.
c a o i
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And since this relation conducts to tbe value,

t a ^

we nee thai we may express the associative prindpte by stating

that

I'he PRODUCT OF TWO QUOTIENTS ofvectors remains therejbre

UNALTBRBD IN VALUE, whcn the dividend vectOT (y) of theMai^
aplieand quoUent {y^ /3)i and the divisor vector (c) of the wmU
iipHer quotieni ({^ aae chamobd togsthxr, to any I10O neip

vectors (a and B), to which they are proportional (in theJuii

sense of arts. 103, 129, &c.). And we sec that in this Jbrm of

symbolical expression of the associative principle, only six vee^

tors (a . . . ^) are introduced. If we choose here to bring in

again the quatermons, r, s, it is easy to see that we have

merely been expressing, by the last formnU^ the following asso-

ciative identity

:

{9*rq)q'^^9(rq,q-^)\

whereof each member » sr. Or if we prefer to employ swns of
areSf we may say that^ in fig. 58,

DF + BA = EF + BC, if DA = EC.

And it would be easy to assign a geometrical interpretaiion for

this result, by means of spherical contcf

.

314. In the notation of redproeais (117, &c.), and with the

aid of :i few inversions and alternottons (130), the six equations

of recent articles may be expressed and arranged in two sets <^

tiwee^ as follows

:

icX-'-«0-'; &-»-iry-»;

the sixth being still that one which is to be a consequence of the

other five. Now whatever arhOrarff vectors may be denoted by

thefine symbols c, i|t 9, ic, X, we can always find two other vee*

tors, /3 and c, which shall satisfy the four canditions of coplana-

rity,
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and can afterwards determine>^ other Tectors, 7, f^ to as

to satisfy the two first of the three equations of each of the two

sets lately written. In this manner we shall have the two follow-

ing values of two binary products of (quotients

:

and four of the five given equatioir^ will he satisfied, without any

restriction being imposed on or on the five vectors f, q, Of ic, At

from which the six other vectors a, /3, 7, t, fif huwe been de»

rived. But ifwe are to satisfy also the remmning gi?eD equation,

namely, the third of the first set» as written in the present article,

the comparison of the two values of ay'^ shews that the six vec-

tors o, £, i;, 0. X, are then not wholly arbitrary, but are con-

nected by the following relation (restricting indeed partly even

the^ve vectors t, i|, 0, k» X)

:

Conversely, if these six vectors be connected with each other by
this relatioui we tee that we can choose the six other vectors

09 ff 1* fi| so as to satisfy the whole system of theJive giten

equations between quotients ; and then, by the associative prin-

ciple (supposed to be now kmum\ we can infer that the sixth

equation uiao is satisfied. Hence, by comparison of the two va-

lues of we are conducted to the loUowiug formula, involving

only six vectors

:

if8f-»»jcX-^^i,-\ then « £1, 1 . ^X-».

3Id. It follows then from the associative principle that when-

ever one quotient of vectors (such as $ 4. f) is given equal to the

product of two other such quotient, taken in a determined order,

we are at liberty to interchange the divisor line (e) ot this pro-

duct with the dividend line (k) of the multiplier (k -f- X), provided

that we at the same time interchange the divisor line (X) of the

tame multiplier with the divisor line of the multiplicand

(fi ^ leaving unchanged the two remaining dividend lines

($, 9)f namely, those of the product and multiplicand. Recipro-

cally we may perceive that the assertion of the right to make
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these interchanges, without disturbing the equality between one

qootient and the product of two others^ it a mode of emmcuUing

the associative priocipie. For by a process which would simply

be the immte of that adopted in the foregoing article, we might

shew that the final formtda of that article b equivalent to the

assertion that one of the six equations between quotients is a cun-

S4;quence of the other five; but the assertion ot this consf<}uence

was shewn (in 312) to involve an enunciation of the principle re-

ferred to. In the notation of sums ot arcs, the same final for-

mula of 314 my be stated (compare 307) as follows:

if I K + ^ HG BD,

then HK + LG KD

;

offlhnt:

B-H+G-L«=D-K, ifK-L + 0-H«D-E.

316. The final formula of 314 may also be thus written :

if ^ On *) « = ^1 tben (cn'i . 6>A ^ ic - 3.

Tbal b to say, ifthe^ vectors t, i|» 0, X, «^ he so related that

the mnltiplicatioo ofthe veetor t by tbaqoatemion i^'^ • (or

by tlie product of fractions,
^ ^ gives oay one Ime (S) as the re-

sult, then Uie muitijilication of the vector ic by the quaternion

ni~^ • BX ^ will give the mine line (£) as the product. U»dar tkU

fiarmy with the poinU andpaftnthe$e9 above wiitteu, we may be

considered as MiiU only egpretnng in a new way the associative

principle of multiplication^ for any ihree quaternions ; but if we
now regard that principle as having been already proved (by any

of the methods given in arts. 293 to 303), and remember that in .

304 the same [)riiici[)le was cxtLMided to any numficr of Uctors,

we see that, as an inftrtuct Iroui the a'ssociative principle, we

may oait^ those poiats and parentheses, and may wiite simply.

Or because the five fiictots here considered, including the rem*

procab of i| and X» may denote oayJiue Mdorf, snhfod only to

tiie condidon which tiie formula tlie{f expresses, we may laka

any oth&r UM. Ofuek btteis aa symbob of these iMtoiu and their
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product ; and may, therefore, write, with equal generality, and

with somewhat greater aimplicityt the formula*

i^/3a « it if aj^-^Ci « Z.

In words, " if the continued proddct of five vectors be a

VECTOR, when they are taken in any one order, their cont'mned

product will be equal to the SAME VECTOB, whcH they are taken

in the opposite order."

317. It is obvious that tbis last mult is analogous to the

equation of 190«

fiXx = kX^i, if /Lt
III \j K ;

or to the two connected equations of 194,

where a, y were three coplanar /tnet ; under which condition

qfceplanaritp alone (by the preceding Lecture), either the can-

Hnuedprodud of three lines, or tkejintrth proportional to them,

can be iiadfa Une, But we are ntno prepared to prove, more

generally, that if the continued pi-oduct (v/'any odd NUMiiEu

OF VECTORS be a LINE, it is EQUAL to the product of the same

vectors, taken in an inverted order; for example, for seven

such fiictors, we have the formulat

nZthi^^ = ajBySfSii, if either - 6,

In fiEUSt, the equatbn (190^ 223),

K.rig» Kq. Kr,

gives evidently

or simply, by the associative principle,

the points being omitted as unnecessary between the symbols of

the thteejactors Ks^ Kr, Kg, in the second member of this last

equation ; but one point being retained in the first member, to

express that the eharacteristic K opbeatib on all that fol-

lows IT in that member, namely, on the ternary product srg.

In like manner, if I be any fourth quaternion,'we have

Digitized by Google



304 ON aUATBUNIONS.

K (/ . srq) =K.srq.Kt;
that is

K . tsrq = K<] Kr Ks Ki :

and to oily for any number of factors. The resalt of 190 may,
therefore^ be thus extended :

—

*^ The etn^itgate qfihe product qf
any number ofquatemioue ie equai io ike product qfihe conju-

gates, taken in an inverted order," But also (by 1 14) the couju'

gate qfa vector is equal to the negative of that vector ; thus.

We have, therefore^ not only the formula (see 89, 193),

for the case of two vectors, but also these others

:

K . yj3o = - ajSy,

the sign + or - being used, according as the number of the vec-

tor &ctors is eoen or odd. Hence,

if7Pa = S, then a0y = -KS-S;
if cSV/3a«;, then a^ySc— HZ^Zl

if lf&$y^a» 0, then a^yltZn » - K 9« 9

;

and so on, for any odd number of vectors. The theorem enun-

ciated in the present article, respecting any such product of vec-

tors, is therefore proved to be true; and we see, conversely, by a

principle stated in 187, that if the product ofany odd number

ofvectOTB be equal io the product ofike same veetore taken in an
iNVERiEu oiiDKiiy i/iis product is 1 a vector:'' because it is

equal to the negative of its own conjugate.

318. On the other hand, if the number of the vectors be

eveup the same reasoning proves that their continued product is

changed to its own negatwe^ if this product be a /Me, and if the

order of the footers be inverted : thus, not only have we the for-

mula (compare 82) for two vector footers,

ai3«K./3a--^a,ifi3a»Y,

but also, in like manner,
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apyd' = - ^yftof if ^7/3a =

afiy^ii = - if it^yiia = q, &c

And conversely, i/the continued pruduct of any even number of

vectors be equal to the negative of the product of the same vec-

tors taken in an inverted order, then each of these two products

is equal to a line* I may just notice iiere» what you will have

DO difficulty now in proving for yourselves* as an extension of

the tesult of art* 192, that whatever the number o/Jhciors may
be, and whether they be vectors or quaternions, the reciproeai

of the product is always equal to the product the recipro-

calsf taken in an inveritd order,

319. Again, the property of being equal io their own conjw

gates is one which belongs ( 11 4) to eealare^ and to no other quater-

nions ; for it is only when the angle of a versor vaniehea^ or be-

comes equal to two right angUif that no real change in the final

ifireetion of the turned line, or versum (65), is produced by re-

the direction ofthe rotation (89), in order to pass to the

cohjut/ate versor. We have then not only (compare 85) the for-

mula,

aP»K. /3a-^a, if jia^a,

but also

o^yS - K . -^0a, if >» b,

and in like manner,

aPy^i'-Ztdylia, If this-C, Scc.;

Of b,e being here used to denote some scalar values. And con-

versely^ ifafi'^pOf or ifa^B^^^ &e., then each of these

two equated products of some given and eoen number of vectors,

in whi^ the onUr of the ftetors is inverted in passing from one

producr to the other, must be equal to sotne scalttr valucy such as

a, or dy &c.

320. Some interesting examples ofcontinued product* ofveC'
tors are supplied by the consideration of rectilinear polygene, in'-

scribed in a circle^ or in a sphere* And first, for the case ofa

plane triangle^ abc, we know (by 197, 198) that the product

CA X BC X AB, or (a ~ C) (C - b) (b - a),

X
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of its three successive sides, regarded as three vectors, is another

rector, vvhich has the tlireetiori of the taiKjent at the rtr^t corner,

A, to the circle circumscribed about the triangle, or more parti-

cular)y» the direction of the tangent to the ^e^men^ abc of this

circle; namely, the tangent at in the annexed figure 66: so that

the product line thus found represents

the initial direction ofthe motion almg *

^

the circumference,from a through b toe.
^fi!^
—

/

(Contrast with this ti»e direction founcl —
^^^ii)

in 131, for the fourth proportional to p'/t/ \ /\\
BCy CA, and ab.) Let d be a fourth

[ V "
"A- / / I

point upon the same circumference,
\f* \ \ T'/ . \l

taken (at we shall at first suppose) be- 3aQ^ ^^y^
tween c and a, on the continuation of ^^^Nsi\ Z^^^^^

T ^<:sii/^.^^ —

#

the arc abc; 80 that abcd is (compare \

fig. 27, art. 132) an inscribed and uncrossed quadriiateral; then

the continued product,

DA X CD X AC, or (a - d) (d - c) (c - a),

by the same principle respecting an iaieribed triangU^ is con-

structed by a new line, which has the direction of the «ame fan-

geni AT to the circle as before. If, on the other hand, a point d'

be taken on the arc abc itself, so that (compare fig. 28, art. 132)

the inscribed quadrlhitt ral abcd' is a crossed oae, then the mo-

tion along the circumference from a through c to d' is opposite

to that from through b to c ; and the continued product

d'a X cd'x AC, or (a - D*) (d'- c) (c - a),

is representiid, as to its direction
^
by the opposite tangent, at', in

the recent figure 66* Multiplying, then, with the help of the

associative principle, the product of the sides of the first trianglet

ABC, by the product of the sides ofthe second triangle, acd, and

observing that the product oftwo opposite vectors,

AC X CA, or (c - a) (a - c),

IS always (by 84) a positive scalar^ we see that the continubd

PRODUCT,

DA X CD X BC X AD, Or (A - d) (O - c) (c -b) (B - a),
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of the FOlli SIC CHSSIVB SIDES ofotl UNCROSSED QUADRILATBRAL
IN A ciaci'E, ABCD, f« equol to a negative scalab; because it

can only differ by a scalar and positive coefficient, or molttplier,

from the product at x at, or from the square of the tangential

vector AT, which square (by 85) is negative. On the other hand,

for the inscribed but crossed quadrilateral abcd', the product

of the lour successive sideSi

d'a X cd'x bo X AB, or (a- D*) (©'- c) (c-b) (b - a),

may be shewn, by the same mode of reasoning-, to be a positive

scalar ; because the product of the two opposite tangential vec-

tors, AT and at', is positive. We have, therefore (by 1 13)| the

following values for the versors of these two quaternary pro'

duets:

U.(a-1>) (d-c) (C- b) (B - a) = - 1
;

U.(a- d) (d'-c) (c-b) (b-a) = + 1.

321. We see then that the continued product of the four sue>

cessire sides of a quadrilateral inscribed in a circle is always

equal to a scalar ; a conclusion which, geometrically considered,

contains a characteristic property of the circle (compare 200);

and, which as a symbolic result, appears likewise to be peculiar

(compare 198) to the calculus of quaternions. The formulas re-

cently vrritten to express it may also (by 113) be thus traus-

foimed (compare again 200) :

U . (d - c) (c-b) (b - a) = U (a - d) ;

U . (d' - C) (C - B) (B - a) = U (d' - A) i

or thus:

U.(c-b) (b-a)«U.(c-d)(a-.d)«U.(c-d') (d-a);

or finally thus

:

A-B D-A A-D

And under this last form, you will easily find that the result ex-

presses, in the notation of this calculus, the well-known supple-

mentary relation between opposite angles (abc, cda) of an un-

crossed quadrilateral in a circle, and the equally well known

relation of equality between angles (abc, ad'c) which are in one

X 2
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common sefftnent. See the curved arrows in the recent figure 66.

And the eqnRlity of llie angle a»c to the angle t ag (ber\\eea

the chord ac and the tangent at' to the alternate segment) may
be expretBed hy writing, as the ealcuiiis allows at to do» with the

help of the Btiociative priodple»

U.(C-b)(B-a);= U((c-a).(a-c) (c-b) (B-a))

« U . (c -a) (t- a) ; that is,

A - B* T - A

In seTsral recent tiansformations, we have employed the princi-

ple, that the tirsor of thb product ofany number offathom

(whether they be vectors or quaternions) is equal to the puoduct

OF THE VERSO Rs ; which is an extension of the corresponding

result of art. 1B8» respecting the versor of a product of two qua-

ternions, and may be expressed symbolically by the formulsj

un-nU:
this latter being aoalogoas to the formula Tn »nT of art. 208,

which denoted the analogous exteniion of the result of 188, re-

specting the Un$or ofa product.

322. In the same figure 66, let be a new pointy on the are

ABCD prolonged ; and complete the inscribed and uncrossed pen*

tOffOUf AucDB. The ternary product,

BA . DB • AD, or (a - B) (B - D) (D - a),

is a line in the direction of at ; multiplying this line, thereforef

into the quaternary product of the sides of the quadrilateral abcd,

whida hsn been found to be a iMgatlve scalar,

(a-d) (b-c) (c-b) (b-a)<0,

and remembering that the following product of two opposite

lines is positiye,

(d- a) (a-d)>0,

we find, by the associative principle, that the following quinarjf

product <i/ vectors

f

BA. DB.CD. nC. AB*<A-B) (B-D) (1>-c) (c - b) (b - a),
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namely, the /jrodurt oftheJive successive sides of the iiLscrihed

(liid uiicros.sed pentayon AiuDii, is a Uiiv tiavinir the diiecLion of

the opposite tangcsUied vector, at'. Had we choseu to consider

dther of the two inscribed and crossed penCagtnUf abcdb\ abco%
in the sane figure 66, yre should have found by similar reason-

ings, that the product of the fiye successive sides of each penta-

gon was equal to a line in the direction of the origami tangent

AT itself, and not in the opposite direction. For an inscribed

hexagon, the product of sides would be found to be again a sca-

lar. And so proceeding, we rnigiit shew with ease that the

product of the successive sides ofa polygon inscribed in a circle

f# equal io a bcalar» number ofthe eidu be svbn; bui to

a TANOBNTiAL TBCTOR, drawu tU tkefirei comer qfike pofygon^

if the number qfeidee be odd." It is worth noticing that in each

of these two cases the product remains unchanged (by 317, 319),

when the order of the factors is inverted.

323. Passing now from plane to gauche poiyyons, that is to

rectilinear and closed iigures which are not contained tn any sin^
,

glepUmet let us consider in the first place a gaughb (or ^enl)

QDADBiLATBBAL, ABCD, inscribed in a spheric surface. Tlio

'

planes of abc and ago l>eing noWf by hypothesis, distinct^ they

cut the sphere, in two different circles, which may be conceived

to be projected orthographically, in fig. 67, into two ellipses, on

the tangent plane at a : iiiui

the same two secant planes cut

also this tangent plane in two

different straight lines^ at and

au, neither coincident with nor

opposito to each other in direc^

tion, but touching respectively

the two circles (or the two el-

lipses) just now mentioned.

We may also eonceive that these

tangents are so chosen as to touch the segments^ abc, acd,

themselves^ rather than the alternate segments of the two cir-

cles just now mentioned; and then (320) the two ternary pro-

ducts of vectors,

(a - c) (c - u) (b - a), and (a - d) (d - c) (c - a), •
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Will be Unes, in the directions, respectively ^ of ihege ttvo tan-

yentSf AT and au. Hence by a process the same in principle as

that of art. 320, and only slightly modified to meet the present

question, we find that the quaternary product^

(a- d) (d - c) (c - b) (b - a),

of the four suocewiire sides of the gauche quadriiatcraii diffm

only by a scakr and positive eoefficient from tliat qnatetiiion

whieh is the produet of the two tangential veetoia; so that the

wrwn of these two products mast be equait and we may write

the following equation

:

U.(a-d) (d-c) (c-b) (b-a)-U.(u-a)(t^a).

324. The radius oa (if o be the centre of the sphere) is of

course perpendicular to boik the tangents, at and au ; it is evi-

dent, therefore, from our general principles respecting the multi-

plication of any two lines (88, 273) that the unit-axis of the

recent quaternary product must either toinctdt with, or be op-

posite to, the direction of this radius, according as the rotation,

round the radius prolonged, from au to at, is positive or nega*

tive; we may then write,

Ax . (a - d) (d - c) (c - b) (b - a) = i U (a - o).

With respect to the angle of the same quaternary product, con-

sidered as a versor or as |a quaternion, it is equal, by the same

general principles, to the M^pplemen^ of the angle uat al a, be-

tween the two tangents au, at ; or to the angle between at and

au' (ua prolonged through a) ; or finally, to the angle at a, upon

the surface of the sphere, between the two small circlb arcs,

ABC and ADC, as suggested in the annexed

figure 68. We know then perfectly how to

interpret the continued product of/bur sue-

ecBsive Ma of amjf gauche guadriUUerai

:

namely, by eireumecrtUng a ephere about it,

and then proceeding as above. For the ame
of the product is a normal to this sphere &t

the first corner a of the quadrilateral ; the out-

ward or inward^direction of this normal heing

determined, as above, hy the character of a

certain rotation : and the an^ of the same
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product is the angle f(fthe hmuU abcda. Ifwe agree to give this

name lvndlv to thefigure hmmdtd (^nerally) hy two poriions of

small circles on a sphere (as here by air: and adl ), which portions

may he greater than halves of those small circles. With respect

to the tensor of the product, it is of course still equal to the pro-

duct of the tensors, or to the product of the numbers which ex-

press the lengths of the four sides of the quadrilateral. When the

point D approaches inde6nitel]r to the plane of abc, the inscribed

quadrilateral tends indefinitely to become a plane one ; and the

angle of the product of its aides, being still equal to the angle oi

the lunule, tends to vanish for the case of a crossed figure, but to

become equal to two right angles for the case of an uncrossed

one ; and thus the results of 320, respecting a quadrilateral in a

circle^ are reproduced as Itmite of mote general conclusions, re-

specting quadrilaterals in a sphere.

385. If we pass from the gauche quadrilateral abcd to a

gauche pentagon, such as abcde, inscribed in the same sphere,

and draw a line av at a to touch the circle or rather the sej^rment

ADE, this new tangential vector av will have the direction of the

vector which is equal to the ternary product,

(a-b) (b-d) (d-a).

Again, the following product of opposite lines is positive,

(o-a) (a-d)>0;
and the ternary product,

AV X AU X AT,

of three coplanar tangents to the sphere at a, is anolher tine in

the same tangent plane ; hence the ^juifiarg product of the five

successive sides of the inscribed pentagon

f

(a - b) (b - d) (d - c) (c - b) (b - a),

is a linet having this last mentioned direction in the tangent

plane to the sphere at a. We may, therefore, write,

U.(a-e)(k-d) (d - c) (c - n) (b - a) «

U . ( V - a) (u - a) (t - a) ;

and may eonetruei the direction ofthe Une^ which is the value of

this quinary product, by means of a tangent aw at a to a new

Digitized by Gopgle



312 ON QOATBRNIOMS

dnle ; namelyi to ooe situated (see the ennexed figure 69) in tlie

aame tangent plane to the sphere,

and eotting the lines at and ay in ^
two points t' and v', such that the

joining- line, or chord rV, of this

new circle, may be parallel to the y'

line AU, or to the plane agx^ And
so prooeediog, for hezagoo8» hepta*>

goni^ inscrihed in the same

sphere^and having their first oomers

at A, we ghonld always find reductions of the same general eharao-

ter; namely, to products of four, five, or more tangential vectors,

all situated in the plane which toiiche? the sphere at A. But in ge-

neral it is easy to shew that not only for three coplanar lines, but

for any odd number of such vectots» the product is a /Me» in the

mmB plane ; and that not only for two^ hut for any eeen numher

of ooplanar veetorsy the product is in general a qwUmion whose

mU is perpendiaUar to the oomnton plane. If then we inscrihe

in a sphere a rectilinear polygon with any odd number of sides,

for example, a gauche heptagon abcdbfg, the product

(a-g) (g- f) (f- a) (« *D) (d - c) (c - b) (b - a)

of its successive sides will always be a line, constructed by a rco-

tilinear tanffent to the sphere at the first comer a of the polygon

;

but if we inscribe in the same sphere a polygon with an eoen

nunahcr of sides, suppose a gauche hexagon, abcdef, thcu the

product of its successive sides,

(a- f) (f - b) (b-d) (d -c) (c - b) (b - a),

will be in general a quaternion, of which the axis will be wor-

nuU to the given sphere at the point a, while the plane of the

same quaternion will be ianffential to the same sphere at the

same point ; or at least paraU/d to the tangent plane at that

point, a distinction which, however, is unimportant m the present

theory.

32(3. The theorem respecting a tentagon in .v sihl in,,

vhich was proved in the last article, namely, that the product of

^ five successive sides is a or a vector^ involves a property
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which 18 ekaraeieri9He of ike spheres .ai)<l ralSeet to distiit-

GUisH thisfrom evehy other curved surface. In iact ?yt}ie

quinary product of liie sides be equal to any line aw,

so that

(a-b) (b-d) (d-c) (c-b) (b-a)-w-a;

and if, as is allowed, we conceive the same three ternary pro-

ducts, as before, of sides and diagonals, to be constructed, in

lengths as well as in directions (see 198), by three other lines,

ATy AU, AV, which shall touch respectively the three circles abC|

Aco, AOB, and shall give the three equations,

(a - c) (c-b) (b - a) = T - A,

(a - d) (d - c) (c - a) = tJ - A,

(a-b)(b-d) (d-a) = v-.a,

we shall then, by the associative principle, have the expression,

^
(v~a)(o-a)(t~a)

(o^a)(a-d).(g-a) (a-c)*

in which the deiiorninator is a positive scalar (as being the pro-

duct of two such scalars), and therefore the numerator, like the

fraction, must denote a line. The three lines at, au» ay must,

therefore, be copUmar; because three lines which are not eon-

tained in any eommon plane have (as has been shewn) a quaier*

nioth bnt not a vector, for their product. The three lately men-

tioned circles, namely, abc, acd, ade, have therefore their tan*

gent^ at a contained in one common plane ; which (if their otvn

three planes be distinct) is evidently the tangent plane at a to

the sphere abcd, circumscribed about the two first circles, or

about the gauche quadrilateral, abcd. Thus the third tangent

AT must be the intersection of this ungent plane with the plane

of the third drcle, adb; and (^this third circle coM differ from

the circle in which its plane adb cuts the sphere abcd, we should

have two distinct circles, in one common plane, intersecting each

other in the two poiiitis a and d, and vet having; a common tan-

gent AV, at one of those two points of intersection ; which would

evidently (by Euclid) be absurd. The circle adb is therefore

not distinct from the intersection of its plane with the sphere

abco ; or, in other words. Mm ^here contains that circle* That
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is to say, the gauche pentagon abcob, of which the product of

the five successive sides has been given (in the present article)

to be a /me, is, Jbr that reuaon, a pmtaaon insckii'tible in

A 8PBBRB : and its corners, a, b» b» are five HOMOSPJLSiiic

POINTS.-

. 327> The existence therefore of such 4 AoMMM^iAtff^ re&rtm
between any five points a, b, b, or the eonditUm required

for those five points being situated upon one common tpherie

surjace, may be expressed in this Calculus by the following

BQUATION OF UOMOSPUiERiClSM :

AB.BC.CD.DB.BA » BA*DB.CD»BC.AB;

where ab is used as a symbol for the vector B - a, &c. ;
because,

by 317, if the product of five vectors remain thus unchanged

when the order of the factors is inverted, that product is iUeffti

vector. And that other condition which is required for Jbmr

points A» Bf Cf D» being situated upon one common eircie (or

rather on one circular circumference), or the general bquatioh

OF coNCiRcvLARiTT, may (by 319, 320, 321) be written under

the closely analogous form

:

AB . BC . CO . DA « DA . CD . BC . AB.

328. Indeed we might deduce this latter equation for the dr*

de^ from the former equation for the sphere. To shew thisi con-

ceive first that ABCD is a gauche quadrilateral* and that B is a
point upon the circumscribed sphere, extremely near to a. The
veetor ui:, or the fourth side of the inscribed pciitairon aucdb,

will then almost coincide with the vector da, or with the fourth

side of the gauche quadrilateral ; but the vector ea, or the fifth

side of the pentagon, will be a very short line, almost tangemikU

to the sphere at a, but otherwise arUtnar^ in its direction^ even

when the quadrilateral Js given. Passing then to the Uwnl^ ot

supposing that (according to a phrsseology oflten used) the point

B is infinitely near to a, we see that the plane qf the quater"

nionf which is equal to the product

DA.CD.BC. AB, Or (a-D) (d - c) (c - b) (b-a),

must coincide with (or be paiallel to) the Umgentplane at a lo the
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sphere abcd ; because its conjugate quaternion, ab . Bc . CD . da,

when operating as a raultiplier on a line ea of arbitrary direc-

tion in that plane, produces a line. This result is iodeed tn-

cluded in what was foundt at the end of art. 32^9 respecting in-

scribed gauche polygons with any even number of sides ; and» as

relates to the inscribed and gauche guadrHaierai, it agrees with

what was shewn in 324, respecting the normal character of the

axis of the quaternion da.cd. bc .ab. Still it appeared to be

instructive to shew how this property of the quadrilateral could

be obtained as a limit from the property of the pentagon in a

sphere : and if we now suppose the gauche quadrilateral to/lat'

ien grsdually into aploM one, without ceasing to ha inscribed

in a sphercy it will come at last to be imcrUted tin a dreh,

through wUch indefinitely many epheree may be conceived to

pass, 80 as to haye this eirele abcd for the common intersection

of all ot them. There would, therefore, be iound, in this way,

indejinittly many pianesj intersectinof each other in the tangent

to the circle at the point a, any one of which planes would have

as good a title as any other to be regarded as the (indeterminate)

tangentpUme at a to the (indeterminate) sphere abcd; and con-

sequently as the plane of the product, oa . CD . bc . ab* But the

only case in which the pkme ofthe product of given and deter-

mined factors, all different from zero, and taken in a given or«ier,

can (in this calculus) be indeterminate^ is the case where this

product degenerates (122, &c.) from a quaternion to a scalar.

The scalar character (321) of the product of thefour successive

aides of a quadrilateral inscribed in a ctrde, is therefore found,

by these considerations of limits^ and by the rules of the calculus

of quaternions, to be dedudbU from the vector character (32$) of

the product of theJive successive sides of a pentagon inscribed

in a sphere.

329. From what has thus been shewu respecting quadrila-

terals and pentagons in spheres, several consequences may be

drawn, a few of which shall be stated here. Suppose then, first,

that it is required to express that the pdnt p is on the plane

which touekee at a the sphere abcd; we may do this by express-

ing that the quaternion product of the (bur successive sides ab,

&LC.f of the quudrilalei'ul aocd, when multiplied by llie tangent
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AF, or ^at this latter tangfent multiplied by the conjugate of that

quaternion, produces another line; or (see 317) that these two

multiplications conduct to ono common result: that is, in sym-

boia, by the formula,

AB . BC . CD . DA . AP » AP • DA . CD . BC . AB.

Such, therefore, relatively to the point p, is one form of the

EQUATION OF THE TANGENT PLANE tO the Sphere ABLD [it A.

We see then that if the sphere be finite and determinate, or in

other words if the quadrilateral abcd be gauche^ so that the fbU

lowing EQUATION OF COPLANABITT of thefaWT poiott A, B, C, D,

AB • BC. CD B CD . BC . AB,

is not satisfied, the two following equations between the Jwe
points A» B, Cy D» By

AB.BC . CD.DB •BA»BA.OB.CD.BC. AB,

AB . BC • CD • DA . AB » AB . DA . CD .BC « AB,

must be incsnnpatihle^ except under the supposition that

B = A, or AE a a null line

;

that is (when abcd are not coplanar) the two last equatiooB be-

tween the five points a . . . b can only eo-eB»»< under the sappo-

sition that b eaincides untk a. In fiwt the 6rsft of those two

equations expresses (by 327) that b h m the spheric nerjhee

ABCD; while the second ecjuatTon expresses (by the present arti-

cle) that the same point k is on the tangent plane to the same

sphere at A. When we come to establish and develope, in the

next Lecture, the distribuiioe principle of multiplication of qua-

temionsy we shall be able to confirm this result by a simple pro-

cess of caienlation.

330. Again, let It be required to itiaeribc^ in a givmt cpherc^

a gauche quadrilateral^ abcd, whose fi)ur saecesstve sides,

AB, . . . DA, shall be respectively parallel to Jour given radit^

oi, OK, OL, OM. In the an-

nexed figure 70, let G be a ^
point of crossing of the ares

IK^ LM» and take two other IP —
points F, H, such that i/ ^.^-^ \^

FO IK, OH o Lll ; W H
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then either pole of the yveat circle \ n may be takeii as the sought

position of thejiral corner a of the quadnJateral to be inscribed*

For the quateraion da . cd . bc • ab can only differ by its tensor

from the product of the four parallel radii, ox . OL . ok . oi| or

fifom the product of the two quotieatt of radii,

OM -h OL X OK OI » OH -i- OF

;

the tanffent plane at the sought point a Is therefore parallel (by

328) to the plane of this last quotient of radii, that is to the

plane of the two radii of, oh themselves. And as to the ambi-

guity ofpole ot the great circle fh, giving tico opposite points

upon the surface, either of which may serve as the position of

the first corner a, it is evident that such an ambiguity oagkt, by
the very nature of the probleni» to exist ; for if there be any f»-

eeribed polygon^ abc . . . and if we pasa ham each comer to

the point diametrically oppoeiie thei«to, upon the spheric surface,

we shall thus form a new inscribed polygon, a'b'c' . . . z', of which

the sides shall be respectively paraUei to the sides of the old ooe,

aV I ab, b'c' D bc, . . . aV 1 za.

331. The process of the fofegoisg article, for ineribing a

gauche quadrilateral with sides parallel to ibur given radii, was
properly an analytic process; in the sense that it assumed the

possibiliLy oi the re(|uirc(l inscription ; or that it only proved that

if any quadrilateral eould be inscribed, according to the given

conditions, then the first corner must Jiave one of those two dia-

metrically opposite positions, and a', which are the poles of the^

great circle fh. A converse and syntheiie process has still to be

assigned, which shall shew d patUnm^ though still (if we think

fit) with the help of the prmciples of quaternions, that each of

the two points a, a', is infact fit to be the first comer of an in-

scribed quadrilateral, ABCD or a'b'c'd , wiiich shall satisfy all the

conditions of the question. And for this purpose it appears to be

useful to consider here cuiother problem^ which is also otherwise

interesting, respecting lectilinear polygons in spheres : namely,

to assign an expression for the radius, oPa, lieloBging to a
system of n radii,

OPi, OP^, . . . OP»,
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which are formed or derived in succession from a given inicial

radius op, by inscribing a system of n rectilinear chords,

pp|. Pi Pf, . . . p».i p«,

respectively parallel to n given radii oi the same Bphere, which

may be Ihus denoted,

Olif o^, . « . ou f

or to any other n gi?en linet in space.

332. Conaider for this purpose any two radii 0A| ob, of a
eircfe (a great drcle of the sphere), and draw, as in the annexed

fignre 71, the diameter coc' parallel to

the cliord AB ; draw also the diame-
Flg^^.

ter bob': and let it be required to ex*

press OB, or its opposite ob', by means

of OAandoc(oroc'). Heroybeeansea

conical rotation through two right an- C|

gles, round dther oc or oc* as an axis,

would brine: the radius oa into the

position OB, it results from the pre-

sent Lecture (arts, 290, 291) that this

radius ob'may be expressed as follows

;

0B'= oc X OA -t- oc = oc' X OA 4- OC'.

Bui OB is opposite to ob'; wherefore

OB = - oc X OA -h OC »- oc' X OA -r OC'.

Or writing for condsensas,

OA >= a, OB • oc » Jf

the exprassion for 0 as a fonctioa of o and y is found to be

:

333. It Is worth observing that this expression holds good,

whatever arbitrary length may he assigned to the radius of the

circle, or to the two equully long lines a and
ft.

The same

expression is valid also independently of the length of y, which

symbol may denote any line parallel to the chord ab, with either

of two opposite directions, or any portion of that chord. So that
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if AOB, in T2, be imy itotettes Uriamgh on the base ab, and if

D, E, I be any points on that ba^^e,

or on its prolongations, we shall have '^'*

the expressions

:

OB = - AD X OA -f- ad'

« - AB X OA -r AB = - Af X OA -A. AF.

334. It is easy now to resolve

the problem proposed in art. 331, re-

specting a polygon uf any number of sides» inscribed in a sphere.

Writing

OP OPi »|>|t OPg mp^ » « • OP« ^
and m

oil » fi» oil - it» • . • oi« » i;» , •

we hare ^
Tp - Tpi Tpa = . . Tp„

and

pi^pl^it pt " pi I

~

/om'I I <•

;

therefore, by 332»

f>i
= - iipii"* » fh"- lulls'* ; . . . f>» - -

Hencet by the associative principle, and by the end of art. 318,

and if we make, for abridgment,

we shall have, finally, as the expiesdon required in 331, the fol-

lowing :

OF« = />» = (-)" qnpqn't

where is generally a quaternion.

335. In this expression we may, on the plan of 333, substi-

tute for the radii, ij, . . („, any lines to which they are parallel

;

for example, any sconienta of the n successive chords, pp„
. . . Pn-iPa. Suppose then that Ai, A2, . . . a„ are any n new points,

not^situated on the surface of the sphere, but taken respectively
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on the n ciiords ppi, p^r^, ^c, or on those chords prolonged;

and let us write»

OAt B aiy OA% s Oi, . . . Okm * Am*

Make also^

^1 «i - p%

"(oi-pi) 91,

q* = {an~ p:\) ^m-i;

we shall ha^e the following system of expresrions for the 11 sue-

cessiFO radii, fironi oPi to op«, or from p\ to considered as de^

rived (see the annexed fig. 73) in tneeession from the initial ra-

dius ov or />, aiui irom tiie n poinU, ai to a„, through which the

n chords, ppi to P«.iP«,or their prolongations,

are to pass:
Fig. 18.

^

this last expression heing thus of the same form as that fowid to

the foregoing article.

336. We sec I lien that whether the « chonls pp,, . . .Pn.i P„

be parallel to n given lines, or pass through n given points, there

is always a certain quaternion, q^t which can be formed by suc-

cessive multiplication of those n lines, or of n segments of the

chords parallel thereto, and which is such that the final radios pn

itselft if Ji be ereo, or the •ppomle radios -p., if n be odd| ahaU

admit of being derived from the iniUal radius by a conical to-

tal ion (286, &c.) tbrougli double the angle of this quaternion,

performed round the axis thereof. In order, then, (bat tlio jioints

p, Pi, &c., may be the corners of an inscribed and closed poly*

60N of n sidefi, or in order that the following coincidence of points,

or equality of vectors, may hold good,

P« = **, or p, * p,

it is necessary and sotfielent, if n be eww, that the qaalcitnion 9«
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should dther d^;eiiefate iiito a tcaUtr, or eise have its plane per-

pendicular to the initial ratKm or its axis coincident there*

with, so that the ooDksal roletion Biay keve that initial radios am-

dumped. And if the namber ii be odd^ then, for the clorare of

the polygon, it is neeessarj and suAcient that the quaternion

shoold degenerate into a vector^ perpendicular to the tame initial

radius p ; in order that the reversal of this radius may be effected

by a plane rotation through two right angles: into which

plane rotation, or sexni-revolution, the conical rotation through

2 L round Ax • viH under these conditions degenerate. In

symbolsy for an eoM^ided polygon, the lavATioH of closurb

wiUbe,

whieh gires generally the paraUeUsn,

Ax . ^« I pf

with tnclittioB of that Umimg case for which the qoalcmion be-

comes a Malar, and its aids becomes indeterminate. But for an

odd^ded polygon the equation qfclosure is,

which can only be satisfied by supposing

And from the composition of <jn as l^ product of n lines, which are

respectively parallel to or coincident with the ft successive sides

of the closed figure, or at least with segments of those n sides,

it is evident that the general results of art. 326, respecting odd

and e?en«sided polygons inscribed in a sphere, are thtis confirmed

and reprodnoed. For we see that the qnaternion product q^

either reduces itself to a tangential vector at p, or else is repre-

sented by a biradial (9^, &c.) in the Lanytut plant at that point,

according as n is an odd or an even number.

337. It is easy now to prove^ synthetically (or d posteriori)

by quaternions, as was proposed in 331, that either qfthe two

poU$ of the great circle fh in fig. 70, which were,/iraiiuf anal^i'^

ealfy (or d priori) in 830, u injbet adapted to be the first corner

4 of an inscribed and gauche quadrilateral abcd, whose ndes
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ihall be mpeetively pandlei to the lew given idlii dnmn la

points I, K, L, M, in the same figure 70. For if we start with

aufj point p upon the same spheric surface, and draw from that

point four successive chords,

PP, I Of, PiP, I OK, P*Ps I OL, PSP4 I OM,

then the radius 0F4 may he derived from (he radius op by the
formula,

where the quaternion ^4, when reduced to its own yersor, admite

(by 4^0, 334) of being thus e^cpressed, with reference to fig. 70 ;

That is to say, the point t
1 may be obtained from the point P,

by a rotation in a *maU circle^ parallel to the great circle fm,

and through an arc PP4, which in direction is stmilar to, but in

number of degrees is doMe of the are fh. Now nol on^ will

such a rotation effeet an aetnal dboi^ In the position of every

MtrpoitU <m the snrfiMe, ateepiike poUs iiS fh,M ate it will

Uatfe those two points unchanged ; so that if we set out with oise

them as the point a, and draw three successive chords parallel

to three of the given radii,

AB I Of, BC I OK, CD | OL,

we shall have also this.^mrM parallelism,

DA I om;

but if we start with ctny other point for a, the three first paral-

lelisms will not oondnet to the fourth (P4 being then different

flrora p). We have, therefore, not merely eo^firmed the omaiyM
of 330, but also have suppUed the wynihetU whteh was required

in 331.

338. From what has just been shewn, it follows that, if we
start with any point a on the sphere, which is no< one of the

poles of FH, in fig. 70, and draw/b«r successive chords, parallel

to the four given radii,

AB I 01, BC I OK, CD I OL, DB | OM,

the point b thus Stained will nol eoimside with a. We UMiyv

Digitized by Google



823

however, ^(><yi it to a by a jijlh chords and so close the inscribed

poitiujon^ abcub; and may then draw a Jijlk radiuSf on, parailei

to ikeji/ih tide of thit pentagon, or to tUd fifth cbond jutt meo-

tionedy to m to have

lA I CM,

But on account of the conical rotation by which the point e can

be derived irom a (like F4 from p in 337), we see that this fifth

side or chord ea must be perpendieukar to the am of that rota*

don, OT parallel to the plane of the great ebde ra; and conse-

quently that the fifth radius on must terminate In a point n
sitoated somewhere «poii ikai great curie. Now in fig. 70, art

330, we ha?e

FH = ^ LM + ^ IK ;

and the aret ik, lm are the first and third sides of the sPHBBi*

CAL or SUPBR8CRIBKD (not rediUnear and ineeribed) pentagon,

IKLMK. ConTersely, we might have elaried with an arbitmry

and inscribed gauche pentagon abcde, and have derived irvm its

five successive sides the five respectively parallel radii, or the five

points 1, K, L, M, N upon the sphere ; alter which we might

have formed the arc fh, as in fig. 70, and have shewn, sa abore^

that the point n is situated somewhere upon that arc, or on its

prolongation. We arriye then at the following graphie property

of the inscribed gauche pentagon, which might however have

been deduced more directly from the equation ofhomosphcericism

(in 327), and maybe regarded as a (jiomttnvnl interpreUUion of

that equation: in a sphere, the Jive successive sides o/an

INSCRIBED GAUCUB PENTAGON (aucdr) be respectively parallel

to theJive RADII drawn to theJive corners o/a supbbscribbo

SPHBRICAL PBMTAGON (IRLMN), then the FIFTH CORNBR (n) qf
the BBCOHD pentagon ie situated eomewkere upon that orbat

ciRCLB (fh) ofwhich a portion coincides with the arcital sum

(^ LM 4 ^ IK
) 0/ the FIRST AND Tiiiui) SIDES of that second pen'

tagon those sides bein^ taken in a suitable order (tinrd plus

first). And this relation between the directions oftheJive sides

of an inscribed gauche i^^c^on may also be regarded as a gra-

phic property of thb bphbrb itsblf ; by which property that

snrfiM (compare 326) is sufficiently €HAiucTBRtaBD, and dis-

t2
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tinr/uished from all other curved surfaces. In fact this relation

oj directions is for space and for the si here, ihe analogue of

the weii-knowo and elementary relation for the plane and for the

circle, between the directions of the sides of an inscribed qiUMiri-

lateraU which is given in Ihe third Book of £uclid. And accord-

ingly the last-mentioned relation nay he dedwccdt at a UmU^ from

Ihe former; becauBe (as we have seen in 328) the equation of

eoncircularity may be obtained^ as a limiting form, from the

equation of homosphcericism.

339. After what hm been said respecting^ inscribed polygons,

you can have no difficulty now in proving that if a gauche hep^

logon, ABCDSFO, and a gauche hexagomf a'b'c'd'e'w^^ be both in*

scribed in the same sphere ; and if thejSrfi «i« sides of Ihe hep-

tagon be paraUd respectively to the m mccanve sides of the

hexagon,

A 15
11
a h', UC

II
li C', CD

11
c'd',

Dfi
li
D U , EF

II
£'f, FG

|1
fV,

then the secenth sidct oa, of the hexagon will be parallel to ike

iangeni phme to Ihe sphere, at the first comer, a, of the hexa-

gon. If, then, we draw successively, from the seventh corner, g,

of the heptagon, six neir chords of the sphere, respectively pa-

rallel to the same six successive sides of the hexagon, and in the

same order, namely,

on I aV, hi I b'c', IK I cV,

KL
II
d'e', LM

|j
e'f', MN

II
f'a,

we shall have, in like manner, the closing chord orJSnal side, ng,

4^tke new inscribed heptagon^ ghiklmn, parallel to the same
tangent plane at a'. And hence it follows evidently, that the

PLANE, AGN, o/ihe EXTREMK AN D MIDDLE CORNERS (first, Seventh

and thirteenth) o/the inscribed polygon of thirteen sides,

abcdbpohiklmn,

is PARALLEL TO THE SAME TANGENT PLANE, at tks firSt COrnCT

a' ofthe hexagon: because it contains two lines, or chords, OA,

NO (and of course also the third chord ma), which two lines have
been seen to be parallel to that plane.

340. An obvious gcneraliiation of the reasoning in the ibre-
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going article, conducts to the following Theorem :— U any
even-sided polygon of 2n sides*

be giyen as inscribed in a sphere ; and if, starting from any arbi*

trary point p on the same sphere* we draw 2h suocessire chords*

parallel respectitpely to the 811 sides of this polygon,

PPl I AiAs* PiPs I AaAa* • . . P9«.iF»» I A9»Ai ;

and then again start from the last point Ptm thus obtained, and

draw 2n other successive chords, parallel to thu ^ame 2n succes-

sive sides of the given and even-sided polygon,

I'ltoFlto^.l I AiAt» « • • P4ii.lP4« I AjkAi ;

and finally join the new point Fin to p; the plane ofthe extreme

and middie comers pps»P4«i qf the inscribed polygon qf4n -k- 1

sideSf

PPlPk . • • Pfii.lP<iiPte«l • • • P4«.lP4«*

wiU he parallel to the plane which touches the sphere at thefirst

eomer^ Ai» t^ihe inscribed polygon qf2n sides" For example^

we might assume 2 (instead of 3, which was its valae in the

last article) ; and then we should have a paralleHsm between a

certain diagonal plane of an inscribed enneagon^ and the tangent

plane at a corner of a gauche and inscribed quadrilateral.

341. One of the most important applications of the associa-

tive principle of multiplication is to the composition op coni-

cal ROTATIONS, whose axes are supposed (at first) to pass all

through one common point, which may be taken for the origin

of yectors. In fact, by 192, 286, and by the assodatiye princi*

pie, we see that the following symbols are equivalent,

and that they both denote me common position^ into which a

body R 19 brought, by citlicr of the two following processes. The

first process, represented by the rii^ht hand member of the last

equation, consists in making this body B revolve successivelpf

through the angles and 2 ^ r, round the two successive axes,

Az • q and Ax • r, which are both supposed to be drawn througb
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or tiom the common orisrin o. The second process, represented

by the left hand member of the same equation, consists in making

the same body revolve round a single resuUant axis^ Ax . rg

(drawn from the same point o), through one rssuUani angle^

namelyy 2 z . r^. The mpentHon performed in this UUier proeess

Is therefore bqvivalknt, as regards its bfpkct, to the ststbm

of the two successive operations^ which are accomplished in the

former process. And thus any twu successive andfinite conical

rotations^ round two a^^es passing through one point, are with

the greatest ease coMPODNDBD, by the multiplication op two
QOATBRMioNS, ittto a third and tingle conical rotation, round an

axis through the same point o. And in like manner may ant
KDMBBR of such givoB Sttoosssive and conical rotations be com*

pounded into one, with a (generally) determined axis and angle,

by first muUiplyin(/ together, in the given order, the quaternions

^, r, . . . , which represent, by their axes and angles, (fie halves

of the given rotations^ and then taking the axis and the doubled

angle of that quaternion produett

p ~ » , • er^f

whioh is obtained by Che foregoing multiplication. For example^

by art. 286^ and by the associative principle, the symbol

srq B {ergY^

denotes that position Into which the body B is brought, by three

successu-c conical roialions round the three successive axes^

Ax . (/, Ax . r, Ax .5, all drawn from the origin o, and through

the three successive angles denoted by 2 ^, 2 r, 2 z. « ; and the

composition of this symbol indicates that the same final position

of the body B may be obtained from the same given initial posi-

tion (whateverthatmay i>e)» by am^ls reitdUuU roiaHon round

the axis

Ax . p Ax . srgt

through the angle

342. As an instance of the general eomspondenee^ between

the mMlHplitaiiein of two fuaUmionSi and thecoflr/NMMw oftwo
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conical rotationsy let us consider first the following very simple

A>rmula of art* U8:

This formula gives, by taking the redproealt (see 44, 192),

aod therefore^ by the associative principle.

Hence, on the plan of the foregfoing- article (341), we may infer

that a conical rotation through two right angles round a*^ or

(what comes to the same thing) round the oppositely directed

•sis a, being followed by another such rotation through the same

amount round /3, produces on the whole the same effect as a eo«

nical rotaUon round the axis of the quaternion quotient /3 -i- a,

through the doable of the angle of the same quaternion, that is,

through twice the angle between a and ^3, m hatever the original

direction of the operand vector p may be. Ur if, ab in the an-*

nezed figure 74, we first reflect any arbi-

trary point P upon the sphere, with respect \ti—,^

to a giren point a, till it takes the position q/
Q, and then again refleet the point q with nj ByT^^''-^^ F

j

respect to another given point b, till it ac- .... ^^^^^r:-^

quires the new position u, so that
'

the passage on the spheric surface, from the first position p to the

third position B, may be made along an arc of a small circle, pb^

which in direction is nrnilar to, and in number of degrees is

doMe of, the anf of a great circle ab. We have already had an

€mmple ofthe truth of thia theorem in art. 29S, where the points

E, I
,
D, of fig. 40, art. 224, took the places of the recent points

r, Q, R. But lest it should appear that this case was in some

way a particular one, on account of the comparative complexity

of fig. 40, and the number of other considerations which that

igm was designed to illostmte, let us conoeive that, in the

simpler fgoie 74 of the present articlei the arm pp', qq', rb',

are perpeadieiUar to the great circle throngb a, b» and are let
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fall thereon as such from the three points p, q, r. We shall

then have evidently^ by the constructioii» the two arcual equ»>

tiont (217)»

and the three perpendiculars pp', qq', rr', will at least be equally

long^ although not arcuaUy egwUf in the same full sense of art*

217. Hence the points p and r aie eqtialiy distant on the sphere

from the positive pole of the arc ab ; and, tberelore» we can pass

from the former point p to the latter pmnt R, by a rotation round

that pole, along an arc of a small drele pr (represented in the

figure by a doUod line), which is parallel io the arc of a great

circle ab, having also the same direction therewith, auti the

same number ofdegrees as its own projection p'k thereon* which

projection is seen to be the dwibU of the same arc ab,

r\ pV« 2 ^ AB.

The theorem of the present article is therefore proved, or con-

firmed, by this simple geometrical reasoning; and yon perceive,

of course^ conversely, that any proposed rotation pr in a small
elrele, of any given amount and round any given positive pole,

may be dkco.mposkd into iwu rutntions^ performed along two
SMALL SBMlCiiic LKs ; or still more simply, into two successive

RRFLBXIONS with rcspcct to two points a, u, assumed anywhere

on a great circle round the given pole, at an interval ab which in

direction is simUar to the proposed conical rotation, and in amount

is equal to the haffof it.

343, Consider nest the fundamental mnltiplicational identity

of art. 49,

Y4-a«(7-j./3)x(j3H-«).

On the general plan of art 341, we can infer from this eqnatioii,

or may interpret it as signifying, that a conical rotation repre-

senltd by the double ot" any arc of a great circle ab, being fol-

lowed by a second conical rotation which is represented in like

manner by the double of any other and successive arc, bc, of

another great circle, produces on the whole the same effect as

that third and rrsultawt conical botatsoii, wkieh is (im tho

same general plan) leprsBCBted by the doaUe of the are ac;
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that is, by tbe dovblb of thb svm op trb haltbs (ffike are$

which represent the two componknt atid conical rotations.

When a conical rotation is thus said to be represented by a given

arc of a great circle, we are to uoderstand that the fixis and

angle of tbe rotation in quettion are such, that they would cause

the mUial point of the are to revdve^ in one plane, till it should

take the position of theJhutl point of tbe same given rbpebsbm*

TATiTB ARC. Tbis being clearly understood, there is no diffieulty

in confirming, by a simple geometrical diagram, the theorem of

composition just now stated (which perhaps may have long been

known), with the help of what was established in the preceding

article. For let abc, in the annexed figure 75,

be any spherical triangle» and p any point upon ^
*

the sphere. Reflect p with respect to A, to the y'Tv
position Q ; and again reflect q to R, witii re* / L
spect to the point b. An arc of a small circle,

PR, can (by 342) be drawn, which shall be pa-

rallel to the arc of a great circle a n, and simi-

lar to it in direction, but double of it in amount. Thus a is

the position to which we pass from p, in virtue of tbeJirei com-

ponent and conical rotation, considered in the present article*

To accomplish the eeeond component conical rotation, repre-

sented by tbe double of the are bc, we may. In like manner, first

reflect B, with respect to b, back again to the position q, and

then reflect Q, with respect to c, to the new position s. On the

whole, then, the point which was at p will have been brought to

s (Uirough Q, R, and q again, as intermediate positions on the

sphere). But it is clear that this complex procesa has (in a cer-

tdin sense) geomeirieal^ eliminated ike point b. For we may
pass, witkoni ming that point b (or YL)ataU, from the pceition

p to the position 8, by first reflecting p to q through a, and then

reflecting q, through c, to s. But, by the forogoing' article, the

process of double reflexion last described is equivalent to a

single conical rotation
^
represented by the double of the arc

AC. This one rotation is therefore seen, by this geon»etrical con-

struction, to be the resultant of the tmo soccessive rotations, rei

presented by the doubles of the ares ab and bc ; which ilbutratee.
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and (if it had been necessary) would confirm^ the theorem stated

at the commencement of the present article.

344. It is extremely easy to infer, from what hm jnst been

pioved» the IbUowing theoMi, naaiely, that thebb aneesMtM

and eonteo^ roiaikm, r^prumUd if ike doublu ^lie IItm
BDGCBSMTl SOlt OF AMI aPBBBICAL TRIAVaLBy prodnCeOB THB
wHOLB, NO nmcv. In tymbolt, on the plan of art. 341, tliin

theorem is expressed by the ideHtity^ written here in a fractional

form,

— -T —
'
«=s !•

Geometiically eonaideiod, and with Kferenca to the recent

75, it comes simply to obeerrhtif that we ean pass hmk from 8 to

p by reflecting s to q through c, and q to p through a. Fig.

40 might also be used to illustrate this, and several other con*

iiected conclusions.

345. You can have no difficulty now, in interpreting simi-

larly the more general identity, for mif fumhtr of aaecewiv

qaotieoti multiplied, which may be thus denoted:

OKI B

nor in proving that it ezpraMOi (on the tomo plan of art. 341)

that whatever' spherical poli/(/oH may be pictured, in the annexed

figure 76, by abcd . , . g, the

double of the rotation ab, fol- Jig- 76.

lowed by the double of the rota-

tioo BC, followed again by tho

double of the rotation CD, aiid to

on, till wo eomo at laat to tho

double of the rotation oa, bb-

BTOHKS the revolving or rotating

point P to its original position

In foot the rotation represented

by 3 an would be equivalent

to reflfloting anfr point p, on tho

spheiie enrfooe^ fint through a to a, and next through B to b;

the rotation 2 ^ BC would be equivalent to reflecdng B back to
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O, and then reflecUno; through c to this last point 8 would be

brought by the rotation 2 CD lo the position t, uameljr the re-

flexion of Q with respect to d ; and so on, till after arriving at the

leflezion w of relatively to the last comer o of the given po^

lygoo* we thottld be brought badk from w to the original po8i>

tion p, by the final rotatioo S oa ; beeanee p la the refleiton

of Q, with respect to the first given corner a. (Arcs of smaU
circles are denoted in the present figure by straight and dotted

lines ; arcs of great circles by lines without dots, but still» for

simplicity, straight,)

346* Again consider the equation of art 280,

which givest

and, therefore, by the associative principle, and by the property

(iy2) of iliii recipiocal of a product.

In interpreting this equation, in connexion with fig. 56, of art.

280, on the plan of art. 341, we are led to Introdnee^ what it is

extremely easy to form, the conception of sphbbical aholbs at

KXPRB8BNTINO CONICAL BOTATiONs. In fact, if ABC bc any

spherical angle, it is natural, when once we combine the concep-

tion of such an anj[^le, with the conception of a conicul rotation,

to regard the latter as being the operator which would change,

by a plane rotation, the tangent to the side ba of the given angle

ABC, to the tangent to the otto* side BC of the same spheriosl

angle. Now the last written formula of the present article is

easily seen to express, that if the rotation round the pole A (in

the lately cited fig. ;3f)), through the angle xw, be followed by a

rotation round the pole b (in the same figure) through an angle

= yir^ the result will be equivalent to a rotation round the pole c,

through an angle »=-zw But the angles of the triangle abc (in

the same figure) were

:

If then, for any spherieal triangle, abc, the doable of the roUh
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Fig. 77.

tion represented by the angle cab be followed by the double of

the rotation represented by the angle abc, the result will be the

double of the rotation represented by the angle acb (which latter

it the opposite of the rotation bca).

347. To shew this gconietrically» let D and B be ehoeeo io

(see the annexed figure 77) that we may
have the following equations between an-

gles,

i»BA»ABC"CBBy CAB > BAD, ACB-BCB;

and let os take as two operand paints^ to

be seiNuately and svooeast^ely employed,

the Tertez c, and the base comer a, of the

spherical triangle abc. Operating then

first on the vertex c, by the two Buccessive rotations,

2xc1b, and2xAAc,
or by

CAD and i>Ac»

we change c ftrst to d, and then back to c again ; but such

would hare also been the final result, so fiir as the operand point

c is concerned, of cmy rotation whatever round that point c itself

as a pole ; and, therelbre, in particular, such would bare beeo

the result, telatiTcly to iku operand c, of the rotalioo repre-

sented by

2 X ACB.

Again, aa a new and independent prooeia, let us begin with the

base-comer a as an operand point. The first component rota-

tion,

S X CAB,

bdng performed round this point a as a pole, leaves ii» position

undisturbed. The second component and conical rotadon, re-

presented by

2 X a£c,

^^^j transfers the new operand point a to b. But it is clear, from the

^'^liure, that the same transference might also be effected, by a lo-

ioD round the vertex c as a pole^ represented by
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2 X ACB.

The theorem of the last article it therefore seen to be true, for

the TWO different operand points, c and a : whence it is easily

seen, by the general conception of rotaLwn, to be valid for ail

others also. (An inspection of figs. 52, 57, of articled 269, 281,

may serve slightly to illustrate this result.)

348* An important although particular case, of the general

theorem of rotation contained in the two last articlesy is ilius^

tiBted by fig. 43, of art. 242 : namely, the case where the trian-

gle ABC is triqttadrmUal. In such a case, because a conical ro-

tation through a doubled right angle is equivalent to a reflexion

with respect to the axis or pole, we may expect to find from the

general theorem, that " two successive reflexions, relatively to

TWO rectangular axeSfOre equivalent /o a single reflexion, with

reepeei to a third axie perpendicular to both theformery And

accordingly we see in fig. 43, that if b be first reflected with re*

apect to A to F, and if f be then reflected with respect to b to d,

the final result is the same as if B had been at once reflected with

respect to c (to d). It is clear aUo that, in this casCy of tri-

RFXTANGULARiTY, tkrte succtusive reflexions (with respect to

any three rectangular a^i^es), produce, on the whole, no changb:

ft conclusion which answers geometrically to the formulie (210),

because these give, for any operand vedcr the identities,

349* More generally, firom the results of the two foregoing

articles, or firom the lately cited formula of art 280, namely

y^a'— 1,

which gives the equation,

\v<j may infer, on the same general plan of interpretation (341),

that three successive rotations, represented respectively by the

2K>OBLB8 qfthree srtrcessive onglee qfany spherical iriangkf for

instance (see fig.l»6), by

2c2b, 2aAc, 2BiA,
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produce, on the whole, no effect. And it is easy to generalize

stili farther tliis result, so as to prove the following theorem :

If a body B be made to revolije through any number qfntccts^
< mve andfinite tatatUm9% represented as to tiieir axes and ampli-

tudes by the oovblbs of thb ANaLis^ a«, pfoMfg

tpkenealpo^fgaHf this body B will be bkouoht back, hereby* io

Ut own orighuU ponHom.** Ton will find, by the printed Pro-

ceedings of the Royal Irish Academy, that I stated this The-
orem (with only a slight difference in its wording-), at n g-eiieral

meeting of that Academy, in November, 1844, as a consequence

of those principles respecting Qaatemions, which had been com-

miiDieatcd to the Academy by me^ about a year liefote. TI10

theorem^ at that time, appeared to me to be new ; nor am I able*

at this moment, to specify any woik in which it may hare been

anticipated : although it seems to me i^fy enough that some

such anticipation may exist. Be that as it may, the theorem

was certainly suggested to me by the quaternions ; nor can I

easily believe that any other mathematical method shall be found

to furnish any simplbe form of expression for the same gene-

ral geometrical result For there is little difficulty in seeing*

that the theorem coincides substantially with the conclusion of

art 845 ; and may, thereforcy be expreued in this calculus by
the same identity,

OK' ^ 7 ^ I
. . . ~ T= — « 1.

300. But it is worth while to inquire what will happen, if

instead of compounding, as in some recent articles, rotations re-

presented by the doubles of the sides of a spherical triangle, or

polygon, we compound rotations represented by the sides them-

8BLVB6 of tlic figure ; and with respect to this inquiry, the Cal-

culus of Quaternions has conducted to results which, although

not very difficult otherwise to proves appear to me less iikely to

have been anticipated.

It has been shewn, in the present Lecture (arts. 258 to 263),

that the product

of the square roots of the succesuTe quotients,
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iS-S.

of the radii aoi of, ox» drawn to the Uiroe corners of a tplierieal

triangle ofs, is a quaternion of wluelk tbe ngle is equal to kaff

the spherical excess of that triangle,

while the axis of the same quaternion q is directed tOMjrom the

corner d»

according as the rotatioa round on, from of towards oe, is po-

sitive or negative. Hence, by our general principles respecting

rotations^ if q stiU denote the xoceatly mentioned product oC

•^tiMre voot^ the symbol

qpq'^, or ^B^"',

denotes the pontaoa into whiek tbe voetor p or the body B Is

bronglit, wben it is made to revolve ronnd ± £ as ao azis» through

an angle expressed by

that is, through the whole spherical excess of the triangle

DFB (and not through the htiifof that excess).

361. But also* by the associative principle of multiplication!

we have

if we make

Hence (compare 288), the recently described rotation round

:fcOD, through this whole spherical txeetB of the triangle dfs, is

equivalent to the system of lAree Mceesstee und conical nila-

Umu^ represented respectively by the lAree Mcceifnie mde9 of

that triangle,

DF, FC, BD :

a resttlt whieh appears to me iaterestiag. It may also be stated

Digitized by Google



336 ON QUATBBN10N8.

tbu9, if we adopt the phraseology (218, &c.) of sums ot arcs:

The arcual sum,

i A BO+ i- An A DF,

itfike BALTE8 qftke turbb successive sides qfa spherical trian-

gle OFB, i$ an AACf which has thefini comer d qfthat trimsgU

Jbr He foeiHve or neffoHve polb» oieeording ae the roUOim roumd

njircm p iowarde b is posiHve or negatives whUe ihe kngih of
the same emiHtrc repreemnU ike epkmcal ssmi^bxcbss of ike

triangle**

352. To illustrate this conclusion geometrically, we may ob-

serve fint that the three successive rotations, represented by the

Ikree soooetsiTe arcs dp, bb, bd, produce evidently normal effect

cm thepomi d ; ttnoe they snerely tnnsfer tliat point upon the

spheric sur&ce, fiisl to p, then to b« and then back to the old posi-

tion D again. WhatOTCr finite rotation of a body, or of a systeos

of vectors all drawn from the centre of the sphere, may be the joint

or combined result of these three successive rotations, the resul-

tant rotation so obtained niust therefore have the point D for one

of its poles. Again, it is clear, from what has been shewn in re-

cent articles (342, 343), that if, as in fig. 40 (art. 224), the sides

]>p and PB of the triangle ofb be bisected respectively in the

points b and a» then, not merely for the point bat also for anjf

other operand point on the same spheric snrfiiee, the combined

effect of the two rotations, represeiUed by the two successive

arcs DF and fk, is equivalent to a system of two successive re-

flexions of the operand point in question, first with respect to B,

and afterwards with respect to A. That is to say (see again art.

343), ihe system qftwo eueeeesiee rotaOone represented bp the

two etieceseive eidee dp, fb o/anif spherical triangle^ is eguiva'

lent toa eingle rotation^ represented ihe double (2 ba) ofthe
arc which is ihe common bisector ofthose two sides.** This sys-

tem of rotations would therefore carry, for example, the point m,

of the recently cited fitrure 40, to that other ])osition m', which

was spoken of in arts. 229, &c. ; or in the astronomical iliustra*

tioo used in those articles, it would, on the whole, transport a

point of the celestial sphere from the position Viigo to the posi-

tion Scorpio. Tlio renuttning rolatioB represented by the ai«
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ED, wouH then carry tlie same moveable point backwards in right

asceDsioiiy till it came to a position m\ which shonM be situated

OD the arc of north polar distance km prolonged, but should have

the same toulh declination as M , that is as Scorpio (or what is

called the^rti point thereoO : tins new pdlnt being snch as to

satisfy tbe arcnal equation,

But MN was seen (in art. 258) to represent half the spherical

excess of the triangle dfb ; therefore ^rM* represents the whole

of tiiat excess. Aod the positive pole ot this new arc mm' is the

point D : tbe theorem of the last article is therefore^ in all re-

spects, confirmed*

353. Yoo are« no doabt, fiuniliar with the well-known tbeo>

rem, so easily and elegantly proved by /aiief, and by tbe value

of the whole surface of the sphere, that the arta of a spherical

trianjlt is proportional to the spherical excess^ and that it has

the satne numertcai measure^ when units are suitably chosen:

tbe excess, when treated as an arc, bearing the same ratio to tbe

length of the radius, which the area of tbe triangle bears to the

square upon that radius. And you see that this justifies us in

now asserting, that three successive conical rotations, repre-

sented by the three successive tides ofany spherical triangle (and

not now by tiie doubles of those sides), compound themselves

into a rotation round the first corner, \s hich is (on the plan just

mentioned) numerically equal to the area of tbe triangle. Nor

is there any difficulty in extending this result, so as to meet the

case of any other spherical polygon. Thus in the case of the

pentagon abcdb, of fig. 78, the five

successive rotations represented by Fig. 7a

tbe arcs or sides, ab, bc, cd, de, ea,

/V MN = n mm\

and therefore also such that

aMM*»2'%MN.

arc cijuiviiicnt to tJuct beta of three

rotations.

AB, BC, ca ; AC, CD, DA

;

AD, DB, BA;

Digitized by Google



338 ON QUATERNIONS.

each set being* repreeented by three 8uecemi?e sides of a trian«

gle, with A for its first corner. Hence, by the three last articles,

any revolving body B, or vector op, is made hereby to revolve suc-

cessively round tiiU point as a pole* or round the radius oa as

an axis, through three sncccssive amomits of conical rotatioD»

equivaLeni to, or measured by, the respective areas of the three

spherical triangles, abc, acd, Ani» into which the spherical pen-

tagon has been divided, by the diagonals, Ac, ad ; and it is clear

that a similar process might be applied to any spherical polygon.

We are then entitled to infer the following Tiieorem, which was

communicated by me to the iioyal Irish Academy in January,

1848 :— If a solid body" (or system of vectors) be made to

revolve in succession round any number of different axes, all

passing through one fixed point* so as first to bring a line « into

coincidence with a line ^, by a rotation round an axis perpen*

dicular to both ; secondly, to bring the line 0 into coincidence

with a line y, by turning round an axis to which butli and y
are perpendicular; and so on, till, after brin^^ii)g the line k to

the position X, the line X is brought to the position a with which

we began; then the body will be brought, by this succession of

rotations, into the same final position as if it had revolved round

the first or last position of the line a» as an axis, through an an-

gle of finite rotation, which has the same numerical measure as

the spherical opening of the pyramid (a, /3, 7, . . k, X) whose

edges are the snccessive positions of liiat line." For, by the

** spherical optninij ofa pyramidy* is un(1erstood that portion of

the area of the unit sphere, described about the vertex as its

centre, which is bounded by the spherical polygon, whose comers

are the points where the spheric sur&ce is met by the edges of

the pyramid.

354. In symbols, this theorem comes to the following, wiuch

it may be sufficient to state for the recent case of the pentagon :

\( q denote that (|uaternioii which is the prodiu t of the succes-

sive square roots of five successive quotients of vectors,
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and if the rotations round a from /S, y» S» respectively, towards

7, ^, e, be positive; tiien

where A, J3, C, Z), J5 denote the five internal spherical anarles at

the corners of the pentagon abcde. Any changes of the lengths

of the vectorSt ^ 7, c, will not affect this theorem, at least

if we write

Az.^B Ua*

If instead of a pentagon, we take a polygon of n sides, it will

evidently be (n - 2) Wt instead of 3r» which will have to be suh-

tracted, before halving, from the sum of the angles. And if an

j

one of the rotations round the first comer, from any other corner

towards the one i;vhich succeeds it, in the order of passage along

the perimeter of the polygon, be negative, the correapon<liniJ:

semi-excess or semi-area of the triangle, whose corners are those

three points, is also to be treated as negaUoe^ in the summation.

With these precautions we may assert generally, that the areuai

SUM (216) qftke halves qfthe tueentive sidbs, qfkVY closed

polygon on the tmtf-fpAere, is equal to an arc, whose polb is ai

ike FIRST coRNRR o/that polygon, and whose lbngth reprc

senis the semi-akea.

355. We may even conceive, as a limit, that the number of

these sides is infinitely great , while their lengths are injtmtely

email, or that the polygon becomes an turbiirary but closed curvr

npon the sphere ; and then the arcual sum of tub halvbs of
ALL ihe successive blbhbnts of thb fbrimbtbr will still, in a

perfectly intelligible and definite sense, rbfrbsbnt thb sbmi-

arba op thb fiourb. Hence alto follows, on the symbolical

side of this whole theory, a mode of coiiceiving, in an extensive

class of cases, a (generally) definite valuer for the product ofan

tjifinite number qf square roots 0/ quaternions^ each injiuitely

little differingfrom unity , and succeeding each other by a deter*

mined law; namely, in such a way that, in the class ofcases here

considered, the product of all those succesuve quaternions them-^

sehes is imtVy , just as (compare 30T) the sum of all the suc«

b2
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cessivc elements tin instlves (thouirh not the sum of their halves),

for tiic i>eririKter o( any closid /i(/urt', vani^hiA'. And on the

physical or rather the geonutncai side, so far as regards the ge-

neral theory of compositions of rotations^ we arrive (on the plan

of recent artieles) at this remarkable iheorem» that the infiniufy

many infinUmmat and corneal botatioms, repruenied ^ ike

mccenhe blbmbnts {fhemselioea now. and not their halves) qf
lAePSRTMBTBR o^ANY closcdfigure on a sphere, compound them^

selves into a MN(;r k resultant and finite rotation, represented by

the TOTAL AKKA of the figure : it being stiil uiitlurstood that ele-

ments of this area may become negative. It would also be easy,

if it were thought useful, to transform most of the reaulta of the

few last articles into otheia^ which should employ extenud angUSf

and their halves^ instead ofMu and half sides of a polygon.

Although we know that the product and sum,

- 3 *n<i ^ CA + ^ BC + AB,
TP «

are respectively equal to unity and to zero (compare 344, 307)t

yet on account of the general iwn-commutaliveness (304, &c.) of

the operations of multiplying guotients (or quaternions), and of

adding their representative arcs^ we are not entitled to infer that

the same values hold good^ for this other quoltenty and this other

sum

2^5, and /\ AB -I- '> BC 4- /> CA*

It is, therefore^ worth while to inquire, what fuaiemiUm is equal

to the Uitmet proditeit and whai are is equal to the latter eum.

And it is easy now to answer these questions, without construct-

ing any new diagram, if we merely conceive the point m', de-

scribed in the rennL ait. 352, to be introduced into the often

cited tig. 40, oi iirt.224; and if we at the same time conceive

that A and u are reflected, with respect to c, to new positions

which we shall denote by a' and b' ; in such a manner that we
shall not only have the equation of 362,

H also these two other equations.
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For this being understood, we see that to add the arc bc or its

equal cb\ 9, proveetor arc (217, 218), to the vector arc ca or

a'c, answers to going, ou the whole, along the iransvector arc^

aV« /\ bc + a ca.

(Comfiare iig. 37, art. 219.) But firom the position assigned to the

point m\ we have the equation (see again fig. 40),

Adding then to ikis as a new vector arc, the new provector arc

(compare 224)^

A AB » A Llf

,

we go on the whole from to m, or more (compare again 3^)
along thisfaiai transvector arc» representing that tbrnart soh
which was inquired of in the present article :

.

A AB + A bc + A CAB A B 2 A NH.

That is, we move alontr an arc of wliii-h the point D (in fig. 40) is

tbv' /i:nat/oe //u/t, because this point u is (by 225) the pusiuve

pyh' ( t Liie arc km, and, therefore, also of the arc mn ; and the

arc 2 A MM, along which we thus move, represents, in amouni^

the area of that triangle bfd whose sides are hisecteil respeo*

tively by the corners of the triangle abc : because (by 258) the

arc UN* or the angle mdn, represents the semi-excess of the tri^

angle whoie sides are so bisected.

357. Knowing thus perfectly ulal arc (namely, m*m, or

2N>i)ib cqu;il to the ^e/v////// snz/i tifafc^y which was piupo?.cU

for discussion in the present article, it is easy to infer (as also

proposed therein) wfml quaternion is equal to the connected

and ternary product cfguatients; namely (see again 268)» the

following: *
*

And in fact we might have more rapidly arrived at the same re-

sult, with the help of the associative principle of multiplication.

For by treating (for simplicity) a, /3, y, as unit vectors, so that
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we hav«

but the fourth proportional ^0^7, to a, /3, y, was shewn in the

Fifth Lecture, in connexion with the above cited fig. 40, to have

its (uis directed (225) to the point i), and to have its anf/fe (227)

equal to the supplement of the semi-sum of the angles of the tri-

angle DBF ; that is (compare 258)} to the complement of the haff

spherical excess ; or finally (353)» to the con^lement i^tkt temi'

area of that triangle. Hence, by the Fourth Lecture, the«9t(iire»

namely {^a'^yY, of the same fourth proportional, is a quaternion

which lias still its a\is directed to n, but has its angle et^uiil to

the supplemtni oi the whole sphci ital excess, or to the supple-

meut the total area of the same spherical triangle def. But

since we are to take the negaUve of thb square^ in order to oh*

tain the sought quaternion

we must (by 183) reverse ike axU of that square, and take the

$iq>plement qfihe angle thereof. And thus we are led again to

conclude, that (under the conditions of (ig. 40) the lately written

ternary product is a quaternion which has its fixis direcied atpap

from D, or lias d for its ncfjative pole; %vhiie its angle is sini|>iy

equal to the totai spherical excess, or is equivalent to the total

area of the triangle bfd, whose sides ef, &c., are bisected (as

above) ^ the comm, a, &c., of the given triangle abc. And
hence we may (on the plan of 341) infer the following theorem

qfraiaiion, with which we shall, for the present, conclude our

account of the applications of quaternions to theorems of this in-

teresting class :— If a vector or body B, be made to revolve

in succession, through three finite and conical rotations, repre-

sented respectively by the symbols,

2 ^ CA, 2 r^ BC, 2 ^ AB,

or by the doMee qftke three sides of a spherical triangle, abc,

taken in an inverted order^dA third, second, and first; and \i ano-

ther triangle DEf be so constructed, that the sides kf, fd, oe,
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respectively opposite to its three successive corners D, e, f, shall

be bisected by the three successive corners a, b, c, of the or

given triangle; then the vector or body (/> or B) will, on the

whole, have rerolved round the comer d of the new triangle, as

a negatwe pole^ or roand the radios od' which is drawn to the

diametrically oppanie point upon the sphere* as round a paiiive

axisy through an angte which is numerically equivalent to the

DOL'BLED AREA ot thil Siiiiia licvv triangle, dkf." IiuIolhI this

theorem (like some otiiers of recent articles) has been above de-

duced with a reference to figure 40, in which the sides of the

triangle abc were supposed to be each less than a quadrant: but

yott will find no difficulty now in adapting the reasonings and

their results^ to cases in which this particular condition is not sa-

tisfied.

358. It may have seemed remarkable, that in arts. 295 to 301

we treated the proof oi the associative principle, for the multipli-

cation of any three versors, as depending on the deduction of 07ie

arcual equationfromJive others ; whereas, in art. 302, we made

the proof of the same principle depend on the deduction of three

equations between angles, from t^ee other equations of the same

sort. Howe?OT» a little consideration shews that this difference

is only apparent, so fiir as respects the numbere of the things

given and inferred; and that for arcs^ as u-t ll nsjijr auyles, we

may prove the associative principle, by deduciiiij;; three equa-

tions from three others. In fact, after representing, as in art.

294» and fig. 58» the six versors e^ rq^ «r, and s . rq, by the

m arcs-AB, bc» sr, ac, ai, and dv, respectively, the theorem

which was to be proved, or the associative equation er,q^9,rqf

may be thus expressed, in the notation of sums of arcs

:

Here, it may be considered that tliere are give?i us, by construc-

tion, the three double co-arcualities (each involving ^ttr points

upon the sphere),

DABC, CBBG, and BHFI,

together with whatever additional information is contained in the

three equations,

'"AC«^M, '^BCas'^GH, -^BF«'*Hi;
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that 19 to say, in the three midtile equations of the iiv43 which

were regarded as the data in art. 295. And the theorem to be

proved may be thus stated : that if we determine three additional

points, K, L, Mt 80 BS to Satisfy the thrw other double co-arcuaU~

Ht$ (see the general oonatroctioD for arcoal addition in 2U)»

kBL, GLIM, D&FMy

and suitably distinguish each of these three new points from tb«

diametrically opposite point upon the sphere, we shall have alio

the three arcuai equations,

'-^AB-^KLy '-ai«-^lM, ^DPb'^KM;

namely, the two other givf/i c/uaiions of 29^, arul the one sought

equation of that article, in other words, the six double co ar^

cualiiies being now supposso to exi»t^ we are to shew that the

three laei equations l>etween arcs are consequences of the three

otheref which were written a little before them in the present

article. And this inference of the three last areual equations

from the three others of the same sort preceding them, under the

.s/.r conditions lately i[ulic;ite(i i>f double co-arcuality, may be es-

tablished, not oidy by the doctrine of spherical conies, in a way

differing little from that of art. 296, but also by a more elemen-

tary process, with t!io help of the figures used in arts* 298 to

301, through a modification of the method of those articles which

may be briefly described as follows.

359. The eonstructions of 298, 299 being retained, we may
prove, as in those two articles, with the help of figs. 59, 60, that

the plane of the great circle glim, in hg. 58, touches at o the

diacentric sphere orgu, in virtue of the two given equations, be-

tween the arcs BC, gh, on the one hand, and sf, hi, on the other.

The other given equation, between the arcs ac, ds, will shew,

by fig. 62, that the four points p, q, b, a, are oondrcukr, on ae-

Gount of the parallelisms of pq, ]tQ,P8, rs to oc,oB, oa,oo, ifs be
now defined to be the point where tiie radius ok prolonged meets

the plcme pqr ; and, therefore, will prove that this point s is also,

with this new definition ot it, what it was before defined to W\ \n

ihc method of art. .'K)0: namely, the second intersection of the

le OK with the diacentric sphere OPQa. The three given equa-

>ns having been thus made use of, we may infer the^rjl of the
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ikree sought equations, namely, that between the arcs ab, kl,

from a paiailelism aiul a taiigency, with the help ot fig. 61, of la t.

300 ; although in the process of that former article, the equa-

Immi as well as the tangency was given, and ihe parallelism was

thence to be i9\ferred. Again, if we retam the definitions of the

points p', q'» Vi\ s\ which were ^ren in 298 and 300, those points

may easily be prtiwd^ as before, to be on one common sphere^

and therefore on one common circle, because they 9tiU are, by

construction, upon one common plane; which proof may still be

made to depend on the equalities of the four rectangles,

i>op'b qoq'b BOR'b 808';

and thus' the second sought equation, between the arcs oi, lm,

may be proved, with the assistance of fig. 63. And finally, a

pandlelism and tangency will enable us, as in 301, with the help

of fig. 64, to infer the third and last sought equation between

arcs, namely, that between dp and km.

360. Although it can give you no trouble to fill up the

sketch of an elementary demonstration contained in the fore-

going article; nor thus to prove anew the associative formula,

sr . (j^s. rq, with the help of art. 368, by shewing, in a new way,

that these two products of versors are represented by equal arcSf

namely, by ^ km and of, as before; yet it may not be useless

to offer here the following remarks respecting the numbere of the

things given and sought. Every assertion, then, ofa co-arcutUity

existing between three points upon the surface of a sphere, may

be observed to involve a condition, which can always be con-

ceived to be expressed by a singt e numerical equation ; for

such an assertion is equivalent to stating, that the perpendicular

distance of one of the three points, from the great circle through

the two others, vanishes. A statement of a double eiharcuality,

or an assertion thatfour points of the sphere are situated upon

one common great circle, is therefore equivalent, generally, to a

system of two such numerical (or scalar) equations. Now wliat

we have called (in 217, &c.) an areual t</uaiion, is understood to

involve such a double co-arcuality, and also to include another

numerical or scalar equality besides ; for the lengths of the two

equated ares ate to be equai, and their directions are nol to be
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Opposite, Hence an arcual equation of the foregoing sort is ge-

nerally equivalent to a sy^tein of three scalar equaiions ; which

accordingty it ought to be, because it represents an equation be*

tween versarSf and a versor (see 91) depends generally on a sys-

tem ofthree mim6ers» We migbt theo, io the ioTeetigation of

S96> &c., have oooeeived ottnelves as proving that a oertaia sys-

tem of ikree seaiar eqwHom oould be deduced from a system of

fifteen sueh equations ; becaase me arcual equation was to be

deduced from Jive equations of tJtdt class. And when we after-

wards came, in 358, 3,59, to treat stx double co-arcaaiities as

giveUf or known, we tacitly used thereby (or, if I might venture

80 to speak, we absorbed) no less than twelve oat of the^fifUen

namerical data of the question. It was therefore quite natural

that there should remain cniy three other data, to be stiti e«-

pressly marked by equations, and from which it was still required,

as in the two last articles, to shew that three othtr iiuinLrical equa-

tions Jollowed. It may also be noticed, that every proof, or (tacit

or expressed) assumption, of any co-arcualitt of (three or

more) points, in fig. 58, is equivalent (on certmn known princi*

pies of reeiprocUy) to some corresponding proof or assumption,

in fig. 65, of what may be called a co-pvmctuautt of (three or

more) arcs : or, in other words, a meeting of three or more arcs m
one point ; (jf raliier (oi course) in one pair of diametrically op-

posite points.

361. The construction given in the last cited fig. Co (of art.

302), may be generalized or extended as follows. Instead ofcon-

sidering only three given factors, r, «, let us now considery&tir

such factors, r, #, i ; let us denote their total product by «,

so that
w^tsrq;

and in studying the derivation of this total product from its fac-

tors, let us denote for conciseness, the five pnrfia! products of the

same four factors by the letters t;, u;, a, z, writing

v-rj, to-«r, x^tSf y=^srq, zmtgr.

Let also the ten representative points, upon the unit sphere, for

these various factors and products, 9, r, #, I, tf, v, Wf p, be

called, in the corresponding order, a, b, c, o, b, f, o, h, t, k, as
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roarkeii ii> the annexed fi- 79.

gure 79, which may be con-

ceived to be constructed as

followt. Regarding the

four original fiicton g, n
l» as entirely given and

known, we may suppose

ourselves to know their re-

presentative points. A, B, c,

D»and also the angles which

represent tbem at those

points. Then the two an-

gles,

nay be conceived to determine the point jt; and in like manner,

o i|ay be found by

and H, by

Z.S = HCD, ^ < = CDH.

At the same thne we shall hare, by principles already ezphdoed,

Z.Oair-BVA; Zw«ir-CGB; z.a;«gr-DHc.

The three hhary products x being thus determined, to find

next the iwo Uniaiy products, y and we may observe that the

equations,

enable us to construct the two points i» K and the two angles

y, Lz^ by two new triangles, thus

:

And fioally» to construet the one qmUmar^ (or total) prodoety

n or Urq^ we may employ the equation

which leads ut to determine the point s, and the angle k, by a

new triangle, ioliows

:
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Zy-EID, It = IDE, LU^V - DEI.

362. In this manner, then, with the help of six trianylts^

answering to six binary multiplicationsy we can gradually and

successively construct the 6ix pomtSf F, G, H, i, K, and e, which

represent the products, partial and total, oi theJbur givenJac-

iarSf represented themselves (as to their pontians or the direc^

ticn$ of their axes) by they&tcr given poinU^ a, b« c« d ; and can

also determine the anglet of these six products, the angles of the

factors being supposed known. And in this process it is impor-

tant to obserye that we have been led to construct or represent

Z,r by tujo different angles, namely, abf and gbc, at the point

B ; Z * by three different angles at c ; and L by three other an-

gles at D. The comparison, therefore, of these various repre-

sentations for the angles of these three latter factors r, t, con-

ducts to Jive equaiUm vf emndiUom^ or toJive reiaiUme between

ihe angles o/thejiguref which are true by the foregoing oon-

struction ; namely, to the fire following equations:

abfbobc; (tr)

BCO- HCD« PCI ; (£ e)

CDS « ODK - IDS ; t)

L q occurring only in one of the aix triangles^ and therefore not

furnishing any equation. Again the binary product v occurs in

two triangles; w In two others ; but « in only one; we have,

therefore^ from the comparison of the representations of the an-

gles of the binary prodncts, hoo oCier egtrolfoiit between tlie

angles of the tigurei namely

:

w-BPA-irc; (Lv)

Finally, the ternary product y occurs in two triangles ; but the

other ternary product and the quaternary product occur

each only in one triangle; we have, therefore, one more equa-

tion, and oii^f one more, between the angles of the figure 79, as

true by the foregoing conblruttion, uumuiy the equation,

V-CIF-BID. (zy)

And conversely the estubiibhment of these eiuut kquatioms or
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CONDITION, between the angles of the figure 79, at least if com-

bined with attention to the sigjis or directions of rotation, is suffi-

cient to entitle that fi^uro to he regarded as a correct reptusenta-

tioD of the process recently explained, for constructing, through

representative angke^Bad with regard had to the order of the fac^

lore, ail theprodwUf partial and total, of any^fnirgiven versors,

or quaternions (with the help of the general method of 264, 265,

272).

363. If then we take care to establish by constructio?iy or if

we simply conceive as so established, the eight equations oj cun-

dition assigned in the foregoing article, in connexion with fig.

79, ^e may regard that figure as being consistent with, or as

iuniisbing, a/f thoee other angular rekUions which the OMoeialive

principle of multiplication involves. Thus whereas we only

used, in 361, them binary products,

rg^Vt ermw, ts^x, fw«^, ty^u,

constructing each by a spherlcfil triangle, on the plan ofart. 264,

we may now cnipluy theseJour othtr binary productb, which will

conduct to so many new triangles

:

wq^y^ xr^Zt xv^th zq^u.

The six former triangles (for binary multiplications) were,

ABF, SCO, CDH, FCI, ODK, IDS;

the four latter triangles are,

AGI, BllK, FH£, AKE.

They give two new representative angles for q; one (or r; none

for s nor for t ; one for another for and two for x ; one for

y, and two for z ; and finally, two for ii. On adding these num-
BKUS of new representations for the angles of the factors, y, r, t;

oi the binary pro<liK ts u\ x ; of the ternary, t/, r ; and iinaUy,

of the quaternary product, u\ namely, the numbers,

2, 1, 0, 0; I, 1, 2
; 1, 2; and 2,

to the corresponding numbers of representations for the same ten

anglee^ which were obtained from the six old triangles, namely,

to the numbers,
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1, 2, 3, 3
; 2, 2, I ; 2, I ; and I :

we find in each of the ten casest a numerical sum = 3.

364. In fact, as an inspection of the recent figure 79 may

shew, although perhaps the foregoing tmimeraiuin shews it more

clearly, sach qf the ien painU of the figure, from a to K, is a

common comer of trrbb out of trosv TStr tbianglbs, of

which each has lately served to construct a process of binary

multi{>)ication, by combining (as multiplier and multiplicand)

some Iwo (suitably chosen as to their order) of the kctors ^, r, I,

and of their partial products v, «t « ; and eacli of these

processes gives, as its resultf either some one of those partial

products, or else the total product, n. Thus taking always n^i-

phmenii of veHieal angles as representations of binary pro'

ducts t we have for each of the ten angles &c., three dis-

tinct KEPRESENTATioNS, at its own poiHt of the figure: and

consequently, we arrive, by comparison of values, at Tjro equa-

tions between angles, for each of the /en points, making a 8T8-

TBM OF TWBNTT BQUATioNB io all. But of thcso tweuty equa-

tions, it was seen (in 362) that eigki were true 6y construeiiant

if the figure 79 were rightly formed : and that, conversely, these

eight equations sufficed (with attention to signs) to justify the

construction of the figure. We must, therefore, conclude that the

TWELYB NSW BQUATIONS, wbich we shall here write down,

IAO>BAX« FAB, XBH * ABF ; {l^t Lt)

BFH • IFC, AOI» KOD ; f> ^ Vf)

W-DHCaBHK-FHB ; (ix)

t-gia=eid; {^y)

AKE « IT -HKB = IT -DKG; (LZ)
and fiuaiiy,

KEA=: HBF= DEI, (tt - Z m)

are consequences ofthe eightformer equations^ of art. 362 : just

as in art. 302, and in connexion with fig. 66, it was seen that

three relations hetween angles were consequences of three other

equations. In fig. 79, the line xb is prolonged, to exhibit the

angle w-xba, which is one of the three representations of the

angle of the final or total product, regarded as equal to tsr.<] ;

and the apparent co-punctuality of the three arcs, ai, bk^ kf, is

accidental.

Digitized by Google



L£CTUftB VI. 351

365. More generally, let there be any number^ », of versors^

9u 9» ?Sr • ' • 9nf

it is required to multiply together, in their given order of

•uooeasion, the first by the second, the second by the third, the

prodaet of Meond into first by the (bird, and mi forth* We shall

form hereby n - 1 bhuuy prodnieUf

ft - 2 iemary products,

n - 3 quaternary products

and so on, till we come to two partial and penultimate products,

and at last to one final and total product, which we shall here de-

note by so that

The number of all these products, partial and total, will be,

(fi-1) + (ii-2) + (ii-3)+. .+24^1»|ii(fi-l).

And the number of given factors was = n ; the entire number,

therefore, of ^Eictors and products taken together^ or eoUected

into one system, is

For each of these various versors there will be a representative

paint on the sphere, depending on tico spherical co-ordinates^ or

determining numbers of some sort: the vhole number of such

co-ordinates, for the present system of Ikctors and products, is

therefore,

«(«+ 1).

But again, each of the n proposed versors, from to depends

(by ^1) on three numbered suppose on two co-ordinates and an

angle ; and conversely, if these 3n numbere be givet^ all the

points of the sphericalfigure (representing products as well as
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factors) wiii be (in general) determined. Thus, the n{n^ 1)

numbers receDtly meotioned, will ali be determined if 3it of them

be so ; and oonsequently Iheie must in general exist

«(»+ l)~3ii = fi(fi-2)

EBLATiOMSy between ike n{n + 1) e«hordinaie$ i^thefigure.

366. It was thnS) for ezamplot that wlien we were merely

constructing, as in art. 264, a triangle ofmultiplication^ to exhi*

bit (by fig. 50) the relations which exist between two factors,

^, r, and their product rq, the number which we have lately

called n was » 2 ; n (n - 2) and n (n + 1) were respectively 0 and

6 ; and there existed no qnantitatiire relation between the six co-

ordinates of the figure : or in other words, the spherical triangle

was allowed to be arUUvrUff assumed, ifwe merely wished it to

serve as an example of the multiplication oftwovemors ; because

the anrjles of those two verson*, and, therefore, also the base an-

gles (as well as the base) of the triangle itself, might then be

chosen at pleasure. Again, when there were three factors, r,

as in 302, and when it was required to exhibit the relations be-

tween those three factors, their two partial products, rg, ar, and

their total product erq ; we had a figure (65) with six points,

between the 3.4^12 co-ordinates whereof there existed 3 (3 - 2)

= 3 relations, or quantitative conditions ; because those co-ordi-

nates ail depended on 3 . 3 = y numbers, answering to the three ar-

bitrary versors, r, s. Accordingly, in fig. 65, after assuming

(nippose) the four comers a, b, c, o of the quadrilateral, we were

moiftet to assume arbitrarily even me of the two other points

B, F, between the>^ co-ordinates of which pair of points it is

manifest that there exist three rekUione (although with the

preciseforms of those relations we are not now concerned) ; at

least if wc tyrant tlie conclusion of art. 302, that the^e two points

are Jbci of a conic, inscribed in the quadrilateral. Or, without

iatrodudng any such doctrine of spherical conies, if we only

grant the auoeiatwe principle of multiplication of quatemiouB,

as proved by the elementary Investigation of arts. 298 to 301, or

by the more recent but not less elementary modifieation of that

proof, which was given or sketched in .369, we can still shew

isiiy that three relations must in fact exist between the twelve
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spherical co ordinates of the six points of fig. (ii}; because after

assuming the four points a, b, c» b, of that figure, the angular

equation^

in which both members represent the versor r, assigns a locus

(namely, a great circle) for the point f ; and after we have

chosen the position of this point on this loca8» the position of

the remaining point D becomes determined. In short» the three

equations between anyles, which were employed in eonstmcting

this figure 65, and from which tknt others were afterwards de-

rivedy may be regarded as being; themselves (indeed under the

very form most suited to our present purpose) the system of

three relations between cthordinatest which was spoken of above.

And in like manner, when there were, as in some later articles

(361, &c.),>&tir factors, ^, r, «, f, to be multiplied together, so

that fi was = 4, we found (362) that there existed n (« - 2) » 8

equations between the angles of the ^lgure 79, as necessary for

the justness of that figure, and to be considered as true by its

construction.

367. In general, it is not difficult to prove directly^ without

any reference to ethordinatee as such, and by a process analogous

to that of arts. 361, 362, that whatever the number n of fimtors

may be, there most, by the very construction of the figure which

represents those factors and their products, exist n {n - 2) equa-

tions of condition between the angies, which suffice to determine

the positions of its various points, or at least to fix their relative

positions on the sphere. For this purpose, in 365, suppose that

the 91 factors gi, « • • gm are represented by the n points Qi, . . Q»;

the n - 1 binary products, ri, &c., by the it - 1 points Ri, &c.

;

the ternary products, «i, &c., by the points Si, &c.; and so on,

till the two penultimate products, Zi, r^, are represented by Zi,

; and the one final or total product ^ is represented by the

one point Q. VVe may then conceive that all these hi {n - \)

products, partial and total, are gradually and successively dC"

ducedf without repetition, by a certain sphbkical Triangula*

TioN, from the n given foctors ; or that the representative points

of the one set are gradually comstrueted from those of the other

2 a
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(the angles of the factors being known) ; for wliich purpose it

may be convenient to adopt, as in 361, 362, the rule of employ-

ing no other multipliers, except those proposed or givenJaUors

gii » » ' qn9 whichyb/Zou; thefirst ofthem. For in Ihtt way we
flhali form a systbm i*i (>*- 1) trianolbsi meh fler?lng to

construct the position of omb of the equally numerouB tomghi

points^ and also the angle of the corresponding prodnet ; and

accaraplishiiig this double object lor every one of those sought

points
;
namely, that system of trianfijlcs, which answers to and

constructs the foUowiag syetem ofbinary products

:

n = yy/i, . . . r«,i = q„q^.i ;

*i«3sri, • . • «ii.s'"y»r».s;

• • • Vt*$Mi.St

and finally^

It is clear» in fiusty that every one of the sought things will be

Bucceistvely conttnieted tbut^ withoat any defect or ezeen*

Each will bey&MMf ofice» and only onoe^ althongh it may be after-

wards used.

368. But if we now inquire how many and wlmt cases occur,

in this construction, of a point, whether it be a u;iven or a sought

one» being used as a common comer for more triangles than one»

althonghy in general, no point will offer itselfas a common vertex^

for any two triangles, because none (as we have seen) hjinmd
twices we perceive that each partialprodnet, except the kut im

its own rank, presents itself first as such a product, and after-

wards again as a multiplicand^ but not in any other way.

Hence, each of the n-2 representative points Hi, . . . R^, j, is

a common corner of two and only two triangles ; whereas B«_i is

a comer (namely the verlex) of one trianglei and not a eomer of

any other. In like manner, each of the « - 8 points Si, . . . 8».9

-f-^ is common to two triangles ; bat s*.! belongs to one triangle

^9)Hily. And so on, till we come to si, which point (though not

lEo) is a common corner of two triangles. Finally, the point q,

representing the total product, belongs only to one triangle, Now
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every point, wbfcli thos belongs to two triangles, gives, on the

saniL' treneral plan as in art. 362, one equation between two angles :

so far then as the hi {n ~ 1) products, whether partial or tolal»

are concerned, there arise, out of this construction, equations be-
tween angles, of which eqnattont the mmiAer is the following:

(n-2) + (»~3) + . .+2 + l-J(» - l)(fi-2).

369. But then^twn points, or the n original^etor^t mutt
also be attended to. Now although the first given factor, q\,

does not occur as a muUipiier, and although no one of the ft given
factors occurs as a product at all, yet <] > occurs once as a multi-

plicandj namely, in ^j*/;,, and once as a multiplier, namely, in

7^71 ; thus the point qj is common to two of the triangles, and
furnishes one equation of condition. The factor occurs once
as a multiplicand, in qAq^i and twice as a multiplier, namely, in

and in ^afi ; the point Qa is therefore common to three tri-

angles, and gives ^100 equations of condition. In like manner,

gi occurring once as a multiplicand (in ^5^4), and three times as a ^

multiplier (in 7173, 7ir2, ffiSi), Q4 is a common corner offour
triangles, and we can derive irom it three equations between an-
gles. And so proceeding, we find easily that each simple or
given factor supplies us with one more equation than the &ctor
preceding it had done, with the sole excepHam of the last hetot
of all, which nowhere enters as a multiplicand, and therefore

occurs no t^iener on the whole than the penultimate factor q^.i,

although it is true that qn does occur once oftenor than <7„.i as a
multiplier. Hence, q„, like q„.i, belongs otily to n- 1 triangles,

and supplies only - 2 equations. Thus the « - 1 given factors,

previous to the last, furnish

0+l + 2+..+(a-3) + (ii-2) = i(«-l) (n-2)

equations; and the tost given factor furnishes ft -2 other equa-

tions: the n given Jbetoret taken togetherf supply, therefore,

upon the whole,

i(n + l)(a-2)
«

equations of condition. But their products were shewn, in the

last article, to supply

i(n-l) (11-2)

2 a2
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such equations The factors anfl their products, or the given

and sought points taken altogettier, furnish therefore, upon the

whole, as reiatiana between the angles of the figure, or as camU^

Hons for the correctness of its consiructumt the number

» (» - 2)

of equations. It is evident that this neral result includes (as

before) the particular case of three equations of condition between

the angles, when there were (as in fig. 65) three fieustors ; and

also the case where (as in fig. 79) there were^vr factors, and

eighi equations of condition.

370. The spherical triangle, qrs, in fig. 50, or 53, was

called in a recent article (366) a triangle of (binary) multi-

piJCATioN, because it serves to n nstruct the himuy product^ s

or rq^ of two given quaternion factors, q and r. In like manner

the spherical quadrilateral abcd, of fig, 65, may be called a qua-

drilateral OF (ternary) multiplication, since it senres to

construct, by its fourth point d, and by an angle thereat, the

ternary product^ srq, of three given factors, r, Sf which were

themselves represented by the three points a, b, c : while the

two inserted and auxiliary points, e, f represent (as we have

seen) the two portial products, rq and sr. On the same plan,

the spherical pentagon, abcde, of the more recent figure 79, might

be named a pbntagon of {quaternary) multiplication, be-

cause it constructed, by an angle at its fiftL comer b, the ^aro-

temary product^ terq or «, oijmr given factors, 9, r, ^ which

were themselves represented (as we lately saw) by angles at its

four other corners, a, b, c, d : while the five partial products of

the same four factors, namely, rq, sr^ ts^ srq^ tsr, were repre-

sented (as we have also seen) by the five auxiliary and inserted

points, F, Q, H, I, K, or by certain spherical angles thereat More
generally we may now form the conception ofa (spherical) po*
LYGON OF CONTINUBD MULTIPLICATION,

QiQtQs • • • Q«.iQ«Q»

constructed on the plan described in the recent art 367, SO as lo

^present, by an angle at its last comer q, the eonUfmedproduct
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of n tjwen i/uatemion factors, ^i, . . . ^n, which are themselves

represented by certain angles at its 71 first corners, Qi to Q«.

37 1. It is essential, however, to the eampUte ooDoeption of

snch a pofyg<m qfmuUipUcotiimf to remember that the partM
produeto of the same n factors, whose number is» in general,

(»-!)+ (»-2)+... + 2«i{ii+l)(fi-2);

namely, those denoted in art. 365 by the symbols

are to be represented, in the same (eoneeived) new and more

compltx li^ure or construction, by those other poiiiu (or by an-

gles at til em) winch in art. 367 it was proposed to name, respec-

tively, the points

Rlf • • Bn-i J Si, . . S||_2 > . . . Zi, ;

and of which the number is expressed (as above) by the formula

(/I -2), or,ip(p-3),

if the number of the sides or corners of the polygon i(ftf{/*be de-

noted more simply by the symbol,

For without the consideration of these inserted or auxiliary

points, Ri to Ziy there would be nothing j)cculiar to the theory of

quaternitins, in the construction or study of the polygon QiQo . .

QnQ itself; which might in that case be confounded with any

Other spherical polygon, having the same number (n+ 1) of cor-

ners* Thus the spherical triangle qbs of figures 60, 63, was

(as we have seen in 366) an arbitrary triangle, in the sense that

there existed no eondiHone limiting its three comers, except what

were involved in a certain supposed direction of rotation (265,272),

which conditions, however, might be eluded^ if we chose to consi-

der neyalive angles. Again, the spherical quadrilateral abcd,

of fig. 65, remains an arbitrary quadrilateral, unless we take ac-

count of at least one of the two inserted points B, r, which in-

troduce certain equations of condition. And in like manner the

spherical pentagon abcdb of fig. 79 unndd be arbitrary, if we did
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not consider it in connexion witli two or more of the five inserted

points, F, G, u, I, Kf of the same recent figure.

372. Bui when we do thus take aooount of the inserted

poifile» then every polygon of imhltiplleation (after the triangle)

eonstrocted as aboTe, poeeceees eeTeiml interesting geometricii

properties, suggested by the theory of prodaets of quaternions,

as has already in part been seen. The property which it seems

most useful to investigate at this moment, as illustrating some

recent but less general results, is that which regards the depen-

dence f^one set ofequations, between certain tpkerical anglu qf
tk^fiffute, on amiher sei qfeguationg heiween ikoie tmgki: the

kUUr set being usually (indeed always^ when we onoe pass the

quadrilaterali and prooeed to pentsgons, &c.) lets ntimeroiif than

that other set, which Is shewn to be dependent upon it* To
prove this, I observe that when the trianglbs of constuuc-

TioN, employed in the process which was described in art. 367,

are combined (as in the case of art. 363) with those others which

are suggested by the assoda^ve principle of quaternion multipli-

catioOf and which may perhaps^ ibr that reason, be properly

called A860CiATi?B TEUNOCBs, then BVBRT POiHT qftiufigure

is a COMMON CORNBR o/h - 1 differed triangles; or the quatef^

nion which is represented by it enters, in n ~ 1 different ways,

whether as factor or as product, into formuke of binary multipli-

cation, of the kind admitted in the present plan. In fact, the

first factor occurs as a multiplicand in » • 1 such formula^

namely (see 365) in the following,

which are all true by the auoeiaiive principle, although only the

tirut of them was used^ in the construction described in 367. Thus

the point Qi is a common corner of n - 1 triangles, each repre-

senting a binary multiplication, although only one of these tri-

angles was constructive^ and the rest of them are all associative

(in the sense of the present article). The angle Z is therefore^

tbii the completed figure, represented by n - 1 different but equal

'^angles at the point Qi ; and the comparison of these different iv>

presentations, for the common value of the angle of the factor yi,

couducts to n - 2 angular equatioHs, namely.
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In like manner (see 369)» q» was used twice only, in the co»-

siructian, namel7» a* a Aetor in q^qi and in ; bat by

#octo<»oa it 18 introdneed also at a nultiplicand into 11 - 3 other

binary prodocti, namely, into the following

:

Thus the point Q2 (like Qi) is, when all are taken into account, a

common corner of n- I triangles, and gives, on the whole, n-2
equations between angles. More generally, the given factor,

enters, on the' whole, »- 1 times as a multiplier^ into binary

products, as follow^,

and 11 -iM times as a wmli^idieami into sueh prodoets, namely,

into the following

:

^Mtl •</•!» <^M>3 ^M-.^! • ^M> &C.;

while it nowhere enters as a product : it enters, therefore, on the

whole, as before, into n - 1 formolts of binary mnltiplicatioo, so

that Qm is still a common corner of 1 triangles, and supplies

still It - 2 equations between angles.

373. It is true that we have here been considering only the

n given tactors. But ii\ instead of a given/actor, qm» we consider

a partial prodmtt such as

y« ^111-2 2'm-3 = '»-3,

we find that although this quaternion enters still only n-ai

times into a binary produet as a nmlHplieand^ namely into the

followmg,

^m*\ • ^m-3f ^««2 ^M4l • ^.39

and enters only m - 4 times as a muU^Hetf namely, into the bi*

nary producis,

and so only enters » * 4 times aa afactor^ into binary products,

yet it enters three times, a$ a product^ into formula of binary

multiplication ; for by the associative principle, we may place Ike

pomt or other merit of multiplication, in the eipresslon for tm-t*
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after q^, or after qm^it or after gm^f And generally if we consi*

der the product*

we find with the o^reatest ease that this quaternion enters only

n-m times as a multiplicand, and only m~l-\ times as a mul*

tiplier, into the oomposidon of binary products; but that it occurs

«lso / times* under the form of such a product. It occurs theo,

still* ft - 1 times tin allf and gives still n~2 angular equations*

374. ft is then proved (as was asserted in 372), that each

point of the whole complexfigure is, in general, a common corner

ofn- \ dijftrtnl triangles; and, therefore, that it conducts to

11-2 equations between angles, by comparisons made as above.

And the number of all the points has been seen (in 365) to be

^(n+l); the entiie Dumber of the angular equatioos, thus

obtained* is therefore expressed by the formula*

^(n^l) (»-2).

But the number ofsuch equations which are true by construction

,

has been found to be (see 369),

-n(»-S);

subtrartiii^ therefore this expression from the one preceding it,

we find that the number of the angular equations which are true*

as depending on <Ae » (s- 2) equaiimiM coneimeiicn, is

i«(ii-l) (n-2).

And lAftf is the general propertg ofpolygons ofmulHpUcaikm^

which it was lately proposed (near the banning of 372) to in-

vestigate. We see that it inclndes the two eaeee lately considered*

of dependendea ofequatione derived from the ouoeiaHve princi-

ple, on equations which were true hy coti.struction; namely, the

case (302) of three factors, n = 3, where three equations were de-

pendent on three others; and the case (364) of four factors*

where twelve equations were dependent upon eight. For the

hexagon qf muUiplieaaon^ where there are five lactors* and

^
(5 + 1) or fifteen pointo altogether* there are fifteen (-5.3)
uations true by eemeirueiion, and 30 (= ^ . 5 . 4 . 3) equations

spendenl on thcui. And in general we see, hy the present arli*
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cle, that, in any such polygon, the number of the equations which

are derived by the associative priiicij>le, is to the number of those

other equations from whidi they are derived^ as 1 to 2. The
equatUms asModatUm are therefore more mtmercuf than the

tquoHona qfconstruction, whenever the number of n of factors

exceeds three; or when the number n + 1 ofeomere of the poly-

gon of multiplication is greater than.>&«r ; a result which agrees

with what was stated by anticipation, in art. 372.

375. Since eacf) of the {n + I) points of the complex figure

has been seen to be in general a common corner of fi-l diiierent

triangles^ constructive or associative, we have only to multiply

these two numbers together, and then divide by three, in order

to find the mimder qf ail thou irianglee qf mutt^lieation

;

namely,

i(»+l) «(«-]).

There is however another process, distinct from the fbr^^ing,

by which the same result may be obtained, and which it may be

useful briefly to consider. Let us then remember that (as in 373)

each product, partial or total, of / + 1 suecessive factors, may (by

the associative principle; be presented uiukrthe form of a binary

product, in / different ways, according to the various positions

which may be assigned to the pointy or other mark of multiplici^

tion. Hence, while each of the ii - 1 binary products fi, . < r«.t

gives immediately one triangle of multiplication, each of the

n -2 ternary products, ^^.^ gives two such triangles, and

so on. We are then tu lake the sum of the series,

1 (is-l)4-2(ii-2) + 3(ii-d) + . .+/(fi-0»

if we wish to find how many tr 'auKjlts are given by all the pro-

ducts Ti, &c., «i, &c., which contain / + 1 or ftwcrfactors. But

this sum is, by well known principles, equal to the following

:

(« + 1) (1 + 2+3 +..+/) - {1 .2 + 2.3 + 3.4 + .. + /(/+ 1)J

«i(«+ 1) (/+ i) y+ 0^
«i(3»-2/-i) y+i)/.

And if we now make we find, for the total number of

the trianyles^ involved in the whole comj^lex fit/ure, the same

cjtpression as above, namely.
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For example^ when therewere only iwo given fiidon (as in 264),

there was only one triangle (the qbs of fig. 50) ; when there

were Ihrte trivcn factors (as in 302), there were Jour triangles

(the ABE, R> I, Kc J), and afd of fig.()5); when there were Jour

giveu factors (as in 361), there were /en triangles (those enume-

rated in 363): and when we consider the case oijive given fae*

ton, and conatruct a hexagon muUipUeatiom (see 370), there

are then found
^
to he iwmiy trianglea, answering to so many

auxiliary processes of formation of hinary products. Accordingly

in this last case, the figure has been seen (374) to contain fifteen

points, of which each is a common corner oijbwr triangles of

multiplication.

376. Instead of seeking how manjf trianolbs may thus

he formed, from a quadrilateral, pentagon, &c., as repiesentiog

anltiplieatioa of quaternions, we may inquire kow miem§ amxi*

/Miy QUAi»ftiL4TBRAii8 may be deduced (rem, or are to be eon-

sidered as involved in, the complete construction (371, &c.) of a

pentagon, hexagon, or other polygon of multiplication. For this

pur|K)se we nre to determine how many products of ternary (in-

stead of binary) forms, can be composed from a given set of fac-

tors ^if . • . qn% wUkonU iranapoeUUmf repeHHamf or hiatus. Or
we may seek, in how nsany ways the wioua partial and told

products, «i, &e., I|, &c., and 9 » g« • . . ^i, can be deoompoaed,

each into three factors: for there is evidently no use in seek-

ing so to decompose any one of the n given factors, ^1, &c., or

any of their n - 1 hinary products, ri, &c. It is clear also that

each of the » - 2 tenicary products, su &c., gives only ont decom-

position, of the kind now sought; but that each of the n^Zqwa^
ternary products, li, &c., giTCs l-«-2«3 such decompositions,

because we may write, by art. 365, and by the associative prin*

ciple,

where^ may be treated as a binarp product in only one way,

jpi9Mi Mt ififo ways* la like mannera quinary prodttetadasils

'^'^blMary deoompositioBa iBl-i'2+3-6 ways ; and genaiaUy the
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number ofways, in which a product o{ i + 2 factors may be put

uoder the torm of a ternary product, is

1 + 2 + 3+.. +/=|/(/+l):

while the number qf products of this order or dimeDsion is

»fi - / - 1. If then we wish to know how many ternary forms

can be obtained, by amiably placing the points ofmultiplication,

from all the products €u h, 8fc*f whieh inrolTe not fewer

than i+2 given and successive feetors, we are to caleulate the

sura,

1 (jt-2) + 3(»~3) + 6(ji-4) + .. + i/(/+l) (n-l-l)

- (11+ 1) (1 + 34^6+. -1-1)}

-(1.3«f3.4 + 6.5 + ..+|/(/+l) (1+2))

» i (» + 0 1) (/+ 2) - J/ (/+ 1) (/+ 2) (/ + 3)

= ,V(4«-3/-6) (1+2) (/+ 1)/.

And finally, by making /sii-ft, we find for the wkoie number

of snch ternary prodacts» or of the qmidrUaUmU by which they

are constntcled oo the sphere, the expression,

Thus, the pentagon of multiplication (fig. 79), for which the

number n ut given factors is^tir, is connected with auxiliary

quadrilaterals, namely,

ABCI, BCDK, FCDB, AODB, ABHB,

answering (in the notation of art. 361) to the five products of
,

ternary form,

8,r.q^ l*8,r, t.a.rq, t,sr,q, ts,r,q\

and the complete construction of the kexeigon of multiplication,

for which n = 5, must involve the coubtruction offifteen such qua-

dniaterai^^.

377. If we seek on the same plan, how many auxiliary pbn-

TaooNS are connected with the hexagon, heptagon, kc, or how

many p9vdiii€U of qmsUrmurff fiim can be omnposed out of ii

given factors (without transposition, &c.), we find that the nunif

her of quateraary dceompositions of each prodnet of ^+3 fiM-

tors is
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i/(/ + l)(/+2);

and thai the number of such produoto is

(«+ !)-(/ + 3).

Multiplying these two nttmberst and summing with respect to I3

we obtain the expression,

4("-7^-^)(^+3)(U 2) (/+!)/;

whidiwhen we make l-m~3, redncet ItMlf to

t4,(« + 1)ii(«-1>(»-2)(i.-3).

Sueh then it the required number of auxiliary pentagons in ge-

neral; in the cunsLruction of the hexagon, there would therefore

be involved six such pentagons; and twenty-07ie in the construc-

tion of the heptagon. More generally still, the same analysis

shews that in the complete eotuiruciion qfAVY sphtricalPOhY»

ooN qfmuU^ieaiiaH (370), withp («]|+ 1) coenses (or nde$)

and with (p - 3) imsbrtsd points (371), to repreunt pariial

products, is invotved the eansintctitm ofa numfter ofauxiliart
SPHERICAL POLY(;oNs of itij'ti lov (iegrtt^ which nuutber is ex-

pressed by thejbrmula,

P(p-\)(p-2)...(p-p''i'l)
I . 2 • 3 . . . p'

ifp'be the number of sides of the auxiliary and inferior polyjron.

376. You will not have faikd to observe that X am iar from

admitting, in the construction of these inserted or auxiliary poly-

gons, all possible tires of great circles which could be drawn,

connecting two points taken arUtrariiff in the figure. If thai

were done, the results would of course be much more numerous:

but you see that I retain only those connecting arcs which are

required, or are usfjuly for constructing;^ some of the produt (.^y

partial or total, of the given quaternion factors. It was thus

that in fig. 65 (as was remarked in an. 375), ouXyJbur auxiliary

.^^^1^ triangles were employed, because we had no occasion for the

^%ws AC, BO, SF ; which again arose from the circumstance that

ve were not seeking to connect q with «, nor r with srq^ nor rq

with by any process of binary multiplication. It would cer-
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tainly have been unnecessary to iiave had recourse to any such ana>

lysis as the foregoiog, if our object had been to prove^ what eyerj

body knowst that a set ofje/ things can be taken ont ofp others,

in a number of ways expressed by the formula recently written.

But the question which we had to investigate was an eniirefy

different, and (it will perhaps be felt) a much less east/ one. Eiren

for so simj)lc a case as tliat of the hexagon and its quadrilaterals,

the distinction is sufficiently striking. Of course it is very

well known, from elementary principles of combination, that a

set of four things can be taken in fifteen ways out of a given set

of six things; and in so many as 1366 ways out ofa set of fifteen

things, the arrangement of the things among themselves being

supposed to be unimportant. It would, therefore, have been use-

less to oiler any prout, that after constructing a spherical hexagon

of multiplication, to represent five e^iven quaternion factors and

their total product, and then inserting also nine other represeniO'

tive points upon the spheric surfiMse, for the various partial pro-

ducts, fifteen sets of four points could be chosen out of the six

comers of the hexagon, and 1365 such sets out of the whole sys-

tem of the fifteen points of the figure, arrangement being still

abstracted from. But it was not obvious that when four points

were to be selected out of thesefifteen^ so as to he corners of some

auxiliary quadrilaterral of multiplication, connected with the re-

presentation (on the principles and plan already explained) of

some temnrff multiplication of the five given fiictors or of their

products, the refection of all uselese quadrilaterals would reduce

the larger number 1365 to the smaller number fifteen, which last

was obtained at the end of art. 376, and may be derived also from

the more comprehensive iorniula of art. 377. Still less is it evi-

dent, without some such investigation as that lately instituted,

that so great a reduction as is expressed by the same formula takes

place, by rejection of useless combinations, when we seek the

number of all the auxiliary and p'-sided polygons of multiplica-

tion, which are connected with and involved In the construction

of a polygon of multiplication of superior degree, having p sides

or corners, but having also ip (p - 3) inserted points, which

(under certain restrictions as to tlie mode of combinin<j ihem) con-

cur with the p points themselves, in the formation of the auxiliary
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and inferior polygons, according to the laws of the multiplication

of quaternions. Perhaps this may be as iitting an occasion as

any other to remark, that the process qfbmldimg up a compl€$e

palifgcm qfmuUiplieiUiimt of any gives degree^ with all its auxi-

liary polntiy may be in many waya waned from that itated in ait

3679 ezempliiied prenously in 361, without dbtnrbing any

of the results above obtained, respecting the number of the equa-

tions of condition necessary for the correct construction of the

figure; or the number of the equations which follow from these

by the associative principle, or the number of inferior and auxi*

liary polygons, For instance, in constructing tke figure 79$

for tbajpenla^oiit we might have begun by aMuming as kmowm

the six pomiSf A* b, and c, d» B» in eonnesion with the two

pairs of given Meters, 9, r, and s,t; and might have thenoecon*

fstructod the four olhtr points c, i, k, and e; but we sliould

have had ehjht constructive e<juaUoiis between ruiglcs, and have

Still been conducted to twelve associative equationst as following

from them.

379* The foregoing investigationB (361 to 377) lespeeting

peilfffem qfmulHf^ieaium have been conducted qule indepen*

dently of the doctrine of spkerieal eonSes^ although a pasting

allusion was made to that doctrine (in art. 366), and in particu*

lar to the focal character of the two auxiliary points B and f, in

fig. 65. But if we now admit liiat focal character of those two

points, namely, that they are (as was proved in art. 302) the tivo

Jbd qfaeame imeeribed m the gModrUateral iifmmU^ifUeaiiimf

namdy in ascd of fig. 60, and if we agree to dbnotb this/beat

relaiiom o/two poinis toftmr oiken^ by writing, for eoncisenessy

any one of the following formulsBi

•r
n (• .) ABCD, or IF (• •) BCDAy or Sf (• •) ocba;

but not the formula,

' BF (• .) ACBD,

^^^^nce this would come to substituting diagonals for sides, and
^ ^would require a change in the inscribed conic; we shall then be

ble to derive and to enunciate briefly a series of tubobbms, ro>
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tyeelhif rNscstpnoiifl or ststbms op sraiRrcAL conics in

CERTAIN svsrKMs OF SPHERICAL QUADRILATERALS, and the con-

sequen t e

n

ci i \ i n m k n ts o v c e kt a i n s

p

ii e

r

i c a l polygon

s

among
themselves ; of which theorems the gugjfestion is due (so fur as 1

know) to the Calculus of QuateruioDt. For sisee every case

of a ternary product may be represented or constructed} on the

plan of fig. 65, by a conic thus inscribed in a quadiilaterali we
see by recent articles that every /i-sided polygon of multiplica-

tion is connected with a sy^Um of such conics, whose number

expressed by the formula

Vt/>(p-1) (/>-2)<P-3),

while theirybct all belong to the system of those points, in nnm-

ber

which represent the partial products of thosep- 1 quaternion

fiictors, the representative points of which factors themselves,

and of their total product, are the successive corners of the poly-

g^on in qu( stion ; and out of this system oifocal points, another

polygon or polygons may generally be conceived to he formed

;

which will be connected with the^mtfr polygon, and with each

other, by a species of focai* nKCHAiNinKT. (It will be remem-

bered that the inferlftoii of these^o/ poinU is nol an arhUrary

process, but is subject to certain lonro derived from the nature of

quateniion multiplication; in fact there exist, l»y ait. 369, (/>-!)

(p -3) fcpiafions of construct to7i, between the an^^les of the com-

plex figure ; and from theses by art. 374, there ioliow \(p-l)

(p-2) (p-3) other equations between angles, in virtue of the

ossoctaliM principle.)

380. If, for instance, we adopt the notation of art. 367, and

take the case ofthe hexagon^

we may conceive the six points

R1R2R9R4T1T,,

wUcb lepMseal the four binary and the two quaternary prodocts.
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to be, in their order, the corners of a second hexagon; while the

three points

which represent the three ternary prodacts, may be considered as

the corners of a triannle. And then, for this system of tw o

HEXAGONS AND A iiu ANfw E ujton fl Sphere (not now, ns in 30j,

one hexagon and two triangles), we shall have an examfle of the

lately mentioned enchainment ofspherical polygone; which bn-

CBAINMBNT 18 here performed through a ststbu of fiftbbn

8PHBRICAL COMICS, imcriM in certain guadriUUeraU of the

figore, and having their foci ranged at the corner* of the amm^
liary hexagon and triangle, as is expressed in the iuiiowing Table.

Table q/'Focal Relations,

R2R3 (. .) QaQ,Q,S,

Ti Tt (. .) Q.Q Q18,

TaBi (. .) Q QiQtS, .

RfSa (. .) Q,Q«R4Ts

RjS, (. .) (isdiTiR,

R4SJ (. .) Q4Q,TaHa
' *'

T,S3 (. .) QiQ H1R3

TaS, (. .) Q QiR,R4 .

8.8s (• ) QaR«Q«Tt
I

(III.)

8*8, (. .) Q,R4Q Ri J

And 1 think that any attempt to sketch, in its general eiaUf the

complex figure here referred to, with its fifteen cooics of inscrip-

tion, and its numerous connecting arcs, could only impur theclear-

ness and symmetry of the foregoing symbolical statement.

381. There is, however, one particular 01 ratlici Uunting case^

of the general construction described in the last article, which it
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Fif. 60.

may be interesting here to consider, and which admits of being

illustrated by a diagram sufficiently simple.

Round any point s of tbeaorfiMse of the unit^sphere, as a pole,

with any arenal radius sq, concdve a small eirele to be described.

Let this small circle be cot into nz snceessiye and eqoal portions^

in the order of left-handed rotation, by five other and soccessive

arcual radii,

BQ„ SQm 8Qa, SQa, SQi,

making with SQ and with each other successive angles of sixty

degrees, at their common point 8» as In the annexed figure 80.

Let six connecting arcs

ofgreat circles be drawn,

QQiv QiQ2» Q2Q99

QsUi) OiQft) QaQ;

which will thus become

the sides of (what might

perhaps be called) a r«-

ffular spherical hexagon

:

or at least of one which

will be at once equi-

lateral and equiangular.

Draw also the nx suc-

cessive diagonals^

QQn QiQsi Q*Qi» <^Qit QsQtt

and name, as follows, the six successive intersections of these

diagonals

:

Ri the intersecdon of a q« and QiOt

;

Ti

ft

f9

99

>>

99

99

QiQs and Q»Q4

;

QaQ4 and QtQs*

Q3Q6 and QiQ ;

QtQ and Q5Q1;

Q«Qi and a Of

The figure being t\\uR constructed, conceive next that some five

siicce«isive quaternion factors, of the versor kind, <7,, 17.., q-,^ f/i, q^,

are represented by five spherical angles, at the five successive

2b
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points Qi, Q., Q„ Q41 Q^,, of the hexagon ; each of tliose five angles

being equal in magnitude to the spherical angle UiQiQ:* between

a diagonal and a eonterminons side of the kesagon. The foar

tttoflCMiTa binarif products of ibe fire factors, namdy,

?s9^4* will than be represented by angles at the four points

n u Rs) of which the oommon magnitude la that of the angle

Q3R1Q3) or the supplement of the spherical angle QsRiQi. The con-

struction, 80farJ being seen to be entirely rigorous^ and indepen-

dent of everything like approximation, let us conceive next that

the arcual radius sq becomes a «ina// arc, although remaining still

an arc of a great circle ; so that the spherical hexagon becomes*

in consequence, a nearljfplane one, and approaches to coincidence

in shape with the regular hexagon of Euclid. The angle ofeach

of the five quaternion factors will then differ very little from thirty

degrees ; and the angle ui each binaryprudut i will be nearly equal

to sixty degrees. The three ternary products, q^q-^qxy giQ^zy q^qiqn

which are in general (see 380) represented by three dutinct points,

8i» 8<i» 89, come now to have their three representative points very

nearly coincidbnt with each other, and with the cenire 8 of the

fi^re ; the angle of each becoming at the same time nearly riglU*

The two quaicrnanj products, q^q^qtqx and q^q^q^q-i, will be very

nearly rr presented by angU s of 120° each, at the two remaining

corners, Ti and Ta, of the interior hexagon, namely RiRsRsR^TiTa.

And finally the one quinary or total product of the five given &c->

tors, namely q^^^^u ^i^^ ^ nearly represented by an angle of

150**, at the one remaining corner Q, ofthe outer or original hexa-

gon, described in the present article. All this follows easily from

the most elementary properties of a plane and regular liexagon,

considered here as the /unit to which a certain spberical hexagon

approaches, and combined with one of our general constructions

(264, &c.) for the multiplication of any two versors.

382. We may then, at the limit, where the^eftervi/and ^ke-
rieal hexagon of multiplication becomes the plane and reguUA'

hexagon of elementary geometry, conceive that hexagon, with

its inserted or focal points, to be constructed as in the recent

figure 80; the various letters q, r, s, t retainiii^% at tlii.s limit,

the general significations of art. 380, except that the one letter s

(at the centre of the figure) now takes the place of each af the
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1

iiiree symbols, which were bciure written as Si, s,. We have

then only this last change to make now, or to eonoeive aft made*

in the leeeot Table of Foeai Relatioiift ; that u to say, lo fiir as

oonoem the iwektefini of those lelatioiis, we ate simply to Mtp-

ptruM ik€ mdiceSi wbidi were (in art. 380) suffixed to the letter 8

:

and as regards the three Imt of the same system of fifteen ioca!

relations, we are to rt [ncmbci t'nat an ellipse becomes a circle,

when its two Joci coalesce. Ihus, at the limit here considered^

ike three amice of^ third system degenerate into circles ; or ni->

tber (as it is veiy easy to see) they coaUeee into one ein^ cirdef

etmcentrie with the original dicle, and imeeribed in the interior

hexagon, as indicated in figure 80; wherein also two conies of

each of the two former systems are pictured. And an inspection

of the same recent fisrure, cnmbincd with some simple geometri-

cal considerations, shews easily that each of the six ellipses of

the first system, as, forezampie, the ellipse inscribed in the equi-

lateral quadrilateral OiQsQi8» or the one which is inscribed in the

other and similar quadrilateral OtQtQS, has its mq^r axis equal

In length to a side of the original hexagon ; while each of the six

ellip«>es of the *€CO«rf system, such as the one inscribed in the rec-

tangle Q:,QiTiHs, or that in the other rectangle qQiU^h., lias its

minor axis equal to a side, suppose QaQo of the same original or

outer hexagon. And 6nally, the one interior ctrc/e, to which the

three ellipses of the third system reduce thenselvesy and which

is Inscribed in the interior hexagon, has its diameter equal in

length to a side of the same outer hexagon; to which side we
have just seen that a major or a minor axis, of each of the twelve

ellipses of the two former systems, is equal. The diagram may

also suggest, what a very simple reasoning proves to be true,

that the eight points ofcontact, of the two ellipses of the firet

system in it depicted, with the eight sides of the two equilateral

quadrilaterals In which they are inscribed, are ranged on the two

diagcnalet RtR* and BiTi, of the Interior hexagon ; that is, upon

the minor axes of the two ellipses of the second system in the

figure: or on the parameters of the twoformer ellipses.

383. All this being sufficiently obvious for the case of the

plane and regular hexagon, it may be worth while to inquire

briefly in what manner the results are wufdified, when the arcual

2b2
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radius sa is treated as only moderately (hnt not infinitely)

Binally so that the sphericity of the figure is sensible. Conceiv-

ing, therefore, that figure 80 represents an equilateral and equian-

gular but iphericttl hexagon, constraeted according to the dire^

tions of art. 381 ; and supposing that the fire given Teiaon, tm

are represented^ as in that article, by the five spherical angles,

the general construction tor a spherical triangle of multiplication

shews still that the four binary products, &c*, are represented

by these four other spherical angles in the figure

:

But the three ternary products, 73^1$ &c., will no longer be

(rig^orously) represented by rifjht angles at the centre s of the

tii/tire ; nor will the twn (jiiaternary products be represoniod by

angles of 120^ at the points Ti, t, ; nor the quinary product by an

angle of 150° at the sixth corner Q of the equilateral and equian-

gular hexagon. We may then ask, for the ternary products, in

what dhteHcm do their three reprtwUoHve paints^ 81, 8i» St*

viate from the centre 8 ? And if the two quatemarff producta

be now conceived to have their representative angles at some two

new points, t'i, and t ., since t, and Tj are (by art. 381) already

appropriated in the figure to denote certain intersections of dia-

gonals, we may inquire what are the directions ofthe demotions^

Tii<i and Ttff? Again, if the quinary product he supposed to be

represented (accurately) by a spherical angle at some other new

point qT, while Q shall still denote, as in the figure, a comer of

the equilateral hexagon, we may demand what is the direction of

the deviation or displacement, qq ? And with respect to the

wayyntudeH of the various representative atujlcs, we may inquire

whether /lq^ is now less or greater than 30° ? is^^i less or

greater tlian 60°? is z 9393^1 acute or obtuse? does Lq^q^^i ex-

ceed or fall short of 1 20" ? And finally, for the quinary product,

18 z quqiq^qtQi less or greater than its limidng value of 150^, when
account is taken of sphericity ?

384. By the construction which is to be conceived as being
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employed, for determining the new spherical angles at Sj, Sst Sa,

t'i, t's we have the angaUr equations

:

beeaase, by the associative principle, the ternary product, q^qiqu

may be put under either of the two forms, • q^q^, q^q^, . q^. It

is clear, therefore, that if we denote by Mj the point where the

arcual radius, SQ., bisects perpendicularly the diagonal QiQ^ of the

outer, or the side RiR^ of the inner hexagon^ the sought point

81 will simply be the reflexion of Qe with respect to In such a
manner that the following arcual equation will subsist:

The direction of the deviation ssi must, tlierefore, be either to-

wards or from the corner Qt of the outer hexagon, according as it

shall be found that the arc sm, is greater or less than htU/of the

arcual radius 8Q«. To decide this question, let us observe, that in

yirtue of the tendency of the radial arcs to meet again upon the

sphere, in the point diametrically opposite to the point s from

wliich they diverge, each side, such as QiQ^, of the hexagon, is

shorter than the arcual radius SQi. Comparing, therefore, the two

right-angled triangles, Q«MaQi and QiMsS, which have a common at-

titude QiMt, we^^ that the hgpotenuse of the former triangle is

shorter than the hypotenuse of the latter, and consequently

that the base q«U] of the one triangle must also be leee than the

base MjS of the other. We have then the inequaUtg^

and by combining this inequality with the equation written above,

we can at once inter this other inequality,

If,81 < MaS«

We know then definitely the direction ofthe deviation sSi; and

are entitled to assert that this deviation is directed>h»i» the centre

8, tamardi the comer Q«, and not in the opposite direction. And
it is evident that reasonings exactly similar would prove, that the

two other deviations s^., bSj, of the two oilier representative

points of ternary products from the centre, are directed, respeo-
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tively, iowards the tufo other and succesuve cornersj Qs, Oo of

the tame original hexagon ; while the lengtke of these three de»

ylations are at the eanie time evidently eqoal. When the arcoal

radias is assumed as 10^» I find that the eommon value of these

three deviations amounts to about 4' 36" ; and that when the size

of the Rgure is diininisheil, ilie deviation diminibhes nearly in

the same ratio as the cube of the radius. It is less than three'

tenths ofa secondy when the arcuai radius is a degree,

38£». As regards the angles of the Victors, and of their binary

and ternary products, we may see first that if Pi denote the mid-

dle point of thejide QiQm the two right-angled triangles QiOtWs

and p,Q,s have a common base angle at q», but that the hypote^

nuse of the former is less than the hypotenuse of tiie latter. The
area of the former triangle is therefore also less than the area of

the latter ; so therefore likewise is the spherical excess; and so

must be the vertical angle. That is to say» the angle HgQi^i is

less than the angle QsSPi ; or in symbols*

We have then answered another of the questions proposed in art

383 ; for we have come to conclude that the angle ofeach of the

given factors^ in the construclinn here considered, is less than

30®. It is, however, only a very Utile less than this litntt-angley

if the size of the hexagon be small (the sphere being supposed to

be fixed). Even when the arcuai radius is assumed so great as

10^, I find that this representative angle of g^ fiilis short of 30^

by only about ten seconds and a half ; and this defect is reduced

to about the ihousandih part ofa second^ when the radius is taken

as oJie degree ; for it can be proved to vary nearly as thefowlk

power o/ the radhi^t. so long- as the figure is moderately «mall,

386. The angle of tiie binary product q^xy being equal to

QaRiQt, is the supplement of the double of the angle PiRiQi ; but

this.last angle is equal to its vertically opposite SBiift, and there-

fore exceeds the complement of the angle MaSBi, in the right-an-

gled triangle so denoted, by the spherical excess of that triangle.

But the angle m,sRi is exacily equal to thirty degrees ; there-

fore. PiRiQ. is fjreater than GO"; its double is. therefor<', ^neater

\km 120% aod the supplement of its double is less than sixty de-
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gre69. V\^e arrive, then, for the angle of the binary product, at

the inequality,

which contains the answer to another of the questions proposed

in art 383. It must be observed that the defect, thus proved to

exist) of the angle of the binary product from sixty degrees, is

much more cuusiderable than the defect, investigated in the im-

mediati ly preceding article (385), of the angle of a factor from

30°. For the defect of the angle of the binary product q^qi is re-

presented by the doubled area of MsSI^x, or by the total area of

the triangle 8RiB«; whereas the defect of the angle of the fiictor

qi was seen to be constructed by the difference of the two small

and nearly equal areas, of the triangles Q3M3Q1 and 8F1Q3. When
sQi is taken as 10°, the defect of the angle of the binary |)i o(luct

from G0° amounts to so much as about 15' 20"; and even when

the arcual radius in the construction is assumed so small as 1%
this defect is still not less than about nine seconds ; varying

nearly as the square of this radius, so long as the dimensions of

the figure are small.

387. The angle of the ternary product, q^q^qu being equal to

the supplement of Q:,SiR,, is in amount the supplement also of

Ri(j ,
; or of QiQjQi ; or of TiQ.Ms, if bi- t lic bisecting point of

the diagonal q^q^, as Ma was of Q1Q3. But in the quadrilateral

PiQaM,s, all the angles except that at Q, are right angles ; there-

fore this aiigle PiQfM» exceeds a right angle by an amount repre-

sented by the area of this quadrilateral ; and consequently its

supplementJhlls short of a right angle by the same amount. The
angle of the ternary product is thereloic acute^

and thus another of the questions of art. 383 is answered. This

defect from 90° varies nearly as the square of the arcual radius

;

when that radius is lO*', the defect is about half a second more

than 46' 34'' ; and it is reduced to about twenty*seven seconds,

when the radius is assumed to be a degree.

388. Proceeding to consider the quaternary products, qiq^q-^x^

q^fjiq^q-ii we may put the latter under the form </.,7, . q^q^t and are

then led to assign the following conditions for tiic construction
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of its represeutaiivc point T', (aee art 383), aod for its represent**

tive angle at that point

;

RjRiT 3 = L q,qi = Q4R4Q3
;

^ ' ~ *4T'iRt.

The point t'* is therefore -situated somewhere on the are sts

itself, or else on that arc prolonged. To decide which of these

two conclusions is to be adopted, we need only observe that each

ani^le of the equilateral and spherical triangle TjRaRi must t\ccctd

60°f while the angle of the binary product g^t has been seen to^ short oi 60"*
i thus

T aRaRi < TsR^R^, and SX'a < STa ;

the dtsplaeemmU Tjt', of the representative point of a quaternary

proiiact, is therefore directed towards s : and aiiotlier (juestion

of art. 383 is answered. Another problem of the same article is

solved, by observing that, in consequence of what has just been

shewn, the angle BiT^n^ is greater than R4T,Ri, which has been

seen to be greater than 60^
; therefore, by still stronger reasoa»

the angle B^i^tBt exceeds 60^ and its supplement fidls short of

120® ; so that we ha?e the inequality.

When the radius is 10°, this defect of the angle of a quaternary

product from 120° amounts to about 1° 15' 50*; it varies nearly

as the square of the radius, and reduces itself to about 45"

when the radius becomes a degree. On the other hand the dis-

placement Tst^« or TiT'i of the representatiTe point varies nearly

as the cube of the radius; it is found to be about lO'dS^ or only

about six'tenths of a second, according as we assume 10® or 1®|

for the value of the areual radius.

389. As regards the quinary product, and its representation

at the new point q' (art. 383), since the associative principle

allows us to regard this product as obtained in two different wajft

through the multiplication of a binary product into or by a ter-

nary, because it gtres
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we may employ either or both of the two following systems of

equations for the constructioo of the point aod augle sought

:

q'SiR«« ^ ^t^i^i « ir - QiSiRi

;

and

Bat the angles of the binary products are equal to eseb other in

amounti and so are the angles of the ternary prodoGts» in the sys-

tem of fiustors at present nnder consideration. Hence the angles

S1R4Q' and Q RiSa are equally large ; and so are q'SiRi and RiS^q'.

But also the deviations ssi and SS3 are equal in amount ; and so

are the angles which they subtend, respectively, at the points H4

and Ri. Hence the angles 8R4Q' and q'RiS are equally large;

and the point a' is either on the are sq itself^ or else on that are

prolonged* But the former of these two aitematiTes is to be

adopted* because the angle SR4Q' is less than SiRiq', or than the

angle of a binary product, which is itself less (by art. 386) than

60" ; and therefore less than SH4Q, which is greater than 60°.

Thus the deviation qq' is directed towards s, and another of the

questions of art. 383 is answered. This deviation or displace-

menty like those already considered* varies nearly as the cube of

the arcual radius sq; it is nearly equal to 17' 37% when that ra-

dius b W ; and is only about one second* when the radius is so

small as a degree.

390. It only now remains to inquire whether the spherical

angle of the q\iiiiary product at q' is greater or less than the

limiting value of 120°* which it takes when the figure becomes

plane. The supplement of this quinary angle has been seen to

be equal to B«a'8i or StQ'Ri ; it is therefore greater than RiQ's* or

than sq'Ri ; hut each of these two last angles* in virtue of the

direction just now determined of the displacement qq', is greater

than the angle n^QS, or sqKi, which is itself greater than 30°.

Therefore* by still stronger reason* the supplement of the angle
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of tlie quinary product is itself greater than 30*^; and conte-

qaentlyi that qmnaiy angb m itaelf kss than ; or, in Bfm^

When the radius sq is ten deg^rees^ this defect of the angle of the

quinary product from 150^ amounts, very nearly, to 1^ 31' (T ; it

aries nearly as the square of the radius, arid is reduced to be

only Ht'ty-four seconds and a fraction, when that radius is assumed

as a degree.

391. Although the foregoing numerical values have been

calculated with some cave, yet they are here offered merely as

approximations, which may assist in forming a more clear and

distbct conception than might easily l>e otherwise obtained, of

the process of constructing the spherical hexagon of multiplica-

lion QiQuQsQiQjQ , together with its nine inserted orfocal points
^

RiRsRaTij, s,SiSa, t'iT'„ undcr the conditions lately considorod

When this construction shall have been in any manner correctly

completed, it may be followed by the inscription of a system of

fifteen new ^herical conies^ according to the table offieal rdo*

tioHS in art. 380 ; in which Table it will howem become neeea-

sary, for conformity with the recent notations, to change q, Ti, t,

to q', t'i, t's, leaving the other symbols unaltered. It has not

seemed proper to eomplicate figure 80, by insenin^ in it any of

these new conies, or even any one of the nine new points,

Si, S3, 8s, t'i, t',, q', m„ F|, m„ which have been employed in recent

articles.

392. For the pentagon qfmuUipHeaiian, represented by %.
79, of art. 361, if we use the notation of that article, the five pro-

ducts of ternary form,

s,r,qf t.t.r, t.s.rq^ i.tr.q^ t8,r,qf

which were enumerated in art. 376, conduct, as in the last cited

article, to a system ofJive OMxiUary quadrilaterals; and, there-

fore, also (by 379) to a system ofJive inscribed conies, and to a
corresponding system offiveJbceU relaiianSf which nay be taba*

lated as follows

:
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Focal lUlationsJor the Pentagon.

g(. .)abci.

6, H (. .) bcdk;

H, I (. .) CDEi
;

I

I, K (. .) DEAG ;

K,F (• •) BABU.J

Althougli 1 tiiought that it would too much complicate figure

79 to insert in it these five ellipses, yet I may be permitted to

mentioD that this species of focal enchaimmbmt (379) qftwo
8PHBRICAL PBMTA60N8, namely, here, abcdb, and piokh (or

fohik), witk each otketf ihnmgh a ststbm of piyb sphbbical

COBIC8, of which each has it^Jbei ai two comers of the second

pentagt>n, and touches two sides ofthe firsts was among the ear-

liest of those geometrical results, reftrred to in art. 303, which oc-

curred to me so long as 1843, and were in that year communicated

to the Royal Irish Academy, as corollaries from the associative

principle of multipUcation of quaternions, and from the general

/beal repreeentation^ illustrated by iig. 66, of the relations be>

tween any three quaternions and their products, partial and total.

393. I shall conclude this long Sixth Lecture, by devoting

one more ot its many articles to the statement of one other geo-

metrical deduction from the associative character ot the opera-

tion of multiplication of quaternions, and from its focal represen*

tation. The deduction alluded to is no doubt a very easy one,

and has been long since published by me, on the same occasiona

with the more general theorem of the foregoing article, respect-

ing |K II talons and conies on a sphere, of which theorem it is a

p.-irticuhir or rather a liuiiting case. Yet as it may serve to throw

some little additional lijS^ht on what has lioen already said, and

as it admits of being illustrated by a suihciently simple diagram,

I shall therefore state it here. Suppose then that the four giren

eisors, 9, r, #, ^, are represented respeeti?ely by four angles, of

36** each, whoee vertioes a, b, d succeed each other at intei^

yals of 72^, in a left-handed order of rotation, on the circum-

ference of a circle so small that it may be treated as plane. Com-

plete the plane and regular pentagon, aucde ; and draw its five
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diagonals, ac, bd, ce, da, bb, inteneeting eacli other, as in the

aDoexed figare 81« in fivo

each, at the poinu f, g, h; V:

—

"-.i -.-i
.

^
''"''^^^C

the two ternary products,

Mtq and lr«, will be represented by angles of 108^ each, at the

two remaining corners, i, of the inner pentagon, fgbik ; and

the one qnatemary product, tsfq, by an angle of 144% at the

fifth comer of the j>nter pentagon. The present figure 8! k
therefore :i lunitiHtj Jonu oi the more £reneral and spherical con-

struction, which fig. 79 was designed to illustrate; and as the

significations of the letters correspond, the system oiJivefocal

relations, which was tabulated in the preceding article (392),

mast still hold good. Thus the two points f, g are, at this limit,

the two foci of api!aae ellipse^ inscribed in the pUme qoadiilate-

ral ABCf ; namely, the ellipse ll'hk in fig. 81, whose points of

contact with the four sides of the qiiailriiaterai are marked with

these four letters. In like manner the two points g, u are foci

of the ellipse mm'if, inscribed in the parallelogram bcdk; h, i

ace foci of the ellipse mm'kg, inscribed in cdbf ; i, K are foci of

oo'fh, inscribed in obag; and K, F foci of pp'oi in babh. Ao»

coidingly these fi^e focal relations can all be established geome*

trically, at this limit, by Tory simple considerations ; and it may
be noted that, for the same limiting case of the general construc-

tion of a pentagon of multiplication, w ith its five focal points, two

of the four points of contact for each of the five (quadrilaterals are

corners of the interior pentagon ; and that the major axis ofeach

of the fire inseribed ellipses ia equal to a side of the exterior

liguie.

new points as foUbws

:

Fi8.al.

Then the three binary pro-

ducts rq, 9r^ to, at the Ihnit

here considered, will be re-

presented by angles of 72*

SB and AC, in f;

AC and bd, in o;

BD and CB, in h ;

CB and DA, in i

;

DA and BB, in k«
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394* Ip» at the ttage to which we haTc now anired, we catt

back a rapid glance on the ground orer which we have paseed,

and call our chief steps into review, we shall tind them to have

been nearly the foIlowing.^— In the First T.ecturc of this Course,

we considered the primary significations which it appeared con-

venient to attach to the marks + and s or to the operations of

addition and subtracttqn in geometry; we int^reted) in con-

sistence with the views thus introduced, the identities,

B-A + A»B, a+A-A-a,

and some others connected with these ; and established the ftin-

darneiital relations between vector, provector, aiul transvector,

tor ail) imagined vection (or rectilinear transport) of a point, or

any composition or decomposition of such vections. After which,

in the Second Lecture, we proceeded to study, on similar prin*

ciples, the marks x and -h^ or the operationa of multiplication

and division in geometry ; we interpreted the iiindamental iden-

tities,

and others therewith connected ; we dereloped the notions ofa fac-

tor as a metro^raphic agent, and of a quotient as a metrographie

relation, of which each involves generally a reference to the

length and also to the direction of a line; established the funda-

mental formula which connects factor* profactor, and transfactor,

In any composition of successive acts of tuition ; and illustrated

these general principles, by applications to the cases where the

factors to l>e combined were : 1st, tensors ; 2nd, scalers ; 3rd»

signs; and 4th, quadrantal versors, such as tVy, A; which last

we saw reasons for constructing by a certain system of rectangu-
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lar unit-lines, and assigned their squares and producUy by com-

pounding certain versions or rotations ; these compositions being

found to conduet to tlie important aymbolical results,

ji^'k, kj^-i, ik^^j,

IV.).'). Ill tije Third Lectuie, reexamined the cases where the

multiplier was a vector, but nut a vector-unit, or w here it operated

on a line which was not perpendicular to itself ; the product

of two perpendicular lines was shewn to be a third line perpen-

dicular to both» and such that its direction was reversed when

the order of the iactors was changed ; on the other hand the

product vector into scalar^' was found to be the same line as

that given by the multiplication •* scalar into vector," aiul tiie

product of two parallel lines was seen to be a positive or nega-

tive number, the square of every vector being negative ; other

powers of lines were studied, and the product or quotient of two

inclined lines was decomposed into two lactors» namely, a tensor

and a versor, and was found to involve a dependence on a system

of four numbers, entitling it to be called a Quaternion ; whiles

by the help of their representative biradials, a generai construc-

tion was given for multiplying (and therefore also for dividing)

any one such quaternion by any other ; conjugates and recipro*

calswere considered, and the signs K, T, U were introduced, as

characteristics of the operations of taking, respectively, the con-

jugate, the tensor, and the versor, of a scalar, or vector, or qua-

ternion.

396. The Fourth Lecture related chiefly to propoiiions of

lines in one plane, and to powers of quaternions, the expone!»ts

of those powers being scalar ; it assigned constructions for

^a~^ • 7, and introduced the symbols z 7 and Ax,q; in it were

also pointed out some of the uses which might be derived in

geometry, fiir the expressions of certain loci, from the partial in-

determination of the sign \/- I, when interpreted according; to

the principles of the present Calculus. In the Fifth Lecture,

the consideration of the line which is a fourth proportional to

tht«e coplanar liaea was resumed $ and the continued product of
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three such lines was shewn to be, in this theory, a fourth line in

the same plane, in the symbolical expression for which product

the place of the mark of multiplication is immaterial ; the direc-

lioii of this fourth line was seen to be that of the fourth side of

an uncrossed quadrilateral inscribed in a circle, if the three first

sides of that figure have the directions of the three sueeessire

fiictors ; while the fourth proportionals and continued products

of three lines which arc not in any one plane, were found to be

not lines but (|ualernions.

397. In the same Fifth Lecture we proceeded to study this

last-mentioned quaternion product, of three lines not coplanar,

with a view chiefly to ascertain whether in its symbolical expres*

aion the point or other mark of muliplication might be omitted

;

or in other words, whether the associative principle still held

gooil, in the multiplication of three vectors, which were not in

nor parallel to any one eomiiioii plane. This question was de-

cided iu the a&rmative
i
and in deciding it, we bad occasion to

introduce and to apply some general spherical constructions, re*

presenting versors .by arcs upon a sphere, and the multiplication

of any two versors by a process which was called, by analogy,

the addition of tbefr representative ares ; which arenal addition

is merely the composition of arcual vections, and corresponds to

the composition of successive versions, or plane rotations, of a

moveable radius of the sphere : while division oi versors, or de-

composition of versions, is represented on the same plan by a

sort of areual subtracdon. The generally non-commutative cha-

racter of the multiplication of versors, or the dependence of the

product 00 the order of the factors, was illfistrated by the cor-

responding characLcr of the addition of arcs, which belong to

different great circles ; and the same general spherical construc-

tion served to illustrate other results, as for instance, that the

conjugate or the reciprocal of a product of quaternions is equal

to the prodacl of the conjugates or of the reciprocab, taken in

an inverted order.

398. On applying this general construction to the symbols

/3a "*
. 7, /3 . a '7, in the case where the three vectors a, y are

not coj>]anar, it was fou?i(l that both these synilfols represent one

common quaternion, which may still be called (as above) the
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. fourth proportional to those three lines, or the continued product

of 7, a'S and j3 ; and of which the axis is directed to the comer
D of an awdUary spherical triangle dbf, whose sides, respeis

lively opposite to the points d, m bisected by the three

given vectofs a, /3» y, at least if those three lines mahe acute

angles with each other; while the angle of the same fourth

proportional to them is the supplement of the gexnisum of the

angles of this auxiliary triangle, or is equal to that semisum

itself, according to the character of a certain rotation. The mo*
di&cations of these rssnlts were inqnired into, which take place

when the angles between «, 7, or some of them, cease to be

acttte; and the associative principle of ronltiplieation was still

found to hold good. When the three angles just mentioned were

all supposed to be right, a curious case of indetermination arose

in the construction of the auxiliary triangle, which however was

shewn to be connected with, and to illustrate, the scalar charac*

ter of the fourth proportional to three rectangular lines, and also

that of their continued product. And as the values,

of the squares of A, had each been deduced firom the eonsi*

deration of two successive and quadrantal versions in one plane,

80 the value

1,

which serves to complete the continued equation

wherein all the rules respecting the multiplication of ijk are con-

tained, was shewn to admit of l^eiiiof interpreted as exprcssiiit^

the result of three successive and quadrantai versions, or rota*

tions, in three sucoesuve and rectangular planes.

399. Such having been the chief subjects of the five first

Lectures this Course, we proceeded in the Sixth, after some

supplementary remarlcs on the subjects lately considered, and

especially after shewing^ how the semi-i'xciss of a spherirai trian-

g\e mi^Ul presorit itselt as tlir angle of a certain [>ro<luct of

square roots, to examine whether the associative principle of mul-

tiplicaUon held good for any three or more quaternions genefally,
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and not merely for any three lines. I'o inquire whether it were

nniverMilly true, in this Caicalusy that

8 •rq = sr

.

•ad to draw forth lome of the chief conseqaencet of the truth of

this simple but important formula, was indeed the guiding con-

ception, the leading aim, of the whole of that long Sixth Leo*

ture, of which, in this recapitulation, I shall speak with greater

relative brevity than of the ones preceding it, because it may be

supposed to be more fresh than they in your remembrance. You
know that a new spherical construction, by means of represen*

tative angles, was given in that last Lecture, for the multipUcft*

tion of versois, distinct from, although intimately connected with

the constmetion by repreaentatiTe arcs, which had been pre*

viously offered to your notice ; the product of two versors being

now represented by the external vertical ang^le of a spherical tri-

angle, whose base angles, taken in a detormiued order, represent

those two versors themselves; and you remember that thiii con-

struction by angles was employed to illustrate anew some gene*

ral properties of the multiplication of quaternions. The equa-

tion

for any spherical triangle, was established, with the help of the

same construction : and the symbol

was interpreted, as denoting a conical rotation of the axis of r

round the axis of through double the angle of ^ ; or else, at

pleasure, the equivalent amount of the turning of one plane upon

another, in a mode entirely analogous to liie precession of the

equinoxes; and thus a preparation was made for symbolizing the

rotations, as well as the translations, of a body, or system of vee-

tors, and for expressing the composition of such rotations.

400. This having been done we proceeded to translate, with

the help of diagrams, very copiously employed in that Lecture

which we are now reviewing, the statement of the Associative

Principle, for the case of three versors, into the language of re-

presentative arcs, and also into that of representative angles : and

2c
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proved it, for each of these two connected forms of construction,

by means of some simple and known properties oi conies upon a

sphere ; giWng however also a more elementary proof, although

a somewhat longer one^ which did not assume any acquaintance

with the doetrine of those conice, and indeed did not tntredaee

the ocmceptioR of a eone at all. The aaeodative principle of

multiplication having been thus established for three versors, it

was extended without any dilhculty to the case of three or more

quaternions, and so shewn to be general in this Calculus: and

its expression was in several ways varied, by means of spherical

figures, and by relations between qnottents of lines. The same

fertile principle condneted as also to many conclusions respeel*

ing continned products of rectors, especially when the ftietors

were supposed to be the successive sides of a rectilinear polygon,

plane or gauche, inscribed in a circle or in a sphere: among

which it is worth while to remember, that the product of the

successive sides of any even-sided polygon in a circle, is a sca-

lar; but that the product of the successive sides ofany odd-sided

polygon in a sphere, is a tangential vector. Ones of these last

theorems were made to furnish equations or conditions of con-

circularity for four points, and of homosphsericism for five : and

the latter equation, which includes the former as a limit, was

shcwt) to furnish a graphic property of a sphere, in relation to

an inscribed gauche pentagon, which property is, for space* the

analogue of the elementary relation between the directions of

the sides of a quadrilateral inscribed in a circle. A problem re-

specting the mseriptieo of a gauche quadrilateral in a aphere

was also easily resolved, and might with equal ease have been

extended. Finally, the two other chief classes of geometrical

applications of the associative principle of multiplication, \vhich

were considered in the foregoing Lecture, may be said to have

been those which related to the oompositions (bbove alluded to)

of conical rotarions; and to the snpeiseription on a spheHe s«r-

ftce of certain polygons of multipliaitlon» with certain connected

systems of foeal points, and of inscribed spherical conies ; in-

eluding some limiting cases, where the polygons and conies be-

come plane, l^ut these have been so recently treated of, that

may now pass to other things.
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401. The object which we propose to ourselves in this Se-

venth Lecture, being ehicAjr to troat the Addition aaii Sub-

traction of Quaternions, and in 0ODn«zion therewith to proTeaiMi

to apply the Distribntire Property oftheir MuitipUcation ; as alao

to itttrodnee and exemplify the Notations S and V» which were

nentioned by antieipation in art 181, and which wrve to sepa*

rate a quaternion into its scalar and vector parts: we may here

begin hy ohsiprYMng*, that since alrt acH' know how to add sca-

lars among themselves (by the ordinary rules of algebra)^ and

also how to add vectors to each other (by the laws ol the compo-

sition of vections), it is natnral now to consider what interpreta>

tion ean consbtently and usefnlly be saiigned to tiie analogons

operation, not hitherto studied by us, of iMing a scalar to a
vector. To take what seems the simplest case ot tliis inquiry, we

may ask, what are we to regard as the mtaniny, and what as the

resultf ot the addition of a scalar unit to a vector unit f Can we,

for instance, interpret the sum l+k^m bearing any dear and de-

finite significataon» il 4 continne tc denote, as it has hitherto

nanaliy done with ns» an mfward nnit line?

4Q2. For tins purpose I loolt o«t fiir some common opcraiMf,

on which I can operate separately, by each of the tw o proposed

symbols I and A, and afterwards add the results^ in order lo < om^

pare their sum with the operand thus assumed. Such an operand

at once presents itself in the vector unitt; for we know that

1 and that ki»js nnd although it may seem at first difficult

to addf in any intelligible sense, the nam^, 1» to the fine, there

is no difficulty in adding the southward fine, t, to the westward

linCfj, by drawing, as in fig. 82, the diagonal

OP of a square^ constructed with os and ow,

or with the lines i and j, for two contermi-

nous sides. And then by comparing this

scuth^wstwrnrd dUtgomd^ t +j» whose length .

is >• V3» with the original operand, or sUk^

or southward nnit t, we obtain the equa-

tion : C

so that the required fum, 1 is thus put under the form of a

2c2
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quotient of two lines ; and therefore (by our general priiitipies),

it is hereby iouii(i to be a qualemtotiy ot which the tensor and the

renoT are as follows

:

T (l+A)»2i; U(l+A)=Ai

(In the annexed tketoh, fig. 62, I observe that (i+k) i has been

inadvertently written, instead of (1 + A) /.) We may also, for tlie

same reason, write more concisely tliis equation,

And it is clear that the Mate gttatemioH would have been ob-

tained, as the vaiue for this expresnon 1 + i^, if we had set out, on

the same general plan, with imsf other horitontal line, instead

oft, as the orig-inal operand. We should still have been led to

construct a mjuare in the horizontal plane, and to comjmre a

diagonal witii a side ; or more fully, to dwide (in the general

sense already explained) the one line by the other; and to take

the resulting quotieni^V (2 k), as the value ofthe eum in qaestioo.

403. Those who are famiUar with the prindples of the Cal*

cuius of Finite Differences, may find the following remarks throw

some light on the foreg^oing process. We were to add the num-

ber 1 to the line k ; and there seemed foi a moment to be a diffi-

culty in so doing, on account ot the heterogeneity ot the two

summands. But in the Calculus of Differences an exactly ami-

hgom difficulty presents itself to the learner, when he first meets

the symbol

1 + A,

where the number I appears as added to the characteristic A,

which is not a number at all, but the eign t^the operation qf
taking afinite difference. How is this diflSculty removed ? A
Junction of a?, suppose af*, or more generally /(.r), is taken as the

cof>nnon operand; it is operated on by each separately, of the two

proposed things or signs, 1 and A; the two results, namely,

1 and Aa»«3a?-f3x+l,

or more generally,

1 -fix), and ^J\x) -/(X + 1) -/(x),
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are added to each other, by the previously known rules of ordi'-

narff addition in algebra ; and their 91m is then, by a de/miiian

wggeited by analogy, and foand by experience to be useful, tfon*

tidered as being the result which vwuid have been obtained, if tbe

joffie function of x had been ai once operated on, by tbe sought

symbolic sum, 1 + A. In this way it has come to be agreed on to

write,

{l + A).«»«l«» +A«' = af»+(3««+8af + l)«(a?+l)%

and more generally,

(1 + A)/{x) =/ix -f 1)

;

and then, by abstractingfrom the operand, it has been inferred

that 1 f A is, ill the Calculus of Differences, the symbol of an

OPEiiAi OK, vvljich changes ainj r/iven function of x to the mme
Junction qfa-i- !• We come to iearn then, in that Calculus, what

the proposed bum l-l- A is, hy learning what it does ; the ope-

rator becomes known, through tbe Icnowledge which is acquired

of itfl operation. And similarly, in the foregoing article, the ope-

rator l-i-k has been considered as determined, wh^n it has been

found to produce the determined effect^ of changing" the side to

the dingonal of a square in the horizontal plane, exactly as is done

by the quaternion VsiA; to which quaternion the sought sum
X'^k has therefore been concluded (in art. 402) to be bqual.

404. As it is perhaps impossibie to be too ctear on funda^

mental points, and as tlie addition ofa eealar to a vector is thus

Jundamentttl in qnatemione, I shall venture here to submit to

you, for a moment, a lar more elementary illustration. Suppose

then that you wished to slu w to a child that two and three made

five, or to teach him how to interpret the symbol 2 + 3, you might

of course, for that purpose, put down first two dots e& one group,

and then three dote as another, and afterwards combine these two

groups into a single one, as indicated in this

little diagram ; on counting the dots in which

one resultant groups the child would find Llitiin <
—*—, ,

•»—

,

to be Jive. Now in this simple and oln'ious

process, the dot is the original operand: the partial groups, of

two dots and three dots respectively, are the results of tbe twa
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Fig. 84.

partial operations ; the proposed nnmherft, 2 and 3, correspond

to the tvto partial ope ralorn (being thus analogous to the sym-

bols 1 and k in article 402» or to 1 and A in art. 403) ; the total

fnmpf of five dots, is themmi iwo poriial renUU (answor-

ing to lt4ikt» or to Xfm-¥^}i aod when at last the yovag

arithraetidaii eonee to ecuiU the dot»^ in this final or total groop^

he executes, on a small scale, that sort of abstractionfrom the

operand, which leads, in the Calculus of Differences to the tn-

terpretaiion of the symbol 1 + and io the Calculus ot Quater-

nions to the oonelusioQ that

1 + A-{li+Ai) t « (i+y) 4- t^S^Ai.

405* More generally» let it be now required to add ofiy pro*

posed scalar, to imy proposed veetor, p» or to interpret gene-

raUff the symbol w^p. We have only (see fig. 84) to assume

any line a, or OA, In a

plane perpendicular to

^, as the original and

common operand ; to

operate on this tepa-

rately» by the scalar to

and by the vector and

so to produce, as the

two partial results, two

mutually perpendicular lines, namely, wa or ob, and pa or

oc I to form next the turn th$se tufo Unu^ by completing

the rectangle, and drawing the diagonal; and finally, to dl>

VMfe tkiB diagonal wa + paor od, by the assumed operand line «,

and to equate the required «tim, + />, to the quaternion which is

obtained as the quotient of this division. In short wc have only

to employ the very simple formula,

w-^p*(i0a-(-|»a) -4-tt, where a ± p:

or (under the same temporary condition of perpendicularity) to

make use of the identity^

(t0 4- p) a « I9a + pe.

So FAR, then, the distributive property o/multiplicatitm holds

good BY DBFiNiTioN in quatcmions, as serving to inieui'ickt

w a
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(in the foregoing way) the symbol w + p^ by first introducing-,

and afterwards abstracting from, an auxiliary and perpendicular

line a, as a subject to be operated upon : and it is clear that a

aimilar process would lead to the lame construction, and to the

same final result, if we had sought to add p to 10, instead of

adding to to p. We know therefore bow to give, by quaternions,

in every case, a complete and definite interpretation to the ope-

ration of adding tOj^ether a scalar and a vector; and we see that

9uch summation is commiUalioe; or in symbols, that (because

iPa -fpa » pa

+

Wa) we any write,

406. Conversely, let aob be any proposed biradial, repre-

senting an arbitrary quaternion,

-»-asOB OA;

and conceive that from the extremity b of the final ray on, a

perpendicular bb' is let fall, on the initial ray oa, or on that ray

prolonged. The vector ^ or ob 4vill thus be decomposed into

two partial vectors, /3' and /3", or ob' and b'b, of wiuch the lor-

mer (fil) baa either the tam€ direction as o, or else the npftouU

direction, unless it happens to vanish; while the latter i^") has

ft direction perpendicular thereto : and consequently, if these

two components of /3 be respectively divided by a, the two

partial quotients will be respectively equal to some scalar, such

as Wf and to some vector, such as p, this latter vector being per^

pendicular to the plane of the biradial. In symbols, se^ the an^

nexed figure 85, we may
write,

a«A-o, /3 = B- o =

(fl-B') + (B'-0)-

and therefore shall have two

partial quotients of the

forms,

where p ± a, p X p.

Hence, if we seek, by the

Fig. 85.

#
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principles of the foretroing article, to form the #ifm, tt7 + p» of

these two partial quotients, we find,

and fioally,

Not only then may we always eowiptmndf by addition, any pro-

posed number w with any proposed line p into one quaternion

sum^ but also reciprocally, we can dtcompose any proposed qua-

ternfoti, into two parts, of which one shall be some scalar

such as Wf while the other part shall be some vector as p : and

it is clear from the foregoing remarks that this deeompotiiiim is

perficOf DBFINITE ; any change, whether of number or of line,

making a real and not merely an apparent change, in the quatei^

nion which is their sum.

407. We may therefore ^peak f/(/initeli/ of THB scalar PART,

and THE VECTOR PART, or more concisely we may speak oi' the

scalar and Me vectott of anIt proposbo QUiiTBRMioM* And
theee iwo parU ofa gmUemion (already aHuded to, near the

commencement of the Fourth Lecture) will be found to present

tbemselvee so often. In the derelopements and applications of

this Calculus, that it becomes almost necessary to agree on some

NOTATIONS, by which they may be separate indicated. Accord-

iii|j;ly I have fur a good while accustomed mysi'if tu employ, as

(mong the main elements ofthe jhotatioh of QUAxaaMioMs (see

arts. 1 2 L» 401), the 1100 ietiers,

S and V,

as CHARACTBRISTIC8 qfihe twoJundamental opertUiomi^ of what

I eail, respectively, taking thb scalar, and takino thb tbc-

TOR, of a quaternion. More fully, I denote separately^ by the

symbols,

and V^,

the scalar part and the vector part of any proposed quaternion,

q. Thus

S{w^ p)'^w; V («? + p) « p

;

nd with the recent significations (406) of a, /3, /i t /3 , we iiave,
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In general for any quaternion we bave the identiti^,

^ = + VJ « + s^,

which may sometimeB be abridgtd as follows

:

i = s+v«v+s.

With the same significations of the letters, it is clear that we

have also,

that ii, idtntieally (compare 90),

SSj-Sy, SVy-0, Wq-^Wqx

or more concisely,

S»«S, SV« VS«0, V»= V.

408. Conjugate quaternions have equal scaiars^ but oppasiU

vectors ; as will at once appear, if we compare the general de-

composilion into scalar and vector parts, toll^lructed by the re-

cent figure 8d, with the equally general representation of two

conjugate quaternions, which was ^illustrated by the earlier fig.

32^ of art. 186. In the figure last cited, we had

and it is evident that if the right line bg were drawn, connecting

the extremities of the two dividend vectors J3 and 7, it would be

perpendicularly bisected by the divisor line a, or by that line pro-

longed, in a point which might be called b'. In this way we

should not only have, as in 406,

but also,

where

y«OB'-+/3', hut7''-B'c«-B'B«-/3*;

thus the scalar and vector of the conjugate are, respectively,

S (7 ^ a) = 7' H- a = /3' a + S (/3 a),

V (7 ^ «) = 7 -t- a « - /3 -i- a— V (j3 - «) ;



394 ON QUATSliMlOMS.

or more concisely,

If then, as in 406, we adopt the expression,

for the proposed quateniion, we shall have also, as was stated by

anticipation in art. IH, this connected expression for the conju-

gate:

which includes the two particular expressions there given.

We may also writej as an identUy in this calculus, the fonnula,

which may be abridged to the followbg

:

K^«(S-V)2; orK«S-V.

409. It has been seen (1 14, 162} that conjuffoie quaternions

have always one commofi ^eiuor, or that

we have therefore the equation,

T(ip-p)-T(»+j.).

Again, it was shewn in 163 that the product of two conjugate

quaternions is equal to the square of their common tensor,

we have therefore the following expression for this square^

whence, if we had alreaify established generally the truth of the

dIHribfUwe principU of multiplication, we might at onoe con.

elude, what was stated by anticipation at the end of art. Ill,

that

Tg=T(iff+/,)- V(ti?»-p«).

But since that principle has not yei been generally established,!
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TOUSt take at this stage another mode of proving the correctness

of this last expression, for the tensor of any quaternion. And

Ibis is easily done with the help of the recent figure 85. In fact

since the square on the bypotennse on is equal to the sum of the

squares on the two lides about the right angle»we have endently

the equation,

therefore also, by general properties of tensors already esta*

blishedi we have

that is

Tj»-Tie>«+V;

but it was proved in 1 1 1 that

Tic^>- + »*» and that lV--p';

we arrive then thus at the formula which includes these two last

results, nameiyi

410. It is evident (see fig. 85, art. 400), that if the quaternion

^, or /3 -r- a, be multiplied by any scular x, by changing
ft to a:/3,

the projections, ^' aud of the vector p» are at the same time

multiplied by the same scalar; or are changed, respectively, to

and to Hence the two partial guotimUt /J' 4- a and

/S" -I- «, or fp and p, are changed, by this multiplication, to xw
and Sep respectively. Such then are the scalar and vector parts

of the product zq; or more concisely,

S.jT^sjvS^, and V. jr^^arV^, ifVir^O;

this last formuk expressing, evidently, in virtue of the principles

and notations explained in art. 407, that a is here supposed to be

a scahir. In particular, by making 1, we liave the identi-

ties,

And, passing from the quaternion q to its conjugate, and attend-

ing to the results of art. 408, we had that
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S(- Kq)^-Sg; V(-K^)- + Vy;

or that

-K = V-S.

In general we haTe, in this calculus, as. in algebrai with the fore-

going significations of the symbols,

the two latter identities being included in the former.

411. It was seen (in 1 13) that a tensor such as T9, although

first amcewed (see 63) as a signless number, might be equated

to a positive scalar; whence it follows that we may now write,

ST(?- + T^-Ty, and VTj«0.

But also we have generally the decomposition (90) of a quater-

nion into iactors,

where the point or other mark of multiplication may he omitted*

Hence (by 410) we have the two identities,

when the points may again be omitted without confusion. It is

also allowed (see 113), and is indeed only a particular case of

the more general decomposition just now mentioned, to decom-

pose any vector into its own tensor and its own versor, as fee-

toia ; thus we may write,

VUj-TVUg.UVU^;

where, by the present article, and by 113, 153,

The temporary symbol Ax . 7, employed in the three preceding

Lectures, may thereloie now be replaced by this other symbol
which is perhaps only about as easy to be written or

printed as the former, but which has the advantage of cofm^l*
tft^ itself better with the wysUm qftifmMs employed in the pre>
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sent Calculus; and we may establish the following syntboUcal

equation^ between two . different charactxbistics of two tqw-

vaieni i^feraHans :

Ax.-UV.

We have also these general Irantformations of any proposed

qaaternion q :

»Tg(SU^+UV^.TVUy):

in which there it no difficulty in seeing now that

SJ3q^cio% Lq^ TVU^Bsinz.^,

if we merely admit the well-known meanings of the words '* co-

sine" and siney" and their abridged notations, " cos" and " sin,"

without attuming here the knowledge of mljformula of trigo-

nometry. At the same time it lesulta from art. 1 13, that

(UVj)' = -l;

and thus a eelehrated expresdon is reproduced, as a general fbnn

for the terror ofa quaternion, namely the following :

Uq = cos z 9 + ^- Imlqx
in which, however, on the plan of interpretation adopted in these

Lectures, the square root ofnegative unity that occurs is not to

be regarded as having any imaginary character in geometry; but

simply aa denoting a certain teetor nnit : namely, that particular

unit-line which is more fully denoted by Ax.q, or by U V//, and

of which the direction is perpendicular to the plane of the pro-

posed quaternion q.

412. Without inquiring farther, at present, into this con"

nexion ofquaternions with trigonometry^ it may be instructiye

to exhibit, at this stage, a few of those bxprbssions for obo*

IIBTRIGAL LOCI, which the recent symbols S and V supply, or

assist in supplying, when used in consistency with the principles

of the present Calculus.

It is evident, from recent articles, that the scalar part of a

quaternion is po^iitive, or luJf, or negfitive^ according as the angle

of that quaternion is acute^ or rights or obtuse ; in symbols,
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< W- 0, ftccording m i: ^ -^ ^ It

In laety without aMuming any tbing as preTiously known
tpecdng the triffmumeiriad character of the function cosine,^

or even requiring, at present, the admission oi the recent formula

cos L qf the equations,

S (OB -h OA) OB' -I- OA, S (OC -J. OA) = OC' -j- OA,

taken In connexion with fig. 85, establish at onoe the poHHve
character of the scalar of an ocir^e-angled quaternion, and the

negative character of the corresponding part of a quriLernioa

wiiich lias its ang^le obtuse ; while the evantscent (or ntUl) cha»
racter of the scalar part of a n^A^-angled quaternion, may be
made obvious to the^eye by this other and very simple figure,

where the projeetion d' of d on ao coin-

cides with o, and the Kne on' or ^ ra-
^'

nishes, making at the same time noil the

quotient,

r -f- a- S(S » 6(OD ^ OA)-
od'.».oa«0, if^ J. a.

And conversely, if « and be any two ae-

iiial (or non-evanescent) straight lines, ^
' ^=0

which do not make a right angle w ith each

other, the scalar part of their quotient cannot be equal to zero; for

it will he (as above) either a positive or negative number, aooonl-
ing as the angle between the two lines is acute or obtuse. To
write therefore the equation

under this supposition of the aeiualUy of the two lines compared,
is equivalent to writing ihe/ormula ofperpendicultrnty^

And it is clear that, on the other hand, with the same condition
of the non-evanescence of the lines, to write this other equation,

V0.-s..) = O,
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is to assert that the directions of a and p are either similar or op^

posiUi and it therefore equivalent to the ettabiisbuMot of tk»

pi «•

in short, the quotient of two parallel lines, being a scalar^ has

no vector pcurt; and in like manner, the quotient of two /veiT^cfi*

dicuktr line8» as being (in thU whole theory) equal to a veetor^

has no $ealar part different from zero.

413. This being elearly Men* auppoM that a, j3, p denote

some three rectors, oa, ob, op, which hare a fixed and common
origin o, and of which the two former terminate at two fixed and

knosvn points A, B, hut the latter at an unknown or variable point,

Then, using the notation of fractions (118), the equation

expresecB that p ± a, and therefore that the locus of the point P

is the PLANB THROUGH TBS ORiGiH o, which \9 perpendicular to

the ffiven line oa. In like manner, the slightly more eomplex

equation,

axpreMsihe perpendicolarity,

p-^±c» or bp±oa;

and gives therefore, as the locus of p, the plane wliich is drawn

through the given point b, perpendicular to the same given line

OA, and consequently parallel to the former plane. Another ex*

preseion for a plane paraliel to the first plane is the following

:

where a is supposed to denote some constant and gisen scalar;

for this equation expresses (hy 406, 407) that the projection p of

the vector p on a is the constant line aa, or that the projection

p of the point p on oa is constant^
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And I may just mention by antidpation here^ that when the dt-

finidon of the difference of two quaterniont shall have been ai^

signed, and the distr}bu(u-e property of the operation of takings

the scahtr prov od, ilie tliird equation of the present article will

be seeD to result from the second^ under the form

o o

414. \i, inverting the fraetion, we were to write the equa^

tion

it would still express merely that p was perpendicular to a» and

would still give the first plane of the foregoing article, as the

locus of the extremity ofp \ and in like manner, the equation,

«0,

would give still that second or parallel plane which was drawn

through the end of /3» at right angles to a. But if we write

we express (see the annexed figure 87) that the projection ofa on

p is the line p itself, or that the angle opa

is riglit ; and therefore that the locus of p is
p

now the surface of the sphF':re, descrilied / ^^/ \\

with the given line oa as diameter. With- / Jj/

out assuming as known those general prin- / .
^ "^^

j

ciptes respecting difference and distribu- ^ —

^

tion which were recently by anticipation

alluded to, we may easily see that this last spheric locua may

also be represented by the equation

a ~

for this evidently expresses the perpendicularity,

a-p ± p^ orPA ± OP.
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We may therefore alreaiiy perceive, by this simple geometrical

construction, although the mode of proving it as a trans/ormO'

Horn in this caiculuft is for a while reserredy that either of ihe two

last eqoations must be equivalent in its import OTsiffnifkaiion to

the following:

because if we bisect oa in c we shall haTe>

a a

and these two last lines are obviously equal to each other in

length, the point c being the centre of the sphere.

415. More generally, there is no difficulty in seeing, what

indeed is not pecHliar to the theory of quaternions, that the

semfsum^ i(a + /3), of any two co-initial sidet oa and on, of any

plane triangle Aon, represents in length and in direction, the co-

initial l^i.Mcior oc of the third side ab; for it is (see fig. 88) ha(/'

of the cQ'initial diagonal

OD, of the completed pa-

rallelogram (compare art. ^
100) ; and in like manner

the line ca, which is the ^
lialt of the o^A^r diagonal,

is represented by x\\q semi'

difference ^(a- /3). Ifthen

we meet the equation,

Fic. 88.

2

which expresses (see fig. 89) that CP is equal

tn length to ca, or that the locus of p is the

sphere with ab for diameter, the right angle

in the semicircle ape will enable us to infer

that PA X BP, or that a - /o X p - /3, and so ^
.

will give this other equation, \

o-p
= 0;

2n
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which we thus see, must be a valid transformation of the former,

although, the rules for passing, by cakulatiotif from either of

these two last eqaations to the other, have not as yet been

given. Meanwhile it b evident that if we maite /3 •» 0^ we sliail

thereby plaee the point b at the origin o, and so change the last

figure 89 to the figure 87 of the preceding article^ returning

thus to the particular spheric locus there constructed, from that

more ytntrally situati d '>j)hLTe which has been since expressed.

416. From planes and spheres we can of course pass to cir-

cles, as their uUersectwns ; thence to the cone, which has a

cirele for its hcue : and from this again to the well-known curves

of intefsection of such a eone with a plane, or to the comic ssc-

TTONS commonly so called, which form so important a link be-

tween the ancient and the modern mathematics. It is also almost

or ahoei'ether equally easy, so far as mere expression is con-

cerned, to deduce, from the same principles, equations which shall

Tepresent those sphtrical curves$ which, under the name of spbb-

BICAL coNics, have attracted so much notice from geometers of onr

own tiroes ; and of which some mention has already been made, by

anticipation, in these Lectures: namely, the curves of intersec-

tion of a cone which has a circular base, with a sphere which has

its centre at the vertex of the cone.

417. Thus if we conceive that p, q, r, s are four points on

the circumference of a circle, the point p being variabicy but the

other three points being fixed ; while o is any other given point of

space» which we shall suppose to be outside the given plane qes,

and A the foot ofthe perpendicular upon that plane, let fiill firom

o, so that OAP, OAQ, OAR, OAS, are right angles ; ifalso we denote

OA hy a, and op hy pi we shall then (by 4i6) have the follow-

ing equation^

a

to represent the plane of the circle ; and in order to complete the

expression of the cireun^erenet^ it only remains to assign the

equation ofsome sphere^ on which the same circle shall be con-

tained. Now we can always conceive such a sphere, oqhs, de-

termined so as to contain the given origin o, which has been

i^idui^cd by Google



LBCTDEB VII. 403

supposed external to the plane of the circle qrs ; and can tbeii>

at least in ibought^ draw the diameter ob of tins spher^ and de-

note the diameter lo drawn by /3. Thus opb will be a right

angle, and (eompare 414) the sphere oaaa will consequently be

expressed by the equation.

P

The STSTSM OP THB8B TWO BQtJATlOHS,

a p

will therefore represent the circle QRS; which may, by a suitable

choice of die two vectors a and /3, be made to coincide witii ajiy

proposed circle in space, under the condition that its plane shall

not pass through the origin o. 1 his mode of representing a cir-

cle is indeed liar from being the only one which the principles of

quaternions supply ; but it is one of those which seem to suit best

our present stage of the developement of this Calculus.

418. If now we multiply together the two equations just

found for the circle (supposing o external, as before), their |>ro-

ductf namely, the new equation

a p

may easily be proved to represent the cone, which has the point

o for its vertex^ and the circle qbs for its Imse. For first, that

the locos represented by this equation is a cone of some sort,

with the origin ofrectors for its vertex, appears from the drcum-

stance that if the equation be satisfied by any o»e value of the

variable vector it is satisfied also by every <i(/tu- value o*^ of

that vector, which can be derived from the former value p by

multiplying it by any scalar Xi since the recent equation nay
be written thus.

o xp

we may therefore at pleasure shorten, lengthen, or reverse the

vector OP of any point p of the locus, and the new point p' thus

2i>2
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obtaineil, on the iiultfiiule right line op, will still be siui^iteti upou

the locus. And in order to determine, next, what particular

cone^ with o for vertex, is represented by the equation of this ar-

ticle, we need only determiDe the form and position of tome one

pUme ucHon^ 8uch as lhat made by the plane whose equation is

Now it is clear, from comparison of the equations, that this sec-

tion must be entirely contained upon that other locus, of which

the equation is

p

that is (see 4 1 4, 417), tht sphere throLi^^li the origin, of which one

diameter is the vector ^: but the intersection of this sphere with

the last-mentioned plane is precisely that circle which was con-

structed in the article immediately preceding. We see therefore

that this circle is one section, and consequently that it may be

regarded as the bttsCf of the cone whose equation has been as-

signed in the present article.

4111. If then with that equation, namely, with

a p

we combine this other equation,

y

which represents ^nerally 9 new plane, if y he a new constant

vector, wu shall hereby express that the cone with circular ha*e

19 cut by a plane not passing through its vertex ; and the system

of these two equations will represent (416) a conic section:

which may be a circle^ elHp$ef parabola^ or hyparbolot acooiding

to the values assigned to the three amitani vectors, o, /3, y.

Conrersely, if there be imp conic section, whose form and posi-

tioQ are given in space, and if any origin o of vectors he assumed
outside its plane, the expression of the curve umy be reduced to

'>rm of this system of equations.

i^idui^cd by Google
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wlu'ie y may be regarded as an entirely l^mnrn andJued vector,

namely, tbe (lerpeiidicular from the assumed origin on liie giv(;u

plane of the section ; but in which the two other constant vec-

tors, a and /3y may be choMen with some degree of arbitrariness

;

since it is clear, for instance^ that they may both be multiplied by

any common scalar, sacb as ^ because the equation of the cone

may evidently be written as follows (compare 418)

:

And it is not difficult to see that the cone remains in all respects

unaltered, when a and /3 are changed to /3~* and a*' respectively.

420. This last transformation of the equation of the cone de-

serves however to be more closely eoiisitleietl^ boUi as an exercise

in calculation, and for the sake of its geometrical biguitication.

For this purpose I observe that, by principles already explained,

we have the transformations (see 118, 89, 408, 410, 85),
*

S - = S. po"' =SK . a**p« S • a'^f>*»p'S ,

and

whence it follows that we have, identically, for any three vec-

tors a, 0, Pi

^u*^p p » p

and consequently that the equation of the cone, employed in the

two preceding articles, may be put under the form,

thus justifying li e i;^mark wljich was made at the end of 419.

The same new form of the equation shews that the *ame cone is

cut by the plane

i^yi u-cd by Google
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in a sk.\^ ciiLLLE, contained upon the spliere

the plane of this new circle Veing noi gmeratty paraUei to the

plane ofthat other circle (417), which was made (in 416) the hawe

of the cone here considered. In short we fiml ourselves con-

ducted anew, by this easy process of caiculatwn with quaternions,

to the recognition of that antiparallbl or subcontrary sbc-

T10V of an oblique cone with circular base, of which the existence

was gwrn/Urically demonstrated by ApoUonius of Perga, more

than two thousand ) ears ago (in the Fifth Propontion of his First

Book npon Cofitcs). And the equation found in the present ar-

ticle, for the plane of such a subcontrary section, expresses ano-

ther known and remarkable property of that section, or of the

cone to which it belongs ; namely, that this subcontrary plane is

parallel to the plane

which touches at the vertex o, the sphere oqrs, circumscribed

about that vertex o» and about the given circular base qes (see

arts. 417, 418).

421. Again, let the same cone be supposed to be cut by a

concentric sphere ; that is (416), by a sphere whose centre is at

the vertex of the cone, and theretore (herej at the origin o of

vectors; while the length of its radius shall be represented by

some given and constant uumberi e. One form of the equation

of this sphere is (see 1 10),

another form (by 111) is,

Aud another is,

i^idui^cd by Google
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if -y be the given vector of some one point upon the spheric sur-

face, as appears by ehaDgiii^ a to 7, and /3 to - y, in the last

equation of 415. If then we combine any one of these three

forms for the equation of the sphere^ with any one of the forms

lately given for the equation of the coneeKtric come^ or any legi-

timate transformation of the former with any such transformation

of the latter, we shall obtain a syHem of two (scalar) equations,

which will represent a bi iiKiiiCAL conic (see again 416). The
two pianes Ikruuyk the vertex^ or centre, o, which are pa-

rallel respectively, to the two sets of circular sections of the

oblique cone, have been named by Chasles the two cyclic

PLANsa of that cone; thus, for the eone whose equation is

a p

the two cyclic planes have for equations

which may also be thus written (compare 420),

S.op»0, S./3/)-0,

or thus, y

S.pa = 0, S./9j3=0.

The same eminent geometer has given the name of cyclic arcs

(compare 290), to the two great circles^ wherein the sphere

romid the vertex is cut by the two cyclic planes; the equations

of one cyclic arc may therefore here be written thus, »

S • ap • 0, Tp = c ;

and those of the other cyclic arc as follows,

S.i3/) = 0, Tp = c;

bat these equations admit of various transformoHonSt which have

in part been indicated already. The results ofthis article and of

the one preceding it may be illustrated by reference to the figures

68, . . . 64, of arts. 294, . . . 301.

422. As another geometrical example of the utiHt\ of consi-

dering the scalar parts, of the quotients or products of any two
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directed lines, and ofemploying the notation S^, let us propote

to draw from a given external point ii, a rccliiiiiear tangent st,

to a given bpherc round o,

as in the annexed figure

90. Let o be origin of

vectors, and let

A being the point where

the line os crosaes the

given spheric surface

;

then, either because the

sougiit point of contact T

must be situated at once

on the given sphere round o, and also on tliat other known sphere

through Of which has the bisecting point c of the given line os for

centre^ or has that line os for a diameter ; or because the length

of oT is and the angle ots is right; we have the two equa-

tions of condition (compare 421, 414),

and therefore, by multiplying them together, we obtain this third

equation,

which gives,

and expresses therefore (see 413) that the sought point t Is

situated on a certain known ptane^ perpendicular to <r or to os,

and crossing that known line in a point m, of which the vector is

lieOM--aV^

Conversely, if the point t be taken anywhere on the circumfe-

rence of that circle^ in which this plane intersects the given

surface, and of which intersection the equations are
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theD that point t will also sati&fy tbe condition,

r

bat this last equation gives, by 414, the perpendtcularity,

<r^r X r ; and thus, the angle ots being right, the line sT will

be, as was required, a tangent to the sphere round o. We are

therefore led, by this easy piuccss of calculalinn, to recognise

the well-known cone of tniKjents^ drawn from the external point

8, and the circle o/contact (with m tor centre), along which that

cone envelopes the given sphere. And as regards^the ptone of

this circle, the equation of that plane may be thus written (with

the recent signification of /i),

where, because ft^-a^v'^ we have (by principles already ex-

plained, respecting tensors, versors, and reciprocals),

That is to say, obi has the same direction as os ; and the rectan-

gle under om and o6 is equal to the square of the given radius

OA : in ^t we may write,

fxa = (- a' =)

423. Whether the given point a be (as above) an eztemait

or a superficial^ or even an iniemal point, with respect to the

given sphere, provided that it be not actually at the centre o,

we can always deduce from its vector a a finite and connected

vector, ^ </-<t' or, in other words, we can determine a con-

nected point M, which shall satisfy the conditionsi recently as-

signed, respecting distance and direction; and then the plane

which is drawn through this point tf, perpendicularly to oh or to

OS, is said to be the polar plans of the point 8, with reference

to the given sphere; while this point 8 is said, conversely, to be'

the POLE of that plane : and any point p, upon the polar j>Iane,

is said to he con.h gate to s. To express these conceptions with

the notations of the present calculus, we may denote op hy

and then shall have the following equaiion ofthe polar plane:
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«- = 1; or S.pff--<i*;

meh then is the eondidon for the variable vector p (from the

ctntie o) terminating in a point p, which is coujuyate to the

given puial ij, wherein the given vector <j terminates. And be-

cause we may also write the last equation as follows

:

we see that the rdcUUm oftwo em^ugate poinU is one of RBCt«

PRociTT) or that the polar phine of p passes in tnra through s,

as is exhibited in figure 90. It is true that this reciprocal rela*

Hon between two conjugate pfnnts is perfectly well known to all

who aic even moderately aequaiiiied wiili g;eometry ; but it

seemed to be usL tul to reproduce it here, as being a consequence,

or an interpretation, in this calculus, of the identical equalion^

which expresses that any two conjuffote productM^ snch as pv and

vpt have a common scalar part (compare 89» 408). And this

seems to be a convenient opportunity for remarking, that each of

these two equivalent symbols, S,pa and S.ap, may be inter-

preted as denoting the rectangle under the two lines^p and a, muU
iiplied bp the cosine of the tuppUment the angle between

them I or that, in symbols,

S . pa = T<r cos (ir - f^V),

if pit denote the angle between the directions ot p and or. In ftet

this last formula may also be thus written,

SU .pv"Cos(ir-fAr);

and accordingly, we have seen (in 411) that in general, for any

quaternion

and also (in 88, 118) that

In the Fourth Lecture the symbol </ was used in a somewhat

erent sense, but only as a temporary notation.)

i^ijui-cd by Google
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424. The geometrical signification of the scalar part» S . /3a,

of the product of any two inclined vectors, a and /3» may also be

deduced as follows, from principles already laid down, without

any reference to cosines, or polars, or circles ; and may afterwards

be applied to form expressions iur certain oilier geometrical loci.

Since a' is a (negative) scalar, we have by 407, 410, and by

the properties (118) of reciprocals of vectors, the trau8forma>

tions (compare 420)

:

up* denote, as in lig.85, art. 406, the projection of/3 on a, or

the part or component of the given vector j3, wbiclf has either

the same direction as the other given vector a, or else the oppO'

site direction, according as the angle /3a, between a and /3, is

acute or o/'tuse; while this projection vanishes, like tlie S' ot fig.

86, art. 412, when the angle between the two given vectors is

right. But, by art. 84, the product of any two similarly directed

lines in space is (in this whole calculus) a negativs number, while

the product of two appositely directed lines Is equal, on the con-

trary, to a positive number ; and when one of the lines vanishes,

their product vanishes also. With respect then to the si^n of the

scalar part of /3a, since this part has been just now shewn to

be equal to the product /3'a, we may establish the formula

:

S • j3a = 0, according as j^a ^
^

;

the contrast of which to the first formula of art. 412, or to the

following,

S . /3a~^ » 0, according as j3a = ^,

is remarkable, but is a necessary consequence of our prindples.

In fact, as we have seen, the product /3a may be formed from
the quotient \ by multiplying the latter by the square of the
vector CT, which s(/uare (by 85) is always a negative scalar; the

vtf,s(yi of rlir juodiieL fja is therofore simply the tiegative ofthe
vcrsor oi the quotient ^a'^ (see lti8, 113); and consequently we
may write,

U. /3a --U.^a'S
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which gives immediately this other relation,

The supplementary character (relerred to at the end of the last

article), of the anr/ie of the product, /3a, as contrasted with the

angle ofthe quotient^ tia'\ which it is of great importancse to

remember^ io the geometrical applications of this calculus, maj
also be deduced anew, or if it had been forgotten it might be re-

covercdy from the cuiisiiU'fatioii that aiiice (by 1 1 1 j a- = - Ta% we

have the transformation,

which shews that the two quaternions /3a and -/3a~', or the pro-

duct and the negative of the quotient of any two vectors* ainoe

tbey diflfer only by the scalar and positive factor Ta', must have

one camnum angle ; while the angleofthe negative ofany quater-

nion q, is (by 183) the supplement ofthe angle of that quater-

nion itsc4f. Thus tlio last formula of the foregoing article is re-

produced, under the form,

Z../3a = z(-/3a-0 = ir-Z./3a-» = ir-^a.

And with respect to the magnitude^ or numerical amount (ab-

stracting from the eign)^ of the scalar part of the product /3a, we

have, by the present article (compare 109, 110):

this sought numerical amount is therefore simply the numerical

value or expression fur the rtclangle under the out given line (a)

and the projection (/3') oj the other line (/3) thereon. It is clear

that since the two conjugate products^ /3a and a/3, have always

(89, 408, 423) the same acalar part, so that

S • a/3 S • /3<it

we must, by the present article, have the equation (see also 85),

a/3 = P'a, or/3a'-a^',

if a denote the projection of a on /3. And in order to e.vprcss

the projtdion [3 , of any one line /3 on any other line a, we see

that we may write (compare 407),

. ij i^cd by Google
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S./3o -i- o; or, j3'=S./3o"'xoi

or any legitimate transformatioo of either of these two ezprea-

fiions, such as the following

:

425. As a new application of these principles respecting the

scalar part of a product of two vectors, let us resume fig. 90, of

art. 422. In thut figure, by the rudiments of geometry, the

square on the line sx is equal to the rectangle under so and SM ;

which last line, sm, is the projection of st on so. Now, when

directions are attended to, we ha^e (by 422) the expressions,

80 = ~a; ST = T- <r; 8M«»fi-ir;

and therefore (by recent results),

S • (<r- r) «r » S (&x x so) «> sm x so (<r - fi) <r

$

in which last product of lines the directions of the two factors are

similar^ and tliercfore (by 84) tlie jtroduct itselt'is n(<jative ; as is

also, for the same reason (85, 111, &:c.) the square of t- <t. This

product and this square agree therefore in their ^f^n^, being, both

of them, negative scalers ; and their namerical magnitudes also

agree, because one expresses the area ofthe rectangle obh, and

the other the equivalent area qftke square on the tangent st;

we may therefore equate them to each other, or may write,

(flr-^)a = (<r-T)':

or, by the formula immediately preceding,

S.(<r-T)<r-(<r-r)*.

In fact this is equivalent to the following,

' .1, orS—-I;
ir - r T — <r

and when put under this last form, it expresses (compare 414)

that the projection of so on st coincides with st itself, or that

the angle STo is right. But also, in the right-angled triangle

STO, the square of the hypotenuse is equal to the sum of the

squares on the two otlier siiies, or, in symbols,

T<r«-T(<r-.T)» + TrV

by Google
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that 19, by art. 422, and b) priticipks wiili which we have now
become familiar,

-«««s*((r-r)*4-aS or (t + a^.

Agaiiiy by what has been shewn in the present article, we bare

(S.a(r-a))'-(i-a)*;

we may therefore write the equation,

(S.ff(r-<y))« = (a» + a') (r-<r)»:

which nrast hold good, not merely for the particular point of

contact T In fig. 90, whose vector from o has been above denoted

by r, but for iftry olJiif jioint^ such as u in the same figure,

which is contained upon the circle oj f uiUatt (perpendicular to

the plane of the figure). And because the formula last written

remains essentially unchanged, when r-or is multiplied by any

positive or negative scalar, we see farther (compare the reason*

tng In art. 418), that if« to mark more dearly that r is now
treated as a tmriable vector, we change that symbol to as in

some former expressions for geometrical lociy the resulling et^ua-

tion, namely,

is the EQUATION OF THE ENVELOI'ING CONE, wHlch h.'lS the ex«

tremity s of the vector a for vertex, and touches the s^phere, with

radius a, described round the origin o, along that circle of con*

tact of which one diameter is the chord tu. It is still more easy

to see, by analogous but shorter calculations, that ifwe conceive

a new cone, which shall have its vertex at the centre o of the

same enveloped sphere, and shall pass through the same circle of

contact (cutting the furnicr cone perpcn(!i(.'uhu ly along that cir-

cle), this new cone will have for its equation, if p be its variable

vector,

(S.«p)*4aV-0.

426. The symbol S enables us also to form with ease expres-

sions for RIGHT LINKS in space, considered as being each the tn-

terseetiaH qfiwo pkme$. Thus the intersection of the two cifcHe

u\^u\^cii by Google
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planes of the oblique cone (418) with circular base, of which cooe

the equation may be thos written,

or the rigM line through the vertex of this cone, which is called

by Chasles the major axis, has its direction and position repre-

sented (see 421) by the system of the two equations.

Or to take a more elementary example, let il be required to re-

jitoent by equations, on a similar plan, the polar vj'a gwen

RIGHT LINE, taJLCti With tespecl to a given sphere, such as that

of which the equation is

namely the sphere which has its eentre at the origin o, and has

its radius =a. Supposing the given line to be determined by two

given points s, through which it passes, and writing

OP = ^, OS = a, OS = a\

we may suppose that p is a variable point on the sought polar of

8$', and are to express that this point p is conjugate to both s and

s% or that it is situated in the intersection oftheir polar pianes

(423); we have therefore, as the required equations qfthe polar

of the line ss', the ioiiowing (see again 423) :

S.p<r«-a*; S.p«r'=—fl*.

Let p' be another point on this polar ime, and let op' = p then

in like manner,

S . pa - a*, S

.

p'a « -

;

vte have therefore,

S . ^ff - a* • S . /»'<r, and S . pa = - a' « S . p a ;

and consequently we see that the two given points s and s' are (as

is well known) each situated on the polar of the lieta line PP' ; or

in other words, the continued equation,

S . p9~ S . fwr " S . pa « S . fiV= —

expresses that the two links, pp' and ss', are reciprocal po-

LAR8 of each other« (In fig. 90, the polar of ps would be a right
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line nn', drawn throuirh the point n, at right angles to the plane

of the figure ; and if a' he conceived to be on the surface of tbe

gtveo sphere round o, the tangent plane to that sphere at that

point will pass through the right line PS.)

427. But however useful the symhol S may he, in thus form-

ing equations of loci, and otherwise applying the calculus of qua-

ternions, it is important to bu faiiiiliar also with the significalion

and employment of the connected symbol V : and indeed the

treatment of vectors is even more peculiarly the business of this

calculus, than operations upon scalars, although bM must often

be combined. The signification of the vector part of the qwa-

tieni of two lines having been sufficiently explained in arL 4079

we can have no difficulty in Interpreting now the vector part of

their j>r(iduct, on the same general plan as liiat b\ whicli we have

passed from the scalar of a quotient to the scalar of a product of

two lines. If ^" be, as in fiyr. Hi), that part ox component of (he

vector /3 which is perpendicular to another given vector 09 then

since, by 407,

we need only multiply both numbers by the scalar a\ and we find

the expression

:

wUvTc the symbol ^'a can at once be interpreted, by principles

laid down in former Lectures, respecting a product of two rect>

angular vectors. To make more clear the application of those

earlier principles to the present question, conceive that after

letting fall firom B the perpendicular Bs'on oa, as in the recently

cited figure B5t we then, as in the

annexed figure 91, erect at o another

perpendicular oh lu the same line ^
OA, which new line on shall be pa-

rallel and equal to b'b, and shall have

the same (not the opposite) direction,

and may therefore (97, 98) he de*

noted by /3', as well as the former

line b'b itself; just as fi may denote

as wcii as ofi, if o be the poini on

Fig. 91.
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b'b which completes the parallelogram aobd : 'although it ap-

pears more convenient here to make /i still denote the final ray

aB of the biradial aob, which represents the quoUent jSa'S or q.

If now we conceive this figure 91 to be laid horizontally on a

table, with its face upward, it is clear that a right-handed and

quadrantal rotation, round the new multiplier line would

cause the co-initial multiplicand line a to assume a downward di-

rection ; such therefore, by the rule of art. 82, must here be the

direction of the product HnCf or V . /3a ; while the length of

that product line is, by another part of the same rnle of 82, the

product of the lengths of the two &ctor lines, or is numerically

equivalent to the rectangle under oa and on", or to the area of

the lately-mentioned paralleloguam, aobd. On the other

hand, the axis oj the quolicnt, namely Ax . /3a"S or UViy (41 1),

is, for the same supposed position or aspect (93) of the figure, a

line directed upward; and generally we see that the VBCTOB

PARTS qf ike PRODUCT /3a and QUOTiBirT /3a' ^ o/ ant two
L1VB8, a and /3, have their dirbctions oppositb. In symbols,

if ^ = pa"* « OB -i- OA, then

UV./Sa— UVj; TV.j3a-OAOB;

this last symbol being employed to denote the area of the com-

pleted paraMelogram^ aobd, or the dodblbd area ofthe trian-

gle, AOB.

428. We know then perfectly how to interpret the symbol

V . |3a, or tiie rrrtor of the product of any two lines propohetl
;

and with respect to the recently noticed relation of opposition^

between the yersors of the vectors of product and quotient,

UV.pa— UV./3a-',

we may regard this as connected with the analogous opposition of

signs (in art. 424) between the versors of the product and quo-

tient themeehfest namely,

U./3a = -U.i3a-^:

or with the circumstance (see again 424) that j3a only differs by

the positive factor Ta' from the negative of /3a*> ; at least if we

combine tliis circumstance with the formula of art. 183, for the

axis qf the negative of a quaternion, namely,

2 b
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Ax . (- j^)
= - Ax

.

Or we may eonrider the oppotiticn ofihe axe$(m ofthe Tenon
of the sector parts), of the product and quotient of two lines, as

being a consequence of the opposite characters of the two corres-

ponding rotations^ from the multiplier /S to the multiplicand a, in

the product /3 x o (arts. 87, 88, &c.), and from the divisor line a

to the dividend line ^, in the quotUiU 0 4- a (40, 1 18, &c.) ; or

in the two qtiaiemiinu, which are eqiuU to this product and this

quotient respectively, when those qnateniions are regarded as

operating in the way of f/enicn* And in the geometrical appU'

cations of this calculus, it will be found important to remember

that the rotation round the line V.^o from /3 to a h posidre;

whereas the positive rotation round V.|3a'* conducts on the

contrary from a towards /3. Observe the contrasted direeHom

of those two cureei^ orrote^^ in the recent figure 91, which are

marked respectiYely, q and /3*a ; also the timihriijf ofthe direo-

tion of this last arrow to that which corresponds to K^. It may
also be noticed here, as one of the connexions of quatemioiis

Vi\i\x tfigonomUt that whereas, by 423,
«

S.0a«-T0Tacos/£i,
we have now,

TV./3o = + TpTa8iD^

Still denoting the acute or right or obtuse angle between the

two lines a and Or we may write more simply thetwotrigo-

nometiicai traasibrmatioas,

SU. j3a = ~ cospa; TVU. j3a = + sin pa
i

and may regard these ezpressioiis as beini^ connected with the

corresponding ones of art. 411, through the supplemmttttrp eba>

ractcr (118, 423) of the an(jle o/tht ^ruduci of two lines, as com-

pared with the fH}{/le of the faclors.

429. It is evident from the two last articles, and especiaUy

Iron theformnlm,

V.pa=P''a; P'Ma; ^"\\\^, a,

when GOmlnned with our general priadples respecting prodndl of

i^idui^cd by Google
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rectangular lines, that the vector o/ the product, ^e\\ as the

vector of the quotient, of anij two iticUned lines a, /3, is perpendi-

cular to both those lineA, and therefore to their piam: tboa ge-

Hene^f although we may write (compare the two fir^t expressions

for jS't towards the end of art. 424), the two following general ex-

presttom for the part ff* ofanjfector jS, which is perpendkakr
to a giren vcttn a,

V./3a-i-a=V.^-»x«,

yet we most noi limnifonn these expreiuoDi into the following,

because the two pn^ucts of rectangular vectors,

a-^xY.^ and ax V./Sa'S

undergo each a change ofsign (by 82), when the order of their

foctors is changed. For the same reason, however, we ma}/ w rite

the two following general expressions for the component /3 of /3

(contrast with these the analogous expressions for the other eoai-

ponent 0V given at the end of 4%i) :

Again, tbb tictoh pawt or tbs proooct of Airr two uHia

Mf 09 CHANOBS SIGN WHIN TBS TWO FACTOBS ARK INTBR*

CHANGED ; or In symbols,

V.ii/3— V./3«,

whatever moy be the wfiigk which a and 0 make with each other

:

in fact, by 89 and 408,

a0-K.0a, aadVK— V*

This conclusion may be illustrated by the recent figure 91, in

which the three points c, e, c'', and the two vectors 7, y ", may

be said to be the r^^SesBten^ of the three other points b, d» b% and

of the two other vectors 0» fft with respect to the line oa, or cu

For, in this figore 91 » without aipreeeni assunung any know-

ledge of the foimola

2b2
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7 = aj3a"S

which would be given by the principles of the Sixth Leclote

(see arts. 290, 291), we may tee that we most have the equation,

for these two last products are quaternions with equal tensors,

and with equal versors; because the two parallelograms, kcoa

and AOBD, have equal areas and angles, and have also one com-

mon aspect ; or because the rotation from 'y to a is equal in all

retpects to that from a to /3| while the lengths of the lines fi, y
are equali so that

U.Ya^U.a/B, T.-yo-T.ajS.

Hence

V . a/3 - V. ya = 7 a—^ o—,V . /3a,

because 7' - 0*» in the same fig. 91 . We have therefore alao»

because (by 1 17) the reciprocal of a vector is itself another vec-

tor ; and therefore are at liberty to establish the two ioliowing

forraulse, as general expressions/or the component fi" of /3, wiiich

is perpendicular to a:

P'-a-»V.a/3-oV.a-»P;

in addition to the two other expressions for the same component

which agree with the two first of those considered in the present

article.

430. Let p, in fig. 91, be any arbitrary point on the indefi*

nite right line, which b drawn parallel to a or to da, through the

point B \ and let its vector op be denoted by p. Then the com-

ponent of this vector p, which is perpendicular to «, b still on*,

or and consequently we have the equation,

Conversely if we meet the equation.
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where a is still supposed to denote some given and actual (or

non-evanescent) line, we can infer from it, by the foregoing arti-

cle, that the components of /3 and ^ which are perpendicular to

a are eqaal ; and therefore that these two vectors, ^ and can

only differ in their compooents parallel to a; or more coaciaely,

we can, from the last written e^tfoftom, infer theparatteUtmt

which may also be thus denoted, under the form of anolhcr equa-

tion^ freedfrom the symbol ofoperation V, but introducing- in

its stead another letter to denote an arbitrary scalar cq-^-

Any one of the formulae involving py in the present article, will

therefore express that this variable vectorp terminates in a point

p, of which the locus is the biobt linb, drawn through the ex*

tremity ofthe vector /3f and parallel to the other given vector a

:

or in connexion with figure 91> it will express that the locus of p

is the indefinite right line which is drawn through b and B^ And

because the product of two parallel lines is (by 84) a scalar,

which has (407, 412) no vector part, we may substitute for the

recent formula of parallelism, this other equation

:

V.(p-/3)o-0;

which will thmfofe serve to express the sam recHUmear locut

as that expressed by the former equation,

whereof indeed it will soon be found to b^ by the distributive

principle, a ira»sfi»rmaiiaH. It may here be noted that, by

malung /3 0, we obtain the following equation for the indefinite

right line, whereof OA or a is a given part,

The equation

V0»V.^a) = O, orV./,V./3a-0,

would express that p had the direction of t V.^, or (by 429)

i^yi u-cd by Google
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that it was perpendicuiar to the plane of a aod j3 ; whereas this

other equatioii»

would express lhat p was perpendicular to that perpendicular,

or that the three Uoet a, ^» pi were cqplanar. In geaeralt the

two BymboUy

V. pV. -T- V,/3a, and S
.
p V i3a V. /3a,

denote lho«t two jNirlf or componentft of any proposed vector

whicb are respectively coplaiiar with a» /3| and perpendicular to

the plane of those two lines*

431. If with the recent significations of /3, ^ , y, y", we

oblige the variable vector p to satisfy this other equation,

V.po— V.po,

we bhaii then have (by 429)>

and the component of p, perpendicular to a, will coincide with

the corresponding component y " of y ; we shall therefore have

(by the principles of the last article) the formulas,

where » is still an arbitrary scalar. The locus ofp will, therefore,

in this case, be the indefinite straight line through c, in fig. 91,

which is parallel to the given Nne ok. And if, inelead of equaS*

ing V.pa to ± V.3<ii we should equate only their squares or

their tensorSf writing,

(V.po)»-(V.^)S

we should then express merely that the length of the component

of p, perpendicular to a, was equal to ; or that such was the

length of the perpendicular from the point p on the indefinils

right line through oa: or finally, that the locue of p was a ct.

LiNDBR OP BBVOLVTroN, with that line oa for its oa^, and with

B for one of the points upon its surface. Another mode of ar-
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TiTing at Ibis epHndricai iocus for p, as the geometrical interpre-

tation of the last written equation in /», is to observe that this

equation shews (by 427) that the two triangles, aoh, aop, with

the common base oa, have their areas (or more immediately

their doubled areas) egual in amount ; from which it follows that

th«r (UHtudeg must be equal, at least io leDgth : or that their

two verHcet, b and are at tqmUperpemKcuiar dUtaneeafram

the eammtm base^ oa. In fig. 91, the cylinder in qnestion woald

be geriL rated by the revolution of the indefinite right Une bb*,

round tlie line oa as an axis. And if we choose to leave the dia-

meteTf or the thicknesa^ of the cylinder round this axis undeter-

mined, we have only to assume that 2aTo"* is equal to some po-

iitive and oonstant although arbitrary scalar, denoting the length

of the diameter, and to write the equation,

TV.^tM»-a; or, (V.pa) +a =0.

For the same reason the equation,

TV. -^ or (V , ^3 0' + ^ =0*

will represent another cylinder of revolution, whose radius is

«5T/3, and whose axis, passing through the origin, coincides in

position with the given vector (3, while p denotes the variable

vector of an arbitrary point upon this new cylindrical surfiEUse.

432. If this last cylinder be cut by the plane

which is perpendicular to its axis of revolution, the section must

evidently be a drch; and accordingly the present calculus re.

cognises this result, by giving, as a consequence of the two equa-

tions last written, another equation representing a sphere, on the

aurface wbereoi this intersection of the plane and cylinder must

be contained, namely,

T./9p-'«(a» + 6*)*:

because we have, In general, by 409, for the tensor of img qua-

ternion q, the ezpresdon,

Conversely, if we out the Sphere
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T.p/3-> = l, orTp-T0,
hj the plane

S.pjfi^^x, where a:> - 1, «<1,

the circle of intersection will be contained upon that cylinder of
leTolution which has for its equation,

TV.p/3-»«(l-.a^)i, or, (V.pfi'^ym^^i.

Or if (unHcr the same supposition as to the limiting ¥alues of the
scalar or) we conceive the last-menaoned spherei whose equation
may be thus written^

(S.p/3-T-(V.^p-«)^ = l,

to be cut by the last-mentioned cylinder, their intersection will
be a sifHem o/two eireUs^ at equal distances from the centre,
which are situated in two parallel planes, reprcbeated by the
equation,

{S.p^-^y^x\ orS.p/3-'-±a?.

And the surfoce of the ^here itself may be regarded as the iocus
o/iAe variabU circle, whicL has for its equations,

S.p/3*»-«, TV./op-' = (i-a!»)*;

and which is (by what has just been seen) a petjtendietdar jce-
tioH of a certain eyUmier made by a certain connected
and varifin^plane,

433. This being distinctly seen, let ua next conceive that the
last cylinder in art. 431 is cui obliquely, by a plane perpendicular
to some neii^ given vector a, which is inclined at some acute or
obtuse angle to the axis /3 of the cyUnder; we shall then have a
system of two equations, of the forms,

and the cunre of inte«ection, which those equations represent,
will evidently bean bllimb. Now that important surface whichM railed by geometers an kli n>soii> may he yeneraied by the
motion of such an ellipse, if this curve be regarded m variable in
magnitude, a. wcil as m position: and the following is one mode
of accomplishing such a generation, or of obtaining a sy^tmn o/
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ellipses, whereof the ellipsoid shall bo the locus: just as the

sphere has recently been regarded as the locus of a system of

circles.

434. In ^gme 92, let OA, ob be two given lines drawn from

Fig. 9S.

a given point o» and making a given acute or obtuse angle with

each other. In the plane of these two lines, and at their re-

spective terminations a and b, let two perpendiculars ac, bc be

drawn, meeting in a ki^own point c, and joiti oc ; aUo let ob and

CA (prolonged if necessary) meet in another fixed point b' : and

let f' be such that o shall bisect bf, b'f'. In the same given

plane describe the circle dbbf» witb o for centre, and with the

diameter db parallel to the tangent cb ; draw also two other tan-

gents at D and b, and let them meet, in the points d' and b', a

right line drawn through o, perpendicular to oa, or parallel to

the line cab'. From any point g on the finite line oc, let a pa-

rallel to DB or CB be drawn, cutting the semicircle in l and n.
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and Ihe ndiut ob in m ; take also any oth«r poiiit a upon Uie

chord LN
;
through the three points l, n draw three lines

parallel to ob, and let these three parullei lines !)c cut respecs

tively in the three points l', q', n', by a new line from g, which

now soeant shall be drawn parallel to dV> or to cb', and shall

also cut tbe line ob or on in a new point The figure

being thus constmcted in the pUmef coneeiTe nest thai the

indefinite right line through o and d' turns round ob as an

axis, till it takes the position of the indefinite line through a

and e', describing" thus a semi-cylinder of revolution ; aod con-

ceive, in like manner, that the indefinite line ll turns round the

same axis ob, till it assumes the position of nn', describing thus

another semi-cylinder of re¥olution» eo-axal with the former^ hot

having a smallsr radios (namely ml* bstead of od). Imagine

that the first semi-cylinder is ent by a pair ofplanesi perpendicu-

lar to the plane of the figure, and passing- through the lines db,

; and that the second semi-cylinder is cut by anotlier pair of

planes, which shall be parallel to the former pair, and shall pass

through tbe lines LN, l'n'. And finally, let the second semi-cy-

linder be also conceived to be cut in two points p, by two

light lines qp^ a'p t which are erected at q and a', perpendicu-

larly to the plane of the figure : and let us consider what the

LOCI of these two new pointe, p and p', not expressly marked In

the diagram, or what tliti loci of the two sections of the second

and varyii!t( semi-cylinder must by this construction be.

435. 1 say then that while the locus of the point con-

structed as abovoj is very easily found to be the quarter of the

surface qfa epkere^ resting upon the semicircle dlbnr (if we
still oblige the auxiliary and variable point a to be mdie that

semidrele, and employ still only jemt-cylinders), the loeus ofthe

connected point p' is (under the same restrictions) the quarter of

tht surface ofan ellipsoid^ resting on tbe semi-ellipse D i/b n e',

and having the same point o for its centre. In other words, I re*

mark that as the above-mentioned portion of the sphbrb is (eosB-

pare 433) the loeu$ <ifthe vwrnin^ semieirele which has lv far its

varying diameter, while the centreM of that semicirclemoves fifom

o to B, so the correspoading portion ofa certain derived bllipsoid

is (compare 43J) iht iucus u/ tke varyiny aemi-cUtjJse, which rests
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on l'h' as its yariable rnqjor-axiSf while its centre m' changwitt

poritioii* from o to b' : each ofthe two last-mentioned cunresMog
a teduMi o/ih0 MMMr andwfhg iemi^UmUr made by a Mvy-

pUme, which mores so bb to be always parallel to itself, or to

a fixed plane, and perpendienlar to the plane of the figure. In

fact, for the point p we have evidently, by the circular section of

the inner cylinderi

XqS+ qp*. MP*- ML*- OL*- OH*,

and therefore

OP' » OM' -I- MQ' + QP' - OL' s 0B%

80 that the locos of p Is (as aboTe stated) a portion of the sphere

round o, with on for its radius ; or is simply the whole surface

of that sphere, if we now allow it to belong at pleasure to the

Other variable semi-cylinder, at the other side of the plane of the

figure, and to have its projection q, on that p1ane> sitnated within

the other semicircle^ dvb, which is described on db as diameter.

And (with the analogous removal of restrictioDs) the loeas ofthe

etmneetedand variable point is almost as easily shewn to become

(as above asserted), after the foregoing process of deformation of

this spheric surface, what is called by geometers an ellipsoid.

For we have^ by similar triangles in the plane of the figure, the

relations,

OM' OG OM m'q' MQ
OB' ~ DC ~ OB ' OD' OD *

and, by the rectangle qpp'q' perpendicular to that plane, we have

an equality between the two ordinaies qf and qV, which termi-

nate on one commoii «td!e, or rectilinear fftmratriXf pp', of the

inner cylinder; hence

-7- oc' = QP -i- oc',

where oc' may be supposed to be an ordinate or perpendicular to

the plane of the figure, erected at the centre o, and terminating

on the sphere, or on the outer cylinder, at a new point c . Hence

^must satisfy the equation.
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because the point p, on which it depends, is subject to the analo*

gOQS equation,

I suppose that many of you may have already perceived that

b\ c'f d' are three cof^uffote summiis of the ellipsoid, or that ob'^

oc\ od' are three an^ptfiate Memi-diameterM thereof : oc' being the

mean §emUaxi$f and ob', od' being contained in the principal

plane, or in the plane of theJi>eai hyperbola, whereof one aeytmp'

iote coincides in position with on'; because this last line is the

axis ofa cylinder of rerolutiony cirtuin scribed about the ellipsoid,

namely, the outer cylinder in our construction : but it is by no

means necessary to be acquainted with these latter properties of

the ellipsoid, in order to understand that translaUon of the eon-

Btraction of the foregoing article into the language of quater^

iN0ii#9 which we are now about to give.

436. The two lines oa, ob, in fig. 92, from which, as dSolo,

everyihiiiij else in the figure has been coustrucied, being treated

as two given vectors a, ^, it is clear from the principles of

this calculus (see art. 413, and other recent articleb), that the two

planes through o which are respectively perpendicular to these

two lineiy and which cut the plane of the figure along d'b' and

DB, have for their respective equations

:

while the two planes parallel to these, which have cs'and CB for

their traces on the same plane of the figure, have for their equa-

tions the following

:

In like manner, if we make]^for abridgment, in reference to the

•ame fig. 92 (compare 435),

J? * OG -i- OC - CM OB B cm' -7- OB',

the equations

S.pa »-a, S.p^

will denote^those two other planes, which cut the plane of the

^gure perpendicularly along the lines gm', gm ; or which cut oa,
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OB perpendicularly at points whose vectors are xofXli (the latter

of these two points being m). Again the eqaations of the outer

and inner cylinders (through Dp' and hL% which haTe the line ob
or /3 for their common aade, are respectirelyy by the principles of

431, 432,

or

Ijecaiise the radius oi) of the former has the same length as OB
or as /3 ; while the radius ML of the latter, when divided by on,

gives (1 for the quotient. Thus whereas the Jixed ct>>

eie on db, perpendicular to the plane of the figure, in the con-

struction of art. 434, is represented by the two equations,

the corresponding^xcrf ellipse on d'e', in the same construction,

is represented by this other pair of equations,

which are included in the general equations of art. 433. And
while the varying etreU on ln is represented by the two last

equations of art. 432, or by the following,

S.p0-»«a?, (V./5/3-')'-a!»-l,

the equations q/'the vcurying ellipse on ln' may be thus written:

Finally, as one form for the equation of the spkerey which is

the loeuB ofthe system o/eireies^ may be obtained by elimina-

tion of X between the two equations ot a variable circle of that

system, and may (as in 432) be written thus,

(S.pp-0'-(V.p^-)'=i;

so may the corresponding form of the equation of the eUipsoidy

which is the heus ofthe system ofellipses (in the recent con-

strucdon), be obtained by an analogous and equally easy elimi-

naiiuii of the same variable between the two equations of a
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variable ellipse : and this su(^ation of tus ellipsoid is ia this

way found to be,

(8./Hi-y-(V.rta-»)«-l;

(S . fia'^Y + (TV. pfi'^y^h

And we may here remark that another/orm of this important

equation ia the following

:

beeanie (by 4099 or 432) the 9qfunr€ qftke Unsor of the qnater-

nion, whose scalar and veeCor parts are» respeetiTely^

S.po-* and V.pp-',

is equal to the J^wans qfMe moIot,mnw l4« jyvore qflfte vec-

tor part. When the dietributwe principle of nraltiplieation oC

quaternions shall have been established g^enerally, it will be

found that this last form of the equation admits of a new and w-

dependent geometrical interpretation ; and that it conducts

thereby to an entifely mew mode qfcouatrmting (or generatmg)

ike ^lipeoui.

437. After the foregoiag F%. M.

detuls respecting one mode

of constructing the ellipsoid,

and of expressing that con-

struction by quaternions, it

may suffice to state moreg

briefly the analogous methods

ofconstruetingandesptessbg

certain Met sorfiwss of the

seeoad order, especblly the

hyperboloids and the cone,

and of connectintr each of

these surfaces with the sim-

pUei surface of its own spe-

cies. IatheaBiiaxedigare93»

^.^si^^akhoi^li for (he sake of ce»-

^^mnence reduced ia siM^ the

letters o, a> c, d, b, f, b', d\
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E 5 f', may be conceived to denote the same points wliich were 30

marked in the recent diagram 92; the point o is now taken on

OC prolonged, and h is such that o bisects gh ; lbn is an arc of

an equilateral or rectangular hyperbolai with bf for its transFene

am, and zoXy wot for asynptoteB; the two wcants from 09

whieh are now the lanes ozluoht and o^LVqfiiV, are still pap

rallel to the two fixed lines cb, cb', to which the lines Hsw,

Hz'w' are also parallel ; q is still an arbitrary point on the chord

LN, and the lines ll', qq', nn' are still perpendicular to de, or

parallel to f'fobmb'm', as also are the new lines ww, xx, yy',

zz' ; ll' is still imagined to generate a cylinder of revolution, by

turning round on as an axis, and qp, q'p' are still supposed to be

ordinateS) perpendicular to the plane of the figure^ and terminate

ing on one of the generating sides pp'of this cylinder; oc' is still

conceived to be a parallel ordinate, which terminates on the co-

axal cylinder described by the revolution oi dd', or on the sphere

"With DE for diameter; finally we are to conceive that Q!i, q'ii'

are two other ordinates to the same plane of the iigure, termi-

nating on a side re' of the cylinder formed by the revolution of

xx' round the same axis ; and the two infinite branches of the

hyperbola lbn, togetlier with its asymptotes zox, wot» are sup*

posed to torn through 180^ round the same line on, and so to

generate the two sheets of an equilateral hyperdoloid of

revuHjTiun, together with the two corresponding sheets of its

ASYjirTOTic CONE. Tilis process (which closely resembles that

of art. 434) being once distinctly conceived, and combined with

elementary properties of the hyperbola, it becomes clear that the

hyperboloid and cone, thus formed, are respectively the loci of

the points f aad b, and that these two points satisfy respec-

tively the two equations,

MQ* 4* QF* = OM* - OB* ;

MQ' + QR» = CM' :

whence the two connected or derivedpainUf and b'', most

tisfy the two eonnected equations,

/m'q'V /q'p'Y /om'V ,
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And hence again it foUowSi if we here admit as known some ge*

neral and simple results respectiog surfaces of the secood order,

that the locus of p' is anothbr btpbrboloio op two sHssTSt

and that the locus of r' is anothbr cokb of tbb sbcond db-

ORBB, namely the cuymptoHe cone of the new hyperboloid*

although neither of these two new surfaces, produced by this sort

of deformation^ will be (w ith the construction here employe<l) a

surface of revolution. A section of one sheet of the new hyper-

boloid is the hyperbolic curve l'b'n' ; and two sides of the new

cone are the two asymptotes to this curve» namely the lines box'

and w'ot'. The hyperboloid, which is in this article the locus of

p', touches the eilipeaid of art. 435, at the two points b' and t^;

as the other In [icrboloid of two sheets touches the concentric

sphere, descrihet! on de as diameter, at the points B and f.

438. To trajislate now the foregoing construction into the

language of quaternions, we may adopt nearly the same plan as

in art. 436» The varying circle in which the hyperboloid of re-

volution LBNP, or the cylinder ll'nn', is cut by the plane lpn,

has for its equations,

S.pj3->«d?, TV.p^''-(«*-l)i, wheieB«oci+ oc;

and tlie varying ellipse in which the same ct/Under of re\ olution

through ll' is cut obliquely by the plane l'p'm', has for equations,

EUminaUng therefore the variable scalar between the two

equations of the circle, we find for the hyperboloid of renolK*

ltofi» or for the locus of that cire/e, the equation,

or

And in like manner, if we eliminate x between the two equal ions

of the oblique section, wc find for the derived hyperboloid of two

sheets, considered as the locus of the varying eAtjptey the ana*

logons equation.
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In a mmilar way, the equations of the right and oblique cones,

which enter into the construction of the foregoing article, are

tound to be, respectively, in quaternions,

(S.pp -)= + (V././3 -)' = 0.

and

439. By a quite analoyous dejhnnation of the eqi ilatbral

HYr£ajBOLOu> OF ONB 8UBBT9 wluch has for its.equatioo»
«

(S.p/3-')'+(V.rt3-)-- «.

and is generated by Ihe revolution round ob of that other equila-

teral hyperbola (not traced in fig. 93) whoie tnniSTerse aiis is

DB, we should obtain anotbbb btpbbboloi]> of omb sbbbt,

which would nol be a surface of retKi&tton, and whose equation

would be,

(S.pa-0'+(V.pi3-0' = -»-

In fact, each eireU on theJbrmer of these two last hyperboloids

will (as in the recent constructions) correspond to an elUpae on

the latter; these two curves being still sections of one common
cylinder of revolution ; and their planes bcin^^ still parallel to two

given planes, and intersecting each other on a thirdfixed plane

(these three planes being those which are drawn through the

three lines 6L» gl% oc, and are perpendicular to the pUne of the

figure). Hence with the recent (or analogous) significations of

the letters, the yariable points p and p' of the two hyperboloids

of the present article must respectively satisfy the two conditions

:

MQ* + QP* - OM*= OB» ;

\0D / \OC J \0B J

which are forms familiar to geometers, but are ( I think) in some

small degree less simple than those equations in quatennons, to

which the present calculus conducts as above. It may be noticed

that this new oblique hyperholoid (if we may venture so to call it)

would still have, as asymptotic to itself, the hist-mentioned ob~

2f
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lique cane : and that it would iouch the eiiipsoid (ot arts. 434«

ke.)y and the ctreimiseribed cylinder dd', aiong the ellipse de*

•eribed on as major «xi«» in a plane perpendicolar to tlie

plane of the figure ; that is to say, along the obfiqiie section of

this cylinder dd', for which section the following equations were

assigned in art. 436

:

S.|Mi->-0; TV.^->-l.

The equations of the varying circle of the present article would

be,

s./)0->-«, TV.p^-»-(«•+^)*i

and the corresponding equations of the varying ellipse would be-

come,

B.fia'^ms^ TV./^ *-(a^+l)*.

440. These results, so tar as they are geometrical, require

for their proofii only a moderate acqnaintanoe with the theory

of sorfims of the second order; they have here been brought

forward, chiefly for the purpose of exemplifying some of those

MODES OF iXPEBSStON, for geometrical loci, kc, which the cal-

culus of quaternions suggests; and it woulii he easy to extend

them, so as to obtain analopfous expressions for non-central sur-

ihces, whether those be or be not of revolution. For ezampkt

two BLUPTic PARABOLoros, Connected with each other on the

same general plan, whereof the former is, and the latter is not

a surface of rerolntion, may be represented by the two eqna-

tions,

S.po-»+(V.p^ O'-^^:

their tangent planes, at the origin of vectors, which is a point

common to both of these two paraboloids, being represented by

these other equationsi

^irhflo the following equation, which does not InTdve the sym-

JMV,
~ S.^m-' S./>/3-'=S.|»y-«,

i^idui^cd by Google
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may be without diHicuity proved to represent an htpbbbolic

PABABOLoiD. 1d general, the fonnulB»

where/is used at the characteristic of an abbitbart (but sea*

lap) FUNCTION, represents an arbitrary surface of revolu-

tion round the axis /3 ; and the circular sections of this surface

are thaiiired to a coi iespomiiiig system eiiipsest when the

equation is changed to the foUowing

;

TV.pp-'=/(S.^'t)j

where n h still supposed to make some acute or obtuse angle

with
J3.

if» on the contTary» we were to assume a in the Mfm«

direction as but differeni from it in hngih^ then the equations

lately found, and involving a, /3, p, would come to represent an

ellipsoid, a doulilL-sheeted Iiyperlxjloid, a cone, a single-sheeted

hyperboloid, and a paraboloid, wliieh would all be surfaces of re-

volution, like the sphere, &c., from which they might still be geo-

metrically derived^ although not without a modification of that

process of d^fifrmation which has been employed in recent arti-

cles ; while their equaHons in quatemione would retain the tame

Jbrma as before.

441. It was shewn by the late Professor Mac Cullagh, that

a suuFACii oi THE SECOND ORDER, generally
,
may be regarded as

the iocuM ofa pointy whose distance from a given pointy or focus,

bears s^given modular ratio to the distance of the same variable

point from a ghfen right Hne, or dirbctrix : this to^^erdistanco

bdng measured paraUel to a f^iven dibbctivb plans. Let us

now seek to express by quaternions this method of modular ob-

NRRATioN : and for that purpose, let us place the origin o of

vectors on the given directrix, and denote by a tiie g^iven focus

corresponding, supposing also that n is another point on the di-

rectrix, and that the line ocis perpendicular to.the given direo^

tive plane ; let also p denote a variable point of the surface, and

s the point where the directrix is crossed by a plane through p,

drawn parallel to the directive plane ; finally let the modular

ralio be that of to 1, aiui let us write for abridgment, as we

have often done before,

2 F 2
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OAaa» OBa^ 0C«7, OP»f>, 08 = 0".

Then one form for the equation sought is evidently the follow-

ing,

T(p-o)-mi (/>-«y);

in which, howoTer, we mutt leek to eiprem 9, in terms of the

variable vector p, and of the constant vectors /3i y, by the help

of the two conditions.

The latter of these two conditions shews that the two variable

vectors p and a must have one common projection on the line

7, or (by 424) that .

S.yw — S.yp.

The former condition shews (compare 430) that a must be of

the form x/3» where x is some scalar coefficient ; and therefore

(by 410) that

Hence the reqmred expresnon for 9, in terms of /3, 7, p, is,

^M^S.yp ^8.7/3.

Now it is easy to see, by a simple use of similar triangles, that

any diiference of two vectors is multiplied by a scalar, when
each vector' separately is multiplied thereby, and the difference

afterwards taken ; for example, in fig. 88, if a line were drawn
from the middle point of OB to the middle of oa, this line would

have for its immediate expression ia-i/3, whiie it would be

equal in all respects to the line ca, which has been seen to have

i (a - j3) for* its expression. Hence

mT (p - a) = T . iw (p - <y) = T {iiip - irnr)

where nothing hindem us to assume*

beoause we may multiply the line j3 or y by any constant scalar,

without violating the conditions of the construction. Mac Cul-

lagh's method of modukur generation of surfaces of the second

. ij i^cd by Google
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order may, therefore, in the preseiit calculus, be expressed by
the equation

:

T(p-a)«'T(pS,y0-/3S.7p);

or by this other,

(p-«)«-(pS.0y-0S.yp)»,

It will be found that the equation thus obtained may also be

written as follows

:

or,

(p-«y.(V.7V.ft.)«:

and in fact we may already see that the two symbols,

V.-yV./S/a, and /aS .py-pS

.

as applied to the geometrical generation above mentioned, agree

with each other, and with the product m (p - (t), in representing

each a vector, which (by the beginning of art. 429) is at once

perpendicular to 7, and coplanar with j3 and p ; being also mul-

tiplied by any scalar coefficients, when p is multiplied thereby

;

and remaining unchanged, when the extremity p ofp moves pap

rallel to the given directrix, namely to the line or on. Ano*

ther known method, which has been named the method aiumbi*

Hear generation of surfaces of the second order, is expressible

with even greater ease, by the notations of the calculus of qua-

ternions.

442. The symbol,

V(V.a/3.V.7a),

denotes (by the lately cited art. 429) a line, which is at once per*

pendicular to V. and toV.yS; and is therefore (by the same

article) at once uoplanar with the two lines a, j"], and with the

two lines 7, 8 ; or is a line situated in the inteniection ofthe two

planes of a, ^, and of 7, 8, if all these vectors be conceived to

diverge from one common origin. If then sia such diverging

lines be denoted by the symbols.
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and if three oibers» diverging stiil from the same origin, be de-

duced irom them by the three fonnul»,

P»V(V.mr .V.a a ),

P'=V(V.a a .V.a'^a""),

<3 =V(V.a''o%V.« a);

these three new lines will be respectively the intersections of

three pairs oj oppositefaces ofthe hexahedral angle, whose edi/fs

are the nx former lines : and if we then establish the equation

it will express (by 430) that these lAree lines^pf^ are in one com-

mon fUane. Hence by an easy application of the celebrated Theo-

rem of Pascal, respectinga hexagon in aplaneeame; namely, that

its opposite sides meet by pairs on three points which are* on one

straight line (at a finite or infinite distance), and conversely that

if the sides so meet, the hexagon can be inscribed in a conic; we

may infer that the equation last written, which will be found to

admit of being reduced to the following still simpler form,

expresses the ecndiiitm far the six links, a, a , . . . a'^, being

sides of ONE common cone ofthe second degree (a cone with a

plane conic for its bascV On this account I have been induced

to call this equation, namely

0 = S.j3V.p'p% orO«S./3/3'/3",

the EQUATION OP HOMOCOMiciSM, relatively to the six lines

a, . . a'" I and when this equation is not satisfied, or in other

words, when the scalar function S . j3V. /3'/3 does not vanish, in

consequence of the six lines a . . not belonging to any one cone of

the second degree, I have been led to call this scalar the aconic

FUNCTION of those nx aeontc iitue (using the alpha prirattvum)!

or of those six heteroconic vectors. And this aeontcfunction has

again served me to form a sufficiently simple expression, by quater-

nions, for what I call the adeuteric function often vectors,

a, a', . . . a°^, for the case when those ten diverging lines do not

terminate on any one surface qfthe second order ; and then to

. ij i^cd by Google
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ejcpicss the case where the ten vectors do so terminate, or to

form what may by analogy be named the bquation of homo*
DKUTEiusM* or the eondiiionjbr tbm points being sUtiaied am
ONB COMMON 80BFACB OF THB ABCONQ OBOBB» by Simply egmOt'
ing the admterhfimUhn to zero*

443. But it is time that we sfabuld proceed to consider, gene-

raUffy the 'operation of addition of quaternions
; or to assign

what, in the presentCalculus, is to be regarded generally as the IN-
TEHPUE i ATioN ov A SUM. Aud for this purposc, we shall find that
it is only necessary to introduce a very slight and obvious exten-
sion of principles whieh have already been employed by us» near
the beginning of the present Lectore^ for the additiim ofa eeedar

to a twe^or. lo short* we have only to continue to apply the
notion of a common OPBBAND. But it may not be useless, pre-

viously, to examine whether and how this notion adapts itsell" to

those easier cases of addition, what had been £aW<er considered

;

namely, to the case of the addition of a eadartQ a Mo/or, and to

the case of the addition of a vector to a vector.

AAA, With respect, indeed, to the addition of one scahr y to

another scahff ar, it can scarcely at this stage requive to be for-

mally proved, that the received tmA usual algebraical s|jm,

^ + Xf of these two bcaUrs, satisfies the general condiuoo,

whatever vector the letter a may denote : and that thus any arOim

trary line a may be assumed as the common operand^ and the

symbol y « be then, comietentiig with received ueage^ interpreted

(compare 405) by the formula,

|f-i-«-(ya + jCo} H-e.

in fact it is clear that whatever rectilinear etep in space may be

denoted (art. 18) by the symbol a, and whatever positive or ne-

gative numbers (whether integral or fractional, and whether com-
mensurable or incommensurable) may be denoted by x and it

will always be true that x such steps, followed by y such steps,

are on the tohole^ equivalent to a positive or negative number of

steps of the same sort (each = o), which reeuUant number may be

• denoted by the symbol ofthe algebraical sum, y i- x. ThreeJdr-

i^yi u-cd by Google
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ward steps, followed by Jive backward ones, are on the whole

equivalent to two backward step**^ of the same common leng^th,

and on one commoo axis ; and this very simple conciusioD may
be e^eMtd by writing (as ttsnal)*

-5 + 3«-2, or more fully, -Ja + 3a«»-2a;

80 tbat the algebraical sum -Sh-S, may be itiUrpreUd (if we
think fit) by the help of the idenHealJonrnda

:

And generally, we see already, by writing /3 anil y for the lines

xa and ya, that

(7 -f- •) +O -I- «) - (t+ 0) -H «» if0 1 «. 7 1 «•

445. It is not quite so obvious, on the principles of the pre-

sent CalcuiuSy so £ftr as they have been hitherto laid down, that we
must have alio,

(7-ho) + 0-7-a) = (7 + /3)-r-a, when /3 X a, 7 X o;

under wfaieh conditions of perpentUaUariipf of the common dlvi>

sor line a to the two dividend lines and 7, we know (122) that

the two quotients to be added, namely ^ ~ a and 7 -i- a, repre-

sent, in this calculus, lines. Yet there is little difficulty in prov-

ing, for this case also, that the lately written formula of addition

still holds good. Conceive, for example, that, in the annexed

figure 94, the sides ob' and oc of the

parallelogram bocd are the two vec-

tors /3, 7, and therefore (by 100) that

the (liairiiriii! OD is the 9um 7 + /3 ; and

because the vector a is to be perpendi-

cular to both /3 and 7, let us conceive

it tobe constructed bya line oa»which

shall be erected at the point o, at right

angles to the plane of the figure Suppose also (to fix our con-

ceptions), that this plane is horizontal, and that the !ine a is di-

rected upwards; and let its length be double the unit of length

:

shall then have this particular value for the divisor line.

a « OA s 2Aj
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while the two proposed divideiifi l!ne«, as also their sum 7 + /3,

will be horizontal. Then, by the principies explained in art.

122t we shall have the two foUowiog quotients^

P -f- a « f «= OK, y a = J = OF,

if we Boppoee that the vectots e aod or the linee OB and or»

are tidee (as in the figure) of a new paiallelogram both, which

is derived from the former parallelogram bocd, by turning that

former uiie round o, right-handedly, through a right angle, and

halving each of the sides. But, in this process, the diagonal od

is also made to turn in the same direction, and through the same

•mopnt of rotation, and is also halved in length, in becoming the

diagonal oh. Denoting therefore these two diagonak by B and

lit so that

we have (see again 122) the qaodent,

and theref<Nre, by snbstitating the valaes of 8 and q»

(7 + j3) 4- o - J 4- 1 - (7 -i- a) + Q3 4- o)

.

The proposed >&niiiflii ofaddition is therefore verified for this

example; and it is evident that an exactly similar construction

would prove it to be true, for every other case where « was per-

pendicular to /i and 7. We see, at the same time, that because

(with the reeent signifieations)»

we may also write,

(24-f)a«{a+ fa, when a J. c» aX{*

446. The^two eonneeted fonnnlsa,

(y+«).h(/3 4.a)-(7+/3)+o,
r.+ g» (ra+ ^o) -I- «t

are therefore true for the two ccaesy where

1st, a 1 0, a I7; or, 2nd, a X 0, « ± y;

that \^ tor the two cases where (see 407, 412) we have.

Digitized by Google
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Ut» V^-Oy Vr-0; or 2iid, Sr«0*

The same two ibnnul» hold good alto (by 405) for two other

cades of addition, namely, the case where, 3rd, a scalar is added

to a vector, and that where, 4th, a vector is added to a scalar:

or, in symbols, where

8rdy a±fit aly; or 4th, a | /3, aXyi

or for the cases where

3rd, S^«0, Vr = Oi or 4th, V^^O, Sr-0.

In kdl these various eases, we have had the two prodmcts ga and

fa equal to two Uiu$, namely, to those denoted above by /3 and

y ; or in symbols, we have had, sofar^

if then we now establish, as a dspinition, of the operation of

the ADDITION OF QUATERNIONS, that whenever a Jion-evancscent

and COMMON operand line, a, can bejoundy w/iich shall satisfy

these two iast condUUmsi or shall give two lines, /3 and y, as

the rendtM qfthe two Mqtarate muUiplicatiom of the lioe a by

the two promoted guatemiont^ q and r, then the turn (y + p) tif

these two separate prodmet4ines^ divided by the origmal operand

line (a), shall be regarded as the sum of the two proposed

QUATERNIONS, or OS EQUAL to r ^ (] I if, in a word, we establish

now the formula that (a denoting stiU some Don-evanesoent

vector),

r-l-9«(ra + 9a) -hat when S.^«0, S .r««0;

or (which comes to the same thing) if we now agree to define that

the oisTaiBUTiva fbinciple of multipiication^

hMs good whenever the two partial products^ ga and rap are

LINES : we shall have established a osfimitiov OF additiow,

which emhraees eoerff ease that has been hitherto oonsidered in

these Lectures; and whiefa will be found to give, in BViEr

O^HBR CASE, tvithout ambiguity^ a value for the som op any two
'^^iil^TERNiONb : while the distributive form of the o(|uation is ob-

ily consistent with the results and usages of common algebra

i^idui^cd by Googl
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447. It may be well however to oSet here a few remarks, for

the purpoie of making more dear the universal applkabilUy of

the foregoiDg defimtion of the addition of quatennioiiay -aiid the

perfect ttnamhiffuomnen of the resnlte. Consider then the gene-

ral case, where neither of the two quaternions to be added reduces

itself to either a scahn or a vector : and let us also suppose, for

the sake of addiiioimi generality, that their axes are not parallel

f
to any common line. Constrooting them then by two biradials

(art. 93), with their common vertex aV|Mniie aaeomed origin o of

vectors^ their jplemef will neceaearily inUnect eaeh other along

some righiUi^ of which any finite portion oA imif 1>e taken for

the Teetor a, and employed as the common operand^ to give ge-

ru rally (compare 108, 309, 310) two tramformed ox jjrt^artd bi»

raduUSi such as aob, aoc, and thereby tiro 7iew lines,

in the reepecHve planes of the two proposed eummand guaier'

?iions^ q and r : after which it will only be necessary to conipUte

the paralltluyiani^ bocd, and ro draw tlic diagonal, or ^, in

order to obtain a third biradiai^ aud, which fihail repr«dieiit the

required sum, namelyt

r + y = ^-4-a = 0D-j- OA,

in virtue of the general definiUon of a sum of two quaternions,

adopted in the preceding article* Conversely, in order that a

line a may be properly assumed as the common operand, in the

proce«« of that article, it must be taken in or parallel to both the

planea of the two proposed summands; and consequenLly, when

transported to the assumed origin of vectors, it can only differ from

the lately assumed line oa in lengthy or by its having an exactly

oppoeUe direction : hut the iietc; paraUdogroMf constructed with

reference to this new line a, will have its new dioffonai i altered

at the same time, in the eame (posiUve or negative) raiio. In

other words, the only permitted variation in the recent construe-

tioTi will consist in multiplying rack of the four lines, n, /3, S,

Ity some common scalar ropffincnt, such as .r; but this will not

alter the quotient oi any two of them, and wc shall have stUl^ by

the definition ofa jsm, given in the last article, the value,

by Google
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r -I- g• «B -3- 4ta » 9 -4* a.

In the less greneral case^ indeed, where the planes of the two
proposed sumnaodsm parallel to each other^ so that they mil-
dde when transfened to the assumed origin, the recent rule fidb

to assign any one determinate position for the line a, regarded aa

the intersection of those two planes ; but in this case it is allowed

to assume, for the common operand ci any line in the common

plane, and to use it in constructing a parallelogram, on the same

general plan as before ; and no ambiguity can remUt because if a

be turned about through any angle in the plane» or in any man-

ner lengthened or shortened^ the parallelogram will at the same

time turn through exactly the same angle and towards the same

hand, while the length of each side and diagonal will be changed

in the same ratio. And similar remarks apply to the case where

one of the two summands reduces itself to a scalar, and may
therefore be regarded as having an indeterminate plane^ in which

case amf Une a may be assumed, that is in or parallel to the plane

of the olAer summand. In every case, therefore, the auLS of

THE COMMON OPBRAVD, ss Udd dows Itt the foregoing artide^ Ir

applicable without ambiguity,

448. The sum of any two proposed quaternions having thus

a perfectly dejinite and known syndication, may be e^cpected

also to have discoverable properties, and to be adapted to become

the subject matter of tUoreme* (Compare again the analogous

remarks on produetif in arts. 108, 309, 310*) And accordingly,

in the first place, because (by art 100) we have

when a is, as above, so chosen that qa and ra are lines, we have

theretore, as a corollaryfrom our definition of the sum of two

quaternions, combined with an earlier result respecting the sum

of any two Unee^ this simple but useful property

;

r-\-q = q-¥ r\

or in words, the addUicn two quatemume ie aiwa^ a commu-

TATiva oPBRATioif. Again, if the two sides /3, 7, and the dia-

gonal of the parallelogram in the recent construction, be sup-

posed to be projected on a into three other lines, /3', y', ^, or ob',

m
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oc , od\ by letting fall the perpendiculars bb', cc^ dd' on the iu>

definite line through the points o and a, then thejbur poinU

Of b\ c'f d', wiU be arranged on that iine in a way analogons ta

the four points a» c> d of fig, 20^ art* 97f and we eball haye the

telaliony

od' = oc' + ob', or, ^ «y+ j3'.

We shall therefore have al80» by oar recent definition of a nrm of

two ^MOlMIIIfy

y^«-(y-^«) + (/3'^«);

where, by the constmction in art« 407 for the seakir of a qno<

tienty

i3'-T-o=S(^-»-a); 'y'4-o»S('y-i-a)i S't-o«S(S-7-o)!

but alsOf becaiiK 9 is here equivalent to y + j3, we have

^ -i- a (y -h a) + (0 ^ a)

;

where (by what Las been lately shewn) the quotients j-^, a anri

y a may represent (u/t/ tu o quatemions^ g and r* We have

therefore geaeraily the fonnula^

B(r'¥q)mSr+Sqi

or ID words, the scalar oftke nem ofany twoqvateniioasis eqoal

to tbestMi qftk€ sealars. Again, if we let fall perpendieiilara»

BB% cc% DD% from the three points b, c, d» on the plane which Is

drawn through o at right angles to the line oa, we shall obtain

those thno otlier components of the vectors p, y, c which are

perpendicular to a, namely

fir^ OB", y''*oc% r«0D",

and the pn^feetedparallelogram B^otfnT in this new plane will

give the relations,

where (by 407),

the vector of (he sum of any two qnaternions is therefore equal

to the sum qfthe vectors^ or in symbols
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V(r + tf)-V> + Vg.

And hence, by Ibe fbimiihi

K-S-V.

of art. 408, or more immediately by reflecting the parallelogram

BOCD, with respect to the line oi (compare fig. 32, art. 186), we
may inier liiat

K (r + 2) = Kr + KJ

:

or in wordt, that the coiyugate qfih€ nm of any two quateraions

is equal to the sum of their conjugates,

449. It can give no trouble now to extend these results, from

the case of two summands^ to the more general case where it is

required to accomplish the addition qfMHY number ofquater-

mofi#« We can eauly prove, for example^ that the addition 4^
ikree quatemsans is always an AsaociATiTi op»batioi9, or that

by shewing that eacA qfthe two processes of summation here in*

dieated conducts to one common quaternion^ whereof the scalar

part is tlie siun of the scalars, and the vector part is the auw of
the vectors, of ihe three summand quaternions, r, s. In general,

tor a7iy number ofsummandi^ the addition quaternions^ like

that of lines (see 100), on which it has been found in grant part

to depend^ is in all respects subject to the assoeiatwe and eom^

msUatsoe laws : for example we have, as in algebra,

(# + r) + J * * + (g + r) « + *) + r

;

e + r-i-f-r+tf+g+l, &e.

We may also write, generaiig,

SS-SS, V2«aV, KS-SK,

using as the characteristic of the operation of luktun the sum

of any number of proposed summands, which are here supposed

to be quaternions. With respect to the subtraction ofone qua-

ternion from another, you anticipate, of course, that this is to be

||kcted by adding the quaternion from which the aubtractlon is

made, to the negative qfthe subtrahend: or that the d^e*

*e r - ^ is interpreted^ in this calculus, by the identity^
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(r-^) + j»r, or r-j»r + (-^).

This operatioDf therefore, requires no special rules : yet it may be

worth while to note here, what you can have no dIAculty in

proving for yourselves, that

S(r-^y)-Sr-%; V(r-j)-Vr- V^; K (r-y)- Kr-Kj

;

or more concisely, usin^ A as the characteristic of the operation

of taking a d{fferencef that

SA-AS; VA-AV; KA-AK.

The turn of any two conjugate quaternions is the double of their

common scaloTf and their difference is the double of the vector

part of one of them (see 408) ; thus

i(a^ + i3a)-S.a/3-S./3o, J (a^ -po) = V . ajS = - V. /So,

whatever two Hues may be denoted by a and fi; and in foet

I was aeenstomed to employ these s3rrabols, ) (a/3 + /3a) and

i (u/i " /3a), to denote respectively the scalar and vector parts

of the quaternion product a/3, before I ventured to introduce the

notations S and V-

450, 1 shall take this occasion to remark that a quaternion^

generally* may now be seen, more clearly perhaps than at any

former stage of the present Course, to admit ofbeing expressed by

the QUADRINOMIAL FORM,

qi^w + ix -^jy + kz ;

where the sum of the ikret term ix^jy^ kz composes (compare

407) the vector part, while the remaining term w denotes the

scalar part of the quaternion ; so that we may write, in con-

nexion with the recent form.

Indeed this quadrinomial Jbrm for a quaternion, which may
(compare lU) be tegaided as an etiqpaneion of the shorter form

tv+p, when p denotes a rootor, was communicated by me, so

long ago as 1843, to the Royal Irish Academy, along with the

values above assigned (in arts. 394, &c.) for the ^^tiare^ and jt>9'0-

duci6 of 1,7, k ; and it has been referred to l»y anticipation, in

this Course, so early as at the close (art. 78) of the Second Lec-
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ture. Bnt the signification of this quad riiiomial form may be now
more fully understood, in consequence of the recent remarks on

twiu ofseveral summands. We may now 8ee» for instaooe, by the

aaoeiaiive property (449) of sach Mummaiiimt that althoagh we
My interpret this qoadrinomial form as simply equiyalent to the

hiwmialformw+ p, or nuiibbr plus liwb, to which in an earlier

part of the present Lecture a quaternion was proved to be redu-

cible ; and may with that view write the expresiuon for q as ioi-

lows:

yet we may also otherwise combine the fowr tertnSf w, ix^jy, kz^

into pcwtiai groups^ writing, for example,

where the partial sum w-^ix is iUeifa certain quaternion, which

is to be added, according to the general rule of arts. 446, 447, to

the liBS AgaiOt if we write« as the analogous quadrinc^

mial expression for anoiker qmitemionf

we shall have no difficulty now in establishing the following ex-

pressions for the sum and difference of tl\ese two quaternions

:

q-q=w'-w + i (x - x) +j (j/' -y) + ^ (2 - 2).

The FOUR scikLARs, IT, X, 2r, are called (7B) the fovb comstx-

TUENTs of the quaternion w + ix^fy+kz; and a quaiemitm q
cannot vanish, or become equal to zero, without bach of these

four constUuenU separate^ vanishing : that is, in symbols,

if ^ = 0, then I9s0, x«0, y«0, js-O.

In foct, if a be any actual divisor line, the quaternion regarded

as the quotient 0 -t- a, cannot be considered as Yanishing, so long

as the di?tdend0 is an actual (or non-evanescent) itne ; but when

/3 vanishes, its two components J3'and j3''(see fig. 85, art. 406),

respectively parallel and perpendicular to a, must also vanish

:

so therefore do the two partial (piotients, obtained by dividing

these two components by a* la symbolsy
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but ibe «ca]ar Sq has beun above denoteci by ?r, aiul a vector

tiuch as Vg, or ix + + kz^ cannot vanish, without its three pro*

Jections, on aoy three rectangular axes (such as the axes of 1*,^, i),

ail vanishing together, that is, without our having teparaiely^

i« « 0, = 0, * 0 ; or a; <= 0, y = 0, <s - 0,

For the same reason, the difTerence q- q cannot vanish, except

by our having the four separate evanescences,

«/-icr«0, a^-of-O, y'-y>0, «'-««0;

or, as we may otherwise state the same result,

if^'-f, thente^«fr, fl^«a?, y'«y, z'^g.

An fiQUATiotf BBTWBBN TWO QUATBRNioNs IS therefore equiva^

lent to a ststbm op poub bquations bbtwbbn scalabs; or in

other words, two quaternions cannot be equals unless each conatU

tuent of the one be equal to the correspoiidiug coDstituent of the

other. The importance therefore of the number Foua in this

whole theory, troin wiiieh indeed (compare 91, 106, 107, 120)

the present Calculus derives its name, exhibits itself here again.

451. The dtstributitfe prindpUt or property, of the multipli-

eation of quaternions, has (in the present Lecture) been in part

already established by definition^ and has been used as the chief

element (446) in the general interpretation ofa sum: just as

the asstx ialice property of inultiplicatioii of (jiKiternions had

been previously estublituhed, in these Lectures, to some extent^

by (lefiiiition, for the sake of interpreting a product (compare

309, 3 10), We have lately defined that

{r-^q)a==ra^ qa^

as we had at an earlier stage deflned that

rq, a = r .quf

whatever two quaternions nay be denoted by q and i*, provided

that the symbols a, qa^ and ra denote thrbb lines. But pre-

cisely because we are tlius eiial)le(l to give now (see 447) a defi-

uUt interpretation to the symboi of a tfum, r + (7, <^fany two sum-

2 G
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mandSf as we could earlier give (see 108) a definite interpretation

to the Bymbol of a praduetf rxq^oi r • q^oi rq^ qfany Ucojm-
ior9% we are mot now >t libbrtt to assumb, wtkomit proqft

thftt the OBNBRAL DISTRIBUTITB PRIMCIPLB,

holds goody for tkrtt arbUrary gwUemions, r,s: jutt as we were

not at liberty to assume, without proof, the general assucia-

Tiva I'lUNciPLfi oj muilipliccUioH of any three quaternions,

which has already been discussed in former parts ot this Course,

but of which we have promised to give, in the present Lecture,

a new and indepetukni demctuifaiiam^ fonnded on an independent

proof of that oiher or distbibutivb property, to the general and

rigorous examination of which it is necessary that we shouldnow
proceed.

452. An imj)ortaiit case ia wliifh \vc c;m already prove with

ease the truth of the lately written distributive formula,

(r-r j)« = r« + qs,

is the ease where the planes of the three proposed quaternions

r, s contain, or are parallel to one common line, such as a. For

in this case we can find (hrcf other lines, «iiioh as /3, -y, £, in those

three planes, so as to satisfy the three equations,

q = (i -i- a, f = 7-7-a, ««a-M;

and then if (as in 447) we denote 7 + /3 by and employ the ge-

neral fbrfflulsB of multiplication and addition (arts. 49, 446),

(•y-f5)x(j3-a) = 7-a,

(7 4- fl) +0 -S- a) = (7 «»

we shall have the values,

and therefore

(r + « S -^ (7 -*•€) +O -r f) » r*+ qs.

But the condition for the three planes o( q, r, s being thus pa-
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ndlel to one eomnioii Itne, a, k the same with the eondition for

the copianariip of their three azes^ or of their vector parU, or

with the following

:

V«
III

Vq, Vr.

We know, therefore, already, that whenever this condilion of co-

planarity is satisfied, the distributive formula

holds good, whatever it may yet be found to do in other cases.

Mow the vector part of a scalar is a null line (compare 407)|

which may he regarded as having an indeierminate direction

(compare i49,l03yl66»167, 447) ; it may therefore he considered

as coplanar with any two Une», And hence, or more directly

by choosing a so as to be perpendicular to both of the two re-

maining vectors, and reasoning then as in the present article, we

can prove that the recent distributive formula holds good, when

any one of the three quaternions, g, r, $^ reduces iUe^ to a eealar*

For example, let

^ = r=w, or let « 0, Vr = 0

;

then whatever eeatar^ vector^ and quaternion may he respectively

denoted by w, p, we shall have

{w + p)e»we'¥psi

which is already a more general result than that of art. 405,

where instead of s was written a, and a was supposed to denote

a vector perpeiuiicular to p.

453. Again we know (by 448) that the conjugate of a sum is

the sum of the conjugates, and (by 190, 222) that the oonjogate

of the product of any two factors is equal to the product of their

conjugates, taken in an inverted order. Hence, at least ifwe still

retain the recent condition of eoplanarity of axes, and denote the

conjugates of the three quaternions g, r, s, by q\ r, respeo*

tively, we shall have the equation

#'(r'+y')-/»^+»y;

or hy omitting the accents, which here involves no loss of gene-

rality,

262
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# (r + ^) = tr + if V#
III

Vj, Vr.

This condition of coplanarity will afrain be satisfied by supposing

q a vector, such as p, and r a iscalar, such as aad liius we

may obtain the iorniula»

«(i0+p)«m'i-#p.

It is easy hence to infer that for any two scalars a« 6* and aoy

inro vectors a» ^, we have, as in algebra,

{b + /3) (a + a) = &a + i»a + j3a + /3a ;

where (by 83) j3a«<i0, and ba^nb^ as well as da-d^; but

where (by 78, 89, &c.), /3a is nol generally And hence

again we may infer that

S.(6 + /3) (a + «) = 5a + S./3a;

V.(6-i-0)(a-fo) -.a0+6«^V.0a;

or that the product of any two quaterniuns, q and r, may have

its scalar and vector parte expressed separately as follows

:

S.ry-SrSy + S.Vr Vjr;

V. -Vr% + V(i Sr + V.Vr V^^.

454. Another important ca«e» in which we can easily esta^

blish the troth of the distributive principle of mnltiplication, is

that where we have to deal with vectors only. In (act, the for-

mula above established for the addition of two quotients^ /3 -f- a

and -y -^ a, may be written as a formula for tlie addition of two

products, hy t lie help of the properties oireciprocaU of vectors

(see 11 T, 118), as follows:

or more concisely thus,

7a + /3a = Cr +/3)«t

since a'' may represent any vector. This result is more general

than that ^ven at the end of art. 445, because no condition of

perpendieulaiiLy is now assumed : and by taking conjtKjatcs (aS

in the foregoing article), we may already infer from it that

ay + aj3 = a (7 + /3),
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whatever three vectors may be denoted by a» /S» y. Henoe for

miyjhwr veetort a, P$ y* & it follows easily that

For example,

or more eondsely (see the end of art. 449),

(/3±o)» = /3*+a=±2S.i3a.

As another example, we have

O + a)O-«) =0«-0a + o/3-a»}

and therefore (see again art. 449)»

S.O+«)0-.«)-/3»-o»;
V.(/3 + a)(j3-a)=2V.aj3.

And these symbolical results will be found to admit of simple

geometrical interpretations.

455. We know now (by 453) that in the mnlttplieation of

OJiy two quaternions, eachfactor may be distribidttl into its own

scalar and vector parts; and we have just sllh (in 454) that in

the muUipUcation of any two vectors^ each factor may again be

in any manner dUtributed into two partial or campoHent vectore^

whereof it is the geometrical sum. A vector may also, by si*

milar parallelograms, be distribnted into such partial vectors,

when it is to be mnltiplied by or into a scalar : see, for example,

art. 441, where we had m(p- a) = inp -mtr. It is still more easy

to see, as in 444, tluit a scalar mav l)e distributed, as a factor,

into any parts of which it shall be the algebraical sum, when it

is to be multiplied by or into a vector. And the permission so

to distribute scalars, when they are multiplied among themsebfeSf

is manifest from common algebra. There remains, therefore, no

difficulty in establishing', as we proposed to do, the distributive

principle ytnerally, fur any multiplication two sums ofquater^

nions. llesuming with this view the comparison of the product

(r+q)s and of the sum rs + qs, we may employ the decomposi-

tionsy
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r#-SrS#+Sr V« + Vr S«+ Vr\>,

(r+ J) #- S (r + ^) S# + S (r + ) V« +V (r + 5) S# + V (r+ J) Vi

;

and we see that the last of these three espressions is the sum of

the two precediog it, because

S (r + V« = (Sr + Sq) V# = Sr ^ Sq V«,

V (r+ 9) Sf - (Vr + V9) S# - Vr S# + S#»

V (r+ q) V* = (Vr + V^) Vr V* + V*;

it it then preyed, as was lequirad, iVaUfir any three guaiermums^

(r+g)#«r« + qs:

the eai^u^aie of which fmtenU eqoaliM gifos (00 the plan of

453) tlus other and analogoQi fofmnU

:

By eambimng these two results, or more immediately by deeom-

posing the factors into scalar and vector parts, and then proceed-

ing as above, we find that fur any Jour quaternions, r^s, if the

analogous/drmiito qfdutrtbution^

(r+q) (t + s) ^ri + re + gi + qs^

i&oldft good ; and indeed it is obvious now that the i>161&ib6ti?b

PRiNCiPLB liolds good genenUfyf ia the uvvmucMXtov opamt
TWO SUMS OP <)VATB&NioNS, wkaUver ike wtmber ^ike mm^
maud* may be, iato whieh «tli«f factor iadistrihated. In other

*

words, the pred»et of the eume will etili, as in algebra, be equal

to the «ttOi qfthe partial products ; or in symbols,

Sr. S^BS.rgr.

With respect to some of the notations recently used. It may be

remarked th^t the symbols,

SrSq, Sr\qy Vr Sq, VrVq,

are designed to be respecti?ely equivalent to theproduci^^

Sr . S^, Sr .V^, Vr . Sg, Vr . ;
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whereas the symbols

S.VrVyand V.Vr

denote lespecttyeiy the sealar and yeetor parU of the last of these

four produetSf and are equivalent to

S(Vr.V^)and V(Vr,V^).

456. I need not now delay to point out the Instances wfaleh

have already occurred to us, containing, b} a sort of anticipation,

some part at least of what is involved in the 'jeneral principle

recently established i for example^ the equation,

which was proved on other grounds in art. 409, and whieh en-

ables US to express the iensar of a ^natemioDy in terms of the

M&dar and the vecior (eonpare 432, 436)« But it may now be

proper to shew how the general distributive principle, or even so

much of it as was established in art. 454, with respect to tlie

multiplication of vectors, enables us to eflfect some transforma'

tions of equations, which have already been proved from geome'

triaU considerations to be va/te/, without its having yet been

shewn how to aceampUsk them by any process of cakukUion*

Take, with this view, the three following equations,

S.<ip-»-lj S.(a-p)p-»-0; T0»-4a)-tTa;

which are already known (by art. 414) to repreiseni one common
spherical locus for the extremity of the variable vector p, but

which it is now required to exhibit as equivalentJbrmulw in this

calculus. The passage from the first to the second of these forms

cannot cause a moment's difficulty at this stage ; for we know
now that

but in order to transform thm third of the above written equations,

it is convenient to proceed as follows. Squaring both members,

we have, by 111,

'(p-isay^-iiay-l or,(p-4«)»«i«».

Developing the square of the binomial by 4£i4, we find,
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(p ~ = - S . a/a + io^ J

10 that the equation to be transfonoed becomes, by transposition,

8 . op; or» 8 • op*> « I

:

which latter form is thus shewn, as was required, to follow bjf

calcnUuiiOn from the third form written above, or from the equa-

tion between tensors,

T (/> - io) = i Ta,

without reference to any conception of a spherical snr^Me or

locos.

467. Again, let us take the following equation of art. 415,

presenting a certain other sphere,

and let us seek to transform it, by calculation alone, into that

other form of the equation of the same locus, which wasg^ven in

the same article, namely,

P-P

Taking again the negatives of the squares of the tensors, we

have, by 454,

where (by the saine ait. 454),

hence

0 = p^-S.(a + /3)p + S.aj3

-S(p'-ap-p/3 + aP)

-S.0>-a)0>-/3),

.T(p-^)» S. («-/>)

and the required transformation is effected. We see at the same

ime th^t the following equation holds good, as an identiiy^ for

ay ikrtt veetors, a, |3, p

:

4S .(p-e) (p-^)-(2p -« -/3)^-(a -/3)%
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which may, by pnncij>K s already laid down, be interpreted as

expressing (compare fig. 69, art. 415), that if c be the middle of

the base ab of any plane Iriangle apb, as in

the annexed figure 95, then,
^'

^ p

S (ap • bp) -= CP* " cA*

;

or, in a notation more received,

AP .BP • cos APB = CP' - CA%

where the symbols at, iir, ci', ca, marked for diatinction with

upper bars, denote merely the h iigtJiS of certain lines, or the

numbers expressing those lengths, and theretore their squares

are (as usaal)7H)fi<ive* Accordingly this last equation is a known

lesnlt of elementary prindples: but in comparing it with the

quaUmionSt it is proper to remember that (see 111) the Ungiht

AP, &c., which thus have positive squares, are ivith us merely the

tensors of the correspoiKiiiig vectoks, ap, &c., of which last,

when regarded as directed lines in space, the squarbs with us are

NEGATivB* Thus, in the present calculations, we pass from the

first to the second of the two equations last written, by changing

the signt of all the terms : or by empio) ing the relations,

S (AP . bp) a ~ ip .BP . COS A^B,

CP"--C?, CA«--CA*.

On the same plan, the equation, «

(a-/3)* = a»-2S.a/3 + /3%

of art, 454, is equiyalent to the well-known w^^AJundamintalfir"

WMla i^plane trigonomeirgt

BA* « OA*- 2oA . oi cos a6b 4- OB*;

where o, a, b may denote any three points of space.

458. Some other known and elementary theorems, respecting

cenirtM qfmean distances^ may be expressed, and might be

proTcd, by equally easy processes in this calculus. For ezam«

pie, whatever three scalars and four vectors may be denoted by

a, 6, c, o, /3, 7, pt we have identically.
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f/>^ - 2S . r/» + 1# = t (/> t-^r,

tma + h + Cf

and

T gg-f + Cy
'*"'7" a + A + c

•

V - In - T»- a6O - o)»+ (7 - /3)«+ €tt (a - 7)».

Thus for any four points a, b, c» p» and any three ooeffideDts

6» we liare

a. Ai'" + 6.BP'+ c. CP* - (a + i + c) mp'«

(a 4- 6 + c)'^ (oA . ab' + be

,

BC' -t- ca

•

if M be tlie point wlueb tatitfice the equataoDf

a . AM + 6 . BM c. CM» 0»

nrhen directions of lines are attended to ; but this is precisely

the essential property ot the central point above alluded to, or of

ivhat is called in mechanics the centre of gravity oi the system

of the weights a, 6, c, placed at the points a, b, respectively.

And it is oYident that aaalogoiis results would be obtained on
the same plan, for any nwmhtr offfinenpeixU of space a, a', &e.»

with the sane number of given eoeffieieniSf a, a\ &c. ; or in

symbols, that we shonl<f find, in like manner,

2(a.AP^)-2a.MP»s2(iMr.AA'')-i- So^

if M be a ^uiai such that

2(a.AH)»0,

while p is an CLtbitrary point. For we should have,

2 . a (<t> - a)' = - 2S . ) 2rt + 2 . fio",

if ^ = S . ao 2a, or 0 = S . « (a - fi)

;

while 2a S (2 .«•)>- 2 . Ofl^ (a* «)>.

459. ApoUonius found, and the ancient result has acquired
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fresh interest in our own days by a remarkable application of it

to eiectiicity, that the locus of a point whose distances from two

giren points are in a given ratio of inequality, is (in the plane) a

circle. To investigate this loew by quaternions, let the two

given points be o and a, and the variable point p; also let the

ratio of ap to op be that of n to 1, and suppose w > 1 ; then,

making oa » a and op » the equation oi the locus is,

TO»*«)-siT^ or (p - a)» = «V*-

Developing, transposbg, See., we find suceessively,

(n»-l)/)H2S.a/!>«a»,

|(m»- 1) p + o)»- 1) aU a»

TKii^-l)^+«)-«T.,

Hence follows this construction, which agrees with known re^

suits. Cut the given line ao externally at b, in the doplieate

of the given raUo of the sides, so as to have ab ii'oB ; take BC
a geoMtrical mean between the scgmenta bo, ba i and with can*

tra b, and radias bc, deseribe a spheric sur&ce ; it will be (in

space) the required locus of all the points p, for which

AP « n . OP.

Ai a veiifiaatioo, let c-b « y* ^ b-« o*; we shall have

A-B««y, o-B-n'^y^ P-Asa-W-y, P - O »= or - n"*7

;

it ought then to turn out thai

T (<T - ny) a T («a - 7), if Tcr « T-y

;
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and accordingly*

(a - nyy - (mr - 7)» - (fi«+ I ) 7»- 2«S .
7<r, if - •

It is evident from elementary geometry that the fixed locus of p,

constructed as above, cuts perpendicularly the circle circuoi-

•cribed about the variable triangle aop, or that its radius bp it a

tangent to this circumscribed circle : and this result also might

be confirmed by calculation with quatemioosy if we chose to use

here the conclusion of art. 198, respecting the construction by a

tangential vector, of the continued product ut the three sides of

a triangle inscribed in a circle.

460. As another example of the present processes of calcula-

tion, let us investigate the inieneeUoM qf ihe right tine md
tpheret whose equations are respectively (see 430, 421),

V.^o«V./3a; /»> + c««0.

The latter equation gives (by principles lately employed),

c» To»— c» o» - p» a» - (T . pay - (S . pa)» - (V . pa)*

;

and therefore the former equation gives,

S . pa- ± (c« Ta*+ (V. 0a)*}i

But pa = S , pa + V . pa (by 407) ; therefore the required ezprea*

sion for the vectors of intersection is the following

:

p-V.pa.a^±{c»Ta'-(TV./3a) ii a

If for abridgment we write

the part p", independent of the ambiguous sign f, is equal (by

420) to that component of ihe given vector j3, which is perpendi-

cular to ft ; or to the vectar ob" in fig. 91, art. 427, where dbr"?

represents (by 430) the indefinite right line V.^o = V.j3a, of

which it was required to find the intersections with the sphere,

of radius c, described about the origin o : and accordingly thu

foot b'' of the perpendicular ob", must evidently (by elementary

£Mmetry) be the middle point of the intercepted and finite chord.

^ave also, for the other part p", or for the semichord itself,

expression recently found for /),

4
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and accordingly it is clear that these expressions, when inter*

preted in conformity with our notations, agree with elementary

results. The value of p" or of Tp" shews also, as was to be ex-

pected, that the problem is geometrically impossible, or imaginary,

or that the line does not really meet the sphere at all^ if the ra*

dius be shorter than the perpendicular, that isy if c< T^T: or, as

our symbols allow us to express the same condition,

if«» + P''<0, or ifc*a»+(TV.po)«>0.

In fact, for any two real vectors a and p, representing any two

actual lines in space, we have, in this calculus, the identity,

(TV. pa)»- p« o««- (S . p«)»< 0,

461. The calculation may be usefully varied by taking, from

arL 430, this other form of the equation of the secant line, jt>== j3

•f xo, and seeking to determine the scalar coefficient x. Sup-

posing for simplicity that a is an unit>vector, or that a**- - I, we
have now,

c» » - . ^ + jp^jt . ^ . a/3 - /3'

;

and therefore, by the ordinary theory ofquadratic equations.

Here

P«— /3» =- (T , » (V . aj3)»- (S . ofi)\

and

j3+aS.a/3 = a(-o/3 + S.op)«-oV.oP;
therefore

p « - o V. a/3 + (c'+ (V . a/j)^jia :

and this expression for p agrees perfectly with that which was

found in the foregoing article, when we suppose, as we now do,

that

Ta=l, o'«--l, a = -a"**

In iact we found, in 429, that the symbols,

a-»V.a0 and \.^a.a\

were equally fit to represent that component ^ of j3, which is
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perpendicQlar to a. Whichever method we enployt we see ifami

the equation,

ezprenet the Imitmg condition, which the dinetkm of the eeesnt

line, or of the line a to which it is parallel, must satisfy, in order

that the two points ot t/it/ rst rtion may cuaiesce into one point of

contact . If then we multiply by and change xa U> ^ ob-

serving that

V./3O>-/3)=VOp-0')=V./3p.

because^ is a scalar, we find the following form for the eqmaiwm

qftkt enveloping cone, which is the heue qfalitke tat%genie that

can he drawn to the sphere p^-f e*- 0, from the extremity of the

given vector j3

:

This h A simpler torm of the equation of the enveloping cone

than that which was found in 42^, and which becomes, by chang-

ing a and a to c and /3,

Yet the two equations agree : for we now see that

462. Each of the two preceding articles conducts to the ex-

pression,

/>»/3-o"*S. a/3,

for the vector of the point of contact ; in connexion with whieh,

it may be well to note that (by 424, 429) we have, for cmy two

vector* a, j3, the equation,

because the two terms of the second member denote the two com-

ponents of /3 wliich are respectively perpendicular and parallel to

o. But also, ior the tangents,

(S . pay = /3V + (V. pay « (c»+ 0«) «»

;

therefore each vector p ot contact must satisfy the equation.
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This fjftation of the polar plane agrees with art. 423; and we

may now propose to shew by calculatioo that it involves the well-

known* harmomie property of the plane which it denotes* For

this purpose we may employ the following form of the equatton

of a Mconl of the sphere drawn still from the extremity of /3

:

and may propose to substitute for y the ^end-sum (z) its two

wUuei^ as given by the quadratic equation,

0 - c» + (/3 + y
-

» aj% or, y' (c» + + 2yS . a/3 + o» - 0,

In ihia manner we tind

Z--S.a/3(c» + /3»)-M p = i3-a(c»+/3») + S.aP;

and coDseqqently,

The polar }>lau€ therefore cuts hnrmonicaUy (as it is very well

known to tio) every secant from i/te pole: or in other words the

pole (whose vector is ^i)^ and the point oi intersection with the

polar plane (of whieh the equation is S . j3/o » - c'), are harmmUe

cotpugaieSf with respect to the two points in which the secant

(p » /3 + y a) intersects the sphere (p* -f- c*« 0).

463. In general it may be said, in conformity with the re-

ceived notion of hannonic progression, that the hannojLic mean

between any two vectors, such as aa, Ca, which have one rom-

mon direction^ or opposite directions, is = ba, if 6"* = J (a"* + c*^)

;

and I think that we may with con?eoieDce exUnd tki$ notion

lAe Aarmofilc m«m m ^oomiry^ by establishing, as a mere ^eiw-

rtd deJbUHanf that the harmonic mean between any two veetors,

« and y, is aMM veetor, /3, which satisfies the tmahgaM oon^
tlon,

whether the vectors be or be not parallel to any common line. You
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will vH^Wy find that if oa and oc be any livo divtrginy line*

(a aiid y)y between which it is re-

quired to insert a third line^ OB

or jS, which shall, in this new or

extended sense of the wordsy be

theirharmomc mean^ the problem

may be thus constructed. Cireuni-

scribe a circle about tlie three

given points aoc
;
prolong the

chord AC to meet in d the line OD ^
which touches the circle at o;

and draw the other tangoDl OB,

and the chord of contact ob.

Quaternions offer many modes of proving the correctness of this

construction, tor the reciprocal of the semi-sum of the reciprocals

of two diverging' vectors : one of the most elementary, as reganis

geometrical pri|icipies» consists in cutting, as in fig. 97> the three

chords 0A» OB) oCt or rather their prolongations, by a transversal

a'b'c', parallel to the tangent oByand then shewing that B'bisecta

AC\ and that the rectangles aoa', bob', coc' are equal. In the

same construction, the two points o and* b may be said (by an
analogous extension of received language) to be harmumcally

conjugate to each other, tc'ith respect to a and c : and it is not

difficult to prove that a and c are in like manner harmonic con*

jugates with respect to o and B : so that the,/2mr points oabc
may conveniently be said to compose a circular harmomic'

group. In symbols^ if j3 be, in the sense above assigned

the harmonic mean between « and 7, then -0 is in the same,

sense the harmonic mean between a - /3 and 7-/3; 7- abetween
- a and /3 - a ; and a - y between - 7 and ft ~y. The rectanf^les

under opposite sides of the inscribed quadrilateral, oabc, are

easily proved to be equal; and the diagonals^ ob and ac, are

rehited as conjugate ekordSf each passing through the pole of the

other.

464. The same harmonic relation between o, j3, 7 may also

be expressed by writing, as in algebra,
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where, if the rectangle aoa' in the recent figure be unity, we have

the following geometrical constructions,

BO that the tUfference fi'^^a'^ o/the reciprocals ofany two diverge

ing vectors^ o» /3| considered as two co-initial chords^ oa, ob, ofa
eircU oab, is a ttetar which has fUtk^ Erection qfike tangent^ uo,

or oi>', to that circle, drawn at their common origin o. We may also

say (compLire 131, l*J8), that this direction is that of the tangent

at o to the sannent oab, rather than to the alternate sep ment of

the circle. As regards the length of this tangential vector, which

thus constructs, the difference of the reciprocals of a and /3» it is

easy to prove by similar triangles that, in the recent figure,

a'b' ab b oa' obs ob' ^ OA

;

or with our symbols, that

T 03-» - a->) •= Ta-» Xp- » T {« - p).

la &ct, without referring to the figure, we have

p i-a 1=0-' (l-i3a O*0 '*(«-0)«

whence the recent expression for the tensor follows. We see also,

by taking the reciprocals, that

(/3-»-o-r'-a(«-j3V^j3;

or that the reeiproeai qftht difference J3'^
- a' ofthe reciprocale

qfany two vectors, is, both in length and in direction, thefourth

proportional to the negative (a - 0) <2fthe difference /3 - o ofthose

two vectors themselves^ and to the same two vectors, a, /3. The
difference of reciprocals, - a'^ itself, has therefore the oppo'

itite direction ; or in other words it has the direction of the fourth

proportional to a-/3, - a, and /i; or in fig. 97, to ba, ao, and

OB. Accordingly we know that thi^ fonrfh proportional to three

successive sides of a triangle bao inscribed in a circle must have

the direction of the tangent at o to the segment bao, or oab ; as

appears from art. 131, by changing in that article, or in fig. 26,

the letters c and a to a and o. It is equally easy to shew in

connexion with art. 463, that

2 H
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if f = ^ (y + a) = OE, the point b 1h in t; tlius supposed to bisect the

chord AC in fig. 97; so that the harmonic mean, /3t betwem

any two diverging vtctors^ a and jf is still, as in algebia, tke

FOURTH PROPORTIONAL to theiroHthmHiaU mean^ or sbmi-svm,

i, and to the two vrctors thbmseltrs ; or in other wordf» the

triangles boa and cob (in fig. 97) are similar t a retolt which

may be confirmed by elementary geometrical reasonings.

460. 1 he (j> oiuetrical interpretalioH of the sum and diffe-

rence of the reciprocals of two vectors being thus sufficiently

known (althoogh they suggest seTeral inquiries of interest, on

which we cannot enter now), let us resume the last form given

in art. 436, for the equation qfan ellipsoid^ namely

:

or (becaoie

TK = T, K = S-V, S.aP = S./3a, V. a/3 «- V. j3a),

this slightly modified equation^

T(S.a-> + V.p;V) = l;

in which (by 449),

Make, for conciseness,

.'-i(.-' + <3-')5 /3'-i(»-'-/3 ')i

the last equation of the ellipsoid takes then this very simple

form

:

T(aV> + fiP')-li

where p is the yariable vector of the surface, while a and p are

two constant but otherwise arbitrary vectors, of which, however,

we can prove that a is lount r than j3', it we continue to suppose,

as in fig. 92, that tlie angle between a and /3, or that the verti-

cally opposite angle between a'* and j3~^ is acute: because we

shall then have,

Ta' - T/3'» -
/3'» - a' = - S . a-' > 0, Ta > 1 p .
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It may also be observed, that it we still suppose^ as in &g. 92^

Ta> T^, we Bball ha?e (by 454),

4S.a'j3'-a-»-0-«>O; a^'>^;

so that the angle between the two new iiuei, a, j3', will be, on this

supposition, obtuse. Make also,

and therefore

we shall bave

a=i(ic^-0-S i3'-K(ic»-i«)-^;

and tbe bqoation of thb bllipsoid will aeqmre tbe fomiy

T(4^ + pjc) = K*-i^;

which is indeed noi quite so $kori as the form last assigned in the

present article, but has the advanta^re of a greater homogeneity

,

and lends itself with case to the purposes of ffeometrical inters

pretation and construction^ as» for example, in the following

way.

466. From any assumed point c draw two right lines, CA|

CB, as in tbe annezed figure 96, to repre-

sent tbe Tectois k, t of tbe foregoing ar-

ttele, in such a manner as to bave

CASK, CBsf, CB>CA, a6b>^;

and with c for centre, and CA for radius,

eonoeiye a sphere to be described, cutting

AB in 6 ; so that

i^- 4»- Tl* - Tk"- CB»-CA*- BA • BO.

Let B be supposed to denote some vari-

able point on the ellipsoid, of which tbe

equation is (by the last article),

2 u 2

Fig. 98.
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T{ip + ^)-IC>-*%

and let tbe fixed origin of the variable vector p be placed at the

puliit a; let D denote the second point where the line ae meets

the sphere; finally let us conceive the lines bd, CD, tobcdrawu^

and dtiuote tbe Utter by a: so that we shall have

AB = CD (Tf DB» I — tf.

Then 9 may be regarded as tbe reflexion of that fixed radius of

the sphere which is the prolongation of ac, and which may
therefore be denoted by - k, this reflexion being performed with

respect to another and variable radius which has the direction of

± p ; and hence it follows, by reasonings similar to those of art«

429 respecting" the equation 70 = 0/3, even ?r27/<OM/ here assuming

the knowledge of wh<«t was shewn in the precedino^ Lecture re-

specting the symbol ypy'^ (arts. 21^0, 29l}t or the connected

symbol -yoy'^ (art. 332), that

and therefore the equation of the ellipsoid becomes

T(i-.F)T/>«i^-»»;

that is

BD . AB B baTbo « BD . BD,

or umply,

AE = bd',

if d' be the second point where the secant bd meets the sphere.

Conyersely, if any secant bdd' (or bo'd) be drawn to the sphere

round c from the external point B, and if from the superJieUtl

point A of that sphere there he taken, on the f/uidr-chord ad,

or on that chord either way prolonged, a portion Afci which in

length is equal to dd', tiie Utcus of the point u» constructed tbus»

is an ellipsoid. This very simple mode of generating that im*

portent surface is due (so far as I am aware) to tbe quaternions^

and was communicated as stich to the Royal Irish Academy in

1846, haling been deduced nearly as above from an equation pre-

Tiously exhibited in 1845, which agreed substantially with that of

art. 43G, namely, with the foliowing,

(S.pa-»)'-(V.p|3-')«-l,
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The same elUpsoid will evidently be the locus of the points r, p',

if the diameter ff' coincide in position with the canjuyate gmde-
chord ad', and if

AF« AF = BD,

467. The equation AE«BD'of tlie ellipsoid is very fertile ot
geometrical consequences, a few of wljich may properly be stated
here. First, then, it shews that (as indicated in lig, 98} the
point n is itself a point on Uie ellipsoid ; because when the
GUIDE-POINT D tukcs thc position G, then the connected poiut
©; which may ia this construction be called the conjugate guide"

point, comes to be phiced at a; so that bd' becomes ba, and this
length of one side of the generating triangle abc is to be set
off h orn the centre a of the ellipsoid, either in the direction of the
side AB itself, or else in the opposite direction : but one of these
two modes of setting off that length conducts to the point b.
Secandfy^ if we draw, as in the figure, from b through c, a secant
BKCE', to the sphere which is described round t through a, and
which from its relation to the ellipsoid whose centre is at a may
be called the diacentric spheue, then the length ab of the
temi'diameter of the eliipeoidy as being by our equation always
equal to bd', will become a maximum when b' coincides with k',

and therefore d with &; if then we set off a line al in the direc-

tion of AE, and conceive another line al' to be set off in the op-
posite direction, these two opposite lines al, al will be the major
semi-axes of the ellipsoid ; or in otlier words, the points L L*
will be the two major summits of that surface. Thirdly^ to find
the minimum value of the semi-diameter, we must evidently
place the guide-point d at K'^and the conjugate guide-point D'at
k; that is, we are to set off from a, on the guide-chord ak', two
opposite lines am, am', whose common length is bk; and then
these lines will he the two minor semi-axes, and the points M
M the two minor summits of the ellipsoid ; while the angle in
the semicircle, kak' (or lam'), exhibiu the well-known perpendi-
cularity of the minor axis mm' to the major axis ll' Fourthly,
let the ellipsoid be cut by any ynten concentric sphere, of which
the radios ab is intermediate in length between bk and bg, or

else between bo and bk'; the length of bd will then (by our
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equation) be given, and §o will therefore the leog^th of bd, aod

this latter length will be different from ba; hence the locus of o
will be a eirde ofthe dweentrie sphere, in a plane perpendieolar

to BC, wbicli plane will not pass through the point a: the cor*

vilinear locus of B on the ellipsoid will therefore be (as is other-

wise known ) a spherical conic, since it will he contained at

once on the given concentric ^pAere, and on the cone which has

the centre A for verteXf and the circular locus of the guide^point

D for base : and the oonstraction shews (compare 420) that the

iwo cjf^eplanes of this cone are the two planes tbrongh a, whieb

are perpendtenlar respectively to the two sides cb, ca (or < and k)

ofthe generating triangle abc. Fifthly, these two diametrical

planes themselves cut the ellipsoid in circles, or are cyclic planes

of that ellipsoid ; for if D move in the circle which has ah tor

diameter, in the larger figure 99 anncAod, and is perpendi-

cular to the plane of that

figure, as being perpendi-

cular to the side bc of the

triangle, the conjugate

guitlt'-poiiit d' will iriove

in that other and parallel

circle which has gu in the

same figure for its diame-

ter ; SO that the length of

m\ and thetefoie also (by

the equation) the length

of A£, will remain constunc

and^BG, and b will de- S' I—

scribe a cireUon tke eUip*

saidf whose diameter in

fig. 99 is ao' : and again,

if D approach indefinitely

to A in (Diy (iirectioii on

the sphere, d' will at the

same time approach inde-

ytoOiand thclengtli

in' or li will tend to be*

^me Ba, and a circle de-
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scribed with this radius, in the tangent plane at a to the diacen-

tric sphere, of which plane tlie trace in fig. D9 is the line nn',

will be the intersection qfthat plane with the elUpaoid. Sixthfy^

the sphere with a for centre, and with a radios = io, cuts the

ellipsoid in the systbm of trbsb two circles, which are thus

a sort ot limit o/ the spherical conies recently considered ; and

this sphere may be conveiuently called the mean spubrb, be-

cause if we conceive a perpendicular to the plane of the £gure

(answering to the line oc' of art. 435), which shall be equal in

length to BO, and therefore intermediate in length between the

gredteet and leaet eemiHuees lately determined, but, like them, a

eemi'diameter nmrmal to the surface^ this normal semi-diameter

will be one of the two mean semi-axes^ and its termination will

be one at the two mean summits oi the ellipsoid. Seventhly, if

we denote (as is often done) by a, ^, c the lengths of the major,

mean, and minor semi-axes, we can express, in terms oj theee^

the lengths ofthe sides of the generating triangle, us follows

:

B0» ^(a + c); CA«i(a-c); BA«ac6~*;

because

asBK', C»BK, b^BQ.

Eighthly ^ since

BD • AB « BD . BD'e BO . BA,

while the angle adb is not in general right, the doiible area of

the triangle aeb is in general less than this last rectangle, and

the perpendicular distance of e from ab is in general less than

BO ; but for a similar reason this distance is ^ual to bo, for the

particular system of those points b of the ellipsoid, which answer

to those points d of the diaeentric sphere for which adb is a right

angle; draw therefore as in fig. 99, the diameter ACR of that

sphere, and the secant urr', and conceive a circle describtjcl on ar'

as diameter, in a plane perpendicular to that of the figure; this

circle will be the intersection of the diaeentric sphere with (mother

sphere whose diameter is ab, and will therefore be the required

cnrvilinear locus of those points n, for which the angle adb, like

ARB, is right; and the corresponding points B of the ellipsoid

will \}e at once situated in the plane qfthis new circle^ and on
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the cylinder oj revuintton which has ab tor axis, and UG tor ra-

dius ; they will therefore be situated on an eliiptic secHam of this

cylinder, whose major axis is rr' in the figure ; wid eoery otker

point E will fall within the cylinder : that is to say, the eiUptoid

it enveloped^ along thiM eUipte on tt', by the cylinder wkote axU
is the side ah oJ the fjenerating triaiKjle abc, and whose radius

is equal lo the mean stmi-uj-ia il> > of the ellipsoid ; so tliai (ht: saine

cylinder envelopes also the mean sphere^ namely, along a circlCy

whose diameter in fig. d9 is ss'. (The ellipsoid and mean sphere

have also another common enveloping cylinder, of which, in the

same figure, the axis of revolution is pp'; the angle bap being

bisected by the major semi-aais of the ellipsoid, al.)

468. The foregoing account by no means exhausts the yto^

metrical (nor even the ecLsy) conbtquences of the tquaiiou

AE^ bd';

which roust indeed be conceived to admit of bcin^ developed, so

as to conduct to every possible property of the eUijtsoid. We may
for instance, ep}>ly that equation to deducing the difference of
the squares of the reciprocals of the semi-axes ofan arbitrarjf

diametral section^ and the law qfthe variation of that difference^

in passing from one such section to another. Conceive for thia

purpose, that the ellipsoid and the diacentrtc sphere are both cut

by some plane abV; and bein^ ilu jrojections on it ofthe

points B and c. The guide-point i) thus moves alontr a circle

with the projection for its centre, and passing through the

point a; and because A* varies invereefy as bd, we are to seek

the difference of the squares of the extreme values of bd, or of

b'o, since bb' is given, and

bd««bb^ + bV.

Let BV cut the circular locos of d in two points Dt, Bi, the one

nearer to b^ being 0| ; the last-mentioned difference of squares

then,

B^i* - fol* - 4bNc\ Ja i

t is therefore equal tofour times the rectangle under tiie prq/ec-
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tionis ofthe two sides Bc, ca of the generating triangle on the

plane ofthe diametral section of the ellipsoid. And because

4BC*cZ«a*-^» and BD . li

"

ivhile BC and ca are perpendicular retpectively to the two CffcUe

planes ofthe ellipsoid (and we now see that there are no more

thtm two such planes)^ the ezpreBsion for the difference of the

squares of the semi-axes of a diametral section b found hy this

method to be oi the kuowti iurm,

AEj"^- AEi"'«(c**-a sin v sin v \

Bt, B« being the points which correspond to Di, and t^, being

the inelinations ofthe cutting plane to the two cyclic planes. It

may be proper to note that the same construction exhibits, in a

very elementary manner, (he known mutual rectangtdority of the

two extreme diameters ofa section; because AB|, A£f have the

directions of aDs^ aD| (or the opposite directions), and DiAD^ is

an angle in a semiMsirele. Thefact and the law of the gradual

diminution qfthe semi-diameter of a section » in passing from its

greatest to its least value, mi^'ht also easily be put in evidence, by

following out the same method of construction.

469. But however simple may be these geometrical deduc'

Hons from the equation ab = bo', yet many of the same and other

consequences may be obtained with even greater ease by calcu'

' lation with quaternions. To shew, for example, that the ellip-

soid is cut in circles by the two diametral planes perpendicular

to CB, CA, or to ic» that is, by the two cyclic planes whose equa-

tions are,

S.ip-Oy S.iq»«0, orif>>-pi, fnc-Kpt

we have only to substitute these last values for ip and pK in the

equation T (ip + pjc) - <S and we hnd that each of the two

planes cuts the surface in a curve, which is contained on the

mean sphere, whose equation is

To- b, where b « r^r^. = «c T (* - ic) ',

if we make for abridgment,
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a-Ti+TK» c-T»-Tit,
iolhat

Ti = i{o+c), Tic-i(a'C), e-t*^ac, T((-ic) ^oe^"

:

and it admits ot being shewn, by caiculaHon with quaternions,

thai the a and c, thus determined, are respectively (as in 467)

the gnaiut and UoMt MemidiamU^rt of the eiiiptoid, or tbe

imum aDd niimmim values of Tp. To shew thai b is a pout
upon the ellipsoid* it is sufficient to shew that its veelor ab or

c - K may be substituted for p in the equation of tiie locus

;

which appears from the identity,

t(i - «) + (i-r) K- - (« -

becaii>>L the tensor of a negative scalar is (byl09,l 13) the positite

opposite thereof. One form of the equation ofthe cone qfsemi'

diameters p, which have a given and common length intei^

mediate between a and or between b and c, is the following,

T (* + /»K.p'*) «acr*;

and the corresponding spherical conic on the eUifisoid mny be

expressed by combining this equation of the cone with the equa-

tion,

Tp = r,

of the ephere on which the conic is contained. This conic eon-

sbts in general of two separately eloeed and dianietricaUy oppo-

eite branches ; but when the radius r^b, that is, when we cut the

ellipsoid by tbe mean sphere, the conio takes (as we have seen)

the limitinfiT form of a system oj lwo circles, in fact it will be

found that the equation

TO + pk.^->)«TO-k),

or the following, which is a transformation of it,

S.i(pic./t»-» + ic) = 0,

may be still farther transformed, as follows

:

and therefore that It represents the extern of the two egcHc

pkmes^ which system is thus a sort of Umii ofthe cone.
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470. It may have been noticed that the ellipse &ad concentric

circle in frg. 99 are precisely the same as those in the earlier

figure 92 (art. 434), although new lines and letters have been

employed in the more recent of these two dtagraniB, and a dit^

centric circle introduced. Accordingly, this agreement was die-

signed, and it may be useful to shew how it was attained, by
means oi the relations of art. 465, which coniu i t the two new
vectors r, r, with tlie two old vectors a, /3, through two other

constant and auxiliary lines, a, The article just cited gives,

by elimination of a
» /3

1

whence

l + IC'

-a-» -a

such then are the expressions for the two vectors i - k and i + k,

or AB and rb of fig. 99, considered as functions of a .hkI
f3, that

is, ot the two vectors oa and on of fig. 92. 1 hese expressions

give,

S.(£-ic)o-»--l=S.(*+ic)p-*;

V.(*-it)0->-O-.V.(i + K)a-»;

whence it was easy to infer, by combinations of plane and recti-

linear locij on the plan of former articles, tluit i - k and - (i + je)

were equal respectively to the lines of' and oa' in fig. 92, if a'be

sapposed to denote, in that figure, the intersection of oa and bc.

I therefore placed the new a and b of fig. 99 at the points o and

f' ot fig. 92, and the new j)oint c at the middle of the old line

a'
f'

(after inserting a' as just now explained); because, in figs.

98, 99, the origin of p is a (not o), and ab, ac are (in these lat-

ter figures) the vectors t-ic and -k: and then proceeded as

above. I shall not delay you by proving here that a given ellip-

soid may be constructed in more UHxys than one, by means of

diacentric spheres; and that It is not indispensable to the con-

struction to have the fixed point b exUtnal to the sphere
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471. Since Kp + pic i« a Bcabr, we have, as an tdemiity in tliis

calculus, iioldin||^ good ior aav liiiee vectors, the equation,

ip + pic = {i - k) (ji-^^^y

Introducing therefore a new and variable vector A, determined

by the expression

X«(»c/o + /oic) (»c-0"S

the equation of the ellipsoid takes the fora)»

T(/>-A) = ^ because d»(ic»-t»)T(i-Jc)-»;

where

X-A(i-k), if A-.2ii.Kp.T(<-ic)-«,

If we assign any given scalar value to this co-efficient we get

on the one hand a given value for the vector X,

X«> ALbA . AB,

where l is a new and variable point, situated on the indefinite

Hne AB, and not now (as in figures 98, 99) a mt^orsummit of the

ellipAoid ; and on the other hand we obtain a given plane, per-

pendicular to K or to AC, as one locus of the extremity n of p;

while the recent equutiuu,

T(p-X) = b, or LB»^

shews that another locus for the same point b is a ^ven sphere^

with centre l, and with radius b. Ifthen this plane intersect

the ellipsoid at all, that is, if the value which it gives for S.xp

be not too great numerically (by h being assumed too larofe),

tltv curve of intersection will be a circle. It follows then ilmt

indcjimtely many circles can be traced on the ellipsoidy with their

planes parallel to one of the two cyclic planes through the een-

tre: a well-known theorem^ indeed, but one which it seemed

worth while to reproduce by the foregoing calculation with qua»

ternions.

472. A^iiin let fi be another new variable vector expressed

as a function of p by the formula,

II « {ip + pi) (i - k)-» « A' (k - 1), where A'- 2S . ip • T (i - Kf\
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Then, because
'

the equation of the ellipsoid will take this new form:

and to each assumed value of the scalar coefficient h', which is

not numerically too great, will answer a plane perpendicular to

I, or parallel to the other cyclic plane of the ellipsoid, and cut-

ting that surface in another circle^ contained upon another sphere^

which has the sawe radius but has a different centre from die

spiicre oi the last article : namely, a new point M on the same

indefinite line ab as before, which point is the variable extre-

mity of the new vector (and is net now a minor summU of the

ellipsoid) ; so that

AM = /U = - /i . AB, M E = ^.

The ellipsoid is therefore (as is well known) the locus qfiwo
distinct systems ofcirclsSf whose phnes are paraHel to the two

cycHc planes drawn through the centre ; and we see that the

planes of these circles are perpendicular to the two sides, ca, cb,

ofthe gencraliiii triamjle abc, in the constrnctiori of art. 4G0.

473. Any two such circles, helonging io different nystemSy or

as we may by analogy say (compare art. 420), any two sub^con*

trary and circular sections ofthe ellipsoid^ are koown to be con-

tained upon one common spheric surfitee; and accordingly it can

easily be shewn by quaternions, that whatever two subcontrary

circles may be thus selected, with their own corresponding values

of the scalars h and /i', those two circles (/*, h ) are both contained

upon that new sphere whose equation is

T(/3 - = », or NB = «,

where the new point n, the vector E, and the scalar n, are such that

•AH » E - Ai + A K « - 2 (* - «)-H*S . iq»

+

kS . ip),

and

n - I**
+

•

and where it is important to observe that n is situated in the
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plane abc, because ^ |{{
i, k. In fact, this new sphere^ wiUi eao-

tre N and radiiu n, may have its equation thus expanded

:

aiui this condition is satisfied, %vhether we suppose that p satis-

fies the equations of the circle (A), wiiicb may be written

thus:

0 «- p» - 2A S .
i/> + S

. + A« 0 - k)' +

0-(A + A')|2S.«y»+A(«.K)«);

or the equations of the second circle (A ), under tbe forma,

- 2h'S . Kp -r 2/< S . tp + (4 - k)* + b',

0«(A + A)|2S.v» + A'(t-«)»J.

474. If these two circles, in planes perpendic ular respectively

to ic and r, be *»u| posed to intersect each other on {lieir cominon

sphere in any one point £ ot the ellipsoid, it is clear that they

must also intersect each other in another point Bi of that surface,

which point is such thai the common chard eei is perpendicular

to both K and or to the plane of the triangle abc ; this chord is

also evidently bieeeted by that plane in a point e\ which is the

common projection of the two points l, ti, ihcieon ; because this

plane contains, by the foregoinjr article, the centre n of the

sphere (which is not to be conibuuded with any of the points so

marked in recent figures). It is evident also that this sphere

round n is doMy tangent to the ellipsoid, touching it both at B

and at ii ; because, at each of those two points, the sphere and

the ellipsoid hvr^ two reeiiUmear iangemU in common, namely,

the tangents to the two circles (A, A'). Hence the radii nb, n e,,

of the sphere must be narmais to the ellipsoid, at the points B

and El respectively ; or, in other words, the point n t« the com-

mon/oot of the two normals en, e^m, which are drawn to the

ellipsoid at those two points, and are conUnued to meet the plane

of ABC. With r^rd to the oommofi Umgth of these two normals,

m^Jlk^ it is equal to the radins of the new sphere, it is expressed by
^l^^ent radical, ft ; while the normal b« thus drawn to the

8oid at B, and continued till it meets the plane of the gtne-

$g triangle^ that is (by art. 467) the plane i;^ the (/reaiest and
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least axt6y in expressed, bulk in length and in dtrectiou^ by the

formula^

Where % has its recent value (assigned in art. 473). Operating

by 8 .pi we find,

S.p(g-rt = -p"-4(*-K)-*S.ipS.ifp-&«,

because, by 471,

^ « - - X)» = + 2S . - AS A«»4 (i ^ic)-* (S . icp)%

2S./jX-2A(S.ip^S.i£p)«-4(i^ic)*»S.K|o(S.c/»-S.K/));

or because, by 472,

b- = iiY = - jq' 4 2S . - /i^ = 4 (< - s . ipy,

2S ./)/i= 2A' (S . icp - S . </>) = - 4 (i- k)"' S . i/> (S . ~ S . ip).

If therefore we now introduoe a new vector v, determined as a

function p by the c<^uaLioii

or (see the values already found for b and

(jc" - V= (i - ic)V + 2 (iS . isp + kS . i^o),

this vector v will at once be perpendicular to the plane which

touches the ellipsoid at and will satisfy this very simple con-

dition :

S* Vpa 1.

And we see, at the same time, that the equation of the ellipsoid

may be put under this new form,

where X, p are those two functions of p which were so denoted

in 471, 472; whence we perceive anew that the meoH sphet^

whose equation may be thus written,

intersects the ellipsoid in the system of those two dreiet which

arc contained in the two diametral planes,

X-0, n^O; orS.i^»0, S.ip«0.
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47ff. The Teetor v« thus lately intitMliieMl, it an inportant

one in the theory of the ellipsoid. Suppose, for example, that

we wish to circumscribe about that surhice a cylinder (not gene-

rally of revolution), with its generatinir Hrjes in the direction of

some given vector 19 ; to End the curve of contact we have im-

mediately the equation,

S . = 0, because v X ^;

the normal to the ellipsoid, at any point of this sought curve,

being normal also to the enveloping" cylinder, and the normal to

a cylinder bcitig evors uhete pcrpeiKhcular to the coinnuni direc-

tion of all its rectilinear generatrices. And then, on substituting

for V its value as a function of we obtain the condition,

0 = (« - k)' S . Wf> + 2 (S . WC S . Kp + S • t7fC S . tp).

Let us write, for abridgment,

v»^(p), or simply v^^p^

using ^ as afunctional 8ign\ we shall have, in like manner,

ft» « ^ (w), or itf B ^13,

if 01 be a new vector such that

(ic* - ^® = (ic» - i*)' « « 0 - icyw + 2 (iS . lew + kS . m) :

and theii the recent condition of contact with the cylinder be-

comes simply,

S . piii = 0*

The curve ofcontact is therefore plane and diametral (as indeed

it is otherwise known to be) ; and we see that the perpendicular

to the plane ofcontact has the direction of the vector tii, or

determined by this easy calculation.

476. If we introduce for conciseness amotherfitncHonal sym-

holffip, «), defined by the equation,

/(p, w)e>S .p^w,

or more fuUy,

(ic»- i»)V(p. «) - (t - «)• S . pw + 2 (S . ip S . «w + S . icp S . *w).
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we see, on the one hand, that this new function is symmetric

vntk reqfect to the two variabU vectors, p and or that

/{m, p) =/0>, is) ;

and on the otlier band that wben m htm, as abo?e tnppoeed, tfaa

given dirtictioii of the sides of a cylinder enveioping the ellip>

fioid, the equation o/the plane oj contact takes the form.

If we farther agree ^ write for conciseness^

whatever veetor p may be, then, becaase v«^/e>, and S.pynl,

Ibe e^HOlioii pfiht Mj^M reduces itself* in this notatioD, to the

form,

477. TheseyimcftoiM f and which are respectiyely eqnal

to a wttor and to a acolor, are of great utility in calculations

concendng the ellipsoid ; and indeed analogous functions piesenl

themselres usefnlly in Investigations with quaternions, respect-

ing other surfaces of the second order; and even in some more

general inquiries. The vector function 0 (from which \he scalar

function /*is fornied) has* reiati?eiy to the vector p on which it

depends* the oistbibutitb chabactbb ezpiessed by the for-

mula*

ifA be still the sign of the operation of taldng a d^erence

:

connected witb wliich is the property* that if « be any scalar co-

efficient*

It follows hence that the scalar fonctbn/(p, v) Is ifMfHMnw^

with respect to bach separately of the two yectobs on which it

depends; or that

/(p + ^o', •+aO-/(p.«+«')+/0»»

«/(/», zs) +/(/>, a ) ^f{p\ ^) ^f{pf :

and that

2i
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A bridriing thereforei as above, the symbol /(/>, p) to/*(p), or to

JPi we find that

and that

which last equation may also be thus written,

A/?>-2/(p, Ap)4/(Ap).

It is easy to foresee, that when a theory of differentials or

QVATBBNIONS shall have been established, but before these Lee*

tufee cloee I hardly hope to giro eren a tketek or 6«^Niiitii^ of

•neh a theory, theie will reeiilt an ^qmiioii of the fi^owuig

form for the differential of the funetion /:

dfp » 2/0>, dp) » 2S . fpdp,

478. Without yet introducing differentials^ let a + r and cr-r

denote (wo different directed semi-diameters^ or two values of p

for the ellipsoid; so that a is the vector of the middle point of

some (rectilinear) chord; while r denotes one of the two directed

tem-ekardt^ or a veetor e^naf thereto. Then, by 476»

l-/(a + r)=/(«T-r);

and therefore, by 477,

lo/<r+/r+2/(a,r);

l-A+yi-2/(cT,r).

The semi*8um of these two equations gives the relatioa

and their semi-difference eonducts to this other formula,

0=/(a. r):

which last may be caDed the bquation of cobjugatiok, bb*
TWBBN THB TWO OIRBCTTON8 of tko tWO VectOT*, <r and r

;

namely, between the directio7is of ;i diameter of the surface, and

a chord which is bi-stcted by that diameter. In fact it is usual

to say that two $udi directions are coi^ugale^ with respect to tho
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ellipsoid, or other surface of the second order, for which this ra»

lation of bisection exists : and at regards the known reciprocal

character of the relation, it is expressed in our symbols by the

£Nrmttla(see476)»

Or we might observe that» by 477^

/(-p)=(-i)Vf>=//>;

and therefore that ifwe lappoie, at in the present Bitide,

we aball have alio

l-/(r + »)-/(«•-«').

\vhL'n a and r have been interchanged. Our symbols might

therefore in this other way serve to remind iis, that if a diameter

in the direction ot a bisect a chord of the ellipsoid parallel to r»

then reciprocally the diameter in the direction of r bisects a
chord pamllel to 9.

479. We are not pretending to olfer here a systematie trea*

tise, nor even an elementary essay, on the properiiet of the el*

lipsoid themselves ; but rather are cynployiruj, in parts of this

Lecture, a few of those properties, witliout much concerning our-

selves ^vhether they be already known, or in some cases neWf in

order to illustrate the method of quaternions. The known and

JumUiar character of some of these conjuffoie reiaticne need not

therefore prevent us from discussing them a little fiirther here,

in connexion with the present calculus. Thus we may notice,

that since the equation of conjugaLion between directions, as-

signed in the foregoing article, namely,

0-/(<T,r), orO-/(r, <r),

becomes, by 4? 6,

it follows that the diameter in the direction of 9 Maeeie all the

cliords which can be drawn across it, parallel to (or contained

in) a given dUtmetral ylanp, to which tiie normal hass liie direc-

tion of Ueace this diameter in the direction of a may, coo-

2i2
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sistently with usage, be said to be itself conjugate to this diame"

tral plane: and by comparing this conclusioii with that of art.

475, we should arrive in a new way at the known result, that the

axis of any cylinder, circumscribed about an eUipsoid^ it eotffU"

gtUe to the plane ofcontact. It would also be easy to prore, by
our formuIflB, that a chord, parallel to a ^?en diameter^ is btseeted

by the diametral plane which is conjugate thereto.

480. The equation of 4789

shews that while the abscissa a» as measured from the centre on

a gi?en semi-diameter p, increases from 0 to the ordinate r at

the same time diminishes (in length) to 0, according to a law

easiiy assigned, from the value which it had when it at first co-

incided with some given and covjmjate semi-diameter p of the

ellipsoid, which new semi-diameter p thus satisfies the two con*

ditions (see 476, 478),

In &ct if we make

where .r and y are scalar coefficients, we shall have, by the equa-

tion of the ellipsoid, and by the properties of the function^

1 »fixp + yp')

^f{xp) + 2/(a:p, yp) -i-fiyp")

or simply,

so that while x increases from 0 to 1, y decreases from I to 0.

More generally^ let p, p', p" be any three ctn^ugaU eemi-diame'

tere, so that

and let » denote liny other eemi^diameter : we can always oon«

cstve this vector •» decomposed by prqfeetiimef so as to take the

form,
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and then the equation of the ellipsoid will give, by calcuhitions

of exactly the same form as those just now made use of, this very

simple relation between the three scalar coefficients, which agrees

wilh known results, although the scalara ar, y, z which it involves

are not precisely the same as the usual eo-ardinaUg of the ellip-

soid:

(Compare the equation satbfied by the point v\ in art. 435.)

48 1 • The foregoing results might beemployed to prove anew,

in various ways, by UmiUf the known theorem that the tangeni

plane, at the extremity of any given semi-diameter p, is parallel

to the diametral plane, which is conjugate to that semi-diameter

:

and consequently that the normal to the ellipsoid, at the extre-

mity of p, is perpendicular to both of the two conjugate semi«

diameters, p and p", lately considered. But

this common perpendieularf or normal, must therefore have the

direction of ± fp* And accordingly, we had» in 475, the equa-

tion

v^fpl

where v, by 474, was a veetor perpendicular to the plane whieh

touched, at the extremity b of a sphere whieh there iomehed

the ellipsoid, it then we denote by zu, the vector drawn from

tiie centre a of the elli{)soid to any point p of the tant>;eiit })lane

at £, so that m-p (or is equal to) a tangential vector SLt e, and

is therefore J. y, we shall have on this account the condition.

But also we have, by 474,

S . vp » 1 }
'

hence the bquation of thb tamobmt planb, with w for a twr»-

abU (while v is a^ed) vector, is found to take this simple form :

S.ve»l;
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or if wo chooie to writo it 80,

And bence again it follows, by the principles of ihe present Lec-

ture, that the reciprocal v'^, of the foregoing normal vector v,

represents, in length and diredioHf the perpendicular letfallfrom
the centre ofthe eUipsoid upon the Umgeni plane. On ihii ao*

count I havo been led, in imitatioD of a phraseology of which a

happy use has been made by Sir John Herschel, in eonnezion

with other researches, to call the sector v itself the vector of

PROXIMITY of the ellipsoid: because it serves to mark, by its

direction and its length, the direction and the nearness (to the

centre) of the superficial element of the ellipsoids or of the tan-

gent plane; since it is the reciprocal of theperpendicular let^
on that plane from the centre.

482. The equation of the tangent planer assigned in the last

article, may, by the value v«^/9, and by the relation between

the functions ^ and /, be also written thus

:

w being still the variable vector, terminating at a variable point

p on the plane, and p being the fixed vector^ terminating at the

given point b of contact. But let as now conceive that an eas^

temal point p, widi vector w, is giveUf and that we wish tofind

the point ofcontact a, or to find its vector p* For this purpose

we may still employ the last written equation ; and it g^ives now
a plane locus for the })o'int <\f contact^ whicli plane evidently

must be precisely that one which is called the the polak pi.anb

of P» with respect to the ellipsoid (compare 422, 423). JSeery

point on this plane ia said tp be connate to the point p, with

respect to the giwen ellipsoid; and the form of the function

/

shews (by 476) that this relation between two conjugate points

is (as it is kuowii to be) a reciprocal one (compare again 423).

We may therefore say that the equation

Tpresses the condition necessary in order that the two vectors

and « (both drnwn lirom the centre) may terminate on two

w)>
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CQfijugate points : and for the'same reason we may cali this for-

mulathe equation OF CONJUGATION BETWEEN THE TWO V£CTO]iS»

p and «, or between their terminations, e and p. If we change

« to wherep it a scalar coefficient» the equation of oonjnga^

tion is changed to the following

:

I pw), or -/(^, «r)

;

end til en by supposing the number p to increase without limits OT

the point p to go off to itifiniiy^ the equation takes the form,

which was found by a different process in art. 476, as the equa-

tion of the plmitf ofconiaet of the ellipsoid with an enveloping

eplmdeTf whose generating right lines hare the direction ofw i

or as the condition for the tiangent plane at the extremity of the

semi-diameter p being parallel to that given vector tj. Accord-

ingly, this last equation, 0 = /(/>, ct), or at least one of the same

form, was assigned in 478, as expressing a relation covjuga^

Hon between two dibsctions, and not between two points, at

least if the points be supposed to be both dXjimie distaneei from

the centre*

483. An external point p being given by its vector w, we
may propose to find the bquatton of the cone of tangents
to the ellipsoid, wbicli can be drawn from this point p (compare

425, 461). If p he still the vector of a point e of contact, we
shall have the conditionsi

and if in these we make

where ^ is a scahur, and r a vector drawn in the direction of one '

of the tangents from p^ we find

l-/w+2</(fir,T) + <y^.

1 r);

and therefore also (snbtractittg, and dividing by i)f

0 r) + t/r.
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Elimipating i between the two last equations, we get

Mid this is omejbrm of ike equation of the eone^ with the vertex

taken for Uie origin of the variable vector t; because r in it

may be chane^ed to ^r, each mcmbt r being tlien multiplied by I*.

Cbangingy therefore, r to p - 9, and observing tbat

/(w, p - «t) =/(p, -a) -fOi .

f(p-v) ^fp ^-fa - 2/*(p, zj),

the lately written form becomes, after a few very easy reductions,

(/O).*)- !)•-(/(»- 1) (/•-!)?

such then is anotherform of the equation of the envklopino

CONE, with the origin at the centre of the ellipsoid; the given

vector of the vertex being «r, and p being the Tariable Tector of a

point npon the oonic surfisee*

484. Another mode of obtaining the same equation of this

enveloping cone, it to change p to o+<(p-t7), or to#p+tfo,

where / + u = 1 , in the two first equations of the foregoing article

;

and then to eliminate t^ or to eliminate ut'^f between the two re-

sulting equations,

I" + 2IIH- !!»-= + 2tuf{p, 73) + ufm,

which give, by easy combinations,

<|/(p,.)-l) + ii(/«-l)-0,.

ii{/0»,«)-l)+*(/p-l).O:

and thcTtfore, at befoie,

|/(p,o)-lj'-C/i»-l)(/„-l).

By changing t?, as in the last article, to pttr, and then suppodng

^) infinite, the enveloping cone becomes an enveloping cylin-

DEH, whose generating lines are parallel to and the equaUon

of this qflinder is thus found to be.
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Acconliiigly \vc know (by 476) that the curve ofcontact along

which this cylinder envelopes the ellipsoid, has for equations,

/(p,«) = 0;/p-l;

as, for the curve of contact with the cone, the eqaaliooB were,

/(p,1!j) = l,/p= 1.

485. As verificatioDs of these reBiiits, let us suppose the ra-

dius Tk of the diacentric sphere, in the construetiou of art. 466,

to vaoish; the ellipsoid will evidently then degenerate into a

sphere, witb I t iur its radius : and accordingly the equation of

art. 465,

T {ip + pic) « - i*,

reduces itself to

T^-Ti, wheoK-O.

Under the same condition, the equation which determines v in

art. 474 as a function of p, or which assigns the form offpin art.

475, becomes

**v«i*p, OT V- tpp- r^p ;

hence by 476, we have (if ic stiU » 0),

/0>» w)=«VS .pw; /p«r»p'i

and the equation^ « 1 of the ellipsoid becomes that ofa sphere,

l«/p«r*p% or, p* = i'.

The equation of the cone enveloping the ellipsoid becomes, when

we thus pass to the sphere,

(S
.
pw -ly- (p»- i'> (w*-4»)»

or
(S . pw)* - p»«»— 1« (/>»+«*- 2S . pw)

;

that is (compare 460),

(V.pw)*-^t«(p-^w)%

which coincides with one of the ofjiiations in 461, when we

change zj to /3, and to For the cylinder enveloping the

sphere, we should find by recent methods the equation

:

(V.p«)»w-t'w3, or TV.paj = Ti.Tw;
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and aeeordiDgly we mw, io 431» thai the equation,

TV. ^0 = 0,

represented a cylinder of revolution, with the vector a for its

axis, and with aTa'^ for its radius.

486. The equation of conjugation between two directions,

anigned in 478» or the formula

/(or» r) a Op becomes S . or » 0» when k = 0;

and thereby reproduces the known result tliat any two directions

whicH are co}{/ui/ate relatively to a sphere arc rectangular with

respect to each other ; while the more general equation of con-

jugation between two teetan p and or between the two points

where those Teetors terminatei which was assigned in 482,

namely,

/(/), w) = 1, becomes S

and therefore agrees with the equation

S . pa = - <i%

of art. 423, when we change « to «^ and denote the radius Tt
hy a. And ifwe wish to shew by calevkUioKf from the proper-

ties of the lunetion^^ that the harmonic seetian l>y the polar

plane holds good (as it is well known to do) not only for the sphere

but for the ellipsoid^ we have only to imitate the process of art.

Wig by making

p « + I"* T,

and then substituting' for / the semi-sum of the two roots of

the following quadratic equation in x :

1 =/*(t!r+ a:"*r)

+ 2x- t) +« ^fit

or

9^(fm-l)^ ^(iBp r) 0.

For this semi-sum is evidently

r) (J -/»)-',

and therefore the vector p of the point of harmomc section of a
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variable secant of the ellipsoui, drawn from the extremity of the

given vector it (if the centre be still the origin of p),

p»w+r(l-A)/(«,T)'»;

but if we operate on this expression by i»iie/unetumal eharaeU'

riHie^/its^ ), or by the eharacleristie qfcperationt S.taff we
obtain (by 476» 477) the result,

/(/h p)->fe+ (I 1

;

that if?, by 482, we obtain the equation of the polar plane.

487. The expressions in 471, 472, 473, for A, fi, give the

equations:

where X» fc, E are the Tectors of the three comers, L, M, K, ofa

certain yariable triangle, in the plane of the fixed triangle abc.

If then we observe that 0, t - k, and - k are (by 466) the vectors

of the three corners, a, b, c, of that fixed or generatintj triangle

which was described in our construction of the ellipsoid, when the

centre jl is still made the common origin of vectors, we shall see

that the equations,

ML 4. CA a MN ^ BC B LM -i- AB » ~ (A + A),

hold good ; and that therefore the new and variable triangle lhn
is SIMILAR to the old v^nd fixed triangle abc ; while it is also

SIMILARLY SITUATED, in One commoH plane therewith, nanifly,

in the plane of the greatest and leaH axes of the ellipsoid i the

sides LM, BIN, NL of the one triangle being parallel and propor-

tiamU to the sides ab, bc, ca, of the other; while it follows from

47 1» 472, that the two variable points l and u are situated on

the same indefinite etraight line as the two fixed points a and B

:

that is, on the aj.w of that circumscribing cylinder of revolution,

which has been considered in former articles. The two vectors

AD, AE, of the two points d, e, in the same construction ot the

ellipsoid, being, by 466, respectively equal to v-ic and p, where

ep B- pKy and therefore

(a - k)
f)
" - pic - jc/j « - 2S . Kp i
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we have, by 47 1»

(<r-K)/a = X(i-K)-A(i-itV.

But in general i£two pairs ofcchinilial vector as here a^Kffh
and Xfi-Kf give, when respectiFely multiplied together, onemm*
mon 9ealar produei, they terminate in/mtr eoticireularpomts :

the four points d, b» b» are therefore contained on the eircum-

ferenee of one eoMHWH circle : and consequently the point of

recent articles, may be found by an elementary construction, de-

rived from this simple calculation with quaternions : namely, as

the second point ofintersection of the circle bde with the straight

Une AB, which is situated in the plane of that circle.

488. Again, by 471, 472, we have

T(p-A) = T(p-;.) = &;

therefore the pdnt s of the ellipsoid is the vertex of an isocelea

triangle, constmcted on lm as base ; and the point M may thns

be found as the intersection of the same straight line ab (or al)

with a circle described round the point e as centre, in the plane

of ABB, and having its radius equal to the mean semi-axis of the

ellipsoid. When the two points l and m have thus been found,

the third point tf can then be deduced from them, in an equally

simple geometrical manner, by drawing parallels, lk, mh, to tiie

tides AC, BC of the generating triangle abc, from whieh the ellip>

sold itself has been constructed. It is clear, from what has been

alrradv she wn, not only that these two sides ln, mm, of the new

and variable triangle lmn, are parallel to the two cyclic nor^

maU of the ellipsoid, but also that they are portions ofthe axes

qftke two eircUf which are contained tqton the smrfiice oftkai d-

iipmnd^ and pern through the point b on that surface; l auditbeing

points on those two aoEes, because they are the centret of two

sphtrts, which contain thetwo circles respectively; while the point

N of intersection of tliosc two axes has been seen to be the centre

of that common sphere (473), which contains upon itself ^oM

those two circular sections, and is doubly tangent (by 474) to the

ellipsoid, namely, at the two points of intenection of the two cir-

WnSome ofthese results, with others yet to be established, will

^\stcated by a new diagiam (figure 100), which is reserved

future article (art. 493).
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489. In the present Lecture we have not as yet assumed
the Associative PriDciple of MuUiplicatioD, although it has beeo
aereral times alluded to ; but there will be found no difficulty

now in pnmng antw that aasodative property, as we have pro-

mised to do, with the help of the diHrifnUive principle. For this

purpose, let us make

q^n-^Of r^b+fif ^ac+y,
0 »Va- V6 -Vc- Sa » S/3 - Sy;

then

# . = ( c + 7) . (ft + /3) (a + o)

« (c + 7) . {ba + + j3a + /3a)

*c,ba+c,ba + c . fia + c

-I- 7 • £a + y .^ + Y .
/3a Y • /3a

;

and in like maimer

sr . q = cb ,a + cb . a + cfi ,a + cp .a

+ • a + 76 . a + 7^ . a + 7/3 . a

;

where c . ba^ ch . a by algebra, because a, b, r are scalars ; and

for the same reason, by comparatively easy principles of this col-*

cuius (see the Third Lecture), we have c ,ba-cb c.f^am

cfi * Of c . I5a = cfi » a, y •ba^yb^tif y •ba*^yb ,0, 7 ./3a" 7/3 . a.

It remam* then only to prove the aseoeioHve Jiarmula jir the

MULTiPLiciTiON OF TBBB8 TXCTOBS, namely the equation^

7.0«-70.a;

which has indeed cdready been discussed at some length in the

Fifth Lecture, in ooDDezion with spherical constructionst but

which we now desire to establish aneWf indepemlentfy qfjigures

on a sphere* Make for this purpose, as in art. 406,

i3-/3'+^",/3'|«, /S'Xa;

make also, as we are evidently allowed to do, by projections on

three rectangular linesi

7»7+7+7,7l|a, 7l/r,7 Xa, 7 ±p;
we shall huve^ by the distributive principle
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70.a-y0'.a + 7/i .a + 7/3 .« + y73 .a + y /3 .« + 7"'/3\a;

and are to shew that each term of the one expression is eqnal to

the corresponding terni of the other; In which comparison of

term with term, we may obviously introduce or suppress any

scalar coefficients^ and so may assumcy without any real loss of

generality^ the values,

a being a new line perpendicular to a. In the plane of a and fi*

We may eren conceive that the system of three rectangular lines.

Of a, aa\ coincides with the system t, k (compare art. 77)

;

and then the six equalioiis to be proved are seeu to be true,

under the forms,

* •* • • •••••• • • •« •

4 . ti sr - it =ji e ki . I ; k .ji = ~kk = \=-ii- kj . «

.

It was nearly thus that 1 was originally led to perceive the truth

of the associative principle of multiplication ofquaternions, after

having established as definitions (though not as wholly arbitrary

ones) the fuiuiamental formulae respectine^ the multiplications of

}jki and hA\ \ug U6sumtd (as I at first did) from algebraical analo-

gies, the truth of the distributive principle
;
although I found my-

self compelled to r^ecl the commutative property of multiplica-

tion, as not ffeneraUp truefor guatemioiu*

490. It was shewn, in the two preceding Lectures, that the

investigation and employment of the associative principle of

multiplication, w itiioi t i hk uistriuitive, led to many inte-

resting in(|uiries and results, especially as regarded sphtncat

geometry : and the present Lecture may have already sutiiced to

shew that many other geometrical inquiries of interest may be

suggested and assisted, by the distributive principle, without

TBS ASSOCIATIVE, for Ins'tance, as regards the generoHom qftke

Mpsoid, The Calculus of Quaternions would, however, be ex-

tremely incomplete, if it were perttianentlt/ deprived of the u^e of

cither of these two important {)iinciples : and indeed the combi'

ation qfboth is essentialf in many of its more advanced apptioa-
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tions. Without entering at present on any question which couki

seem to you dilBcult, I shall resume the discussion of the equa-

tion of the ellipsoid, employing both principles freely.

49 !• RctomiDg therefore tbe equation of art. 466 for the el-

lipeoidt Damelyy

let us introduce two new constant vectors i' and connected

with the two former constant rectors i, «, hy the relationfl»

which give

B'«r*T. Tk . Ill,

I'm T . *K " - T* . Ul^

i*»i?f lt*»ic", cVeitty

Sttbstituting for c» k their values in terms of i\ it\ namely

t-K"*T.iV» iK-i**T.iVf

we find

T (ip

+

pk) = T . k (k" ^p + pt" ') 4 = T (pi + icp) «T (i'p + pk) ;

the above cited equation,

T(ip + pic) = ic»-t%

acquires therefore, by these substitutions, the new but analogous

/o/ iii, wherein we see that i and k have merely taken the places

of I and K

:

TC/p + pO

The PERFECT SIMILARITY OF THESE TWO FORMS ofthe equation

ofthe tll'fpsoid renders it evident, that all the conclmions^ which

have hcen deduced from the one form, can, with suitable and

easy modifications^ be deduced from the other also. Thus if we
still regard the centre as the origm, and treat c'- k and as

the vectors of two newJixed paintsf b' and c'> we may consider

abV as a MBw obnbratimo triamglb ; and may derive from it

the SAME ELLIPSOID as before, by a geometrical process of gene-

ration or construction, which is similar in all respects to the pro-
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eefls already astigiied, but wbkh employs (compare the eod of

art 470) a vmw diacbmtric spbbrs, whereof the eenHre h at

the new paM ff while ita ratfmt Tk'« Tk) has the mm
hngth as in the former eonttmctioii. Forinttanee, the two new
sides, b'c' and ac', or -/and -ic', which indeed have (by the

present article) the same directions as k and i, or as the two old

sides CA and CB, must have (like theni) the directions of the two

cyclic normaU: and the third new side, ab' or < - k, must be the

axis of a aeeond cylinder reoohOiont cirenmscribed round the

same ellipsoid, and enreloping also the inean sphere. In &et

this new side ab' is that semi-diameter of the ellipsoid whieh

was denoted by ap in fig. 99, art. 467 ; and it was remarked, at

the end of that article, although oniy by a sort of anticipation,

now justified, that the diameter pp', in that figure, was thus the

axis of revolution of a second cylinder, enveloping both the mean

Bphete and the ellipsoid. It may be noticed here, that the new
generadng triangle abV is simply the rejiexiim of theM gene-

rating triangle abc, with respeet to the m^iyor mett.

492. If we determiBe, on this new axis ab', two new points

L'and m', with two new vectors, X'and
, analogous to the lately

considerecl vectors A and /i, and asi»igned by similar equationsy

namely by the following,

we shall have resnlta analogous to those of articles 471, 472,

namely,

where b still denotes the length of the mean semi-axis of the

ellipsoid. Agab, the relations between i, «, iV «» give

cS . up + kS . 1^ - (T . iV)»(ic ^ S . 4 -V + i -^S • V)
wi'S.ap'f a'S.ip,

beeanse

one of the expressions lor ^iu ^13 becomes therefore

^ AH - E- - « (f'-O *

' (*'S . «c> + ic'S . i».

eing eiiU the vector of the came point n as before^ namely (hf
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474) theJbot of the normal to the ellipsoid, which is drawn at

the extremity of p. But by the recent values of X\ /a, we have

0'-ic')»A'=-2(.'-kOS.k>,

consequently

?-M X'-m'

t * -It

if we make for abridgment^

T(i'-ic')^
•

and hence it is easy to infer, by reasonings similar to those of

art. 487» that the new variable triangle l'm'n is similar to the new
fixed triangle ab'c', and similarly si/ualai in one common plane

therewith
;
namely in the common plane of the old and new ge-

nerating triangles, which is also that of the greatest and least

axes of the ellipsoid. Wo have also^ by the equations last esta-

blished, combined with the analogous equations of 487, and with

the relations (491) between 1, k, i', k, the following formulm

:

K y ^ - ,/

which may also be thus written,

K^fi 5-X

where Me sifmM
v-»o

may rqnrueni amy scalar ; as the analogous symbol,

may represent ant vbctob. We hare therefore equations of

the forms,

£-X' = »(5-/i); e-/i' = y(e-X);

where x and y are scalars : in feet, with the recent meaning of

the scalar z, we have (by the articles just cited),

2k
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— . ^ _ I .

^"FA'STSi'^ATA^ V
Now the quaternion quotient of the two vectors £-A and

could not reduce itself ^ scalar^ if those vectors were not

parallel to each other, or to some common line (compare 122,

407) ; the recent equation,

shews then fore that Ike three co-initial vectors^ X', ^, must

terminate upon one common right line, or that their throe ex-

treme points, h\ M, N, are collinear* In like manner the equa-

tion,

shews that the terminations, l, m', n, of the three rectors X,

are situated on one straig^ht line : lo that the two straight linet^

l'm, lm', or their prolongations, must cr09$ each other m tke

point V. Indeed, if it had not been designed to exemplify some
processes of calculation, we mi«rht have more rapidly inferred the

fact of this intersection from the parallelisms,

LN I AC I cV I NBi', and mm | bc | c'a I nl'.

But the two lines, lm', ml', may be regarded as the diayonaU

of a certain quadrilateral inscribed in a circle; namely, the

plane quadrilateral lmmV, of which the four comers are, by what

has been already shewn, at one common and constant distance

^bf from the variable point B of the ellipsoid. (Or the eoncircu--

larity of the four points l, m, m', l', might be established on the

plan of 487, by mean*; of the equation, ;A' = X/i = + 6'.) If

then we Jtcrc content ourselves with assnijunii;- it knofrny tliat

when a Straight line af (= = en) is drawn from the centre a of

an ellipsoid, so as to be in direction opposite, and in length red*

procally proportional^ to the perpendicular let fall from the same

centre a on £Ae tangent plane at b, this line must terminate in a

point p on the surfoce of akothbr bllipsoid ; which new sur-

face is concentric with, and is (in a certain welUknown sense)
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iftciPKocAL to ill IIturner ellipsoid, whicb contains the point b

itself (or the termiuatiGn of the vector p) : we may combine the

recent results, so as to obtain the following geometrictU construe*

ItOHf whicb scTTes to generate a system op two rxcipbocal
BLLIP80ID8, hff means ofa uovino sphbrb.

493. Conceive tben E spbere, with coinsiaut radius = ^, but

variable centre e, of which e' represents tlie j)rojection, on the

plune of the annexed figure 100 ; let this sphere be supposed to

move, 80 that it always

inierseets two fiated

and mutually inler-

secting straight linee^

AB, ab', in four pointe

L, M, l', m', of whicb

L and M are on ab,

while l' and u are on

ab'; and let it farther

be supposed that one

diagonal^ lbi', of the

inscribed quadrilate-

ral lm.m'l', is con-

stantly parallel to a

third fixed Une ac,

which will oblige the other diagonal i/m of the same quadrilate-

ral to move parallel to a fourth fixed line kc\ Let n be tbe

point in which tbe diagonals intersect; and conceive a line af

so drawn as to be equal in length and similar in direction to en;

or so that aenf shall be a jiaralltlvg/'am^ piojeeted into ak'nf^

in the figure. Then the locus of the centre e of the moving

sphere is one ellipsoid; and the locus ofthe opposite corner f of
the partdlelogram is another ellipsoid reciprocal thereto* These

two ellipsoids have a common centre a, and a common mean axiSf

which 18 equal to tbe diameter (2b) ofthe moving sphere y and is

a mean proporti iial between the (/realist axis of either ellip-

soid and the /tasi axis of the other: of which two last-mentioned

axes the directions coincide. Two sides^ ae, af, of the parallelo-

gram ABNFy are thus ^100 semi-diameters which may be regarded

2k2
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as nuitiially reciproraU o»ic of the one ellipsoul, and the other of

the other; but becau-e ihey fall at oppo^ile sides of the jTinri-

pal plane (containing the four fixed lines and the greatest and

least axes of the two ellipsoids), it may be proper to call them,

more fully, opposite rtdproeai temi-diameters ; and to call the

points B and f, in which they terminate, opposite reciprocal

points. The two other sides, en, fn, of the same variable pa-

rallt'lo^raiD, are the nonnals to the two ellipsoids, meeting each

otiier in the point N, upon the tvimnon )>nncipnl plane, in that

plane, the two former fixed lines, ab, ab', are the €L£€S of tiDO

cylinders qfrevolution^ circumscribed about the first ellipsoid

;

and the two latter fixed lines, ac, ac', are the two cffche normais

of the same first ellipsoid : while the diagonals l^, ml', of the

inscribed quadrilateral in the construction, are the ojces of the

two circles on the surface of that first ellipsoid, which circles

pass throiigh the point k, tliut i.s, through the centre of the

moving sphere; and tlie uitersrrfion n of those iwa diagonals is

the centre of another sphere, which cuts the fust ellipsoid in the

system ofthose two circles ; ail which is easily adapted, by suit-

able interchanges, to the other or reciprocal ellipsoid^ and flows

with facility from the quaternion equations abo?e given^ and

from the remarks that have been made in recent ardcles.

494. If wo introduce five new vectors, A, /li , A/, /< , of

five new points l , ^r, i/, m/, h, connected with those lately con-

sidered by the relations

:

X*m AL' = l'k = p - X' ;
^ ' = AM ' = m'e ^ p -

fl ;

£^ = All = NB = p - £ (« - « FA)
;

then, by 471, 472, 492,

TA-T^,«TA>Tm>A;

t-K l-K

K-l K-l
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o.vrf=V^' = V^'.;t-K 4-IC f/*,
and because

we shall bare, by 487, 492,

K ( I — It

whence again it follows, by 49 iy that

because

I Ik, kIu

Hence, on tbe plan of recent articles, we may infer that the five

new points are all situated in one eommonpiane^ which is parallel

to the principal plane (493), and contains the point B of the ori.

ginal ellipsoid ; while u is the point rea'proeal to e, upon the
second or reciprocal ellipsoid, and is diametrically opposite to

the point F thereon. In fact, so much as this miirht at once be
inferred from the circumstance, expressed by the five equations,

AL = LE, AM^= ME, AL'= l'E, AM/= m'k, AH = NE,

that the five lines ll^, mm,, mm', nh, bisect and are bi-

sected by the line ae ; or that ALEL, &c., are paralleloi^rams.

The equations above written also shew that the four new points,

L
,

5f
, i/, m ', are situated on one common circle of the mean

sphere, namely, its intersection witii the above-mentioned paral-
lel plane

;
that the lines L,H, and l/m/ are parallel respectively to

the lately considered lines ab, ab', and intersect each other in the
point B of the original ellipsoid ; and that the lines l m ' and l m
are parallel respectively to ac, m ', and cross in tlie correspond-

lay point u, of the reciprocal ellipsoid. And hence ue may
derive the following method oi gencratuuj a system oj'two red*
procal eUipsoids by means qfa fjxbd spuskb, which seems to
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possess some advantages over the process lately given, for tbe

generation of such a system by means of a movinff tpkere^ bat is

intimately connected therewith.

495. In theJixed sphere (of which the centre is A, and the

radius b\ inscribe a plane quadrilateral, l m l 'm \ of which the

four successive sides, l^i, m i/, i/m', m'l, shall be respectively

parallel to four fixed right lines, ab, ac', ab
,
ac; and then pro-

long, if necessary, the first and third sides till they meet in a point

B, and denote by h the intersection of the second and fourth sides.

Then these twopoints ofinterseetumt E and R, qfthe two pairs qf
opposite sidesofthis inscribed guadrilateral {which sides movepO'

railei to themselves)^ will be two reciprocalpoints on two recipro'

cat ellipsoids: namely, the same system of ellipsoids which waa

otherwise generated in 493, if the centre a, the radius (or com-

mon mean semi-axis) 6, and the directions of the tour fixed lines,

be the same in the two constructions. The relation of escipro*

crrr between the two ellipsoids, which was before assumed as

knownt is made yery evident by the present process ; being seen

to be connected with the passage from one pair of opposite sides

of an inscribed quadrilateral to the other pair. The same con-

sideration shews also clearly (wlial however is olliei u ise known),

that I he cyclic normals ac, ac', of the first ellipsoid are the aa:e8

of the cylinders ofrevolution circumscribed about the second;

and that, conversely, the axes ab, ab'> of those two cylinders of

TeTolntion> which have been seen to envelope the original ellip*

soid, are the normals to the two cyctic planes of the second or

reciprocal surface.

496. Another uiode of generating the original t^lli[>><>id is

easily tlerived from the relations established in some ot the re-

cent articles. Conceive two equal sfubees to slide within

TWO CTLiNDBRS ofrsvolution^ whose ages intersect each other^

in such a manner that the right line joining the centres qfihe
spheres shall he parallel to a fixed right line; then« the locijs

OF THB VABYINO.CIBCLB tn which the two sphcrcs intersect each

other will be an kllipsoid, uiscrihed at once in both the cylin-

ders, so as to tuucl! one eyliiKliM" alon^r yne ellipse of contact,

and the other cylinder along another such ellipse. And tbcMme
ellipsoid may be generated as the locos of another varying cir-
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cle, which shall be the intersection of two other equal spheres

gliding within the same two cylinders of revolution^ but with a

connecting line of centres which now mores parallel to another

fixed right line; provided that the angle between these two fixed

lines, and the angle between the axes of the two cylinders, have

both one common pair of (internal and external) bisectors, which

will then coitH iilo in direction w ith the tatest and least axes

of the ellipsoid : while the diameter of each of the Jour sliding

spheres is equal to the mean axis. In fact, we have only to con*

ceive (with the recent significations of the letters), that four

spheres, with the same oonmon radius, « are described about

the points L, m', and l', m, as centres ; for then the first pair of

spheres will cross each other (if they cross at all), in one drcular

section of the ellipsoid ; and the second pair ot spheres will cross

(if at all) in another circular section of the same surface. We
might also conceive an arbitrary curve on the ellipsoid to be de*

scribed by the vertex ^ofan isosceles triangle lbm' (or l'bh),

the common length of whose two equal sides is constant, and
e while the base lm' (or l'm) varies indeed in length, but

moves parallel to one fixed right line ac (or ac'), and is con-

stantly inscnbc(i in a given angle bab', l (or m) moving aluug

the given light line ab, and m' (or l) moving along another

given right line ab'. Or, we might conceive the two equal sides

of the triangle to be two adjacent sides of a rhon^us ^constant

perimeter, of which one diagonal moves parallel to itself within

a given rectilinear angle, while the plans of the rhombus tums^

according to an arbitrary law, and the extremities of the other

diagonal describe two curves on thv tiii/jnoiiff each separately

arbitrary, but not entirely unconnected with each other.

497. With the recent significations of the letters, we have»

by 492, m, 472,

(ic-i) r'«A'(ic-KV»);

and
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If theo we make for abridgiiieiit»

and employ two new fixed vectors, q and 0, defined by the equa-

tiOQSy

1} - TiU (4

-

k). TkU (i6
» - rO - Tk U («-«),

which give

i-iC«T(t-ic)U(i-ic) = iiT >

and also (compare 464),

ic-K*r»-j6»(ic-»-rO«-Tic»T(ic-»-rOU(jc-*-rO—^Ti^;

along with other analogous or eonnected ezpreisioiis, some of

which will offer theraselres lo oar notice afterwards : we shall

have the values,

yL^gn\ X'=gO.

Hence the equations,

of one of the two pairs ot sliding spheres, may be made to assume

the forms

:

between which it remains to eliminate the scalar coefficient g, in

order to find in a new way an equation qfthe tUipsaidf regarded

as the loeuB ofthe dreU in which the two spheres intersect each

other. And it will he usefnl here to effeet this elimination, both

as an exerdse In the present Calculus, and for the sake of the

results to wliich it leads.

498. Squaiiiig for this purpose the two last written equa-

tions, we find, for the two sliding spheres, the two following

more developed equations

:

. Q^b^^rp^-2g^,Qp+g^b\

Taking then the difference, and dividing by ^, we find the equa-

tion.
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which, relatively to is linear, and may he considered as the

eguoHan of the plane of the Tarying circle of intersection of the

two sliding spheres ; any one position of that plane being dis-

tinguished from any other by the particular yalue of the yariable

coefficient
ff.

Eliminating therefore that eoefficient by substitu*

ting its value, namely,

flr-2(d»-nT»S.(0-„)p,

we find that the equation of the ellipsoid, regarded as the locus

of the rarying circle, may be presented under either of the two

following new forms

:

—

—

And we may verify that these two last equations of the ellipsoid

are consistent with each other, by observing that the sctnisum of

the two vectors under ihe si^^ns T is perpendicular to their semi^

difference (as it ought to be, in order to allow of those two vec-

tors themselves having any common length, such as 6); or that

the condition of rectangularity,

P -LO-n.

is satisfied : which may be proved by shewing (compare 454),

that the scalar of the product of these two last vectors vanishes.

We may also verify the recent forms of the equation ofthe ellip-

soid, by remarking that they concur in giving the mean semi-

axis as equal to the length Tp of the radius of that diametral

and circular section, which is made by the cyclic plane having

for equation,

S.(0-ii)p«O;

this plane beli>o^ f<>u?\d by the consideration that ^-U has the di-

rection of the cyclic normal i, because (by 497),
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80 that

or by making the coefficient ^ « 0» in the linear formula of this

article.

499. If we observe that

and that

while the rector exprestion n') p - 2tiS . {0 - n) p is equal to

its own vector part; we shall easily see tliat the first of the two
hitely obtained ( (] nations of the ellipsoid may be successively

transformed as follows:

T(„-O)(0'-n') = *(^-'7')

= T}(0'-„')p-2„S.(0-q)^j

= TV((d^-„')^-2„S.(e-n)pl
-TV[(^?'-r)p-„(0-„)p-,p(e-if))

-TV(^p-n(«P+P«) + iipii}

But

because in general for any three iteetort a, j3» y (compare 3n)»
the following relations hold good,

o/37 = -K.7/3«, S.aPy— S.70a, V. ajSy = +V. 7/3a

;

hence

(e» - T (i» - « TV. - - ,)

or, more conciselyi

TV.(,p-p»)U(„-^)o^-V:

and the same transformatloa may be obtained with equal ease.
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from the second form of the equation of the ellipsoid, which was

deduced in the foreiroing article. Again, the versor ofevery vec-

tor has, in this calculus, 9k negative square (see 113); we have

therefore, io particular,

(U(q-0))«— 1;

and under the agn T as under the sign T, it is allowed to

ride by -1, without affecting the value of the tensor; it is there-

fore peroiitted to write the equation of the ellipsoid under the

form

:

and this form seems to me to he deserving of attention, on ac-

count of the simple and remarliable geometrical relations to the

surface, which the twofixed vectors^ i|, 9, will be found to possess.

500. The last form of the equation of the ellipsoid, which

may also be thus written,

may be deduced in another way, as follows, from the equation^

of articles 465, &c. : and the deduction will be an useful exer-

cise. Writing the cited equation thus.

rj. (fp+pK) (i-k) _

we may observe that while the denominator of the fraction in the

first member is a pure scalar, the numerator is a pure vector

^

for the identity,

</) + /9IC = S . (l + ic) /O + V. (t - ic) p,

gives

S.(t/9 + pic) = S.(i-ic) V.(t-K)p«0;

because generally, for any two vectors a and
J3,

0±V.p«, S./3V.i3«-0:
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indeed we may easily now see (compare 442), that for any ikree

vecton, a, Y« ^® identity,

S.yV. /3a = S.7j3a;

which last expression reduces itself to 0, when 7»j3, because

/3^a is a rector. We may therefore chang^eT to TV» as operatingr

on the last written fraction ; and, under the si^n V, may substi^

tute (t-ic) pi for tp (t - k)j on the principle reieired to in the last

article ;
namely, that the vector part of the product of any three

Yeciot%t^mBAm unchangedy
although the «ca/ar part of it thanges

Hgn^ when their order is reversed : which principle indeed is

easily seen to hold good for any odd number qfvedorM^ becatue

the new product^ thus rewreed^ is the negative qftke eonpigaie

of the old product. (Compare again art. 317 ; see also 408,

410.) Ag"ain, it is always allowed in this calculus to divide

(although not generally, to multiply) both the numerator and de-

nominator of a quaternion fraction by any common vector or

quaternion (different from zero) ; that is, to multiply both numera-

tor and denominator into the reetproea/ofsuch common vector or

quaternion : namely, by writing the symbol of this new factor,

or reciprocal, to the right (but not generally to the left) of the

symbols of numerator and denominator, above and below the

fractional bar. Dividing therefore thus above and below by «, or

multiplying into i\ after that permitted transposition of factors

which was just now specified, and after the change of T to TV,
we find that the last written equation of the ellipsmd assumes the

form,

(4-r) + (ie-ic*r') ^
'

the new denominator indeed at first presenting itself under the

form R*r'- f, but being changed for greater symmetry to the de-

nominator just now written, which we are allowed to do, because

under the sign T, or under the sign TV (though not under V
itself, nor under S, U, or K), we may multiply l)y negative

unity. SubslitutiniT finally for i-k and »c-k-r' their values

given near the beginning of art. 497, and suppressing, abore and

l||^dw, the common factor T . (i - k) r \ we find as a tran^fbrvud

uaium the eUipeoid

:
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where

The form written at the commencement of the present article is

therefore deduced anew.

501 . The geometrical construction already mentioned (in art.

496), of the ellipsoid as the locus of the circle in which two

sliding spheres intersect, shews easily (see art. 497) that the sca-

lar co-efficient in the continued equation,

of that pur of sliding spheres, becomes equal to the number 2,

at one of those limiting positions of the pair, for which, after cif^-

Hnfff they touch, before they cease io meet each other. In fact,

ifwe thus make ^ ^ 2, the values /u = gri^ X = gO (see the last cited

article) of the vectors of the centres of the sliding spheres will

give, for the interval between those two centres, the expression,

T(^-A')-yT(,-«)-26;

this interval will therefore be in this case double of the radius of

either sliding sphere, because it will be equal to the mean axis

of the ellipsoid, and the two equal spheres will ^oucA one another.

Had we assumed a value for 47, less by a very little than the num-

ber 2, the two spheres would have cut each other in a very email

circle, of which the circumference would have been (by the con-

struction) entirely contain( tl u}>on the surface of the ellipsuid
;

and the plane of this little circle would have been parallel and

very near to that other plane, which was the common tangent

plane of the two spheres, and also of the ellipsoid, when g re-

ceived the value 2 itself. Il is clear, then, that this value 2 of

g corresponds to an umbilicae point on the ellipsoid; and

that the equatton,

which is obtained hum the more general equation in 498, of the

plane of a circle on the ellipsoid, by changing £/ to 2, represents

an UMBiLicAR TANGBNT PLANE, at whicb the normal has the di*
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rection of the vector n^Ot and aeoordingly it has been seen that

this last veotor has the direction of the cjrclic normal i ; in con-

nexion with which circumstance it may be remarked that the vec-

tor 0 ' - 17"" has the direction of the ot/icr cyclic normal, ic. In

fact, it is not difficult to prove from the expressions in 497 » that

from which, or immediately from the expressions just cited, it

follows (compare 469) that

Ti| = T* = i(a + c); Te« Tk = i (a-c).

The lengths 0/ the three eemi-asees of the ellipsoid admit there-

fore of bein^ very simply thus expressed, m terme of the new

Jixed vectorSi i]y 0:

We have also the formulae

:

Uc+Ui:-UCi|-0)-U(if-»-a-^)|Ui|-Utf;

the inemhers of the first formuhi having each ([Mul'irccliiju i*f the

(jreatest ari\- of the ellipsoid, and the members of the s»'cond for-

mula having each the direction of the leant axis; as muy ea^ly

be proved, for the first members of these formulse, by the con*

struction with the diactntrie sphere^ already given in articles

466, &c.

502. The recently obtained equaiion ofan umbilicar tangent

plane may also be verified by observing that it gives, for the

lenijth of t lie perpendicular (/>) let fall from the centre of the

ellipsoid on such a plane, the expression

= u') T (1, - By ' « <ie*-»

;

which agrees with known results. And the vector oi of the um-
bilicar point itself must be the semusum of (he vectors of the cen-

tres of the two equal and sliding spheres, in that limiting posh
Hon of the pair in which (as above) they touch each other; this

VMBILICAR VECTOR w 18 therefore expressed as follows :
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because this h the semi-sum oi /i ami A', or of r/ij and ffOy when

g=2. As one verification we see that »)+ 0 may be substituted

for pt without violating the equation of tbe ellipBoid, because

this substitution gives,

and as another verification, we may observe that the same ex-

pression i| + 0 for «i conducts to the following known value for

the length (u) ofan umhiliear semi'diameter of tbe ellipsoid

:

11 - T« = T (n + 0) « V - ^' + ;

because for any two vectors i^, 0, we luive the identity,

T (if

+

ey + T (n - ey« (Tu + ney + (T, - jey.

603. By similar reasonings it may be shewn that the ezpres*

Bion,

a»'-TifUd+lW,,

which may also be thus written,

represents another umbiiicar vector ; in fact, we have,

= (ij + Oy = Tw = T«,

and

«+cu'=(TnH- Td) (U„+U6l),

ii>-««(T„-Td) (Un-UO);

so that the vectors ut, w are equally long, and the angle between

them is bisected by Uij + Ud, or by U (t - ic) + U {t - k'), that is

by the direction of the axis major of the ellipsoid ; while the

supplemeDtary angle between m and - «»' is bisected by Uq - U0,

or by U(i-fc)-U({'-ic'), and therefore by the axis minor. It

is evident that - w and - to are also umbiiicar vectors; and it is

clear, from what lias been shewn in former articles, that the vec-

tors }} and Q have the directions of the axes of the two circum*

scribed cylinders of revolution.

604. A few additional remarks may assist to render evident

the utility, and to illostiste the stgnifieations, of tbe two fixed vec-

tors 1), 0, although our remaining time will not allow us to enter
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largft ly into the subject. And first we may observe that the va-

lues ior abc, in terms of ii, 0, give

in obtainiiig which expreMions we have employed these other

alQee:
«»= (Ti, + « Tn' + 2Tii re +W

and

6»-T(i|-<>y--(,-^)«--.,f + 2S.i|0^^;

observing also thatJur any quaternion^ such as here

we have

= (S*/ + Vqy = S<7^ + J \ % + Vy%
S .

<i'
~ + \'^',

V.7' = 2Vy S^,

2 (S . T • ^«)-4S^«-(2S9^)«

;

so tliat generally the scalau of the square root of any qua-

ternion ^ (in the present inatance» ^B)B which square root (by

152) is considered as being generally an acute-cngledqwUmumt
admits of being expi^essed by the formula*

And here it may be noted thai this b only ons cmt f^a vati

number ofgbnbral transformatioks, with whieb the present

calculus abounds : and which may be deduced, with more or less

facility* ^^om the laws of the symbols^ S, T, U, V, K, by the

principles already laid down.

505. If then, retaining the centre as the origin of vectors, we
change at once 9 to tO^ and q to where t is any positive sca-

lar, sincewe shall not alter thereby any one ofthe three fiinctions»

we shall leave unaUered ike threefiUamngihUiget namely : lsl»

the directions qfthe axes qfrevolution of the two circumscribed
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cyliiJtlers; 2nd (in connexion ^vhh tUesv), the direclions of the

three principal axes of the eliip$aid ; and 3rd, the differences of
ike squares qfike semi^axes^ 6» c. To those then ytho are at

all acquiunted with the theory of the focal comes, or Jbeal

eurveSf which hare in modem times heen made to play so impor-

tant a part in the theory of surfaces of the second order, and who
have attended also to the foregoing calculations with quaternions,

it will be evident that these simultaneous changes of

ii and 9, to and 10,

can merely cause a passage to a coi«focal surface : leaving the

FOCAL BLL1P8B, and the focal hyperbola, unchanged. The
loiter curve (the focal hyperbola)^ which is known to have the

axes of the cylinders for its asifmpioies, and to cut the ellipsoid

(perpendicularly) in the four umbilicar points, will be found to

be adequately represented, in our calculus, by tiie single equa-

tion,

V.,p.V.pOo(V. nQ)\

For theformer conre (the focal ellipse), it is eonyenient to em-

ploy a system oi two equations: the first of wiiicli may l)e that

of its pl(tne (perpendicular to the minor axis of the ellipsoid),

namely, the equation,

S.pUi|-S.pU0;

while the second may be at pleasure either of two equations, re-

presenting two cylinders of revolution, with a common radius

« - e*)i, on each of which cylinders the focal ellipse is situated

;

namely, either of the two equattons following,

TV.pUi|«2S\/ii5,

and

TV.^Ue=2S/^0.
ft

The foregoing will perhaps be considered as expressions suffi-

ciently simple for these two known and important etmieSf and

for their connexions with a system oj coafocal surfaces.

606. It may, however, appear strange that in this ftpecies of
SYMBOLICAL GBOMETUY OF THREE DIMENSIONS it should be

said^ that a cukvb in space, as here the focal hyperbola, may
2 L
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admit ofbeing adequately rbpe£S£mtbd by a singlb Bat'A-

Tio»f sucil as tiie equation,

v!np.V.pa = (V.„0)»;

whems we hare repeatedly wten^ in the present Lecture, that a
curve may be md mare ihtm adequately esqnreeeed by a ststbm

OF TWO BQUATIOK0, representing a tyeUm pftwo swrjaeee. For

example, the focal ellipse of the last article was represented by

the 6)':item,

which denoted separately a plane and a cylinder; the spherical

conic of art. 421 by the system,

Tp-e, S.pa-»S./3p-»-l,

representing separately a sphere and a cone \ its cyclic arcs were

each represented, in the same article, by a system of two equa-

tions, denoting a plane and a sphere ; an analogous system served

to represent the eirele of contact In 422 ; the ellipse of art. 433
was represented by the two equations,

(k iiotinfT aij;ain a plane and cylinder; while afiotlier plaiie, com-

bined with tfie same cylinder, was used to express a circle in

432 ; a plane and sphere gave in art. 417, the equations

which jointly represented the circular base of a cone ; and the

major axis of the same cone, in art* 426, when regarded as an
indefinite right line, had its position expressed by the two equa-

tions,

S . op 0» S . /3p « 0»

which, separately taken, denoted the two cyclic planes. Nor could

we, in any one of ikeee examples^ which might easily have beon
made more numerous, have rightly contented ourselves with n^>

Jfinmg one tUone out of the iwo eqoationsy although the eyeUm
night in each case have been varied.

507. But it is to be observed tiiat, in all these cases, each

separate equation has been oi scalar FORJi, and therefore quite
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analoynus^ in this new symbulical georaetry, to the usual Carie^

sian expression for a surface, by an equation between its co-or»

dinates z, which with us are regarded as three scalars.

In general^ if p be still regarded as a variable vector, and if^
denote any scalarJwetion of it (whether this function be of the

second or of any other dimension), then, on substituting for p its

value ix+jy + kz {\0\f &c.), the equation

JJ»
a 0, orffi's constant,

where the constant is still a scalar, will take, by tiie rules of this

calculus, the form of an ordinary aiythraic efjuation between

ar, and may be interpreted as expressing a surface^ on the

usual plan of the Cartesian co-ordinates. I'hus if we did not

otherwise know (by 168, &c.) the signification, in the present

Calculus, of the equation

+ I « 0,

as representing the unit-sphere round the origin, or if we had

forgfotten that signifieadon, or desired to deduce it anew, we
luiglit write the equation under the ioiiu,

and theu perform the operation oi squaring the trinomial as fol-

lows:

- ai" + iltxy -jxz

- y^ - kyx + iyz

- +JzA' - izy

-^a?*-y*-«»-(M!+iy+A«)*;

the three lines here added up being respccUvely the projiucts of

ix +jy ^ kz, muUiplied by i.r, by /?/, and by kz. For thus the

proposed equaiion ^^ + 1^0 would take the ordinary form,

and would be seen anew to represent the unii'sphere*
*

dOS. Again, suppose that we meet the equation

S • a/> ~ 0,

2 L 2
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where n is a given and /) a variable vector. Here, instead of em-

ploying the principles oi articles 413, 420, 421, we might write,

a = ta +jb + Ac, /a = lo; i-jy + tz,

and tboiild then find, by dittributive maldpliealion,

-<iap+Ar/^ jaz

•^by- kbx + ibz

- cz +jcx - icy

= - {ax + by+ cz)

+ i (Az - cy) +J {cx- az) + k (ojf - te)

;

this product is therefore seen anew to be a quaternion, as in the

Third Lecture it was otherwise shewn to be : because it is now

found to be reducible by actual multiplication to the si€Mdard

fuadnnanualjbrm of arts. 450, &e., namely, to the form,

w + ix -i^jy + kz.

At the tame time the scalar and vector parts, taken separately,

of this quaternion product op, are seen to be,

V. ap« t' (bz-ey) +j(ex-az) + k (off-bx) ;

to assert then the evanescence of the scalarfunction S . op, is

equiralent to establishing the following ordinary eguaiion be-

tween Xf y, z,

m+by+ez'^0;

and thus a person familiar witli the usual method of co-ordinates

might recover for himself the interpretation of the equation of

this Calculus,

S • c^> e 0,

as denoting a />iaii6 through the origin perpendiadar to the litu

Of b$e: namely, to the line drawn £rom the origin (0, 0, 0) to

the given point (a, bf c).

509. Again, let it be proposed to interpret, by the assistance

of co-oidiiiates, and by the rehitions between the symbols i,j\ A,

without using the transformation S . aap » S . a V. op of art. 500,
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or the conditioD of copknarity assigned near the end of 430,

UuB other scalar equation :

S . aap 0

;

in which we may suppose tliat

while a and p arc still expanded into the two trinomials which

\vere siibstituted for them in the preceding- article. The actual

process ol multiplication gives immediately, on the plan recently

employed, the following developement for the ternaryproduct of
vectors, at present under consideration,

aap - a' (bz -q/)-b' (cx - az) - d {ay~ bx)

- (ifl^ ^jb'+ he*) {ax -^by-^cz)

+ f (^(€^- &f) - <J^(€af -

+i Wibz-ey)- d (ay -bx)]

+ k
(
d{cx - az) - h {bz -cy)]»

The scalar and reetor parts admit therefore ofbeing respectively

and separately eicpressed as follows

:

S . a'op ^a'(q/- bz) + b' {az -cx) + d (bx - ay)

^a(bd-'Cb') + y(cd-a€) + z(al/''beO

=« a {h'z - dy) + b {cx - dz) + c {dy - hx) ;

V . o'ap = (la +jb + kc) (dx + by + dz)

- {id +jU + kd) {ax by+ cz)

- {ix +jif + kz) {da + b'b + c'c).

To establish the equation S . dafi = 0, is therefore equivalent to

establishing that ordinary equation between y, z, which (as is

well known to all persons familiar with the method of co-ordi-

nates) expresses the eopkmariiy qfthe three Hnee xyz, abc, Mif^

or the condition for the variable point {x^ y^ z) being situated

somewhere upon the plane which is drawn through the origin

(0, 0, 0), and through the two other given points, {a, b, c), and

(a, b', d).

510. We see, at the same time^ that the scalaryuitclioii

S . a'op admits of being expressed, in the modern notation of de-

TBBMIKANTS, as foUows

:
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S . a « bf c,

and tiiat thus (as also in other ways) there exists a connexion

between the theoHea qfquaternions and of determinants ; or of

BL1MINAMT8, ai 80106 prefer to call them. In the recent qaetlioDi

or example, thit oonnexkm of the propoaed equation^

with an elimination^ might easily have been foreseen. For, wilk-

out the we of co-ordinates, by principles of the present calco*

las above cited, we might hare seen that this cqnation is a for^

MULA OF coPLANABiTT for the three vectors a, a,p; and that it

is therefore equivalent to a system of three perpendieular%iie$9

bince,

p III
o,o', gives XXa» A X a i X ± pf

if A be a vector perpendicular to the plane of a, a'. The pro-

posed equation might tliorutore thus have been seen to be equi-

valent to the system of the three following,

S . Aa = 0, S . Aa = 0, S . Ajo - 0|

and to be conversely derivable from them, by some process of

elimination of A. And if we now introduce co-ordinates and

I,J, making,

XmU+Jm+hn^

and employing for a, a , the same three trinomial expressions

as before, we see that this process must answer to elimirjating the

three scaiars /, m, n, or their ratios, between the three following

equations of the 1st degree,

la + f»6 -t- nc » 0, la'+mb' + nc'=^Of Ix -i^ my + nz " 0

:

which conducts to the lately mtiuioued determinant. Indeed, it

will be found that processes more pecnliarly helornjing to the cai-

cuius ofquaternions give, generaiiy, for any four vectors, o,

/3i 7> p> the two following identities^ which are frequently useful

in the applications :

^
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pS . yfia = aS . ^ft^ + i^S . ypa + yS . p/3a

;

pS . Yj3a»V. 7/3 • 8 • «p+V. fry . S • jSp +V«^ . S • yp;

and hence, without any use of ayz, or we might infer that if

p be auppoaed to denote any vector different from 0, its elimina-

tion between the three equations of either of the two following

systemst

or 2nd, S.j3p-0» S.Yp-0,

conducts alike to the Enai equation,

S . 7/3a « 0,

as the result.

511. We may take this opportunity to remark that the ^eo-

metrical significations not merely of eqnations, but also oi/unc'

items in tliis calcalus» may be investigated (if not otherwise

known) by the same or similar transformations with eo-ordmaUs:

and that on the other hand a person who was already/amUiar with

quaternions might conveniently employ them to deduce or recover

many of the most impui taiit formulce in the method of co-ordi-

nates, by introducing (as above) trinomial forms for the vectors,

and employing the properties of the symbols yk. As an exam*

pie of this last sort of proeess, if it were required to find an

expression for the distance of the point (tgz) from the origin

(000), or more generally from the point (a5c), we should have

(by 111, 507) the transformations,

Tp«i/(-p*)-(*"+y*+«^)*»

TO>-a) = (-o>-«)')* = ((*-«)'+(y-^)'+(«-«)')*;

and thus the known results would be reproduced. Again let it

be required to express the rectang;1e under the two lines from

the origin to the points {aljc) {xyz}^ nni\UiA\cd bv the cosine of

the ang-le between them ; this product would be, by 423, 508f

as by other aud more usual methods.

Again, if it were required to find the co*ordinates of the extre-

mity of a line drawn from the origin, so as to be perpendicular to
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the plane of the two lines drawn to the points (o^c) (ay^)* and

namerically equal (in a well-known sense) to the area of tbe pa-

rallelotrram under those two lines; while ihe rotation round this

sought perpendicular from the first to the second «*houId l)e re-

quired to have the same character as the rotation round -r z from

4 :r to + y ; we shoold only bare (by 427) to take the coefficienta

of t, A, in tbe recent developement (508) of V. op ; and thna tha

required co-ordinates^ or the three ea-imiinate prqfeeHom* of tke

area of the parallelograni, on the planes perpendievlar to x, y, z,

would be found in a new way to have tbe well-known values,

hz^ey^ cx^az, ay-bx;

while the area it§etf^ considered as a magnitnde, wonld he do-

noted by TV. ap^ and wonld be seen anew to he eqnal to the

square root of the sum of the squares of these three last ex-

pressions. Finally, to find, ly iht help of (juaicniiom, that

function ofthe co-ordinates {abc) {a'b'cf) (xyz) of three points,

which expresses tbe volume ofiht paraUeiepipedon, baring for

three of its edges the lines a, a\ which are drawn to these

three points from the origin^ we might first denote this volome,

as being the product of base and altitode, by the scalar pro-

duct of the two parallel vectors V. ap, and S . aV.ap H- V. ap,

whereof the latter denotes (by 430) the component of a which is

perpendicular to the plane of a and p ; and then we should find,

for the required volume, the expression S . a V. ap, or simply (bj

500), S • aap : and this last expression, thns deduced wiihoui eo-

ordtnateWf might then be iranefarmedf by the process of 509,

510» into the deiermimani lately eonsidered*

512. In this way we should also be led to see that the deter-

minant (or eliniinuMt) just cited, or the expres^i()n S . aVj^ of

which it is an expansion, represents a positive or a negative

wdtme^ aocordino as the rotattoii round a from a towards p is

cpporiie or eimiiar in character to the rotation round a firom #
to If. And thus we might perceive, wliat we can, however, other-

wise prove, that ike eealar ofthe product ofthree veetor»eh(mge$

sign, when ang two of itsfactors are interchanged : oi ihdi

. y/3a - S . e/Sy = S . fiay « - S . /Sya » S . uyfi - S • ya^.
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In fact, we WW in 499 that S . y/Sa = - S . ajiy, and in i>00 that

S • 7/3a -S.yM.jiai which last traosformatiou gives also,

S . = S ( V. j3a . -y) = S . j3oy- - b . ya^, &c.

If we take any four Tectora a, /3, 7, the 8ea]ar S . of

their continued product may be decomposed into two parts, of

which one vanishes, by decomposing the product y^a into its

own scalar and vector parts ; thus

S . Sy^a = S . 8V. 7/3a = S (V. 7/5« . ?)« S . 7j3aS;

the same scalar is therefore also equal to S./3cu^, and to

S • a9yp ; and a similar process shews that in general, under the

$ign S, any number ofvectorJaciors may heme their order cyclic

cally altered. The same cyclical fehmutatkIn is therefore

also permitted, for any numher of qHntcrnivn factors, under the

same sign S, because each quaternion may be treated as the pro-

duct of two vectors : we have therefore generally

S . srq = S . rqs = S . qsr^

S . tsrq « S . srqt» &c.,

where r, s, t, represent quaternions arbitrarily chosen.

^ 513. We have seen (507, 508, 509) that a scalar equation,

such m/p^ constant, gave generally a surfacb as the locus of

the extremity of p. But let us now suppose that we meet a vsc*

TOR EQUATION, SUch ftS

= A,

where ^ is supposed to he the characteristic of a vector func-

tion, such asV. aapt &c., of the first or of any other dimension,

while X denotes a constant and given vector. If we here change

again p to ix 4-Jy + Az, and develope by the rules of this calculus,

the one iMoposcH vector equation will general/;/ break up into

three scalar equations, which are in general suihcicnt (theoreti-

cally speaking) to determine, or at least to restrict to definite oa*

riety of (real or imaginary) values, the three co-ordinates y,

and therefore also the vector p. For instance, if, with the recent

values of the symbols, the vector equation,
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were proposeti, it would be found to privc, by comparison ot the

coefficients t,^', the ioiiowing system oi three scalar equations

of the fini degree

:

l = -x {ad T bh' + cc') + y {ab' - ba) - z (en - nr)y

m = -y (ad + bb + cc') + ^ - r//) - x (/iA - hd)j

w-z {ad +bi>+c€f)'i-x (ca' - ac) - y (Jfc - cb^ ;

which might be treated by ordinary elimination, so as to give ex-

pressions for X, Iff Zf and therefore also for ix +jy-\- kz, i regard

ity however, as an inelegance and imperfection in this ealculn«<,

or rather in the state to which it has hitherto been nnfolded,

wbenerer it becomes* or semt to become^ necessary to bare re-

course, in any such way as this, to the resoorces of ordinary

algebra, for the solution of equations in quatbrnions.

Indeed, very much remains still to be done towards the attain-

jneut of anything approaching to perfection in the establishment

' of g€Mral methods/or such solutions qfeguadonSf and for qoa-
TBBiriON sLiBUMATioN generally. But so far as regards bqua-

TioMS OP THB FIRST DioRBB in quatemions» I haTe been for

some years in possession of what appears to me to be such a ge>

neral method of solution.

514. Without entering' at this moment on the ( xposltiun of

that general method, i may remark, that it is allowed to write the

last proposed equation as follows,

V-^p*X, or ^/ii + V.yp^ Af

if we make for conciseness

* g^aof g^Sjt

Operating by the characteristic of operation S • 7 ( ), or more

concisely by B. y, that is to say, multiplying by 7, and tailing

the scalar part of the product, we get (compare 500),

jrS
.
Yp *• S • ^A, S*yp»g'*S ,yX;

but (by 407),

S . + V. 7f>
= 7p ;

hence

(^+y)p«X + ^-»S.yX;

9
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80 that, without the use ofcoordinates^ the solution of the pro-

posed equation is obtained, under the sufficiently simple form

:

Hence also, in this eiample»

«=jifX-yX + ^ .'^X- g'^y^\.y\

-flr-*(^X-^rV. 7X-7S.7X)

-^-n(P*-T*)A-(^-7)V.7X))

-^•M^'-TO-V.yX.CfiF+Y));
and therefore

that Isy re-iotroduciog the quaternion

Accordingly, if we operate oo this equation by V.^, or more fully

by V.9( ), we get

.V. qp^\. qX i \ . X Yg =V
(
(S.; + \g)\ ] -V(Vq . X) - . X,

and therefore V. qp - X,

as was required. I leave it to yourselves to renfy the agreement

between the results of this and the preceding article. When you

shall have acquired a little practice in the use of the notations of

this calculus, and in the applications of its principles, you will

find, of course, tliat fewer steps ofquaternion transformation will

suffice.

515. As respeets notation, I take this opportunity to re-

mark, that I ha?e frequently found it convenient to employ a

new SY.MBuL, nut yet introdniT'd in these Lectures, to denote the

quotirnt of the vector part divided by the scalar j)art oja qua-

teniion; which quotient is evidently (by our principles) itselfa
vector: and is quite as important and useful, in the applications

of this calculus, as the Jmctum tangent is, tn inganometry^

with which indeed it has a very dose oonneiion. This new

symbol is the following

:

V
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On the same plan I write,

and thereby obtain the general transformations,

TV 8— tan — g» cotan L

1 do not lay so much stress on these notations as on others

already mentioned, hot must repeat that I have often found them

ueeJuL If they shall come to be adopted by other writers, it will

be necessary to dieHnguUk between the symbols g and S'*, and

similarly in otlier instances. In fact, I do not see why trigonome-

tridans might not have agreed to denote the secant otx by the

, ,
1 , , sin , , co<?

,

symbol— x\ tae tangent by — x\ the cuLatigent by — j:; and
^ COS ^ 'cos ^ 'sin

so forth, wUhmU the tUgJUest pr^fudke to the modem mode of

denoting the intsrsb functions, eos'^d?, &c., ofwhich x ie the

cosine, or other direct function indicated, in this inotle oi" nota-

tion, the vector equation of the foregoing article, V. ^p^X, would

have its solution expressed as follows

:

516. Again, let there be proposed the following vector egw^
lion ofthefirst degree^

V. /3/>y = A.

As this is of the form,

V. apa = X>

it would be easy to break it up, on the plan of 509, 513, by in-

terchanging o and p, or (ahc) and {xyz), into three scalar equa-

tions of the first degree, between the three co-ordinates of p,

which might then be treated by ordinary elimination. We might

also see, by the developements already effected in art. 509, that

generally, for oHy three vectorSf the following identity holds

good:

V. aap •* a'S . ap - aS . a p + p S • a'a

;
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and therefore that» io the present question.

Hence,

pS . = )3S . p-'X + yS . 7-«X - X

;

and finally (by 449)i the required expression for or the solu-

tion of the equation proposed in the present article, nay be

written under the form:

617. This last symbolical expression admits of a very simple

geometrical interpretation, which it may be worth while briefly

to consider. Suppose, to fix the conceptions, that the angle be-

tween j3 and y is acute ; suppose also that J3 and y are unit lines,

and make a = p" UA = Then,

+ 7/3 « - 2 cos j3y <0;
Ua --Up «U(/3gi3- » + 787-0

;

V.j3a^7 = X; UV.pa-»7«8.

Reflect the unit-vector 9, separately and successively with r^
spect to 7 and j3, into two positions, c and such that

we shall then have

U«=U(?+f);

the line a will therefore bisect the angle between the two unit

lines, E and Now this result exactly agrees with the conclu-

sions of the Fifith Lecture (art. 224, &c.), respecting the direo*

tion of the axis S, of the quaternion which is the fourth propor-

tional to three given lines, a, /3, 7. In fact^ if in fig. 40 (of the

article just cited ) the points b, c, d were given, and a suiKjht, we
rni^ht first doulle the arcs DC, db, and then bisect the arc ef.

The direction of the vector p, as determined by the last formula

of art.6 16, agrees therefore with earlier results.
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518. WiLli respccL to the lertf^th of the saAie vector the

same formula gives, with our recent notations, the e^cprcs&ion,

Tp-TA.^^iii^; aiidAT«.VU.0a-»7;
oot/3y

therefote^

TVU.^-.r»T.«x-T^.5?!4=5?^,
P COS i £4 COS ac

whence (by S27t 411) we may derive the foUowiog theorem of

•pheiical trigooometry, in connexion with fig*. 40

:

cos BC cos CJL COS AB
sin J(JD + JB + 2f)

COS AB cos BF COS CD

In fact, in that figure, tfio arc ah is equal (by 224) to the hypo-

tenuse LM of the right aiigit^l iriang^lo lnm, wiuie CD (by 225) is

equal to the base ln of the same triangle, and the altitude un
(by 268) repteaenti the serai-area, or the •emi^eessy of the tri-

angle DEW*

519. This appears to be a convenient opportunity for offering

a few remarks, on some ^neral transformations of scalers and

vectors of products, unci uu their connexion with spherical trigo-

nometry.

Since^ by 317* the conjugate of a product of any number <^

quaternions b e^iuel to the product of the conjugates taken in an
inverted order, a principle which we may agree to denote con-

cisely by writing the formula

Kn-nK;

and dnee the symbolie equations of 407, 408,

1-S+V, K-S-V,

give, with analogous interpretations, these other general for-

mula,

S-J(l + K), V-i(l-K>;

we may write, on the same plan, the following abridged but ge-

neral equations

:

sn-in + jn'K; vn-jn-in'K.
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More fully, we have, for any set of quaternion factors, ji,ga, . . q^t

the two identitieSy

(S+V)(j^, . . . y.g»)-(S^.+V^.) . . (a/t+Vj.) (Sy,+V^t);

(S -V){^, ...g,g,]^(Sqr -Vg,) (Sg, -Vgr) . . . {Sgn -Vgu) ;

by taking the semigum and semidifierence of which, expressions

can be obtained for the scalar and vector of a product of any

nmnber of qiiatemioDB. For example,

V. g, q, - S^,V^, +V^. Sg» + i {yqtWqx -VqiVqt).

620. As a ease of the application of the foregoing general

method, let there now be proposed any number of vectors,

a,, a,, ... On, and let us investig^ate expressions iorthe scalar and

vector parts of their continued product. Here (see again 317)»

Ktti"— Oi, K . OaOi = + Oiaaj K . a;ja2ai = — aiajas, &C. J

and therefore the fonnul» 2S « 1 + K, 2V» 1 - K, give

2S . cii ^ ai fi - 0 ; 2 V. oi = a, 4 - '2^1

;

2S . a^ai - aJfl^ -f oiO} ; 2 V. osGi = a^i - aiOa

;

2S . OtatOi ^ o^a^i - atOiAs $ 2V. ctiffiOi " aiiiiai aiOiOa

;

&e* ke»

results of which the law is evident, and of which the few first (or

Others equivalent to them) have been already found, in 407, 449.

The formula just obtained for the scalar part of a ternary pro-

duct of vectors gives evidently the transformation,

S . 7/3a = i {y^a - a^y ) ;

and thns, as we may now perceive, a eoftnestoji is established be-

tween two firm for the equation qfeoplammty of three lines

Ky X, /ti, which were separately and independmUiff deduced in

former articles : lor we had found in 195, that

fikit - kX^, when ^ |||
X, k ;

and knew also, by 430, 500, or by 611, that

S • yfia ^ 0, when y ||| ^, a.

And the recent formula respecting the vector ofa ternary pro-

duct gives,
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\ . yj')a - i (7pa i ti^i^)

- iy (/3a + aj3; - i (ya + ay) /3 + ia (yji +^y)

an expres^iion which ob\nou8ly ag^rees with one already used in

516, but which is here deduced (compare 513) witboul any refe-

rence to co-ordinates^ or any use of ijk.

521. Another mode of investigating a tranafonnation eqaiF^
lent to that last written, and like it extennyely useful in the a|H

plications of the present calculus, is the following. We are

allowed to write, generally, for any three vectors, a, a, a \

V (V. aa - a*) « i (V. on . a"- o*V. aa) - \ (a« . a*— a*, aa )

• \a {aa-\- a a) - \ {aa'¥ «'« «S • aa- o'S . a'o

;

whence also generally (compare 441),

V, «'V, aa = aS . aa'-aS • oa".

Thus we have the two equations,

V (V. 7^ . a)-yS. Pa - 0S . ya,

V.7V./3a-oS./3y-/3S.a7;

and by adding respectively to these the two identities,

V(S.7P.a) = aS./3'y, ¥.78.^0 = 78.0/3, •

the recent formula of transformation for V. y/3a is, in two ways,

reproduced.

522. Let there he now>&«r proposed and arbitrary vectors

a, a , a , a . Operating by the characteristic . a , on the iden-

tity,

• a aa^ao ,aa - ao.aa + ao.aa,

we obtain the expression

:

S . a"aaa S . a'^'a . S • aV- S • vTa* S . a'^a + S . a'^a'* S « aa'.

But

aa » o. aa + V. aa; a a =0 . a a + V. a a ;

therefore

S • a'aaa, S . a'*'a* .S . ao + S (V. a^'a" .V» a a).

Comparing then these two expressions for S . a a a a, we obtain
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the followingf general expression for tlie scalar part of the pro-

duct of the vectors ofany two binary products of vectors:

S (V. «*a'.V. a'o)• S .
a*«

. S • «'o*— S «"o'« S • a^o

;

which may be also otherwise deduced, and is occasionally useful.

623. The vector part of the same product of vectors is easily

found* by similar processes, to admit of being expressed in either

of the two following ways :

V (V. a"a . V. aa) - o^'S . aVa - a^'S . «Va
« aS . fCaa - « S • a'ata ;

oi which the comparison conducts to one of the identities men-

tioned (without proof) towards the end of article 5 10 ; or to this

general expression for any fourth vector p, in terms of any three

given vectors a, a , a% which are not parallel to any one common
plane, the laws (512) of permutation of three vector flutters under

the sign S being remembered

:

pS • oVa =» aS . aVp + aS . a pa + a^S . pa a*

And if we here suppose thai

we shall have
.

S.aVa-(V.a'a)^.a'^;

and after dividing by a'^, the recent formula will become,

a a a

whereby an arbitrary vector p maybe expressed in terms of any

two given vectors a, a', which are not parallel to any common

line, and of a third vector a\ which is perpendicular to both of

them.

524. If, in the last equation of 522, we change a, a', o", a ' to

7, /3, ^, a, we find that, generally, for any three vectora a, 0»7>

the following equation holds good

:

S (V. a/3 . V. /3y) -i3'S . ya - S . ajS . S . /3y.

To shew the geometrical meaning of this formula^ let us divide

both members by T . 0^a, and transpose ; it then becomes,

2 M
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-ISU.ya-bU.a^.SU.^y + S(VU.l43.VU./3r);

or sinply,

-S.7a = S.apS./i7 + S{V.a/3.V./37>,
»

if we treat Offi^jf as unit Teetois, wliich may be conceived to

terminate at three points a, b, c upon the unit^pbere. Here,

by the principles established in the present Lecture for the in-

terpretation of the scalar and vector parts of the product of any

two vectors^ we have the values,

8.70" -coed, S. 00- -cose, S
.
/Sy « - cos a,

if a, by c denote the ares or sides of the spherical triangle abc,

respectively opposite to the points a. b, c. By the same princi-

ples,

TV.a^Bsinc; TV./By^sina;

while UV. aj3, UV./3yi are vector units directed respeetiv^y

towards the positive poles of the rotations ab, bc, and are there«

fore inclined to each other at an angle which is the supplement

of the spherical angle abc, 01 B y so that the scalar of the pro-

duct of these two last vector units is the cosine of that angle

itself,

SU(V.a/3.V.0y)- + cosB,

and

S (V. a/3 .V. /3y) - sin c sin a coe B.

The equation to be interpreted takes therefore the form,

cos 5« cos c cos a + sin c sin a cos B

;

and thus is seen to coincide, as regards its sifftn/koHon, with a
well-known and fundamental formula of tpkerieal tngtmometry,

525. More generally, if we divide the expression lately found

for the scalar part of the product of the vector parts of two binary

products of vectors, by the tensor of the product of the four pro-

posed vectors themselves, we obtain the equation,

S (VU . aV. VU . a'a) = SU . a-'a . SU

.

aa
-SU.aV.SU.a'o;

which signifies, when interpreted on the same principles, that
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sin tm\no tFiT, cos (aa'i?a^ « oos ocT. cos tU"

- cos aa . C08 o a"

;

where the spherical angle between the two arcs from a to a and

troin a" to may be replaced by the interval between the poles

of the two positive rotations corresponding. 1 he same result may
be otherwise stated as follows : If l, h\ l", i!" denote any four

points upon the sur&ce of an ani(*8phere, andA the angle which

the arcs ll', l'l" form where they meet each other (the am
which include this angle bein;^ measured in the directions of the

progressions from l to l , awd irom l to l ' respectively), ihen

the ioiiowing equation will bold good :

cos LL". COS l'l*- cos LL*. COS l'l*

sin LL . sin l^l^. cos A.

Aecordingly, this last equation has been given, as an auxiliary

theorem or iiinma, at the commencement of those profound and

beautiful researches, en titled Duquisitioues Generaies circa

perficies Curvas, which were published by Gauss at Gottingen

in 1828. That great mathematician and philosopher was con*

tent to prove the last-written equation by the usual formults of

spherical and plane trigonometry ; but, however simple and ele-

gant may be the demonstration thereby afforded, it appears to

me that something is gained by our being able to present the re-

sult under the form recently as^li> I^L^^ (at the end of art. 522), as

an identity in the quaternion calculus.

626. The following is a still easier way than that adopted in

art. 624, of deducing from quaternions the fundamental formula

which expresses the cosine of the side of a spherical triangle, In

terms of the two other sides, and of their included angle. Taking

the scaiars of both sidt^s of liie identity,

vie find at once, by this calenlntt the cqmtiim (oompan 8X9%

520),

a p a P «

2m2
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where, by oar principles of interpretation,

p a a

TV^»»ina, TV<^-8inc,
P «

P «

80 that we still arrive, as before, at the well-known result^

cos b = cos a cos c + sin a sin c cos

It may be added that, with the same meaniogs of the symbols,

the following equation in quaternions holds good, and admits of

being eztensiTely applied to questions ofspherical trigonometry

:

V. 7j3 . V. /3a " sin a sin c (cos + /3 sin) B\

where it is understood that

(co8 -I- /3 sin) J3 B cos B -I- J3 sin^

:

.and the rotation round from a towards -y, is supposed to be

positive. If, on the contrary, the rotation round
ft

from y towards

o were positive, we should then be obliged to change the sign of

/3 (or of B) I for we have generally, by 523, 512,

V (V. . V. pa) » - . -ylBfl - /3b . ap-y,

and this last scalar fiictor S . o/By would be negatire (by 512) in

the case last considered. At the same time we see that we may
write, subject to this last condition respecting a change of sign,

S . a/^Y » sin c sin a sin

which expression for the scalar part of the product of ihxvc unit

lines might be eiiiployed to reproduce (by 51!) a known value of

the volume o/an oblique parallelepipedon. We find also the

following expremonjbr the trigonomeiric tangent of an angle ef

a spkerieal triangle^ in terms qfthe vectors ofthe three comers^

tan a^y = tan il«/3->- (V. .V. /3o).
8

' 527. Another fundamental connexion of quaternions with

spherical trigonometry may be more clearly understood after a
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few observations on their couiiexion with plane triLroiiometry, or

rather with that weil>kuown doctrine of Junctiom of anyles^

which some writers have named gomcmetry.

Suppose then that we had oot yet heard of the functions

cosine and «ifie, but had in other respects acquired a knowledge

of the principles of the present calculus, as hitherto set forth in

these Lectures : and let n, /3, 7, . . . i, denote any unit vectors,

and t any scalar ex|)oii( iit (ponitive or negative). Thii powers a',

. . . are seeri (by the Tliird Lectur*;) to be all versorsy and

by the symmetry of space the^ scalarparU muii be equal ; thus

we may write,

f{t) denoting here some scalar function of t. In feet, by articles

86, 407* if

X.ifK«>X'-}-X% where i j. k, X' | k, \"± t, X*± k,

we have

Sw*«XVS V.i* = XV';

and the scalar (juorient X' -f- ic dt pciids only on the angle

(=/ X 90°) througti wiiich A has revolved from k- in a plane per-

pendicular to I, and not at all on the plane of this rotation,

nor on the iniUal direction of the line. We see at the same

time that because 1, k» X' compose a rectangular system, or be-

cause the rotation from k to X has been performed round 1 as an

axis, we must have

V.iqi, 0 = V.iV.t'.

Hence

V.i<'^.iS*iS V.t'»iS.i'-' I);

and we have the general transformations,

Also, by 89, f and are conjugate versors, and by 408, K • 8•V

;

hence

«-'=/(')-!/ ('-

U

Thui/ifl an even fiinction.
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as indeed its geometrical nature as the quotient X' -s- k might at

once shew; also because » i^«t» 1| we have

/(0)«1,/(1) = 0, /(2)— 1;

and more generally

/(2+o-/(2-0«VW;
it b therefore sufficient toknow the system of the pontire and

creasing aloes ofthe function /, from I - 0 to f« 1 ; oreven from

^-O to t = ^f because by multiplying together the two conjugate

vereors i', r', or by taking the tensor of either of them, we are

conducted to the functional relation,

{/(0)'+(/(*-i))'-i-

Bat again, if u be any other scalar, we have, by 117, 160, tV«
1***^, and therefore the two functional equations hold good,

/(« + 0 =/(«) /(O -/(« - !)/(' - 1).

+ 1) ./(«)/(< - 1) - i)A

of which indeed the latter can be ^lerlTed from the fomer» by the

consideration that/(^ - 2) = -f(i). Hence

/(«0"(/(0)*- - 1))% 2| /(Ol*-

1

and, therefore, at least within that range which gives a positive

ndoe

Thus, from/(2)-- 1, we might infer /(i)«0, as before; and

thence,

/(i) - V i. /(i) - 1/ (i + i i ).

and might so calculate and iabuktle a system otapprosamaU mi*

mericdl vabteg of the function : in doing which we might assist

ourselves by many artifices, not necessary to be stated heto.

And thus the fnnctton /(O* or S . i*, would come to be nmrnetf^

call}/ known. You will easily see that the same principles give

expressions for funcduus of multiples^ analogous to the usual

formulae for cosines and sines of multiple arcs : the principle
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being here t&t at least for any wkoU value ofn (compare the

Fourth Lecture), (i*)" = i"*, and therefore

(S.i«±V.iO*-S.e'-±V,i«.

528. If the increment n of the exponent t he treated as a

very small angle, the geometrical consideration of the small ro-

iatian answering to the verw i« woold give the two following

UmUi:

lim. tt-* (1 - S . i«) = 0, and Urn. n- ^ V. 4» - 1 1

;

where n denotes as usual the semi-circumference of a circle of

which the radius is unity. Hence

lim. u ' (i"*' - 0 = lim. II-
»
(4« - I) . *' - 5 ;

or in the notation of differentials,

d.i'-lt'^^d^.

Taking the scalars and vectors of the members of this formula,

we have the two following separate equations, of which indeed

the one includes the other

:

and because + 2)= -/(0> we have this differential equation

of the second order,

widi the initial conditioiM,

/(0) = l./'(0) = 0:-

fiom wbtefa might be infened tbe developemento,

s
. =/(o = 1 - (IJ

-2
+ (ij 2^74

:

If then we suppose it known from algebra (by an investigation

Digitized by Google



M6 OK avATiRVioirs.

mdnetod witbovt wf m of trigoROinetfj), tlMifibr every real

value of of llie ordinary algebtaicftl kind (any pofitive or Bcga*

tive number or zero), the series

Is equal to the af^ power of the base F (0), or of the known con-

ttanty

tf = l + l + i +^ + &C.

we may thus be led to eslablisii, by analogy, and as a de/inUioH,

the equation

where the second member is merely employed as a concise ex-

pression for the developementy

1 + (iir/i) + i {\icuy + jig + &c.

And to effect a complete agreement between the results ot" the

investigation thus sketched, and the usual language of trigono-

metry, it would only be necessary to write (compare 411),

or,

i^«coi*^+isin —

.

529. CuDBider now the formula of article 280,

y'Pi'a'— 1, ory«-«-^a».

Making, as in that article,

^-|jnr, B-iyi-t C»i2ir,

we have the transformations,

a*«C08il-i-a8in /i, JS* •> cob^ + j3 sin

and

t= cos (ir - C) + y sin {v-C)\

the fiNrmiilft beoones therefore the following

:
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co9(v-C) + 7ftin(ir-C)«(ca8£ + /3sii) li) (cos ^ -t- a sin ^)

;

and is now seen to include (as it was earlier stated to do) the

whole doctrine of spherical trigonometry. In fact, if we merely

take the scalar parts, and remember that S.a/3=-co8c» we

obtain ibe equadon,

- cos C = cos AcosB- cos c sin A sin B,

from which everything else could be deduced. The formula

howeyer giree also, by taking the vector parts,

7 «n C« a iin^ coe£ + /3 cos ^ sin B +V. /3a . sio ^ sin£ i

from which it follows that ij' three vectors be drawnfrom the

centre of the sphere^ one towards the point a, with a length

m sin cos B, another towards the point B, with a length

» sin B cos and the third perpendicular to the plane of the

arc ABt and on the same side of it as the point c, with a length

B sin Am B m Cy and if mth these three tinee as edges we
construct a parallelepipedoji, the intermediate diagonal will be

directed towards the point c, and will have its length = sin C.

The addition as well as the multiplication of quaternions, and

the distributive as well as the associative character of such mul-

tiplicatiottt may also be illustrated generally by spherical trigono*

metry, and may be employed to furnish theorems therein*

030. Perhaps it may not be improper here to mention the

process by which, so long ago as in October, 1843, I was con-

ducted to results substantially agreeing with those of the fore-

going article, but obtained in a quite different way.

At that time I had been led, by a train of speculation too long

to be here described, to establish : Ist, The fundamental quadri'

nomittiform of the quaternion (see art« 450, &c.),

q^W'¥iX'i'jif'¥kZf

with the geometrieai interpretation of the trinomial part, ix ^jy
+ hz, as denoting (see arts. 17, 101, &c.), a directed right lint ui

space ; 2nd, the squares and products ofi^j^ k (see articles 75,

76, &c.), which may be collected as follows in a symbolical mul-

tipUeaium table, and illustrated, as regards the cyclical character

the products^ by a diagram, fig. 101, as follows

:
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muvttmoAMD,

•

t
•

h

DLTIPLIEB.

m

t -1 •

m

-k -1 •

t
BODUCT.

n
k

• -1 -I

Vlf. lei.

each symbol, t orJ or k, when multiplied into the one which cy-

eUeaUgfoUow9 Up giving a product which/aUmo» the muU^tU^
eandp in the jamc qfcHeal meeeishiif but the ofthe product

being changed^ when the turder of the fiustort u reversed ; Srdt

the distributive principle of multiplication of quaternions (see

arts. 455, &c.)» whidi ^ave (compare art. 489) the associative

principle also, because this latter priticiple was seen to hold good

for the multiplicatious oft,^', A, among themselves ; but 4th, I

had found it necessary (as already abundantly iiinstrated) to re*

/cd the eommutaivoe property of multiplication, except as be-

tween the ordinary reolt of algebra, such as thefour eonstitoenCs

a;, y, of the quaternion (or between the old and ordinary

imaginarits of algebra, which however I diti not then L"m[)loy) or

as between such a real and any one of my new imaginartts (as 1

then called them, on account of their squares being each equal to

negative uniig), namely the three symbols of my new system

so that «y •yjE, aad«t»t», although in this new calculus

531. With these preparations, it was easy to conclude that

the product f q . of two quatemionSt was e^uai lo a ihtrd qua*

tenUm^ q% such that if

q ~w-¥ix-\-jy-\- kz^

^ m w + ia/ +jg •¥ hz\

then (compare 508) the four following relations betwet;n the

twelve constituents hold good

:

Digiii^uu L>y Google



LBCTURS VII. 539

w*- lew'- xsf" yy-
x" = wx 4 xw T yz - zy,

y = + yid + zx' - a;^',

2f"s lair' + zw + - ya?'.

These gare, by ordinary algebra, the equation,

wbieh, as a dtcompotUum ofa mm cf/our squarei uUo twoJm>
iorSf ofwhich each is iUelfthe sum offour sguareSf had been

(I believe) anticipated by the illustrious Kuler, although 1

had not then heard of its being known, nor have 1 since met

with the paper, or passage, iii which the theorem was given by

him. This opened a connexion between quaternions and the

THEORY OF HUMBBRS, by means of sums of squares, which was

soon happily followed op by my friend Jobn T. Glares, Esq.,

with whom I had long been engaged at ioteryals in a corres-

pondence on the subject of imaginaries, and to whom I had re-

cently communicated my results res|Kctii)g quaternions. He
found, for sums ofeiy/U squares, and tor certain octaves , or octo-

nomial expressions^ connected with a system of seven distinct

imaginaries, results which he sent to me in return, about the end

of 1843, and beginning of 1844, as a sort of extension of my own
theory, in letters of which 1 have elsewhere placed the substance

upon record. But it is Impossible for roe here to attempt to do

any kiiui of justice to the talents and caiuiour of the many able

and original mathematical writt'r*^ in these countries, who have

been pleased to acknowledge that some subsequently published

speculations of theirs, on subjects haying some general connexion

with or affinity to the present one, were, more or less, suggested

or influenced by the quaternions.

532. Resuming the account of my own inrestigations, I may
mention that I was led, by the lately mentioned relation, ht tween

sums of squares, to assume a system of expressions for the consti-

tuents of a quaternions of the forms,
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If
- ft sin 9 Mn ^ COS ^,

«^/t£ sin 0 sin ^ sin }pf

and to call fi the modulus^ B the amplitudet ^ the colaiiiude, and

^ the lonffOude^ of the quaternion ta4-la;-)-^-(>A2. The wordb

«« moduluB" and amplitude*' were suggested by the correspond-

\ng phraseology of M. Cauchy, respecting- the ordinary imagtna-

lies ot algebra; 1 have since come to use habitually, as in ibis

Course, these other names, " tensor,** and angle " With re-

spect to the two angular or spherical co-ordinates, ^ and which

mark the directum of the axU of the quaternion, or of the vector

part ix+jif'¥ kZf the motives for calling them as 1 did are evident

The suggestion of calling the four reals^ Wf consti-

tuents*' of the quaternion, I took from Mr. Graves ; the interpre-

tation of the three co-eflScients of i^j, k, as co-ordinately was one

which, from the first conception of the theory, occurred to my-

self. Thus the modulus (or tensor) was -the square root o^the

turn of the sgwtree oftkejitwr constituents ; and the relation be-

tween such sums of squares came to be expressed by the follow*

ing very simple formula,
n t

which I called the law of the moduli. It has presented itself

in these Lectures (see arts. 188, 208), under the form of the

theorem that the ** tensor of the product is the product of the ten-

sors" as expressed by the formula, Tn nT: for, by 409, 507,

Tj- T + ix -i-Jif+kz) + as* +^ +

533. liif roducintr the recent expressions for the coiislituents

of with analogous eiipressions for those of (/ and q\ and divid-

ing by ft^* or by fi, the expression for w" (in 531) gave me,

cos $f' - cos 0 cos ^ - sin 9 sin &
{
cos ^ cos ^'

+ sin ^ sin ^' cos -^')\»

Btut also the expressions (in same art. 531), for w\ x% y% z%

gave

iv'w " + .rV+ y'f/" + z'z" = w + a - * // f ; -),

ww" + xx" + yy" + zz"-^ {w' + a^* + y^ + a:-)

;

and therefore

Digitized by Google



LSCTURi nu 541

cos 9« eo8 9* COB (T+ sin 0^ tto IT"
f
CM ^' cos

+ sin ^'sin cos - 1^*) )

,

cos 0 = COS COS 0 4 sill f^'sin 0 (cos ^ cos ^
+ sin ^" sin ^ cos (ip" - ^) ) •

And hence, by tm'ji^ a$ known the two equations of spherical

trigonometry)

cos b » cos c cos a -f sin c sin a cos J3,

- cos C= cos A cos 5 - sin ^ sin 7? cos c,

(which, in ^/it« Lecture, have ^een on the contrary deducedfrom
guatemions^ in articles 524, 526, 529), I concluded that if ^,

jff were regarded as the spherical co-ordinates of one point b on

the unit sphere ; 0', }p\ as those of a second point r' ; and ^% yp"

as those of a third point r"; which three points r, r', r" might

be called (compare 225, 2G4, 361, &c.) the representative points

of the three quaternions g, q\ q" : then, in the Sf)herical triangle

ar'b", the angles were respectively equal to the amplitudes ofthe

twofactors^ and to the tuppUment of the amplitude qfthe ptth

duct : or that in symbols (compare 265)^

the rotation round a from r' towards r'' being also found to be post'

five (272). At the same time, or rather indeed a little earlier, I per-

ceiv ed that the three relations between the nine angles 0, ^, , (I', i^',

\f/, &\ (f}".
might bo interpreted, ofi similar principles, assii^nify-

ing that it, with the ampiittidei, f>, W^, B\ of any two factors and

their product, as eideSf we construct a spherical triangle, the

anffU oppoeite to the amplitude qf the product will be the

supplement ofthe inclination ofthefactors (or of their axes, or

vector parts) to each other ; and that the antj/le opposite to the

amplitude of either factor will be the inclination of the other

factor to the products These and other coiniected results were

communicated by me to the Iriend aheady mentioned (Mr. J. T.

Graves), in letters of October i7th and October 24th, 1843,

which have since been printed in the Supplementary Number of

the Philosophical Magazine, for December, 1844, and in a note

appended to the Essay, entitled Researches respecting Qua-

ternions, 1 iiht bi^ries," in the Second Part of the Twenty-first

\ oiume of the Transactions of the Koyal Irish Academy. (The
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theorem last stated may be illusirated by inspection ot the tri-

angle KLM, in Rgure 51, article 266.)

534. Another early and more general result of this Calculus,

connected with tj^heriaU poiffffonSf was obtained nearly as fol-

lows. Let E, k\ r" be any three points on the sphere, for which

the rotation round b from r' towards b'' is positive, and may be

denoted by II* Then the rotation R round r would bring the

arc RB'to coincide in direction with the arc rr "; and the supple-

mentary rotatiuii, TT- R, round the same pole ii, would bring the

prohngation of the arc &"& to coincide in like manner with the

arc rb' in direction ; or would bring the positive pale p' of the

arc r'r to coincide with the positive pole ¥^ of the arc re'; that

is, the pole p' of the preceding side of the triangle r*ee' to coin-

cide with the pole p* of theJblhwing tide. Hence it was easy to

infer, that it
j 'i"> denoted the three unit-lines, (iiavui horn

the centre of the sphere to the points R, p', p', we must have the

equation,

V . B cos £ + u un B ;

the amplUude of the quaternion product of any two such unit-lines

having been previously seen to be the supplement of the angle

between them (compare 87) ; and the aade of the same product,

or the part of it involving t,^. A, having been also seen to be di-

rected towards the positive pole (in this case r), of the arc drawn

from the representative point (p') of the multiplier line, to the

representative point (p") ot the multiplicund line (corti pai t nirain

87). In like manner, if rrVr". . R^"**^ be any spherical polt/'

gon, and if the positive poles of its it successive sides rr', n'R%

. . . R<«-*> B^"-*>, R<***^ R be denoted by p", p'', . . . p, p', while the

angles R * • and denote respectively the rotations at

the corresponding points, from rr' to rr<"~^), from rV to r'r, . .

.

and from r<"-'>r to Rf"*»> r^"'*>, which rotations may be conceived

for sim|ilicity to be each positive and less than two right angles:

then the same reasoning shews that, betjides the lately deduced

equation, we have also these others,

iV Iw^^ cos i2' + i»- sin ii', • • . I, V- cos + sin R^"- »)

;

and therefore, by the associative principle ofmultiplication,
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(cos R + 1, sin R) (cos R' + sin 72')... (cos

became t\ » tV" t*»» 1-

635. We have assisted our conception of the foregoing pro-

cess and result, by supposing that the n rotations, R, R\ &c.,

are eaeli positive, and less than tt; but it is not difficult to inter-

pret the formula above obtained, when those conditions are not

satisfied. Thus, for a spherical triangle, the theorem is^ thai

(cos R + ?» sin R) (cos R'+ tV sin R") (cos R" + v sin = - 1

;

where if we change i2% Bf, Ru^ A^B^ C, and the corresponding

uniulines t>, t» to a, j3» the formula becomes

:

(cos C -i- 7 sin C) (cos ^4 /3 sin B) (cos ^ + a sin « ~ i

;

the rotaUon round y from |3 to a being here supposed positi?e, so

that we fall back on the case of figure 66, art. 280, and through

such transformations as those of art. 529, on the formula.

But if we suppose that a, /3, 7 take the places of r'a, t^, f«''» in

the formula of the present article, the rotation round y from ^ to

a being HUl positive* and therefore that round a from j3 to y
being negative, we must substitute, for the roiaihiUf 72, Bf^

cither values greaUr ikon two right angles^ such as

J2-2v-^, ^»2ir-B, Jr«2ir-C;

or else negaUoe vahtet^ such as

2J — ^ " — J?, ^* — C,

still denoting^ the rotation round the point R from Rii to rr",

&c. Thus, in this case, the general formula becomes,

(cos if - a sin^ (cos B - /3 sin B) (cos C- 7 sin C) I,

or
o'^-yy-'— 1;

but these last equations are equattp true with the foregoing, and

are indeed coMe^neiices of them. When the theorem has been

in any manner established for a tHangie, it is easy to extend it

to a polggoHf by breaking up that polygon into triangles, having
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any common vertex on the sphere ; and in faoi it wae thus that I
wa» first led to pereeiFe it*

536. With the same sort of use of ecalar exponents, anci ot

pawere of mui'KiteSf we may express the general theorem as
follows

:

oi:,-' ... a,"' ai"' a" - (- !)•;

where the sealars a» Ou . . a».i, represent the positive or nega-
tiye numbers ofright angfles eontfuned in the respective rotations,

round a from a„., tuvvaals a^, round Ai from a towards Ai, &c.,
and finally round a„., from a,,., towards a. It is not ditficult to

find a polar transformation of the theorem, in whick etq^piemeiUe

of sides shall take the plaee of angles: nor again to transform the

result so obtained into another involring the tidee themeelveet

which, also holds good for any spherical polygon, and may be
otherwise and more immediately deduced f^m the identity of ar-

ticle 345, or from the following :

a a«-i Qi I

In feet, if we make

a «i On./
and

w a w at

where a* a,, a*, . . . may be concMved to be n unit vectors,

terminating at the corners a, a,, a,, . , of a polygon, of which

the sides aa,, AiAj, . . contain respectively bi, . , quadrants,

while j3,/3i, . . are n other unit-lines, terminating at the positire

poles of those it suecessitre sides, we shall have the transformations,

a Oi

and finally the equation

:

Indeed an equation with the same geometrical signification

might have been obtained from the first formula of the present

article, by transiorming it as follows

:
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But I leave il to yourselves^ as an exerciie» to demonstrate this

agreemeot of meaning.

537. All the powirs that have been hitherto considered in

these Lectures have had scalar exponents, with the single ex-

ception of the power in article 528, which had e for its base, and

a vector, namely, for its exponent. But if we now dejine

that for the *ame base, and for ant quatbbnion, as expo-

nent, the sjfmbol at of the power shall be imtbrprbtbd as a con-

eise expruiumjbr the serieif

we shall not violate any conditions hitherto establishetl, but sliall

on the contrary be able to give useful extensions to results

already obtained. It may be proper however here to shew that

this seriesy so well known in the algebra of ordinary reals and or-

dinary imaginaries, is, in this calculus likewise, eonocrj^en^ ; and

that it gives an absolutely dbfikitb quaternion as its value,

or as the lifnit to which it tends, when continued indefinitely far,

the quaternion q being supposed given. In other words, if, in-

stead of the infinite series above written^ we consider ikejiniu

developemenif

it is to be shewn that, for sufficiently large and increasing valuM

of the number m, the function F (q) is very nearlp equai to a

certain definite /imt^, ivhieh may be denoted by V»{q) or by
F(^) ; or that the scalar, vector, and tensor, of the variable qua-

ttrnion F (q) - F« {Vy ), where F (*/) is a certain jixtd quaternion^

converge each separately to zero : in such a manner that

S(F2~F«j)and V(F^-F,^),

may be made, respectively, as email a number and ae ematt a

line as we may desire, by taking ior m a butBcientiy large wiiole

number.

2n
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538. Let there be any two quaternion*, q anr! r. and lel ns

seek the tensor of their gtim, Bj priocipiet oi Inuislonaatiim

aiready ex|ilaiiie4, w« have

T(r + ^)»-(r+y) (Kr+ K^) = Tr» + T^ + 2S.r%
«Tr«*T7»- 2TrT9 SU . rK^

« (Tr + - 2Tr (U SU . r

- (Tr - Tqy + 2TrlLq (I + SU . rK^>

;

and the scalar of the Tenor of a qaateniioD, being equal to Uie

cosine oi iu aiigie, canrot fall outflide tbe limits ±\\ whence we

derive these two important ineqiiaUtiea»

T(r+^)>Tr+T^, T(r+^)<t:Tr-Ty,

In wordfy the iengor of ike mm ofany tiro qvaUrmkms eatmoi

hegreaier ikon thenmt nor ie$t ikamtktdifftnmee^ ofiketemwro

of thou two quaierniouM themwehei* Heooa for any number of

qnatenilonty ike tensor ofike <hhi cannot exceed tke enm of ike

tensors; or in symbols,

639' It follows benee that, in the notation of 637,

T< F«..(^) - F« (9))> (T^) - F. {Tq) ;

but if we take

m> 2X^-1,
we thall have

^h" < if (Tg) - F» (Tq)

<

—

.

mil ' m^n "
. ^ ''^ *^ 1.2. 3. .as

Again, let a new whole number be takeo, greater than 2Tq- 1,

nod let at write

then for any whole number m^> m" we shall haTo

1 . 2 . . . m'
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SO that this term of the series F„(T9) will be Uss than any
GIVEN positive quantity, b, however smali^ if the nmnber m' be
so laken as to satisfy the inequality,

and everyfollowing term will evidently be still less, because

b

Hence, by the ariikmeiieai properties of the series, we have

Fn.n (Tj) - F« (Tq) <^ if« > m';

and therefore, by what was shewn in the foregoing article re-

specting the tensor of a snm, and by the inequalities m>m'
> 2Tg- 1, we have, in pasring to guatemians, the inequality,

T{F«,.(y)-F«(j)J<^ ifm>fii',

however large the number n and the tensor Tq may be, and
however small the ywen and positive quantity b. Thus if the
number m be taken sufficiently great, that is, (fwe take a term
efficiently advanced in the series^ bui always at aJinite distance
/ram the beginnivg, the eum ofany number {n) of the quaternion

terms whichfollow it will have its tensor less than any given

snuiU quantity (Jb) : and consequently the scalar and vector parts

of the Mime quaternion sum of these n following terms, however
numerous, will each separately and indepetutently (Approach inde-

finitely to zero, since we shall have

The series does therefore converge, as was asserted, to one defi-

nite quaternion^ Foo(^) or F^, as a limit
;
of which quaternion

^scalarpart SFg, must lie between SF., (9) -6and BFm{g)+bf
and can therefore (theoretically speaking) be calculated within

any required degree of numerical accuracy, by calculating

SF« (7) ; while the vector part VFq, of the same quateruion

limity ifdrawn as a riyht line from the origm of vectors, must

terminate on some point in the int£Riok of a vbry small
2 N 2
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8PBBRI ; ike veeior ofwkote eenire unmld be the aeeignabk Ikm
VF., (q)f while its radius would be theproposed small quantity^ b,

540. Consider next the the function,

F« + J)t ioppowDg rg - qr.

Under ikie camdUian qfeammuiaiwemees^ we eheli hxre ia

1.2.3. .fii \l.2..pl.2..«/*

where the exponents fi and p aie eaeh < o» ^M, andp + n»m*
Ueneet if we write

the difference will be developed into a polynome contaioiog

i>fi [m+l) terms of the form just written, but with the conditions

that each of the exponents 7i and p shall now be > 0, :J> in, and

that p + n>m. By 538, the tensor of this polynome cannot ex-

ceed the sum of the tensors of its terms ; and therefore

T*^ 4> F« (Tr) T^i Lq) - F«» (Tr + T^),

beeanse T (rPq*^) = (Tr)P (Ty)". Again the developement of

1 2w ( 1V+ Ty) contains all the terms of the developement of the

product F„, (Tr) . (T7), and other positive terms, in number
» m (m + I), besides; therefore

< F„ (Tr+ T^) - F« (Tr+ Tq).

Hence» by the foregoing article,

Tsm < 0, it in > m ;

that iSf by the present article,

T{F,(r)F,(^)-F,(r+^)j<6,

however small the given and positive quantity b may be, if tlie

number m of the terms in each of the lliree limie series F„ (^),

Fai (r), Fn (r 4 9), be taken large enough. But the smallness of

a tensor infers the smallness of the scalar and vector also ; thuS|

at the limit m « oo, we find, rigormufyf for qaatemions as for or*

dinary algebra^ bui bHU huS(jeet to the emditum qfcommittaim'
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n€S$f that the well-known series abore mentioned poiseflses the

BXPOMBMTIAL CHABACTBR : Or in •ymbols, that

process would be inapplicable, and the result would cease to be

true. We should find, for instance^

F, (r) F» (9) = 1 + r + J + i (r- + 2rq + 7-) + i (''V + ^9') + i^'t J

F, (r + ^) = I + r + 7 + i (r- + r</ + <7r +
;

#i-F,(r)F,(^)-F,(r + j)-i(r^-flr)+i(r»^ + rj») + ii-/;

but Ms expression for the difference contains a part, namely,

whieh had not preyiously presented itself, bnt which we are not

at liberty in f^enerdt to reject. We cannot therefore say, withatU

rentricUoHy in quaternions, that

we must add, as before, the condUion,

It is worth noticing, however, that although the expressions,

r + 7, r» + 2rq + q\ r* -f 3r*q + 3ry» + q\ &c.,

do NOT geMraUy^ in qwUtrnumB^firm a bbribs op fowbbb of
aqmUmUmt such as

^fieienJU qf«S —,— &c., tii th€ devehpemmi qfa esrtmn pbo*

DUCT OF TWO BXP0NBNTIAL8, namely, the product e^ e^, if«

be a iealar. Thus, under this last oondition, we may write, as

in the ortUnary differential calculus, for any positive whole num-

ber n, if« be supposed to vanish after the differentiations.

if r^^^r, or if V(Vr.V<7)-0.

n(n-\)
2
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aliliougli the second member of this formula is not, iu qwUeT"

nions, a general expansion for the row bit (/ -r y)".

542. A scalar w being always commutative in multiplication

with a vector p, the theorem of art. 540 gives the foUowiog jfewe-

ral decompoiitiou of the function F into two fiictors,

Here the factor ¥Sq is always a positive scalar (as appears from

the ordinary algebra of reaU), and is greater or less than unit^r

according as is positive or negative ; in foctf

tlie letter 1 hflng here used to denote a loyarithu of tlie natural

or Napierian kind. On the other hand, because ( Yq)- = - (T Vy)*,

the other factor FV^ is always a pure versor : for we have the

following scalar and vector parts of its developement,

SFVq - 1 - 1 (TVy)H (TV^y - &c - cos TVy

;

VFVy«UVj?.lTV^- J^(TVy)> + &c.)-UV^.sinTVy;

whence

FV;-(oos-hUVesin) TVj-(UViy)^"'»^f

;

so that

TFV^ = 1.

Hence also generally,

TF^-FS?; UF^?-FV^; ITF^^S^.

543. The function FVq is ti periodic one, in the sense that

generally,

F(V9+ i wV Vj) -U . FV^;
which gives

F(V9 + irUV^) = -FV^.

In fact U is commutative in multiplication with V^, and

F(iirUV^)-cos2 + UV^sin j-UV^.

We have tfaen^ for any whole number
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F(\g^nnU Vg) = (- !)• F V<^ j

F(Vj+2jiirUV^)-l' V^.

We may therefore atlil or subtract, under the functional charac-

teristic any even multiple of ttUV^, without making- any

change, and any odd multiple of the same vector, if we merely

cliftoge the ngn of ihe result. But by these operations, we may
be comidered as merely adding some eyen or odd miildple» posi*

tiYe or oegalive^ ofr toTV^. We have also,

- F - - cosTVJ -UVg sin TVJ = (cos -UVg sin) (» - T Vg).

Iff theoy any proposed venar^ Ur» have been In any manner

found, or put, under the form

Ur-FV^.

and if the vector Vg do not already satisfy the condition TVg
:]> ir, we can always prepare or tran^brm the proposed ezpres«

aion, so as to oblige that condition to be satisfied by a certain new

and suhsUtuied veetar^ Vg' ; namely» by subtneting * a sufficient

number of times from TVg, and then subtracting the remainder

from Wf ifthis number have been odd. In thia manner we shall

have,

Ur = FVg, TVg>ir, UVg =±UVg;

the upper or the lower sign being taken, according as we have

been obb'ged to assume

TVjf-TVg-aiMr, or-(^ + l)ir-TVg.

And in this prepared staiet if not in the proposed one, we are

allowed by the foregoing article, and by the definition of the

an(/le of a quaternion assigned in art. 148, combined with the

usual reference to a well-known theoretical unit ofangle (which

gives, as usual, 180''-ir»3*U159), to write

Zr = i:Ur = ^FVg'«TVg'.

644, From the periodieai character of FVg, which allows ui

(aa we have Just seen) to write

Ur-FVg-FVg',

without Vg and Vg' being equal, it might seem that the inverse
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fimetiomf F'^Ur, admits o£mare values tkam ome, or indeed

infinitely mmnf vaXu€9^ which would all equally well satisfy the

Jkndional equation,

FF-^Ur-Ur.

And this is true: but for this very reason, I propose to imdmeU

by definition, in the signification of this intbrsb function, F"*,

fomethtruj more, than merely its being obliged to verify the last

written equatiun. And the last article sufficiently explains my
motives for making ibe addilional condiium to be^

TF-^Ur>ir.

For thus we may write generally, without violating that defimiie

significaHm of the symbol i. q which was agreed on in the Foortb

Lecture, the equation,

iCr-^Ur-TF-»Ur.

Under the same conditions we shall have also, definitely^

UF-»Ur«UVroAx.rj

and therefore (compare 542),

VF-»r«F-»Ur-UVr.^r; SF-^r= F-»Tr« ITr;

and finally^

F->r-lTr+UVr,Zr.

it will be remembered that the leiifoi* of a quaternion is mver
negative in this calculus ; and therefore that the recent expression

for I r will never give a negative angle : a condition which was

in fact required, by the definition in 148.

54i>. The function, F"^r might be called the imponential

of r, because it is the inverse of the exponentialfunction F (or at

least an inverse thereof); but it may be simpler, and more con-

formable to analogy, to call it still, as in 542, the logaritbh,

or more fully the natural logarithm^ of the subject on which it

operates, although that subject of operation is now a^fna^emtbn;

and to write generally,

F"*r«logr; or simply, F"*r«lr.
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With this extended notation, the equations of the last article will

give,

Slr«lTr; UVlr«UVr; TVi/--2lr;

and thus the logarithm of a quaternion comes to receive (by

the foregoing conventions) the following generally d^nite value

:

Ir-lTr+UVr.zn

where it may be obeerred thai

UVr.2:r=Vlr«lUr; and that Ir-lTr + lUr.

Indeed the 07il^ tjicejdion to the dejiniteness of this expression

may f>e said to be the case where the quaternion r degenerates

into a negative scalcWy in which case (as in 149, &c.), its angle

hmwf and its am has an indeterminate direction ; so that if x be

any pantive Kolar, and r» -^ we haTe^ as in older tbeoiiet* the

Jhrmula:

lr-l(-«)»Lp+7rv'(-l);

but the symbol ^^l w here^ as in arts. 167, &c., to be interpret

ied as denoting an ar^rarp unit-line in space, I am of course

aware that hgariikms are by many writers interpreted as having

generally a certain degree of indeterminaHim ; bnt it has been

my object, in the present theory, to preclude^ so far as I could,

that indeterminatcness by definition : as has been done, in some

analogous questions respecting ordinary imogiimry expressions,

by M. Cauchy and Professor De Morgan. And I scarcely count

the hsforUhm pfzero as a case of indetermination, because its

tealar part is negtiUve irtfimty^

SlO--(i(>»

although no donbt its vector part is undetermined.

546. To exemplify the convenience of this generally definite

interpretation of a logarithm, 1 resume the consideration of

powers with scalar exj>onents, which were discussed in the Fourth

Lecture. You will find that we may now write, with the recent

signification of the symbols* for any such power, as in algebra,

the expression

;

r'-F(rF-»r)-e«^
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l!r-<lTr+UVr.|Zr;
therefore

and

U.c'^'-- (cos + UVr. sin) (/Zr)«U.f^,

with thai d0nU meaning of such a power a Bi^org*, which was
' assigned in the Fonrth Leeture. Again^ if we treat the positire

number e (more often perhaps now written c) as a quatemicm

with a null an^le, and subniit, it as such to the foregoing' gene-

ral rules, we shall have z e = 0, ie = F'^e = 1 ; and thereiore the

equation efi » may now be written as follows:

et-F(grF-*e).

Thus all the powers hitherto conndersd byiis are seen to beo0«-

Mmii with the first formula ofthe present article : abd ifwe now
txUnd ikaijbrmula defimiion^ so as to write, gmMraU$^

we shall hereby violate no condition already established : and

shall be able to interpret every such syiuhol as or to assigri,

generally^ a dt finite signification to a POWER, even when both
exponent and bate are quatbrnions.

547. As an eacample, if it be required to interpret the symbol

we have

Tj-i, Uy/-^, and therefore {;

a

whence the required value of the power is,

More generally, if a and /3 be any two rectangular vector unitit^

then

lo » ^ o, and a e»^ " /3a«

Again,

(Mput the resnlts will not usually be lo simple as thesa : and il nay
Suffice to remark here that

A Uigiiizeo by LiOOgle
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U*^'- F ^ .V. rV\q+Vr . IT^).

It once occurred to me that the lor/arithm of the tensor ot a qua-

ternion miji^lit be conveniently called the MBNSOa ot tbat quater-

niony and denoted by the symbol,

M<7.1Tg;

but I do not desire to introduce any unnecessary innovation of

language, nor to complicate the calculations with any new sign,

which does not appear to me to be of real and extensive utility.

The recent use of the notations F^, F~^^, for e^, 1^, has been

merely for temporary convenience.

648. We have seen (in art. 545) that the Ingarithm of the

versor of a quaternioD^ which is also the vector of the logarithm

of the same quaternion, is the product of axU and angU} it

is therefore the rbpbbsbmtativb arc (namely, by 216, a certain

portion of a grttU circle nf the umt-^herc^ rbctifibd, and

pkteed PBRPENDICULARLT TO TRR PLANR OF THR ARC. The
same constiiliction for riii-: i.ouaiuthm of the veusor of a

quaterjiion has lieen suggested to me by a certain process of de-

winiTK iMTfiGRATion, on which X cannot enter here. I must also

suppress all notice in this place, of the developemetUs qflogO'

rUkma of quaternions by #ertef, and of their other transforma-

tions.

549. But it may be proper here to shew how, on the fore-

going principles, a definiit luUt prttation may be assigned to such

a symbol as log,^. y'; or to the logarithm of a ijiven qunicijtion^

r^erredto a given quatkknion base, q. For this purpose,

I propose to adopt from algebra the formula,

log,.</=l^' -r \qi

retaining still the recent and definite significations of the sym*

bols 1^, 1^. In fact, if we call this quotient r, we shall have

Indeed it is true that this equation, (f = ^, is satisfied, not only

by the recent value of the exponent, r, but also by all those other

agnmeHls, r , which are included in the formula.

Uigiiizeo by LiOOglc
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For if we substitute any tttch value for r' (a being any wkoie

iiuiiiber)| we shall have

ai before. And if we should content oufael?e8 with establishing

the formula log. j^^-, where e'-g, e^»9'> without otherwise

restricting- the exponents s and Sj we should thus obtiiin, as the

general value for the logarithm of a quaternion q\ to a quater-

nion base q^ an expression of the form»

^V^'^" \q^2nwVVq'

involving a double indetermination, and introducing dipair ofar-

bitrary integers, as ill tfie results of Graves and Ohm, respecting

the general logarithm ot an ordinary imaginary expression re-

ferred to an ordinary but imaginary base. I prefer, however^ in

this calculus, to exclude tkie indeterminaiion d^nitUmf as in

some earlier and easier questions : and therefore afterftmmg (as

in 545) the signification of the naturai hgariihms, 1^, Iq'y I pr<K

pose to write definitely, as above,

log, .^=\q'^ \q.

Comparing the two notations, we might also writer

o

log, . ^ = log, . q.
o

550. If we adopt as definitions the developements,

cos^-l-| +j-i^-&c.; sin jf»^-^ + &c.;

and observe that

because q is commutative as a factor with UVy; we shall easily

find that whatever quaternion q may be, the two following ex-

pressions hold goody with the recent meaning of the function F:
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2 Bin . U - F . U Vj) - F (-^ U Vtf).

These finite ezpresalons suffice to de^u the tme and come of a

quaternion : and on the same plan we may write, as a definUioH

of the tangent of a quaternion, the formula,

^^^'1 (i^uv^) + F(-guv^y

with other analogous ezpressions, on which it seems needless

here to delay.

551. When a quaternion function Qq), of a souyht 'jnatcr-

nion (q), has a givenform {/), and a given value (r), so that we

have the quaternion equation^

we can always break up^ or at least conceive as broken up, the

one proposed equation in quaternions^ into four equations of an

orciiiia/y algebraical kind, involving they&ar sought eonstitueniSf

Wf X, of the sought quatornion q : and nay then eHminaie^

or at least eoneme as eliminated, the three scalar eo^dinatee,

Xt z, between those /our equations, in such a way as to con«

duct to one final and scalar equatiouy involving the one souyht

scalar, tv, or Sq : after resolving" which (if we could in all cases

do so), we might then proceed to determine x, and therefore

finally q. Or we may conceive that after forming the two sepa^

rate equations,

we deduce p - Vq from the second equation, in terms oi Sq^

and substitute its expression in the first equation, which is then

to be resolved with respect to w* Or the first equation may be

supposed to hepreviousfy resolved for u;, and the value of tcr sub-

stituted in the second equation, which thus becomes a vectorfor*

viula, involving one sougiit vector p. And instead of the single

vector equation \Jq- Vr, we may, either before or after the eli-

mination of t&, employ the following system of three scalar

equations^

S.i/^-S.icr; S.V^-S.Xr; S.^-S./ur;
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when KfXffi may denote any three aeeumed veciore^ whicfa do Dot

vanish, and are not coplanar with each other.

552. To fix more fully our conceptions, let the quaternion

functionfq be supposed to consist of soine Unite number of terms,

in each of which the sought quaternion q shall enter only as a

factor^ somefinite number of times repeated ; and Jet the fUgkesi

number of those times be n. The equation/q^rmay then be

called an equation {^tke degree in quaternions. For ezatnpley

bga + b'qa' + b 'qa -i- &c. » c, or 2 , bqa » c,

will be an equation of thefirtt degree^ or, 'as we may agree to

call it, from analogy, a linear equatton tfi quaterfUont^ what-

ever given r|iiuternions may be denoted by a, a, a , . . b\ b", . .

and c. Again the formula

or more fiilly*

a»qatqa + €i%qa\qBi + eCxqdtqa' -¥— ¥ bigb + bfiqb' -k^ b''xqb''

4* • • • * e^

will represent an equation of the second degeeb, or a a^A-

DRATic EQUATION lA quateruions : and soforth.

653. Now> upon substituting, on the plan of 551, in that

form of the equation of the degree whieh is described in the

last article, for the sought quaternion q, its qnadrinomial value

w + f> +jy + Az, with analogous values for the given quaternions,

a, b, Cy Sic.f we shall evidently break up that one pruposttl equa-

tion into /o?/r otli( is. lu fween the four sought scaliir.<{, iVy a*, y,

and some number of given sccUcurs^ which will not generaUg be

identical equations, and will til general be each of the proposed

(si<*) degree. Elimination between them will therefore generaUg

conduct, by known principles of ordinary algebra, to an algebraic

equation in ir, whieh has n^^&r the exponent of its degree : and

such will generally be the exponent also of (he degree of the final

equation in any one of the three other required scalars, x, y, r.

Thus a linear equation in quaternions has generally only one root;

but a quadratic equation may be expected to hare generaUg six-

teen roots (real or imaginary); a cubic equation in quaternions

must, on the same plan, be supposed to have in general eightg-one
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quaternion roots : and so on. It is, however, as we sliall see,

quite possilile to meet with pa/ (iculcr f<jutiii()iis of these degrees

which shall haveJewer quaternion rootSf or at least shall appear

to have fewer, in consequenoe of the absence qfcertain terms in

the component scalar equations. Thns thepatHcular doss of
guadraUe eqtuUioM in quaternions, whieh is of the form

and which hitherto I have chiefly studied, appears to have onfy

six roots (two real and four imaginary), as will be soon ex-

plained : but probably it should be said that the ten missing roots

are, for this particular equation, injinite.

554. Confining ourselves for the moment to linear equations,

or equations of theJirst degree, let us resume the general type of

snch equations assigned in art. namely the form,

'St.bqa^ci

where a\ b\ . • • and e are given quaternions, hut ^ is a

sought quatemioo. Taking separately the scalar and vector

parts, we obtain the two following equations

:

+ S . V/i -Sc ; iPn •)-V . 0} p -I- 2 (VaS .^ VftS . 0/)) »Vc;

where

A'-S (S6 Sa- S . V6Va)= SS . b Ka; $^ S (V6Sa- SftVa);

in deducing which expression for Vc, we have employed the for-

mula (520), with which it is important to be familiar,

Elimiitating w, and making for abridgment,

A (A'4 <^ « r, AVc- IfSc - 9,

we find an equation of the form,

Z . /3S . iif> +V . rp -= <r,

where a, a', . . . /3» /3^» • - and 9 are given vectors, and r is a given

quaternion, but p is a sought vector : and this appears to be

the most general possibleJbrm for a linbar and vbctob bqua-

TioN (or to imehtde aU posaiblefbrms of snch an equation). We
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•hall now proceed to retohe it, by means of that gmend method

which was alluded to at the end of article 513.

555. Operating by S.X» where A is an arbitrary ?ector, we
obtain the result

:

SX«r » S . X>, if X'- 2 . aS . ^X +V .«X, and «- Kr.

In like manner,

S .fia = S . fipt if /a' = 2 . aS . j3/i + V .

Uencoy if we so assume X and ^ as to satisfy the eonditton -

V . Xfi « <r,

we shall hare

S • Xp » 0| S • fi p - 0, and fffp*V . Xy,

where fii is some sealar coefficient. Now on developing this last

eetor of a product, and replacing V . X/i by ip, we find,

V (aa'S . j3XS . 0> + a'aS . /3'XS . /3/u) = V . aa'S . P'/3<r

;

V(aV .4/uS./3X + V.*X.aS.^M) = V.aV.«V.0<r;
V(Y.#X.V.#^)-S#V**<r-V«S.#ai

which last transformation may be obtained in various ways, serv*

ing as useful exercises in this calculus. For example, we may
observe that generally^ for any two quaternions q and r, we have

and that

^ («X . «X} = ^« (X«^ -/u«X) -^ (S -f V) (X#/i - fiaX)

;

where (because 9 «y. X/ii),

(Xsfi -fisX) = JS . * (/iX - X/Li) = - S . 5(T,

iV (Xtja>/i«X) »iV. X (a-f Ka)^ » e Sa;

so that

V (V . *X . V . = * (a . S# - S . a<r) »V . aaS« - V* S . «a,

as above. Or we might write,

V.aX«aX-S.«X, V.a/i«S.«/ii- K.ayi»S.#fc+Ai Ka,

and observe that

V • aX^ Ka« «tfK«, because V . aKa » 0, S . «vKa« 0

$
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and that

it being uii necessary to ])r( tix ilie sign V to this last expression.

For thus the proposed expresaion would be lound to become,

# (<rKt+V . <FV*) = «f» . <rK#+V . If(K#+ V«)
I
- * (<rS* - S . #<r),

and therefore equal to the expression already written. We havei

therefore^ by BumoiiDg the terms, and changing « to Kr, the

foramla

:

p « «•»V . XV» m"«
{2V . aa' S . /373(T + SV . aV (V . j3a . r)

+ SrV.<rr-VrS.ffrJ;

and it only remains to detennine the scalar coefficient m, in terms

of a, a, . . p, p\ . . and r, by substituting this t^ipression for p
in the linear equation of the foregoing article, namely,

2.0S .ap-fy .rp»tf.

556. Effecting this substitution, with analogous reductions,

and employing the first or both of the two identities of article 510,

ofwhich the latter may be proved to be correct by operadog on

it separately and successively with the three characteristics S . a,

S . /3, S . 7, the four following transformations are obtained, of

which it will be found an instructive exercise to examine and to

prove the validity

:

I. , pS . aaVS . + i3'S . a'aa^S . /3"j3<T + /3 "S . a aa'S . fi^a
= «rS . aa'a' S . /3"P'/3 ;

II., . aa V (V . /3'(T . r) + ft'S . a'aV (V . /3<t . r) + V . rV

.

iiaS . ^^a - aS (rV . aa . V . /3'0)

;

iii.,P(SrS.a«r-S.arS.«r)+ V.rV.aV (V.0<r.r)«

it (SfS . ra|3- S . raS . r0) ; and

V . r(SrV . •r - VrS . <rf) » »SrTr».

The coefficient m has, therefore, the following value:

« - S (S . oaV'S . /S'P'P) -- 2S (rV . aa' . V , ft fi) + SrSS . ra|3

-a(S.raS.r0) + Sri>'.

And the recent transformations suffice to pnve, d pofieriwi^ or

synlkeltcaliy, that ttuM this value of m, the iinear equation,

2o
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of article 554, is, in fact, satisfied by the expression assigned for

p in art. 555, as the analysis oi the last-cited artiele had given

us reason to foresee that no other value ofp (generally speaking)

could satisfy the same linear eqaatioo. j#

567. It is important to attend^ in all such formabe as Uieac^

to the mtaHon o/points employed; in virtue of which^ we ha?e»

for example, in the foregoing article,

V. rV, oo'S . j3'0<r- V[rV {aa'S O'0») J] :

while .such symbols as Sr, Vr, Kr, Tr, Ur, Sec, when thus writ-

ten without points, are treated, in their combination with others

or among themselves, as if they were single letters ; so that, for

Instance, in the last article, the expression SrV . or does not

mean 8 (rV (<n-)), but Sr x V (or) : also Sr* denotes (Sr)% while

S (r*) may be written asS » r*. (See the remarks made at the end

of art. 405 ; and the examples of transformation in art. 504.) Still,

from the properiits oj scalars^ this plan of notalion allows uts to

writOf

8 . . - S (ra) X S (r0), and V . roS .r^ - V (ra) x S (r^) i

though not^ in general,

8 . raV . r3- S (ro) x V (rjS), norV .raV. rfi -V (ro) xV (r/3).

A very experienced calculator might, perhaps, safely trust to his

recollection of his own meanings in any particular question, and

dispense with some of these precautions : but 1 do not advise the

•attempt. The mixiurt qfmuliipiieaiion with other irperatwtu of

this ealenlus might in thai case prodoee a eonfuHorij against

which it is prudent to guards by using a notation exemptfrom
amhi<juittj, such as I think the one above proposed will be found

in practice to be. It is perhaps unnecessary to state, that in the

snm SS (rV. aa . V. /3'/3), each combination of two pairs of vec^

tors, a» j9« and a« ^> is to be only once employed ; and tliat, ia

like manner, each combination of three sudi pairs is to be only

taken once, in another snm which eotets into tiie expresnon

of in.

658. To exemplify the general process above given, fur the
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sohtikm ofa linear and vectoy eijualwu, let U8 reuime tlie equa-
tion of art. 516, under the form,

V
,
/3pa» <r; or, /3S • o^+oS

.
/3/> -^S . aj3» <r.

Here

and the genefai fermula of article 666 becomes

IW/> = V. apS . a/3(7 -V (aV . ^(r + /3V . a.r) S . a/3 + a (S . aP)»
= V . a/SS . a/Ber + (a S . /3(T + j3S . a(T - (tS . a/3) S . aj3

beoauae in genend,

and

But also in the general formula of 556, we have now,

2S . aaVS . fiT^fi - 0 ; SS (rV . .V . /3'/3) - - S . a/3 (V. a/3)'

;

SrSS . r«i3 - 2 (S . a/3)' ; 2 (S . roS . r/3) = 0 j SrTr* = - (S . a/3)'i

therefore

l liub ill the present question, our general method gives,

a<ya-'-h/3(T/3-^

which may be verified by comparison with the result of art. 516,
At another verification, we may observe that this expression for

pgires

and that

V(<fa/3 + a/3<r) = V • (a/3 + /3a) = a (a^ + /3a);

eo that

V.^pa = V . ap^ = a, as was required.

559. Again, let each « and /3 vaaisb, in the general form of

recent artidei^ so that the linear equation becomes simply,

2o2
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564 OH QUATBRNI0N8.

The general solution gives then,

p8rTr* = SrV . «r - VrS . or

;

or, muking Sr = g, Vr =

^ 7*) P - ^V . 7* -yS . 70

;

which agrees with a result already obtained in art.514y where X
and q were written instead of a and r.

560. As an example of the general process of art. 664, let

there be proposed the Hnear eguaUon in qmtermomt

Here

a« 1, b*^ 1, a'«6, . . . . «0,

and the two equations between which is to be eliminated

become,

giving

o . \ cSb - V6Sc
p-ao«ap«9, wnere a»-o,y

Cdhnparing this last Hnear and vedar equation in p with the ge-

neral form of art. 554, we have

^e-a, a-. •••jS'- . ,-0, f-l;

and therefore, by 555, 556,

p - m-» (it- ttV . a<r) - (1 - o»)*» (<r - aV . a<r)

;

an expression forp, which in fact is seen to satisfy the last linear

equation, and which gives,

2pS6 ( S6«- VA») - Sb (VeSb - Sc) - V6V. YbVc
= (S6» ~ V6«) Vc - V6 (S6Sc - S . V6Vc)

;

or because ~ ¥6* » » 6K5, and SbSc - S . VbYe- S .cK^

Hence

2S6S . = S. VZaVc - YlrS .cb-';

2w^* = SiSc - S . V^Vc + V6«S . cA:» - V6») S . c^-^

and finally,
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t0» . cb-\ because W+Yb' ^ SbK

Thus the solution of the proposed equation bq + gb'^^c (where 9

« i£7 +
f))

may be thus written :

Accordingly,

bYc + Ycb - 2S6Vc + 2S . YcYb = 2cSb -2S.cKbi

and

(bKb+ Kbb) S .c6-'- 2T6'S .c6-* » 2S . cK6;

so til at the expression found for the quaternion ^ does^ in fiiet,

satisfy tbe linear equation proposed.

561. Or we might have bef/un (compare the t^rciieral remarks

of art. 551) by eliminating p instead o(w^ between the two equa-

tions^

wSb + S.bp'' iSe, wYb + pSb- iVc

;

and thus have found, more rapidly,

2«^T^- S4Se-S . V6Ve- S

.

eKb, w-JS

.

eb'^;

after ivbich we might at once have inferred that, as above, the

linear equation bq+qb^c gives,

2^S6 = Vc - YbS .eb-\ 2qSb = Vc+ K*S . eb'K

662. When an equation is m> simple as the one last treated,

Uss general meihoda may often be conveniently employed. As

an example, let us take this other linear equation,

aq + qb'^Ct

where abc are three given quaternions, and 9 is a sought one.

Multiplying separately by Ka, ami nUo b, it gives,

Kaaq^ Kaqb^ Kae\ aqb + qi^^dn

therefore adding and observing that Kaa » Ka . a = la', Ka + a

- 2Sa, we find, after a division,

Kae-^eb .

And if we here change a to we fall back on the equation bq -t-

qb^Ct and obtain, as a newfirm of lie solution, the expression,
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^.il^ilfi, because T^4^-fS6S6-fr(K^<f6+2S6)-4^.

Accordingly)

i(Kte -f eb) - eSh W.VeVh ^Veb + S.eK6«. (Vc+ R6S . eb'^'^ ;

so that this article^ like the two foregoing ones, gives

S^S^* Vc+ K6S

.

cb'\ if 69 + 96 • c.

Or, again, we might infer from this last linear equation, that

- c6 - - yA» - 2V (V . ^ . V^) - 4S6V . ,

and therefore that

(A^-j&)S5-V.V6Vc;

whence 2^686 « cS6 + V . VcV^ -
1^ {cb + K6c), as above. And

other modes of solution, and forms of expression,may be assigned

with nearly equal ease. Of course it is only practice which can

render you expert in such transformations as these : of which,

however, the prin^ies have all been stated already in the pre-

sent Course of Lectures.

5(33. The general linear and vtctor equation of article 554
may also be treated as foliowh. Making, as in 559, Sr»^, Vr
" y, and writing, for abridgment,

2 . j3 S . a/0 + V . -yp = ^pt

where is a new distributive and vectof function of the eqoft-

tioD to be solved beeomea

^p-^gp- art or more concisely, + g)p = a;

and we are to seek the form of the following tuverseJmeHmtt

P*(#+y)"^^*^**^f if ^•'^ + 5^.

Operating with 0, and making reductions analogous to iLoae of

recent articles, we find,

p +pSS . a0, if p' « V. yp - SV . «V , j3p

;

^/)' = p" + P ( SS (V - «a . V . /3/3') + SS . a-y^ + 7» )

,

where p" = SV . aa'S . /S'/Bp - 2V . a V . -yV . j3p - yS . yp

;

and finally ^p*« -.ftp, if we write

11 - SS . qoVS . Pi3'/r+ 2S (yV . «a'.V . /3i3') + SS . «y8 . ^y.
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If, liien, we ako write,

fi' 28 (Y . .0 /3) + 2S « a/3Y - 7% It' » - SS . a/3,

'W6 shall hare,

and thereforet

or, abstractingfrom the operand vector p^

564. Here, then, is a certain symbolic and cubic equa-

tion, which i^iefunctional characteristic ^ must satisfy: and it

is clear that the comMcUd charaeUrutic ^i^^-^g) most tatisf|r

the emmttUd ciiMc,

0 «^ - m"!/** + m'l// -ai,

or

where

And thus the proposed linear equation in p is resolved anew, by

the assigning of the soughtform of the inverse function^ \p'^ iot

by shewing what the direct operations are» of which that inverse

operation is compounded.

565. The method of the two foregoing articles gim»

tap = mi^- »a » (in' - w"^ + a • o" -ga + ^'a,

where (by 563),

q" = {n + w"^ f ^

- SV . aa'8 . |3 /3(T - aV. aV. yV. - 7S . ;

<r' - (a" + ^) a » V. 7<r^ SV. aV. 0<r.

And accordingly these results agree exactly with those %vhich are

ol)tained from the earlier expressions for wp and tor in articles

555, 656, when tiie quaternion r is expanded into ^ + 7*

566. The recent results of our analysis, respecting the exist-

ence ofa^mMtc and cubie equation in ^, where »2 . /3S . ep
-¥ V. rpf admits of the following geameirical interpretation^ which
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appears to me to furnish a somewhat remarkable and possibly

flew theorbM. ^^ifby ony onb fixsx> moos of liksar db-

FORMATioN (repKiented here by the operation ^) we piM from

a variable vector p to another co-initial and dependeni vector^
which may he called the First Drrttatiyb; if we then paaa by
the same fixed mode of deformation, from this first to a Sbcovo
Derivative, \P'p ; and thence, by still the same mode of change, to

a Third Derivative, \p'p;znd if (by constructing a j^iirallelepi-

pedon) we decompose the anginal line p into three others^ in the

directions respectively of these three successive d&rivalives (or in

the opposite directions): then the ratio op bach componbmt to

the correspandinff derivative UnCf or the ratio ofeach projcctioa to

the line on which it is projected, will be ezpiessed by a constant

scalar {m'^m\ or-*wrHm\ or m'*)> which depends only on trb
MODE OF DEFORMATION (oF on thv form oi liie linear and vector

/unction but not at all on the Itnythy nor on the liirtclit/nt ot

the original and variable line pf thus operated upon.*' Lt is dear

that we should equally be permitted to decompose any other qf
the Jottr lines, p>itp% ^Vt i^P • should still obUutt»

from the cubic equation in^ three constant scalar ratios.

667. If none of the giren vectors o, /3, a, p, . . 7, nor the

given scalar be infinite, tiien neiLhur will any one of the three

scalar coefficients w, m', m'\he so, in the cuhic equation ofart.564;

and because ^0 » 0, ^'0 » 0, we shall have also the formulas

which will generaUy gife

or/> = 0, if

There is, however, a remarkable exception (or class of excep-

tions) to thi^ general result. I or if the scalar ^ be so chosen as

to be A ROOT OF TUB CUBIC EtiUATlON,

0, or^ - n'g* + - « « 0,

awe shall then not be able to infer that theySiclor ^"'0 antshes»

^Nwn the fiust of thejmNfiicI m^'^O vanishing; and valuer of^

ifferent from zero, or, In other words, aetwU lineSf iiiiteid af

.ull lineSf may la this ca^t !»atibfy the condition,

4
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LBCTURB VII* 569

^pcO, or ^pm~gp,
«

In fact if we suppose that ^i, gt, are three distinct sealars, any

one oi which, when substituted for ^, satisfies the ordinary cubic

e(]uatio7i lately written, or renders m = 0, for some given system

of values of the vectors a, j3, a , jS, . . and 7, and therefore for

some given form of ^ ; and if, after auuminff any arbitrary vec^

lor, «r, we derive/yam ii three otheref pi» ptf p«> by the formuliOi

where a\ a" are vectors derived from a, by the formulae uf ailicle

565 ; we shall then have, by that article,

where

In other words, yor Mree directions^ pi, ps, we have,

respectively,

^Pi = - ^rif>i ; ^p» = ; = - g^pt*

This opens a very interesting train of research, analogous to, and

including, several known investigations respecting the principal

axes ofa surface oj the second order, and the axes 0/ inertia of
a hodyy on which I cannot enter here.

568. Altbougb, as already remarked in art. 477, it will not

be possible in this Course to do niach more than aUud» to the

DIFFERBMTIAL CALCULUS OF QOATBHNtOKS, yet I OSnnOt foregO

the opportunity of giving here at least tome general fioKbfi ofthe

connexion of that differential calculus, ^vith such linear cquatwjis

in quaternions, as have been lately discussed. I'or this purpose,

it is necessary first to DsriMB the differential, d^, (7/*a func-

tion OP A auATBRKioK ; and I do so by the following fohnula:

d/^.liro.fi {/Tj+^dy)-y^};

where q and d^ are amg twa proposed guatemionSf and « is a po-

sitive whole number, which, as the formula expresses, is con-

ceived to increase without limit. In fisct this formula is evidently
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tru€f in the ordinary differential aUculus ; and because it does

not involve the voinvLulalive principle of tnuUipiicalton, it is fit to

be extended, as a definition, to differentials of quaternionJunc^

iians, (Compare the calculation of d . i*, in art. 628a)

569« For example, letys^^j^, Tben the general definition

gives, for the differeniuU ofihe square ofa quaiemiant ib» ex-

pressioni

d,j»-lim.«((g + id£)^-j^]

where It treated as a simple symbol, or at if ii wers a nngk
letter, denoting an arbitrary quaternion ; so that the symbol 6qq
is interpreted as being et^uivalent to this other and fuller symbol,

dq X fj: while dq- denotes (dq)*. In like manner, the deBnittoo

gives, for the d^erentUU of ike cube of a qwUertuon^ this other

expression,

d •^ ql*dq + qdqq •¥ dqq\

And similarly for the differentials ofolA^r powers of quaternions,

with whole and positive exponents.

570. Again, if a, ft, c, . . . be trcatetl as constant quaternions

independent of so that da ^ di = dc =^ 0, then d .aq = adq ; d . <jb

- dqb\ d . aqb = adqb ; d . aqbqc = aqbdqc + adqbqc, &c. : the only

distinction in such cases between these results and those of the

ordinarif differential calculue, being that each quaternion laetor

is to be differentiated in its own place (or as we might say, tn

sitff^ ; eommtttaiion offactors being here (as elsewhere m this

calculus) not generally allowed,

571. As one other example of this sort of differentiation, let

us seek ilie differential of the reciprocal ofa quatermoUf or let

us su[)posefq'^q'^' Here,

f{q+r)-fq^(q + ry''q''

» (9+r)-« {q-(q + r))^-* (q 4 r) ' rq »

;

therefore, by the definition in art. 668,

1

d . 1^' * o - lim. + - d^)"* d^^' ' = -
^ dqq *

;

a lebult which I have often found useful.
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572. It is easy to shew that if we suppose IV <T^, we shall

have the following deveiopement^ In a converging teneM, for the

ne^l^roeal of themm of two quaterntona i

in fact

( jr + r)- > = (1 + r^ » - 1 - r » + (r^r x)« - (r,gr>)»+ &c.

;

the convergence of this last series (in the case proposed) being

proved almost as easily as in ordinary algebra, with the help of

the prineiple established in art. 588, respecting the tensor ofa

Sinn. Here, then, we have an example of the truth of the follow-

ing //it?o/e//<, which can generally be shewn to iioM good for qua-

ternions, as well as for algebra, in virtue oiihe definition recently

assigned : whenever the fun€tiony(^4'd^) can be developed in

a smas, involving tenns- or parts of suoceisively higher and

higher dimentionSi with respect to the propoeed differential dg^

the part of the developement which is of the first dimension,

with respect to it, is the required differential, d/g, of the pro-

posedJunclion,Jq.'' Indeed, it has not been uncommon, in other

works, to propose this result, or a result of this form, as a dejini-

iion, rather than os n theorem. But there are many cases, in which

the d^hntion (568) of the differential qfaJunction of a quater-

nion can be more eaiily appUed^ than the developement of th$

Jknctian can be found, A case of this sort will after a while

be pointed out. I have also other reasons for preferring my own

definition.

573^ Meanwhile I may blate that the theorem or S€rics of

Taylor may be extended to quaternions (with analogous cases of

apparent>Su7iife), under the form:

f{q + dg)^^-^ifg + ^d^fq + ~d^fq + ..i

or more concisely and symbolically,

/(^+d5r)«eyg;

d^ denoting here that value for d^fq which is obtained by treat*

ing dg as constant* For example^ if>^ then, by 569,

dfg m gdg + dqq, d'/g = 2dq\ d'fq « 0, &C.,

Uigmzeu by CjOO^Ic



572 OM QUATBRKIONS.

and

Again, the value ofd • in the same artide 569$ gives

id*, jf* B j» + djrydy + d^»^,~ d» . j»a d^,

and

(9 + d^y-^+ (9*d^+ ^d^^ -I- d^9*) + (^9* -t* df d^*^) d^*

Id like manner, by 571,

|d» • ^r* + 9r*d^>d^^>»

-L d' .jri «-^idj^^ d^jr-» dg^ &C.;

and the developement of (9 + r)- V which waa given in art. 572,

might in this way be teprodnoed.

574. When a qnaternion r is treated as a/ancMon ofa teaUtr

ty r-Jl, then the general definition gives a result of the utual

form,
dr = dy? =/'/ . d/,

di appearing here as a simpleySictor (of the usual kind), with a
coefficient ft, which may be called (as usual) the derioedJune*

tion^ because the difierential di it here supposed to be a gcalar,

and, as 8uch, commutative in mulupiicaLioii. In parlicular if a

vector (p) be regarded as a ^riven function (<pt) of a scalar varia-

ble (Ot 80 that the extremity of p describes (generally) a given

curve in gpace while the value of t varies, we have an expression

of the form,
dp«d^l-if<.d<-p'dr,

where ^t or p is a new vector^ tangential to tbb ccrvb at the

extremity of or parallel to such a tangent, and having its

tength equal to iwt/y, if i denote the length qfthe abc of the

curve, measured from some fixed point thereon* In mechanics,

if i denote the time, in any nuUion ofa poini in ipac€f p may be

nanied the variable vbctor of position, and p may be called

the VECToii or vi luch y ; and when, hy another dtjfferentiaiwn,

we obtain a new result, of the torm,

dp'-^^.d^-^^dl,
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then the new vector p"' may be said to be the vector of accf-

LBaATioN. In geometry, if t be still the arc of a curve, p may

be called the vector of curvature : for p --^can be shewn to
P

be then the iwetor ofthe centre ofike otaUaiing circle,

575. When the equation of a surface is ezpresaed, as io 50Tf

under the form,

//o = 0, or^s const.,

yrhetefph a given scalarJunction ofa variable vector wemay
always, by qfcHcal permuiaOon (513) under the sign 1^ express

the differential of this function under the form

;

d/p^2S.vdpi

and if, by a suitable use of an arbitrary scalar coeffident, we
oblige the new vector v to satisfy the condition (compare 474),

S .4»f>B 1,

then, by reasonings similar to those of art. 481, it may be shewn

that represents, in length and in direction, the perpendicular

let fall from the origin of vectors on the tangent plane to the sur-

fiice, which is drawn at the extremity ofp : and therefore that

(in the sense of the last-cited article) the vector v itself may be

called the vbctor of pboxihitt, because it represents the near'

ness of the surface, or of its element, to the origin.

676. Without restricting v to satisfy the equation S. vp= 1,

if we merely choose it so as to give

S. vdp»0,

as the differentiated equation of the surface, v will still denote a

MORMAL TBCTOB^and GENERAL EQUATIONS for CLA8SB8 OF SDR-

FACB8 may be formed by the help of this symbol. Thus an ar^

siTRART CONICAL svEFAGB, with Its Fcrtex at the origin, may be
denoted by the equation

S.

because, for such asur&ce, v±p- For an ARBrxRART ctuhdric

•ORFACB, with its generatrices parallel to at we have vX a ; and

the equation of this family of surfaces is, therefore,

S . =» 0.
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For an 4mBiTR/kRT tORVAcs or RBVOLUTiOMy with the line 0
from the origin m mik, we Iwve tlie following general eqnnliM
(^because vj[j/3,

Now in the problems of forming and transforming such general

equations of surfaces as these, so as to prove, for example, that

the last-written equation agrees with the formula,

TV.^--/(S.»^-'),

of article 440, we have the yenns of a future CALcn i s of

Partial Differentials in Quaternions, and the indications

of future researches, analogous to those of Monge.

577* To exemplify the possibility of sueh transformations,

let the scalar and vector of the quaternion be denoted thnS)

so that the formula of 440 assumes the form

Differsntiattng, and observing that

d . a* B ffdff -I- dffa* 2S • od^,

we obtain the equation,

S . odo+ft ./•# , d#o 0,

where
d<r - V. dp0'S d«- S . d^-'.

Hence
S . vdp « 0, if V -0 -

1 <r+0 - 'fsf4.

But this expression gives,

the arbitrary function, is iherefrre in ihu way elimi-

nated, and the equation

of article 576, is obtained, as the general repreMUmtion ofa eer^

tain class ofsurfaces^ namely, oi tiiuse which are ot levululion

round the axis |3.

578. Again, let us suppose that tliis last equation has pre*
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sented itself, as the expression of the geometrical property, that

the norvtal to a certain stwjacey otherwise as yet unknown, inter^

secta ajixed vector^ /3» or tkat v is cf^Umar (see &c.) wiUi

and p« To inUgroU ike eqaaHim

S . j3v/o = 0,

which is OHalogous to an eptaiUm in partial dijfiBreniialSf we inajr

first write it ooder the form,

v»x^-¥ypf giving ,^p+yS .pdp^O^

where x and y are eenlars. Hence the iwoyuneii(m9 S . |3p and

eiTe together constant, or togeihc/ variable ; and o/ie y/iw^Z there-

fort he afunction o/the other. That is, we have

p»-F(S./3p);

which is accordingly one form of the integrated equation

qfan arbitrary sarface ofrevolution. To obtain hence the form

of artide 440, it is sufficient to observe that

for thus we obtam this otherfunctional equation^

whieh was the one required.

579. The symbol v is useful in many other geometrical in-

vestigations, tor instance, in those which relate to GEODETrc

LIKES, or curves, on any proposed surface. One known and fun-

damental property of such a curve is, that its oacuieUing plane is

always normal to the eurface; which may be expressed in our

notations by the forarala (compare ^^74),

S . vd/> d^/> B 0, or S

.

vpp'^^i

the vector p being regarded as a fonction of some scalar variable

t. If this scalar variable be the arc oi the geodetic, then (by what

was remarked at tbe end of the Inst-cited artieU), p'is the vector

qfcurvature, which must (by tbe known property just mentioned)

have the direction of the normal to the surface : and therefore in

this case we may reduce tbe formula to the following

:

V. vd>«0; or W.vp =0,
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In general, whether the arc be or be not the bdependent eoilsr

variable, Udp is a tangential vector, and its differential, dUd/o,

is a vector havinjr the direction of the vector of curvature, which

is drawn in the osculating plane^/om the proposed point ot oscu-

lation, towards the centre of the osculating circle : thus, for the

geodetic lines on any surfiieey the general equation may be writ-

ten as follows

:

V.vdUdp-O.

Accordingly, since Udp = dp -i- Tdpt when we suppose Td/>a

constant, we fall back on the less general formulat lately written,

V. vd»p=0.

680. For a spheric surface, round the origin of reetora as

centre*
p'^m const, S.pdp-Oy vlfh V. vp«*0;

hence» for this surface, the general equation of the geodetic lines

becomes, by elimination of v,

V.pdUdp«0;

therefore, because for any curre on a sphere round the origin,

P X Udp, or because (Up)* 1, and S . pUd/»a> 0, we have

d . pUdp- dV . pUdp -V. dpUdp» -V.Tdp - 0;

and consequently an immediate intbokatiok gives, for the geth^

detie on the ipAere, w being here an arbitrary but constant

vector,

pVdp^Wf and S.«rp«0:

the curve being thus seen to be (as is very well known) a great

drele. As a verification, we have also

S.wUdp^O,

of which equation the signification is manifest.

681. Again, let there be an arbiirary cytMrk eurface^ for

which (compare 576) we have the equation

S • va a 0*

£linnnating the symbol v, by substituting for it the difierential
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dUd/o, to which (by 579) it is, for any geodetic, parallel, we ob-

tain the equation

S.adUdp-0,

which gives, by an immediate integration,

S • aUd^ « e « constant,

and expresses that the geodetic on a cylinder is always a helix,

making a constant angle with the generatrices of the surface.

582. For a geodetic on an arhUrary conical surface (see the

lately-cited article 676), with vertex at origin, we have the equa-

tion,

S . » 0, and Iherefore S .pdUdp •> 0,

that is,.

dS • pUdp B S • <ff»Udp Tdp,
or finally,

where c is a scalar constant. This result expresses that the

length of the prqfeeiion ofthe vector /», on the rectilinear tangent

io the geodetic on an arbitrary cone, differs only hg a eonetani

quantity c, from the length qfthe arc of the curve : and hence

might be deduced the known reetiUnear developement But the

following process is perhaps still more simple. Multiplying the

differential ct^uation

dS
«
pUdp + Tdp - 0, by 2S

.
pUdp,

it becomes

0 - d
(
(S . p Udp)> + p>) - d . (V.pUdp)%

and gives, by an immediate integration,

( V.pUdp)* e const., or TV. pUdp- const.,

so that the lenyih ofthe perpendicular lot fall from the vertex of

the cone on the tangent to the geodetic is constant; or, in other

words, the rectilinear tangents to any such curve are tangents

also to afixed sphere^ described about the vertex as centre. This

gives again the rectilinear developement ; and for the case of an

Apollonian cone, or cone of the second orders it agrees with a
theorem of M. Cbasles, namely, that the tangents to a geodetic

2 p
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on a surface of the second order are tangents aUo to another sur-

face con/oral tlierewith.

583. Again, consider the geodetics on an arbitrary murjaee qf
revolution* Here, by 576, we hare the eqaation»

S./3/oi'=0,

and therefore by 679»

0=S.i3pdUdp = dS.|3pUdp,

because /3d^Udp « - /3Td^ ««
S

' * 0. Hence integration gim,

const. = S . fjfjVdp = T V./3p . SIT (V. pp . dp)
;

and thus it may be seen (what indeed is otherwise itnown) that

the perptndicuhr distance of a point on the geodetic,/rom the

axis ofrevolution of the surfeee, varies inversely as the cosine qf
the angle under which the geodetic crosses a parallel. Or we
may interpret the integral as follows: Hp be conceived to be a

function oj the time t, then the projected areal velocity, |S . ppp\
in a plane perpendicular to the axis qf revolution^ bears a con-

slant ratio to the unprojected linear velocity^ Tp', where pt^dp

^ dt, as in 574. In hct it is well known that each of these two

velocities would be ctmstantt if a point were to describe the curve*

subject only to the normal re-action of the surface^ and not ex-

posed to any foreign force ; and indeed this very illustration, from

mechanics, has been elsewhere t^iven by an author whom I should

think it an impertinence to cite upon so slight an occasion. It

may be noticed that the differential equation S . /3pdUdp = 0, is sa-

tisfied, not only by the geodetics, but also by the parallels {at cir<-

cles) on the suHace : which fact of calculation is connected with

the obvious circumstance, that the normal plane to any such

circle coincides with the plane of the meridian of the sur&ce of

revolution.

584. Geodetics furnibh perhaps the simplest example of what

may by analogy be called the Calculus of Variations in

QoATBRNiOMS. We have, by 577, for the differential of the

tensor ofany arhUrary vector ir, the formula,

dTa - JTa- ^ d (Ta^) = - iTa » d . a' « - S . U<rda - S . Ua"Ma

;

whence we nay write,
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STdp « - S .Udp^dp = - S .Udpa^i*

a ~ dS .Udp2|p + S • d Udp^p,

where dUdp is treated as a simple factor, multiplying and

therefore,

S;Tdp = J
aXdp - • AS .UdpBp + j S . d Vdp^p.

Comparing this expressionfor the mrtation of the length of the

arc ofa curve^ traced upon any proposed sui laci , with the varied

equation of the surface^ namely (compare olij) with this formula,

S . 0,

we are conducte(i, as before, to the general lUfferentiai equation

ofa geodeiie (679)»
V.vdUd/9-0,

and also to the two following equations of limits*

s . ud/9o^,- o» s . udp,a/9i » 0,

which express that the sought shortest line is peiyendtt uiary at

its extremities^ to any (wo given curves upon the surface, between

which it is required to be drawn. You see that, in these later

artides of this Lecture and this Course^ I leave many hints to be

unfolded by ypuiBelves, respecting the working of this new Cal-

culus, both for the sake of brevity, and because It seems that at

this stage I may very safely do so.

585. Let the surface be an ellipsoid, or jnore generally a cen-

tral surface of the second order, with its centre at the origin of

vectors^ and having its equation of the form

fpa where^ = S . v/o, v ^
<f>p;

the functions ^ and / having those general properties which

were treated of in earlier articles (475f &c.) of the present Lec-

ture, and which give (compare 477),

dv a d^p a ^dp,fdp m S • dvd^, dfp B 2S . vdp, dfdp » 2S . dvd^p.

Now in general if the length ofthe are of a geodetic be assumed

as the independent variable, and if the differentiated et^uatiuu ui

the surface be written (as in 5*6) under the form
,

S . vdp * Of

2p2
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then, by a second differentiatioo, and by the iast formula of 579*

we have

For a shortest line on the central surfiuse of the second order we
have, therefore, by the present article,

0 - + S— , or const. = Ty y/ {/Udp) ;

wilt re Tv denotes the reciprocal of the leiigth ofthe perpendicu-

lar F let fall from the centre on the tangent plane to the surface,

and Vy(Ud^) denotes the reciprocal ofthe length of the sem^
diameter D which is parallel to the element dp. We find our-

selves then recondncted^ by this analysis, to the theorem of

Joachimstal for geodetica on on elHpeoid^ or other central snrfiMe

of the same order, expressed by ihe well-known formula,

P.D-const.

586. Consider next a geodetic line on an ahbu i^auy deve-

lopable suRFACs. Let s be the akc of its cusp-edge (or of

its arSte de rebronssement), reg'arded as a positive scalar, and as-

sumed as the independent variable ; and let ns make (compare

32 ( ) * ( }> that isy more fully»^ » p\ &c.

Then if ^ or more concisely <p, be the vector of a point on

this edge, we shall have Td^-d«t T^'a 1, 1, S .0'^*»O,

S . f ^^f"*m Tf*. Let ± « be another scalar variable, repre-

senting the length of a tangent to the edge; then the ezpression

for the vector of an arbitrary point on the developable eurjace

will be,

/) = ^ + giving p'= (I + t
) ^ +

Hence the angle x under which the curve (geodetic or other),

whereof p is the variable vector, and whose form and poution de«

pend on the forms of the vectorJunction and eeahxrJunction I,

crosses n generating right line of the developable, is determined

by the formula

:

tTih'
tan a?=---i-.

1 + ^
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LECTURE VIU 581

• We may assume v^^^'''^ whereby the vector v will become in

ienffih the radius qf mtrvaiure ofthe ewp-edge^ and in dirtctiom

(Be normal to the devdopabU twfiuft: and shall then have

because

Bat for a geodetic on any surface* we hare, by 579» the general

equation,

S. v|»y«0;

whencey in the present case,

Again, we have bere>

/-<'>' + (i+20f +/^'';

whence, by the above written properties of the fonctlon ^,

and

S . pY^' - I + 2< + .f «! + <'+ (tT^y T^*- >,

because S . * = (TfyTi^^'K We are then led to the differ

reiilial equation,

Oo(i + o*+(i+o (^T^'yT^"- {tT^y i

which, when we multiply by

{(l + 0*+(lT^7)»Tf%

and employ the lately-mentioned angle becomes simply

T^''+ 0, or f Td^'-fx - const.

:

a formula which exhibits the known rectilinear developement of

the geodetic, because Td^'may here be regarded as denoting the

angle between two eoneeeutwe generatricee of the deyelopable sur-

&ce, if for conrenience vtehere (as in nuwy other geometrical in-

Testigattons) treat the diferentials as in^nitely email quantiHee;

although the definition assigned in art. 568 by no means requires

that we should genercdly do so, in dealing with differentials

OF QUATERNIONS.

587* It is quite possible, as I may soon shew, to employ

a somewhat similar analysis, so as to deduce anew the rery ge-
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nerai and beautiful theorems of Gauss (published in the Essay

referred to in art. 525), respecting gbodbtic tsianglbs ois or-

bUrary mirfwu: etpcsdally those which relate to what may be

called the sphbboioical bxcbss (or defect) of such a triangle.

But, for the sake of variety, I prefer to indicate briefly here

another application of the calculus of variations in guater^

nions, whereby we can reproduce some rcmarkiibie results of

M. Delaunay, respecting the curve which, oji a given surface^

and wiih a given perimeter^ contains the greeUetl area ; and

which curve^ iroin the well-known classical story suggested by

its definition, 1 propose to name a Diuonia. Beyond the mere

sugs^estion of this name^ and the quaternion analysis of which 1

proceed to submit to you a rapid sketchy it will (I hope) be clearly

understood that \ have ko claim to make, on the subject of this

curious class of eur\ t s : of which the followino^ ireometrical pro-

perties have all, so far as X am aware, been discovered by M. De-
launay.

588. For such a Didonian curve, we have^ by quatemiona,

the Uopenmetncalfarmulaf

JS.UydpS/> + caiTdp = 0,

where c is an arbitrary and constant scalar : and hence may be

deduced, by the rules of variations in this calculus (compare

art. 584), the dijjereniial equation,

<r>d|»-V.U]KiUdp;

which shews that geodetie$ are that timiiing ease efDidomas, for

Wliich ihc constant c is infinite. On a plane^ the Didonia is a

circle, of wliich the equation, obtained by integration from the

last-written general form, is

p B 19 + cU • vd^,

ta being the vector of the centre^ and c being the radius of the

circle.

589. Operating by S .15Ap, the general differential equation

of the Didonia takes easily the following forms:

r»Td/t»- S (U. vdp . dUd/>) ; r ^Td/o* « S (U. vdp . d»

;
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But ill general (compare 574), the vector m of the centre of the

osculating circle to a curve in space, of which the eiemeot Tdp

18 cooataot, has for expresaioD^

dp*

Hence for the general Didonia,

80 that the radius of curvature of any one Didonia varies, in ge-

neral, proportionally to the cosine of (he incrniation of the oscu-

latimj plane of the curve to the tangent plane of tJte surface*

And heooe« by Meusnier'a theorenii ik^ differemee ofthe squares

ofthe eurnaturee qfatrtfe and turfhee U conetanU : the cnmtare
of the snrfiifie meaning here the ledprocai of the ladiiis of the

sphere, which osculates in the direction of the element of the

Didonia.

590. In general, for any curve on any surface, if ? denote the

vector of the intersection of the axis of the clement (or the ai^is

of the circle oscolating to the carve) with the tangent piane to

the sur&eey then

S.(5-p> = 0;S.(?-p) d/,= 0; S.(5-p)dV = dp';

and thereforoy

^ S . vdpd'p

Hence, for the general Didoniai with the same significations of

the symbols,
^

and the constant e expresses consequently the length of the in-

terval p-Kt intercepted on the tangent plane, between the point

of the curve and the axis ol tiie osculating circle. If, tlien, a

^^here be described, which shall have its centre on the tangent

pkme^ and shall contain the oeeuiaHng drcie to the curve, the

radius of this sphere shall be eoiuiani^ and equal to c* The re-

eent expression for combined with the first form of the gene-

ra! differential equation of the Didonia, gives also

d4 = - c V. d UvUdp J
and therefore V. vdK -= 0.
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And lieiiee» or from the geometrical lignifioatioD of the eonetant

c, the known property may be proved, thet developable smr*

face be circumscribed about the arbitrary surface, so as to touch

it along a Didoniay and if this developable be then unfolded n,to

aplaney the curve will at the same time beflattened (^^eut^riillN

)

into a circular arCf with its radius - c« We night also have

written

f jT . d^Sp, instead of | S .Uv4pSp,

in the isoperimetrical formula of art. 686» with the condUiom

$/>±d/>, and have then proceeded nearly as abore.

591. It will be admitted that the mecAanlMi of these new
calculations is sufficiently simple and rapid : and it can scarcely

be expected that, at this nearly closing stage of a long Course,

the loyic of them should he Jftlh/ developed. Yet it may be pro-

per to say a few words on somefundanK utal points of the theory

of differentials of functions of quaternions. And especially you

may expect me to shew distinctly that» withaiU neeeeearily treai-

^ ihoee dijffbrefUiale as emaUt or their teiuors as luarly nuU^ we
can yet nganmsly deduce a differeniiaitd equaHan, of the form

S . vAfj ^ 0, from an equaiion ofa surface, proposed under the

formyjb = const. ; and may then infer with certainty (compare ^>75,

576, &c.), that V 19 a normal vector. From the definition (56^)

of a differential ofa function of a quaternion^ we can^ no doubt,

very easily prove (compare 569f 57 7) i that

d
.

p . dp + djo
.
p a 2S . pdp

;

p' being here regarded as a function of p, and dp being an arbi-

trary vector. And again, if the vector p be regarded as a func-

tion of a scalar^ the tangential character (574) of dp, with

respect to the curve which is the locus of the extremity ofp, may
be regarded as an easy consequence (compare 528) of the same

general definition. Yet it may not be captious to call for proof,

that when p* is considered as being ayimclioit o/t^ in consequence

of its being a function ttf p, which is itselfn function of t, the

differential of this function of a function has still the same

form as before. And bueh a proof is necessary^ to justify our iw-

ferring (for example) that the equation p' « - 1 gives p±dp,for
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any curve upon the unit-sphere : or for proving, by qucUerniofis^

ibat the normals to a sphere are its radii.

692. I take, iheretbre^ thejunciion ofa/unctioUf

r =fyq =fpi where p = ^y,

and seek its differentia), by the defioition in article 568. That

definition gives, immediately,

dr = d/^j= Hm . (g + n-» dj) -/^J.

But wti iiave also, by ilie same defiuition,

If, then, we make, for a moment,

we shall have

^=^(00,^, dj^)«d^^«d/>;

and
dr •= d/^g lim . n[f{p + =

That is to say, we arrive by the defiuition at one common qua-

temion, as the value of dr, whether we differentiate ita« afunc-
tion (/) qfthe quaternion p, which is itself a Junction (^) of

another quaternion qi or whether we differentiate r immediately,

•8 a ewnpomndfimetion (/^), of this last quaternion, q* In sym-

bols, we may express this general result by writing

^f(!^q)^dU¥)qi

and we see that it includes the result proposed for investigation

in the foregoing article, where the independent variable q was a

scalar, t, while ^ was a vectorfunction^ and fa, scalar function.

The first statement of art. 576 has, therefore, been fully justified.

And I think that analogous reasonings will convince you that

other and connected results have not been stated without war-

rant, nor at random, although briefly, and perhaps informally, in

recent articles.

593. To exemplify in a new way the pioccbs oi differentiate

ing the equation of a surface, let us take the form

T(4p + pi£)-K«-.i«,
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ulnch was assigned in article 4i'>!j, for ihc equation of the elUp^

soid. Since T^' ^ ^^^^ equation easily gives

- fw) (pt + up)

« (t» + IC-) 2S . ipKp

= (< - k)- />" + 4S . ipS • 1^ =

a long Mries of tnuisfoimations being allowed (compare 499),

on the principles of the present Calculus. Thus (compare 476),

ve may write the equation of the surface as follows

:

I - (k» - 4«)
-
» {

(c^ K)a ^»+4S • v>S . icp }

.

Differentiating relatively to pi we Hud (compare 575),

0od/^«-2S.vdp

«2(ic»-i')-» {(c-»c)» S.pdp + 2S.idpS.rp + 2S.ipS.i6dpl;

and finally, as in 474,

v-(ic»-i')-» ((t-ic)V + 2tS.sp42icS.ip)

= (|C»-1*)"* |(l'+ K*)p + VK + «P*}

- (k» - i»y« (
(i» + K») p + 2V. ipic)

=

Such then is the expression found, by this process of difierentia-

tion, for the normal vector to an ellipsoid*

694, The following very general transformations come natii*

rally to be mentioned here. By the divfbrbktial of thb
TBNSoa OF A QVATBRKXOK is,]fWO make for the moment, d^a-r,

dTq « lira. ii( + n'^r) - T^),

where, by 538,

T (^ + fi-> r) = ^ ( + 2»-»TyTrSU. rKq + «-» Tr^
j

;

thus

dTq« TrSU. rK^ - S . rUq ' « S . dqUq'K

We may deduce from this result an expression for theDiFFBBBir-

TiAL OF THB LOOABiTHM OF THB TBN80R (or for the differential

of the meMOTf 047), of any proposed quaternion ; and may write

that expression as follows

:

dlTq^^^^S^X
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We may also write, generally,

ATq^S. d^KU^- S . dqU Kq,

595. Again, since g=Tq .JJq, we have this general expres-

sion, for the differential oJ ony quaternioni

d^- dT^ .U^ + . dUjr.

iieiice

d^ .Uj-» « dT^ + IV . d . \Jq-

\

But it has just been seen (594) that

B(&q.\Jr')^^Tqi

it follows then that

V.djUg-»-Tg.dU^.Uj-^;

or that we may write (compare 545),

^ Ujr q

This vector quotient is therefore an expression (compare 548) for

the differential of the logarithm ofthe versor of any proposed qua-

ternion, q. There exists no very close connexion between the

foregoing general transformations and the following, which yet 1

may not find any other and more natural opportunity of men**

tioning

:

r ^ (rY)k 2 » - U (br +Vr Vg) - U(rq + Kr Kg)

;

where q and r may denote any two quaternions.

500. To exemplify thegent^ral transformation of art. 594, let

us resume the equation of the ellipsoid, cited in 593, namely,

T (if) pk) - K*- 1* « constant.

Differentiating, we find, by 594,

0 = S . (id/» + dpK) (tp -i- pk)~
^

;

or, because K (ip + pie) « + iqo,

0 = S . {n\p + dpic) (pi + Kp)

= (i' + ic')S.p(lp+ 2S.Kpidp

-S.((t> + ic*)p+2V.Kp4)dp;
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80 tbal

{i' + K')p + 2Y.Kfu, or (t' + ic^)/> + 2V. ipKt

h 8 normal vector as before.

597. When in any of the ways above explained, we have

found for the vector ofproximitif^ v, ofthe ellipooid, oonsidered as

a function of jo, the expression given in 593, or any equivalent

expression, we can then, by the general ineLhod of articles

&c., or even by less f^eneral processes, deduce this converse ex-

pression for regarded as a function of v

:

p = (
I
» + ic*) V - JV. tvr + 4 (t - ic)-»V. «S . a».

And then by substituting this last expression in the equation

S . v/> = i

,

we obtain the following equation of that known and redjprocol

ellipsoid, which is the loeua o/ihe ierminaiian ofthe vector or

of the reciprocal of the perpendicular from the centre on the

tangent plane

:

I + v" - 2S . iPKv+ 4 (t- r)-• (S . iicv)*.

It is to be observed, however, that this latter is not in general

coincident with the reciprocal ellipsoid mentioned in 492, 493,

494, 495, of which the vector was or i'r, and of whicli the

mean semi-axis was taken = by not b'^ With respect to the k now

n

and general relation ofreciprocity, for anp iufo surface»f of which

one is derived from the other by thus taking rcdprocaU <^ptr^

pendieiitarsy we can easily prove it witii our present symbols* by

merely remarking that the equations

S • vp^ Cf S«ydf>"tOf give S •pif^Of S •pdy'^O*

598. The lately cited equation oi the original ellipsoiii ofTcrs

us an useful illustration of that extension of Taylor s T/uorem

which was mentioned in article 573. For it we treat in it the dif-

ferential dp as constant^ we shall have d*fp» 0, and

last equation is aecotdingly found to be rigorously correct,

^ for the first differential 4/^ we substitute its value given

)Zf and for dy the derived value,
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Andy in this eiample, it may be regarded as clear, that fiolftt*ii^

"whatever it negleeted^ and that dp ii not necessarily «miitf (com*

pare 591)- I Hefinite developement recently given forf{p +d/>)

18 here seen to be absolutely accurate, whether the cbordai vector

dp he supposed to be short or long,

599. More generally, let us assume the existence of the fol-

lowing developement where jr is a scalew variable,

and seek, on ikai kypoikesiSf to determine the law of the forma*

tion of the successive terms of the series. We shall have,

/(g + Or) =/o

;

fiq + Ir) + J

f(q + 2r) -/•+ 2»/,+ &c.

;

/(? + 3r) + Vi + ay, + &c.

;

Hence,

/(? + 1*-) -/(S-+00-^1 + 1% + I'/a + &c.

;

/(q+ 2r) -f(g + Ir)- (2 - 1 )/» + (2^^ I«)/«+ «fc

;

fiq + 3r) -/(y + 2r) = (3 - 2)/, . (3» - 2»)/, + &c.

;

and by pursuing this analysis, it is found, with ease, that, in a

known notation, if we make r« A^, then

A/7=/» +/a+/3 + &c.;

- A^0»./, + A'O' ./a + &c.

;

A*fq - A»(>* + &c., &c.

;

and generally,

If then we make r^dq, and consider that by the very pbocbss

OF SUCCB8SIVB mFFBBBNTiATiON, BS thus txUndtd to quater-

nions from common algebra, or from the ordinary form of the

differential calculus, the n^^ differentiatialy d"/q, is necessarily

that part of the w' ' dijflrnice which is of the dimension, we

shall see that we may write,
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And hence may be obtained the developeinent (oompaie 573),

600. Another method of conducting the analysis is the fol-

low ing. Assumint^ still the existence of the series, and seekinsf

only its exact fonn^ we may regard the differential {q t) as

the coeffident of«*in the developement of/ (q - r -;- xdy), if dr = 0.

Making then r« d^, and dd^ or d*^ •= 0, we shall have d/(f ^dg)
•coefllieient of in the deTelopement of /{f + (1 +«)d9)

;

that is»

d/o + d^i4>d/t+ . . d/,.i+&c,«/i + y, + 3/,+ . . + ff^«-f &e.,

if

/(y + «dg)-/o+afyi+a^»+ . . .+«/«+ &c.

Comparing then the terms of corresponding dimensions, we find

the general relation,

which gives,

/. - 4/i ;/.- * d/i - J dyo
;
/,

= 2^ a»/o ; &c.

:

and therefore

/ + Xdjr) = e'fq,f{q^ dq) ^ t^fq,

a& before.

601. The following process may, however, be considered

more satisfactory, as not setting out with any assumpltun re-

specting the existence of a developement, and as extending even

to cases where, at a certain stage, the successive differentials of

the function become infinite. The definition (568) gives the foU

lowing expression for what may be called a differential qnoHenif

although I prefer not calling it generally a differential co^^ieni;

because it ih not generally independent oj Udq

:

dq *.o ODaq

where x is still an auxiliary tmd tcalar variable^ but d^, like 9, is

an arbitrary and given qnatemion^ which may or may not have

a maU tentor. If then the limit just expressed he/iute (as it
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will tuuaUy be), and if we assign any small value to which

may be said to be of theJbrBt ord^r^ we shall have the eqoatioo,

lim . ar

»

{/{q + adq) ^fq- xd/q]^0

;

and the expression within the brackets may be said to be smalif

ofan order higher than thefirst. More generallyi let d*g- 0, and

let the successive differentuds offqy as far as d"/^> ^ supposed

finite; I say that the expression^

is small relatively to the small scalar of an order higher than

the or that if we make 2> = we shall have not only j^e 0,

but
Dtf» = 0, Z)-d«=0, . . . Z)"5„ = 0, when x = 0.

In other words, it is asserted that, if x be thus made to vanish

after the differentiations, we shall have,

D/{q + xdq) » d/g, D*f{q + xdq) - d'/q, , . .

and finally^

in fact the general definition of article 568 gives here^

tti dti>

£>/{q + «dy) - lim . -T-i/iq + iwl? +— dq) +^)]

« lim
.
y-» {/(^y + «dJ + yd^y) -/(? + ;

but by the same definition, this latter limit is aUo the value of

the differential ^{q-^^q)t if ^ be supposed to operate only on

but not on d^, nor on ar. With these suppositions, we have,

therefore, tiic ec^ualion

Df(q+ xAq) = dfiq+ xdq) ;

and consequently {dq being still treated as constant),

/>2/ {q + xdq) =dy(9 + «dj), . . . D"/^ + *^?) *" ((7 +

Making then jr = 0 after the differentiations, we see that the first

n differential coefficients of the polynome ««, taken with respect
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to Xy vanish as was asserted, at least if the first n differentials of

the function fq are finite : or that this polynome Sn is small of

an order higher than the n'*, if x be considered as small of the

firsi order: which is one form of Taylor's Theorem as extended

in this calculus to quatemions.

602. From the remarks in recent articles (591» &c.)it appean

that the symbol dp may be used in at least two principal genses,

in connexion with the theory of surfaces : lor it may rL'[)resent a

TANGENT, or it may represent a chokd, according as we choose

that it &bali be regarded as a function, <^ty of a scalar variabiCf t%

or as a vector satisfying the differenced (not differentiated) tqitm^

Hon ofth€ ntrfaee^ which may be written thus»

or thus,

6fp « 0» where Up= dp.

V\ hen used in the first sense, we have, rigorously, by the demon-

stration in 592} and by our use of the symbol v,

0-d//o»2S.vdp;

and it would be improper to add any other term^ by way of im»

proving the approximation : for such addition would change the

meaning of the eymMf dp, and would prevent it from being truly

that which it was designed to he. But^ at another time, it uulj

be convenient, after warning given, to use the symbol d^ in that

second sense, in which it denotes a chordal (and not a tangential)

vector, drawn from the extremity of some given vector to the

extremity of some variable vector p + dp, these two vectors being

here obliged only to terminate each somewhere on the eurfaeOf

and the second being otherwise arbitrary. And then the recent

eguation of Unearform (0 - 2S . vdp) will nof in general be ac-

curate. We roust, Men, add other terms, more or hmer accord*

ing to t[ie degree of approximation required, and obtained from

the extended form of Tayloi b theorem, or from some other mode

of developing the function /(p + dp). Of these new terms, the

first, by that extended theorem, may be thus written, with the

same signification of v as before

:

id*/p - S . dvdp

;
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where (]v is a linear function of Hp. If we go no farther than

this Dew term of the deveiopementy we sbali have the following

equation

:

0 » 2S . vdp + S . dviip i

m

which woM be rifforoudy true (compare 59B) with the present

sense ofdp as a finite and chordal vector, if the surface wereone of

the second order only. For example, if)^ « - p* » a*, so that the

surface is a sphere round the origin, with a radius = a, we find by

differentiatioa that v - - p, dv = - dp, and the recent formula be-

comes,

0--2S.pdp-dp% or S^«l, if Ap«dp;

which is accordingly true (compare 414), for any chord or dp

whatever of the sphere, drawn from the extremity of p, because

the projection of the inward diameter - 2p on the chord Ap coin-

cides with the chord Itself. But if the given surfoce be of an

order higher than the second, then we can only say that it ap'

proximately satisfies, by its chords, the equation

0>»2S.iKlp+S.dtKlp,

namely, l)y those chords which are drawn to points upon the sur-

face, not Jar from the given extremity of p. In rigour, for the

given surface itatlj^ we must add, or conceive added, an &c."

after the term S . dvdp, or must actually append some additional

terms, of the third or higher dimensions: all stnguhrities of

Jorm bmng at present kept out of view.

603. It is not difficult to see, however, that when dp is thus

treated as a finite vector, drawn irom the extremity of p, the last

written equation represents an osculating suuface of the se-

cond ORDICR, which has contact o/that order with the proposed

surface, in everg direction, at the same termination of p. Indeed^

if it be only required to secure this sort of osetUation^ or this

eon^ete contact of the second order, we may introduce, afplea*

sure, as follows, another arbitrary term into the equation, and

may write it thus:

2S • vdp -t- S • dvdp « S • vdpS . vdp

;

2 Q
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where zs is any arbitrary, but constant, vector. Accordingly, in

co-ordinates, the 7iitie dispusaljlo constants, or coefficients of the

equation of a surface of the second order, are 7iot allfixed by the

six conditionft of the contact recently considered: there still re-

main three constants of the ordinary (or scalar) kind disposable,

' wkich are here all incladed in the one vector eonstanl, «r.

604. The g^iven and osculating soHaces being seen to Imye,

relatively to each other, the same ewvature in every direction^

we may proceed to inquire what this common curvaLure is, lur

any one proposed direction. Dividing, for tliis purpose, the

double of the perpendicular distance from the tangent plane, by
' the square of the length of the chord, and taking the limit of the

quotient, we find,

curvature of section =lim (- 2S .Uvdp ~ Tdp')

But also, if <r denote the vector of the centre of the osculating

circle, tor any proposed and normal section of the surface, we
have,

Uv
curvature of section > .

Comparing these expressions tor tlu rm vaLure,of which each is

positive or ne^^ative, according as the deviation from the tangent

^ plane, for any near point of the supposed normal section, has the

direction of-i-v or of-v, we arrive at the following formula,

which appears to me an important one,

—-s?i
p-o- dp

the second member bdng understood to denote a Umity Ifdp still

denote a chord.

605. The following is another way of arriving at the same

result* The equation,

0«2S.vd/o+/7d/j%

may represent any sphere^ touching the given surface at the given

point, by a proper choice of the scalar coefficient ^, regarded as
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an arbitrary constant. If we now ioquire ill what direeiiont
does thu tangmU sphere cut the given Bur&ce, or its oecuktriz
of tlie second orcler» we are eonducted to the equation,

jrd/>' « S . dvd/i, or^r-S^,

with the condition that dp is ultimately a tangential vector. This

last equation maybe regarded as immediately determining a cone

ofthe second degrees and the two (real or imaginary) directions^

in which this cone is cut by the plane

that is, by the tangent plane to the giv^en surface, are precisely

the two (ri :i! or imaginary) directions of intersection of the

sphere with the surface, or the two directions of osculatioH of

that sphere. Conversely, if the sphere be required to osculate

in a given direction, Udp, we have only to deduce the value of^,
by the recent formula, as a fimetion of Udp, and then substi-

tute the g, thus found, in the equation of the sphere, which may
be wriuen thus,

A/0 being here used, for the sake of greater clearness, to denote

a clioid ot the sphere, drawn from the point osculation. Eli-

minatimj in this way the coefficient y, we obtain the following

equation of the sphere

:

Okfk dp

And by then making Ap = 2 (>t- p), to express that Ap is a</to-

%neier of the sphere, o being still the vector of its cenlre, we are

again eonducted to the important and general fotnnla,

V dy
= o r-,

p- <r ap

in which the second member is generally a function of Udp, and
so dej^ends on the direction of osculation.

606. To exemplify this formula, for the case of a given ellip-

sold, or other central sui:tace of the second order, let its equation

2q2
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be/(^)) = l, where v»0(p), &c., as in several former articles.

Then (see d8d) dv«^(d^)$ S.dvdp^/(dp)'^Tdp'/(,Vdp)i

and the general formula becomes — =/(Ud^), giving a - p »

/(Ud )

^^^^ again 585) we have Tv = P ', ^ (Ud/>) »

D**; therefore the radioB of curvature of a Dormal sectioii

aT («r- ^) « D* . P'^ : that is, it is, as is well known» the square

of tbe semi-diameter parallel to the direction of osculation, di-

vided by the perpendicular let fall from the centre on tbe tan-

gent plane.

607* In general^ for any surface, it may be shewn by one

proccBS} that one member, and by another process that the olAer

member, of the equation

is the coefficient of in the developement of the function,

/(p+xdp + ^^dp).

It follows therefore that these two members are equal, or that

we h»fefjbr any aurjace, the equation,

S . ^vd^ " S . dv^P'

It is necessary to observe, as concerns the notation employed,

that the vector v bcing^ regarded as a function of p, its diffe-

rential dv becomes a linear and vector Junction of dp, which may
however involve p also : but that in passing to the variationBdvf

of this differential of ir, we here conceive the symbol £ to operate

oni^ OH dp, and nai on p. Thus having found, 1 st, d;^ •> 2S . i^dp,

as in d75; 2nd, from this» an expression of the form v»^p;
and 3rd, dv=\p (dp, p) ; the plan of the notation, and the linear

form lit tlie fuuclion j//, so iai as it depenils on dp, enable us

to w J i tc , 4 1 1
1
, gd 1^ = 1^ (gdp, p). And then the theorem of the pre-

sent article is, that

S . dp^ (Sdp, p) - S • Sdpi^ (dp, p)

;

or that tor any two vectors^ a and r, and for anyform ot the sea-

lorJunctionfj\ the vector/unction ^ must satisfy the condition,

S . (a, p) = S . <T^ (r, p;.
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lo the example of the eliiptoidt was itselfa linear ftwction of

Pf to that }[/ (dp, p) was « ^dp ; and aocordingly, for this aurfiioey

we found, in 476, a formula wbieh may be written thua

:

608. By operating, as aboye, with $ only on dp, and on dv so

far as it iiivolvcs d^, but not as it may involve p also, we find,

with the help of the general iormula ot the last article,

dp^ -p B S . dy (^dpdp - dp^dp) dp

;

dp

remembering that (compare 671), by the anabgy of the opera-

tions d and S, the varkOwn ofike reeiproeal ofa qmatemion it»

generally,

bo that we have iicie,

a.dp-»»-dp"*.adp.dp-».
But

Wpdp - dpSdp - 2V. Sdpdp = 2dp«V
«

therefore (permuting cyclically under S,and dividing by dp*) we
have

It may be noted that (compare 59£)i

and that therefore the recent formula may be thus written,

SS^ = - 2 i (ip S . d Udp, because dp 'Tdp -- Tdp->,
dp

609. To interpret these results, I observe that because v is

perpendic ular to both Hp and^dp, therefore V. cdfjdp-^ must have

the direction of ±i/; and that consequently the supposition

SS^ « 0, gives 0 S . vdvdp.

Of these two formulse, the former, by 604, expresses the coudi-
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tion for the osculatinij sphere being the ^rfa/e*^ or least possible :

or, more accurately, for the centre of that sphere attaining for a

moment a stationary position j while the direction o/oscuicUicm

varies. The latter formula expresses that dv» or that v + dv, is

copUmar with v and with dp ; or thai two nearnorfmU ifUersed.

And thus is reproduced the well-knows theorem, that thegreeUett

and least spheres which osculate to a surface^ do so in the diret-

tiona of the lines of curvatcbb. We might derive the same

iuterpretation Irum the formula,

.0»S.dvSUd/E»»

by considering that tbe tangential vector clMp is perpendicular

at ODce to the normal v, and to the tangent Udp; since then it is

perpendicular also to dv, we must have

as before.

010. The form recently lound, for the differential equation of

the lines ofcurvature^ namely,

0 = S . vdvd/u, gives dp XV. vdv ;

and thereby reconducts to a theorem of Dupin, that the tangent

to a line ofcurvature is perpendicular to its conjuoatb

TAVGBNT. For, in general* the vector V. vdv, as being perpen*

dicular both to v and to -f dv, has the direcUon of the intersect

tion of the two consecutive tangent planesy whose points of con«

tact with the given surface have for vectors p and Ap ; or in other

words, it has the direction of the kbctilinear generatrix op

THE CIRCUMSCRIBED DEVELorABLE, which touchcs tlie surfacc

along the element dp : it has, therefore, in Dupin's phraseology,

the direction of the tangent conjugate to this eltiuent, or to the

corresponding tangent, Udp* It may be noted herei that- the

curve of the second order^ which has been called by the same

eminent geometrician the hidicatrix of the curvature ofa given

surface^ at a given point, may be expressed, in our symbols, by

the system of two equations,

S . vd/9 « 0, S . dvdp B constant.

The differential equation of the lines of curvature may also be

thus written,
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and, under this last form, it is easily seen to contain a theorem

of Mr. Dickson, namely, that if two surfaces cut each other

along a common line of curvature, thejf do so under a con-

stant anolb; for the differential of the eoeine of this angle is

dSU . yy - S . Ui;dUv' + S . dUyUv' = 0,

each term here separately vanishing.

61 1. In obtaining (see 602} by the extension of Taylof^s se-

ries, the term S .dvdp, of the developeroent of/(p + dp), as the

half ofthe differential of the preceding term 2S . vd/>, we treated

dp as constant^ according to the general rules of articles 573, &c.

But wiicn tliis term has been thu«? obtained^ it is allowed to trans-

form it as follows, treating p now as the vector of a cwrve upon

the sariace, or vd^^function ofa scalar vartabU (compare 674,

591):

0 = dS • vAp = S . dydp -f S . yd'p ; S . dyd^ » - S . yd^'p*

The formula (605) f^r the centre of an OKUiaHng sphere comet

thus to be transformed as follows

:

a—p Op* w —

p

if w be (as in 589) the vector of the centre of the osculating cir-

cU to the curve in which p terminates, and which may be here

conceived to be a plane and oblique section of the surface. The .

hgie of this very simple process oicalculation might deserve, and

would support, a stricter scrutiny. For the present 1 content

m} self with observing that the result is an expression for the

theorem of Meusnier, referred to in the article last mentioned

;

since it shews, on muiupiying by the scalar (a-p) v \ that

W p W - p

and therefore that the cenire oftkt oeeulaiinff eirele (to the ob-

lique section) is the projection of ihe centre cf the oeeulating

sphere (to the surface), on the absolute normal to the curve.

612. Tiie formula ot 604, or 605, for the curvature of any
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ihe following geometrical cofiaideratioat. Il u permit^<^, in that

formula, to change v to nv, where n it any scalar mulupiier; be-

eaute S,ydndp'^^Of if dp be a tangential vector. We mmj
therefore diipoee of the Imigik of v at pleasure, provided that we
retain its normal direction', and^ for the purposes of the preaent

iit(|uiry, ue may traii»>port it, parallel to itself, to any position we
choose. Thus, we may huppo'^e v to denote here that portion of

the normal which ierminates at the surface, but begins at any as-

sumed transversal planep and the formula of 604 will still bold

good. Now let this plane be drawn through the centre c of the

sphere which osculates at a given point p, in the given diieetioii

of an element pf'; and let it be parallel to the tangent phuia at

p. Let also the normal to the surfiiee at the near point P' of the

section be cut }>y this transversa! plane in the point c', near to c.

Then, considering the differentia!** as infinitesimals, or suppress-

ing what mutt disappear at the limit, and denoting by ff-t-dV the

vector of c', as a in the formula denotes the vector of c» we shall

have

v-i CP *p - <r, dv« c'r' - CP « pp'-Gc'»dp- dV;

therefore, with this construction for v, the formula becomes,

and shews that

d'tf X dp, or cc' J; pp'.

But we have also, by the construction,

cc'X CP; therefore cc'x cpp^;

that is, llie point t h the projtciion of the point r', and the line

cr' is the prjijeciion of the line cV, on the plane cpp'. In utiier

words, this interpretation of the formula shews, that t/ theaor^

mal to tkM stwjuce at a marpoint (r) ofthe section be paojBcrto

OH Taa oivBN NORMAL PLAMB (cvji^)^ tkit prqfectiom (cp*) wiU

Cftoss ram givin hoeiial (cp) tii ike centre (c) iiftke spaaaa

whkk oeeuUUee in the direcHon cf the aeefiim." Now this result

niglii have \^^\\ foreseen, by a very simple tjenmeiricui reason-

ing, h ot if, at any point p, near or/ar^ upon the section, we
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draw, Ut, the tangent to that section ; 2nd, the normal to that

curve in its own pl^ne; and 3rd, the normal to the surfiBMse, then

these two latter nonnala will both be perpendicalar to the tan-

gent» and therefore their plane will be so ; and the normal to the

surfiicey when projected on the plane of the section, will become

the normal to the curve. Hence, it is easy to see that when p'

is infinitely near to a given point v of the same section, the nor-

mal to the surface at p' intersects the axis cc of the circle which

osculates io the section at p; or that its projection crosses the

normal cp in the centre c of that circle. Conversely if we had

begun by seeing, geometrically, that this projected and near nor-

mal thus crosses the given normal in this oentro, we might have

inferred that, in the notation ofthe present article, cc'x pp', or

d'<r X and thence have obtained the formula of 604, at least

for the c'd^e when v is supposed to l)e Ijouiided as above. But

this restriction would be removed by changing v to Jiv» as before.

The formula might therefore in this way have been proved to be

generally true. I shall not delay you by pointing out the man-
ner in which it may be employed, to assign the known law of the

variation of curvature in passing from one section of a surfece to

another.

613. Suppose now that the vector of the given surface is ex-

pressed as follows:

namely, as some known vector function of some two scalar varia-

bles, X and which may or may not be the two rcctang-ular co-

ordinates, usually so denoted. We shall then have expressions of

the forms,

d^ = pdx + p^dy^ ^p - p"6x + ^/dy, dp, = p^dx + pjiy,

pf Ptfp't Pt,
being fi^e new vectors, of which the two first are

tangential to the surface, so that we may write,

V = V. pp,, S . vp B 0, S . vp,- 0.

Hence

d»p - p^da:* + 2p;da!dy -i- p^d^+p'd*«+p,dVf

d'x and d'y being imrodiieed, to ex})icss that x and y are coiirii-

dered as being, for any one curijc upon the surface, functions of
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•iorne one intlcpenrlont variable, wliu li may (it \vc think proper)

be supposed to be tbe arc of tbat curve. Operating by S • we
find,

S . vd*p « S . vp* Aai? + 2S . vpl . dxdjf+ S . vp^ . dy*,

d'o: and d'^ going off. Making then

so that i2 is, by 604, the radius of curvature of a normal section,

and is positive when the demdon of a near point of that section

(torn the tangent plane has the same direction as v ; and observ-

ing that, by the present article,

d^« - p *da;* -f 28 . p'pA^+ P^^U^

\

we find tiiat the formula of Gil, or the following,

a-»dp»=S.UvdV,

becomes

0 = A^x^ + 2B^xdy + C\hj\

where J-i2 y-S./Uv, /?= i^'^S .p>,- S.p/Uir,

For the lines of curvaLuro,

^dv + ^dy^O, M« + Cdy-0;

and, therefore, to tleterminc the extreme curvaturea^i'% R%\
we have the quadratic equation,

5»-.<C«0.

Hence what is called by Gauss tbe measure of curtatdrb of

the surface, namelyi the product ofthe reciproeaU of ica two ex-

treme radii of curvature, being the product of tbe root9 of this

quadratic equation, has for expression, in our present symbols^

iJr »
^ - ( (S . uvy - s . p uvS . pjJv)

;

because

v'-(V.p>,)' = (S.p>,)'-p>/.

We may also write, with equal generality, because v'*«- Tv~',

this still more simple expression,
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V V \ V/

614. To exemplify this general process, and to corn pare it

with known results, let us take the expreftftion for p whicli has so

often occurred already* namely, pBiX'¥jy + kz, in which xyz de<

note three rectangular co-ordinates* and z is now regarded as a

function of x and y. Then making* as is commonly done*

we find for the five vectors, p . . p^^ the expressions

:

p^t + Ap, p'-Ar* p>fo, p^-*/.

Hence, by the foregoing article,

so that we are conducted finally to the known value*

ri -

* ^*
(l+i^' + ^^Z

615. The general formula ofarticle 613 may be thus written

;

- v*Bi'Bi' = (S . vp:y - S . vp^S . vp,;

where if we make for abri(li;inent,

« * - P^ff"^-- S . pft, g « -p**

and denote the partial differential coefficients of these three sea*,

lars* taken with respect to « and |f, on a plan similar to the foie^

going* as follows,

c'= - 2S . pp", /' = - S . p'p' - S . p^p^y (jf'

= -2S . ppI^

e,«- 2S , pplff.'S . pp; - 6 . p'p^, g,''-2S,pp^,

we shall have, by the general principles of this calculus* because

V \^ /i , the transformations

:

2(S. vp.O'- 2vV-«,S . vftp>i^S . vp'p;? iV;

2S . vp'S . vp,= 2w«S

.

pX+ (^'- 2/) S . i.pp" +p,S . ypV;
2S . vp, p; = r^c, -yj^' ; 2S . vp>; /<?, - ep'

;
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2S . vpy = ge +/ (6 - 2/) ; 2S . vpp" ^fif +e{e^- 2f) ;

and finally,

2(S.pX-p;»)-e,-2/'+p\

if, by the same analogy ot uoutiou, we write>

- - 2S . pp: + 2p,% -/ « 2S . ppj +
and -/'« S

.
^ + S . p^p" + p^** + S . p>^.

It follows then that tha meoiure o/eurvature, Ri^Et'\ okpbnm
OKLT ON TBB THRBB 8CALAR8, €9/9 wbich enter aa coefficients

into the following expression for the sqvabi of thk lbngtb

OF A LINBAE BLBMBVT,

1 dp' - eAz^ + 2/dxdy + g^y\

and Oft ^Aeir partial diffbebntial cobfficibnts, pfiktfittA

and second orders (namely, on ali of the first, but only three of

the second order), taken with respect to the two independent

and scalar variables, x and y: that is, altogether, on the Iwelm

scaiars.

And thus is reproduced, iu a different notation, and by a different

method, but with perhaps sufficient simplicity, regard being had

to the difficulty of the subject, what has been justly called by

Gauss, a most important theorem (Meorema grcaduimuwk) :

namely, that Theorem which was discovered by himself, respect-

ing the cuNai ANCY of what he has named (as above) the mea-

sure Of CURVATTRE ofany surjai at any point, when the sur-

•face is treated as an infinitely thin, and flexible, but inbx-

TBM8IBLB soLio, and is conceived to be unroUed, or otherwise

xramsformbd, as such; each linear blbmbnt of the sorfiice

retaining Um length during the process. The letters e,/, g^ of the

present articlcy answer to the symbols £, F, G, in the notation

of the Memoir referred to : in which also the two independent va-

riables are denoted by p and ^y, instead of x and y.

616. Conceive now that .r denotes tlie length of the geodetic

line drawn to the end p of p, from some fixed point a upon the

surfoce ; and let y be the angle which the line so drawn makes, at

that fixed point, with a fixed tangent to the surfiice there ; the
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suggestion of these two scalar co-ordinates beij»g taken from the

Memoir of Gauss. By retainiDgy unchanged, but infinitesimally

altering a;, we move along tlie geodetic line ap« through a linear

eiementy pd«» of which the length ^dx; thus

= 1 , p » « - 1 ; € = 1, c = 0, = 0, = 0

;

and p is seen to be an unit rector, in the direction of the last-

menUoned element. Again, by infinitely tittle altering ?/, without

making any change in j*, we move from p along a trajectory

which eutH perpendicularly the various geodetics issuing from a,

through a linear element p6y, oi which the direction is perpen-

dicukir to that of the element pdx ; thus

and instead of the expression v^V-ppj, we may write simply

¥ B pp,' As a verification we have now^

O-S.pp'-S.pp/^.S.fiV,; p^Xp^ p''±Pa

and finally,

as» by the supposed geodetic character of the lines for which y is

constant, and the constant length of the elemeni pdx^ we ought

(by 579) to find. Now, without any restriction on e» /, or on

tbeir partial differential coefficients, the calculations of the pre*

ceding article give this equation (differing only in notation from

the formula obtained by Gauss), to determine the mea^iure of

curvature

:

4 (eg-py lie 'Ii,':=e {g'' - ^g.f + 9.e^

+g(e;^2eX^eg')-2(eg^/^) (e^-2f:^f^).

Introducing then the values of the present article for e,/, &c.,

and making also

g^m\ ^'»%mm\ g" m2mnC-\-2m\

we find that the measure of curvature comes to be expressed as

follows (agreeing again substantially with an important result of

Gauss):
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The nme eonclntion mig^hc of eonrie have been mfyre rapidly

obtained, by usin^f tailier the special system of co*Oiuiiiaces em-
ployed in the piesent article.

617. With the receat significations of x and let us now
conceive that those two scalar co-ordinates belong to a variable

point of some new geodetic curve on the same surface/ not pass-

ing through the given point a ; and let #be the are ofthat curve,

measured from some assumed point b thereon. Then, by 613,

if we write,

da;««^d«, dy^p*ds, d'<-0, d^-oTd^*, d'y-y^'dj*,

we shall have

dV - (pV + 2p>y

+

p^** +pV^py)eW;

where by 579, 613,

d*plv ± p\ and therefore S /u'cl> »0;

but we have now,

p***-!, S./»'p=0, S.p'p*«0, S./o'/o,'=0,

thus the general differential equation of a geodetic on the surface

becomes

9f^mm'j^f ort/«-iiiy,

if we write, as we may,

OS's cos V, y=m"Uinv, sin

where is the angle apb or qpp', between the direction of the

element pp' or di of the geodetic curve bp prolonged at the

point P, or («, y), and the element pq or d:r ofthe other geodetic

line AP, prolonged at the same point. We may also express the

last result as follows

:

dv »- m'dy ; or thus, Bv^- m'^,

if we employ the symbol 3 to donote the passage lium the first

geodetic line (//) to a near geodetic line (y f and reserve d

to signify motion along the line ap or {y) itself. In whatever no*

tatiou the result may be expressed, it is essentially equivalent to

one which Gauss obtained, by an entirely different process of cal-
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culation, in the Memoir already referred to : which was pre-

sented, ill 1827, to the Koyiil Society ot Cioiiingen, and has re-

cently been rtjprinted, with very valuable comments and addi-

tionSi by M, Liouville (Paris, 1850), in the Second Part of a

work^ entitled ^* Application de 1' Analyse a la Geometrie;" the

Fiist Part of the work being« id fact, a Fifth Edition of the ce-

lebrated Treatiie of that name by Mooge.

618. To tee clearly the geometrical signification of the re-

sults of the two last articles, let us conceive that nt and vq are

two small, successive, and equal elements of the geodetic line

AP; and that NNi, I'l'i, qQi, are three small geodetic perpendi-

culars to that line (y), erected at the three successive points n,

p« Q, and continued to meet, in Ni, Pi, Qi, a near geodetic line

+ By), which issues from the same fixed point a. Then

and the expression found in article 616 for the measure of curva-

ture becomes,

U'lt 1- "^^' + 2ppi-qq,

NF . PQ. PPi
*

it being understood, of course, that the ultimate value of this qui^

tient is to be taken. Again, with respect to the last formula of

617, we may conceive that pp' is an element of the new geodetic

considered in that article, intercepted between the iiiics (//) and

+ and then, if ra be still an element ((l.t) of the line ap

or {y) prolonged, the theorem eacprcssed by that formula is, that

QPP - AP P = (qQi - PPi) -s- PQ ;

the lecent significations of Pi and Qi being retained. With qua*

temion symbols, the two results may be denoted as follows :

where d still refers to motion aloni/ the original geodetic line

AF, and B to passagefrom that line to a near one. The results

may also be interpreted as relating to two near mrmal sections

of a surface, wpq and NiPiQh considered as cm, in p and p',
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by a third norma! section, or new normal plane to the surtace,

Aod there are otiier modes of illustrating and even of deducing

tbe same resnlu geameiricaUiff on which it is imposuble here to

delay.

619. Concei?e now that Qa' is another transrenal and geo-

detic element^ inteieepted between the lines (y) and {y + ^y), and

very near to pp' : so that pqq'p' is a little geodetic quadrilateral^

whose opposite angles are almost, but not quite, supplementary.

It we denote those angles at its corners simply by the lettefS

Py Q« Pf we shall ha^e by the foregoing artiole8»

0*+ Q = ir + di? + dSi? = IT - (m'+ la'dx) ly ;

and the spbbroidicai. bxcbss of the qnadrilateml (compare

587) is therefore expressed as follows:

P+ Q+ 0'+ i^- 2» -dSo- - m^da^jf

;

at least if we neglect all terms of the third and higher dimen-

sions. But, to the same order of accuracy, the arba of tbe same
quadrilateral is

PP| . PQe m^y . cb.

If, then, the spheroidical excess ofthis(nr)d therefore of ani/ utiter)

smallfigure be divided by the area, the quotient is ultimately

equal to the meaeure ofcurvature qfthe swrfitee; or in symbola,

mdydx

Bat again, either by obsenring that, with the notations of the last

few articles^ we have tbe expression,

or by using the less general formulsa of article 614, it may be

shewn that

V. dUygUV « JR.- » i^,- » V. dp^p ;

and therefore that the measure of eurvaiure ofamy earfaee at amg

multipiied mio the area ^amy infinitely ematlfixate am

It part of the surface, gives, as its product, what has been
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named by Gauss) the total cuavATURS of that superficial ele-

mmi : namely, the area of the eorrespondinffportion qfthe unit'

ephere^ this correepondence connstiog here in Ibe paraUeUem of

the radU (Uv) of the sphere^ to the normaU (v) of the surface.

Hence the iotai cumainre of any sueh quadriUtierat element at

has been considered in the present articltj, and therefore also the

tofnl curvature of any >jtodetical triangle^ or indeed oiany closed

fyure on any surface, Abounded by geodetic lines, is equal to its

8PHBR0IDICAL EXCESS : in such a manoer that if ab, bc, ca, be

geodetic iinea* theo,il +^ +C - ir« total curvature of geodetic tri-

angle ABC - area ofthe corresponding triangle cn the unii-^phere;

which latter triangle will not in general be what n called a ^he*
rical triangle^ because it will not generally be bounded by anss of

gieat circles. In applyint^ this very remarkable and beautiful

theorem of that great mathematician, Gauss, wliose name we have

80 often mentioned lately, we are to remember that (as be pointed

out) the elements of area on the unit-sphere must be supposed to

change their algebraic sign^ when the measure of curvature passes

from being positive to negative, that is^ when the surface changes

(if it anywhere change) from being conveco-convea? like an ellip-

soid, to being concavo-convex like a single-sheeted hyperboloid :

also that all ainyular points, like the vertex of a cone, are excluded

from those portions of the surface to which the investigation

refers.

620. These specimens of the application of the differential

calculus ofquaternions to geometrical investigations might easily

be greatly multiplied ; but perhaps they are already too nume-

rous. Were it not for this apprehension of being tedious on the

subject, I might shew you that a variety of problems respecting

the osculating and normal planes, and the torsions, evoluteSf &c.,

of curves of double curvature, in space or on a surface, may be

treated by processes analogous to those which have been already

ezphuned. For example, what is called by M, Liouviile the ra-

gUus geodetic curvature of a curve upon an arbitrary surface

nay be ezpressedy in our notations, by any one of the values

which were assigned, in article 589) for the constant c of the

curve there called a Didonia. But I prefer to mention here a
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peculiar application of the fundamental symbols, A, of this

calculus, whiuh seems likely to become, at some future time, ex-

tensively useful in many importanl pJ^fsical researches. lalro-

dueiiigi for abridgment, aa a new ekaraeieHHie qfoperaUcmf a

symbol defined by ftbe formula,

. d . d , d

which is to be conceived to ojierate on any scalar, or vector, or

quaterniou, regarded as a function of the three indepemient sca-

lar variablesy % ]f» ^ : we shall have geaeraUy» by sueb calciiia^

tions as those of art. 608| the formola

Jdv dtt\ .(At Av\ JAu At\

whei6 tf tt, r may denote any three functions of those variables

«4 y, And if we eoneeWe that a/, y', are three new and in*

dependent scalar variables, and introdnce the analogous symbol

of operation,

, . d . d . d

^-dSf^'^^P^^d?'

then we shall hare this other formnb,

, /. d . d , d\ /. d . d . d\

/ d« d* d» \

"
\da;da?' dydy'^dzdz'/

./ d» d» \ Y 1./
^'

\

the subject of operation being here any arbitrary function of the

«t*« independent and scalar variables, a;, sf^y^:^. The same

sort of calculatiott with the symbols tt^V A, gives (compare art.

507) thu other general transformation, which was communicated

by me to the Royal Irish Academy in July, 1846, and was sub*
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BtantiaUy reprinted (with the foregoing formiiltt of tbk article)

in the Philotophieal Magaaine for October, 1647 :

80 thaty if 17 be any scalar or vector or quaternion function of the

three independent and scalar variables x, Zy wc have ihia im-

portant iurmula:

d»v d'r d^r

W^dy^ d^^^"'^^*

The bare inspection of theseforms may suffice to convince any

person who is acquainted, even slightly (and I do not pretend to

be well acquainted), with the modern researches in analytical

PHYSICS, respecting atiractumf heatf tieetrieity^ magnetitm^ &c.,

that the equations of the present article miMf yei became (as

above hinted) exietuheiy us^fid im the maihemaiieal etudyfffna"

iure, when the ealenlus of quaternions shall come to attract a

more general attention than Lhat wliicli it h«as hitherto received,

and shall be wielded, as an instrument of rosearcli, by abler hands

than mine. Meanwhile 1 may remark that U v denote the /etn-

perature of the point whose rectangular co-ordinates are

in a eoiid bodff^ then the symbol - <v may denote the flox or

HBAT at that point. Again, ifo be what is called the potmntial

of a wyetem ofatiracHng bodiee (with the Newtonian law), or the

snm of their masses divided respectively by their distances from

a varial)lc point x//z, then <j r is a vector which represents the

amount and the direction of the accki.prating foiick at that

point, produced by the actions ot tiicse budies. And if we simply

consider v as eome ecakurfunclion of the three rectangular co-

ordinates Xf y, 2, then the symbol ±^v denotes a normalvector

to the swrfacey of which the equation is

V >^ coni>tant

;

in which latter view, we Iiave also this eymboUcal equaiioHt

<l--(S.d^)-'d.

621. Since I have been led to mention pkpeicat applioations,

I shall devote an article or two to some meCliods of expressing

2u 2
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by quaternions the aitraetim of the Son upon the Earth, and

the disturbing force of the Sun upon the Moon, or of a superior

on an inferior planet, whieh occurred to me in 1845, and were in

part communicated to the lioyai Irish Academy in that year^ but

more fully in the two years following.

II we conceive an wkU of fiuus to be coneentraled at any

fixed or moveable pointy from which the vector to some other

physical point is a» then the aeeetereuing ottraeHon which this

mass exerts on this latter point, according to the Newtonian law,

is represented, \n kn<;th and in direciion, with the notations of

the present calculus, by the symbol^

^(a)-o-^Ta-»;

which rcetof^ficffoii, f (a) or I for this reason propose to

call the TRACTOR, eorretpwding to ihe vector of position, a; or

more concisely, the tractor of a. With this signification of ^a,

if we now suppose that the two points compose a binary syAtem^

with a sum ofy/uisst s deJioted by 3/, the equation of the relative

motion of the latter about the former may be thus written ;

o" = if

;

where a'' is the ueond differential coefficient of a with respect to

the time t, and therefore (Ijy 574) the vector of relative accelera-

tion, wliile theJirst differential coefficient a is the vector of rela-

tive velocity. An immediate integration, containing the laws of

constant plaiitf and area, is obtained by observing that the r^
cent equation gives,

V.ao" = 0, and therefore V.aa'sy,

where 7 is a constant vector^ perpendieukir to thepkme of the

orbit, and representing the dcMed areal velocity. Again, the

tractor is a function whichi in virtue of its mereJorm^ and inde*

pendently of any physical supposition, admits of being thus ex-

pressed: .

^a- dUa + V. ada - ( VaY-h (V. aa)

;

one way, among many, of obtaining which transformation, is to

observe that, by 695^
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dUa - dlUa .Ua «V (da . a 0 .Ua -UaV. a'Ma

aTa"* V. a"Ma = a'*Ta"' V. ada = .V. <ida«

For the relative orbit of the binary system we hare, therefore,

this other integral,

a + Afy -
' Ua = constant, or Uo + ^ " '7a' « c,

€ here denoting a ueand constant vector. Thus, in the nndis-

tnrfoed motion of a planet or comet about the snn, the whoie m-
ri/ing tanyeniial vclocitij^ a , may he decomposed into two partial

veloriiies^ My'^ and - J/y'^Ua, of which both are constant in

ma^miude^ while one of them, is constant in direction also. The
component yelocity (- M^'^Ua), which is constant in magni-

tude, but not in direction, is perpendicular to the heNoeentrie

vector (a) ; the other component (itfy^^c), which is constant in

both magnitude and direction, is parallei to the velocity at peri-

helion ; and the fixed component bears to the revolving one, in

amount, the ratio of Te to 1, where Te is the excentricify of the

orbit. For if wc operate by S . a on the integral equation last

obtained, and observe that

S . aUa«* ~ To* S . oyo' « - S

.

yaa^ - -y*,

we find, as the completely integrated equation f^the relatwe or-

bitf the foUowuig:

O-T0+ S . at + i>i y, or r'^p ' (I +e cos w),

where
A

r = To, p = M'^k'^\ e - Tf, t; = ir - o<, so that c- = iU/j, ifc -T-y

;

the well-known character ofthe orbit as a conic eection^ with the

sun as one focus, being in this way reproduced with ease. At

the same time we see that if from the sun, or other point taken

as origin, we draw a series of vectors a to represent the heliocen-

tric velocities, and give the name of Hodooraph to the curve

which is the locus of their extremities, this curve wiH atwa^be
(with Newton's law) a circlb ; of which the vector ofthe centre

is the cofi#/aiif component of velocity, l/y h\ while the radius is

the constant maynitude Mc' \ =cp'\ of the component which

varies in direction, namely, the sum of the masses divided by
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ik$ eomtani 4^doMe aretd vetoeiip ; or the oonstant c dinded

by the so mi parameter p; or the square root of the quo-

licnt obtained, wljen the same sum of masses is divided liy the

semiparameter of the relative orbit. But 1 cannot enter here

into the details of that theory of the Law of thb Circular Ho-
D0QRAPR9 whkb was comraunusated to tho Royai Iriiii Aeadamy
about the end of 184$> with some additions shortly subsequenty as

printed in the Proceedings of the body ; from which (for Mateb,

1847) I shall merely extract the fbllowinu^ theorem ofkoehgra-

phic I'^ocAro/ii^z-'J, equivalent virtually to a cclebiated theorem of

Lambert, but presenting itself under a different form, and ob-

tained by a quite different process: Iftwo circular hodographs^

hamng a common chords which passes thromgh^ or tends towards^

a commm centre offorces be hoik cut perpendieiUarfy by a iMsrd

drcUf the times qfhodogn^pkieaUy describing the interceded ares

uritt be equal.*' I am anxious to acknowledge here, that in the

general conception of connectif^ by some curve or line (by me
called as above the hodograph) the terminations of lines drawn

from one common point to represent the varying velocities of a

body, 1 have found myself anticipated by Moebius» who has in-

troduced that conception (but not, so fiir as I have noticed, the

theorems abo?e lefened to), in his dear and valuabb book 00 the

elements of physical astronomy, entitled ^^Meohaoik des Hinn-

mels" (Leipzig, 1843). The inverse cnrve, which connects the

eAtrcmities of what maybe called the vectors of slowneaSf or

the locus of the extremity of the rectilineal vector a'"', has also

been the subject of some researches of my own, and 1 have ven*

tured to propose for it the name of anthtniograph^ or, more oon-

dsely, that of Anthodb.

692. Suppose now that a is the heliocentric rector of the

earth, and /3 the geocentric vector of the moon ; also let M now
denote the mass of the sun alone. Then, because /3 + a denotes

the moon's helioceiuric vector, the accelerating actions of the

sun on the earth and moon are, respectively, in the notation of

the tbrcgoing article,

Jlf<^ (a) and A/^ (/3 + a)

;

iiom which it loilows that the DiSTuaniMG fouck, exerted by the
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Milt M^pOH ihe moon, in lier motion about the earth, is fapresented

by the expreesion,

(0+ a) - or AfA^f if we make 0 « :

that is, the suu'^ disturb'niy force is tJit dijfcrcncc of the two he-

liocentric tractors^ inuUiplied by ihe mass of the snn. It be-

comes therefore an object of great importance, in the applications

of quaternions to physical astronomy, to deodope this difference of
iraeton, which might perhape be named the tuebator.

An obWonB mode, bnt not in this caw the earicet one^ of effect-

ing this devdopementy h to dijfflisrenHaie the iraetor, ^a, regarded

as a function of the vector of position a, and to employ the ex-

tentied iorm oi Taylor's series (arts. 573, 599, &c.). A first dif-

ferentiation of tliis function gives, when we make da

d^a- d • a'»Ta-» «'a-»d«o-'Ta-» -a-^To-MTci
= (a/3 + S . 11^) . a-» To-* «- {a-»0 + S . a-»0) . ;

and a second differentiation, aiier a few analogous reductions^

would be found to furnish the expression^

80 that we have thus the terma of the first and second dtmen*

aions relatively to 0t or those which are of the same order as

fia'\ in the required developement of the new tractor

0 (a + l^)y
of tlic (listurbiii<^ forco A<pu. liut the following

process is, in this question, bimpier, and conducts to results

which are more easily and interestingly interpretabie. We have

^03+a) = TO + «)-».O + o)-»«{-(i3 + a)')-4O + a)->

«(l + /3a-0"* (1 +a^/3) *a-»(-a')-*

where

But, as in ordinary algebra, we have the devclopcments,

(l + 7)*-l-i7 + J7»-. ..,

(l + yT^«l-|^/^ '.V=- . . .;

whence we may write,
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wheie

> 1 3...(2?t-l) 3.5...(2n + 1)
'^~"'""2.4... (2ii) "2.4... (211';

•

Supposing therefore still that < Ta, we see ttiat the attrac-

tion ^ (/3 + a), wiiich a mass-nnit, situated at the beyinniJi') of the

vector /3 + ay exerts on another mass-unit situated at the end oi the

eame vector, is thus decomposed into an infinite hut converg'ent

jCTMtf ofOther foroeSt ofwhich the i$iUn9Uie9 aredetermiDcd

by the tetuorif

while the direetums of the sane partial forces are determined by

the wrworsf

Uf,. .-(U .^)-"'Ua-»- (- Uj)"-" U (-«),

of the ezprefleions recently giveo. Let denote the Ungthsj

or tensors, of the vectors - a and + /3, and let C be the angle be-

tween them ; so that, in the astronomical example lately men-

tioned, a and b are the yeoccntric distances of sun and moon, and

C the geocentric elongation of one of those two bodies from the

other; then

angle from ~ » to component force <pn^ „' is - - '')^>

and intensity of same partial force = i»«,«/(6a^)"*"'a~';

where m«, is the same numerical coefficient as before.

683. Let A, B, c, denote respectively the positions in spaee

ot the ceiities of the moon, tlic t>un, and the cui ih ; so that

then the sun*s disturbingforce on the moon, if his mass be still

treated as unity, may be, by the foregoing analysis, deeompoted

into a series ofgroups qfsmaUer and smallerJorces, of which

groups it may here suffice to consider the two following. The
symbol ^,>, o denoting here the sun's attractive force on the

earthy the first anil principal group consists of the two disturb-

ing forces, ^1, 0 and It and of these thefrst is purely ablatU
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tiouSy or is directed along the prolongation of the side of the tri-

angle ABC, which 19 drawn from c to a, and it has its intensity

denoted by the ezpressioD ^bcr*; since we have for this forcei and

for iu tensor and versor, the ezpressione

The second disturbing force, of this^r^i group, has for ezpres-

sion,

where a/3o~* denotes (by 290, 429) the reflexion of the line /3

with respect to a, or to -a ; its inientity is exaetfy tripU of that

of the former force, being represented by \ha'*\ and its direetim

is the same as that of a straight line drawn from c to a', if a' be

a point such that the line aa' is perpendicularly bisected by

the line bc (prolonged through c if necessary). Of these two

principal disturbing forces, in the case here considereti of our own

satellite, the first may therefore be said to be directed towards

the geocentric place of the moon ; while the second is directed

towards whatmay be called ^JictiUaiu moon, namely, to a point

in the hea?ens which is to be conceived to be asfarfrom, ihe sun

cn one side^ as the aetuat moon is on the other side, hmt in the

same grtat circle ; so that it rauy be imagined to bc a sort of

rtfjicxion of the moon, with respect to the sun. if we now ex-

tend the same conception and phraseology, so as to imagine a

similar reflexion of the eun with respect to the moon, and to call

the point in the heavens so found the first fictitimu sun, the

moon being thus imagined to be seen midway among the stars

between the actual and this fictitious sun ; and if we fiirther ima-

gine a secondfictkious stm^ so placed that the actual sun shall

appear to be midway between this arid the first fictitious sun;

we shall then he able to describe in words tlie directions of the

three disturbing forces of the second grotqt, aud to say that those

directions tend respectively, for the case of our own satellite, to

these three (real or fictitious) eune. For these three forces will

have, for their respective expressions, the three corresponding

terms o( the developement of the tractor assigned above, namely,

liic three following terms:
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0>.o=i/3«/3(-a')-t;

^i, i
= i^a(-a»)-«;

of which the intennties are, respectively,

80 that they are exaeify pmportiamal to the three whole nrnnberSf

1, 2, 5 ; while they ate directed, reapecttvely, to theJirst fietitkRia

SttD, the actual tan, aod the second fictitious rao. In &ct the lioe

U. /3a/3, = U. /3 ( - a) /3~S has the direction ofthe sun's geocentric

rector ( - a) reflected with respect to the moon's rreocentric vector

(/3) ; U . p-a, = IJ (- a), has the direction of the sun's geocentric

vector itself; antl the line U . a^a/3a'^ has the direction of the re-

flexion of U . /3a/3 with respect to + a. The disturbingforce of
a superior planet^ exerted on an inferior one, may be developed

or decomposed into a series of groups of lesser disturbing foreeSy

the intensities of the several forces in each group being con-

stantly proportional to whole numbers, in an exactly similar way

;

nor does the ajiplicatiun of the principle ami method of develope-

ment thus employed terminate here. Nothing; depends, in the

foregoing investigation, on any supposed smaliness of excen-

tridties or inclinations : the actual (and not the mean) dis-

tances of the points b and a from c are those denoted above by

a and 6 ; and the great circle in wliich the above>mentioned re^

flexions, and all the subsequent ones which would be found by
taking higher terms of the developemcnt of ^ (j3 + a), are per-

formed, is the actual or momentary plane ofthe three budiesy with-

out any reterence to an approximate or momentary orbit.

624. 1 have made several other applications of quaternions to

various departments of mechanical or physical science, of which

applications some have been published. Among them, 1 shall

just mention here, that it was shewn to the Royal Irish Aca^-

demy in 1845, that the known integrals of the equations o/mo»

tion of a system o/fmlics, attraotine^ accordin<^ to Newton's law,

or of the system of equations inchuietl in the following formula

(where the recent notation ^ is employed),

p - S . w> (a- a ),
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the accent here refcrrinaf to the passae^e from one body to another,

might easily be deduced, by the principles of the present calcu*

lus; and that a formula including those differential equatioD8»

which becomes with our abridged Dotations^

0- S. «iS,5a + 82 . «mT(o'-a)-S

might (theoretically speaking) be integrated by an adaptation of

that general method in dyncmics, which had been previously

published by me in the Philosophical Transactions of the Royal

Society of London, for the years IH34 and 1835 ; and which de-

pend on a peculiar combination of the principles of t;ari£Utoiitfand

partial d^ereniiaUf already illustrated by me, in earlier years,

for the case of mathematical optics* It was also shewn to the

Royal Irish Academy, in 1845, that the general cmdiHons cf

equilibrium ofa rigid system admit of being concisely expressed

by the formula,

where a is the vector qfappHeation of a force denoted by the

other vector fii and the scalar, -c, which is thus equal to the

sum of all the quaternion products, a/3, a'fi', &e., is, in the case

of equilibrium, independent oftheposition of the point from which

all the vectors a, o', . . arc (Jravvn, as frum a common origin^ to

the points of apj)licali(Mi of tiie varioim forces /3', . . . In

fact this independence requires the existence of the two separate

equaiums qfcondition (each of which is equivalent to three equa-

tions, when translated into ordinary algebra),

2/3 = 0, SV.a/3«0;

whereof the former expresses that all the applied Jorcu would

balanee eadi other, if they were all transported, without any

change of length or of direction, so as to act at any common
.point, sueh as the oriirin of the vectors a; and the latter equa-

tion expresses that ail the statical couples (in i'oiosot's sense of

the word), arising from such traneport of the forces, ^, or from

the introduction of a system of new and opposite forces, - /3, all

noting at the same common origin, would also balance each

other : the axis of any one such couple being denoted, in mag-
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nitude and in direction, by the symbol V. aj3. When either of

these two vector aufns,

20 and SV.n^,

is diflferent from 0, the system cannot be in equilibrium, at least

if there he no fixed point nor axis; and in this case, the <jua-

ternion quotient, which is obtained by dividing the latter of these

two vectors by the former, has a remarkable and simple signifi-

cation. For it was shewn to the Royal Irish Academy, in 1848,

that the scalarpart of this quaternion quotienty

S(SV.a/3-i-S/3),

represents the quotient obtained by dividing the moment tfike

principal resuUani couple by the intensity of the resnUantJurce;

with the dirtcLiuu oi which force the axis of this principal couple

is known to coincide, beintr the line which is distinguished (in

Poinsot's justly celebrated theory) by the name of the central

axis of the system. And the vector pari of the same quatemion-

quotient* namely* the line

is the vector ofthe foot ofthe perpendicular ^ let fallfrom the as-

sumed origin, on that central axis of the system. But I cannot

enter here into any further account of any such applications of

quaternions. I shall merely state that I have found these new
methods of calculation appear to work well* as applied to some

other problems of physieai astronomy^ and also ofphysical op-

tics : and even to a fjractical subject of so excessively dissimilar

a kind, as the construction oi sht tr hi-idyta in engineerinnr. In-

deed it is obvious that t/the method of quaterniofis be htted to re-

place (though perhaps not in every instance with advantage) the

Cartesian method ofco^dsnates^ the one method mnstf like the

othetf be avmlable in eoerjf case of the application of calculaUon

to geometry ; and therefore to all those mechanical or physical

sciences to which geonaetry itselfcan be applied.

625. It appears to be projier and almost necessary to say a

few words iiere, hut they must be very tew, on the sul)ject of de-

FlNiTB ilixfiauALs IN QUAYfiftNioNS. Wherever we meet with

an espression of the form,
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where t^^ii are scalars, and I''{t) is a given qualemion Junction

of a scalar variable^ I, which we shall suppose, for simplicity, to

remain finite, while t varies from /« to li, there is no difficulty in

interpreting the symbol, in conformity with well-known analo-

gies, as equivalent to the following limit of a sum :

/2 = lim . S .tzhFie,^^ii,^t,)U

the summation relatively to m extending from m = 0 tom = n-l,

or, if we choose, from tn =1 to m = n. Or we may write this

other formula, which expresses a slightly more symmetric sum'

motion:

(<) d< - lim . 2 . »-» (<, - <o) ^ + (m - ji)H ' (h - <o))

*

Thus the symbol fTdp, of 582, 584, 588, would come, as in those

articles, to be interpreted as denoting the lenyth of an arc^ .v, of

the curve wliich was the Iocuh of the extremity of the variable

vector p, regarded as a function of a scalar variable ti for we
might thus transform it,

iTdp-pTp,'d/;

and might then regard it as the ultimate value of the sum of an

indefinitely great number (n) of indefinitely snwll elements of
length, of which the general expression would be

(<i - Tpi', where < - (» + (m - i )
« -

» (^^
-

1^).

In iaet, if the arc («) be iieelfth» independent and scalar variar

bie, then (compare 574) Tp = 1, and n'*(ti~tt,) becomes the

little element ot arc : or if (see again 574) t denote the time, in

the motion of a point, then 'I pi denotes the velocity ; and,

when multiplied into the time-element m^(^i-^), gives still

a product which is ultimately the element of are. On the other

hand the symbol |dp, or I p'd/, would denote the chord of the
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game curve, Sp=p^-p^<, because this chord is ultimately the

Vector su/n of all the directed or vector elements {lanytnttal,

while n is finite, but at Last ckord(U)t which are of the form

n-' (^1 - U) and are taken between the two proposed limits

of integration. And rimiiarly in other eases, where the proposed

expression of the definite integral is given, or can be prepared, so

as to hare, in a known way, the differeiUial ofa seaktr under

the sign of integration, although with a vector or quaternion for

its coefficient : all difficulties from snhiular forms, or infinite va-

lues of that coefficient, being for &im pi icily kept out of view.

626. But when the differeotiaifactor under the sign qfini^

graium is Ugeff, UBenHaUp^ the diffkremikU of a gtiaiermioth

then difficulties arise, of a sort which seems to be quite maOf wad

which do not appear to offer themselTcs in the mauai differential

and integral calculus. Take even the following very umple form

of a definite integral,

where ^» and ^, denote some two given qaateraions, and Q a

variable quaternion. What qnatemion is this integral Q to be
ooneeived to be ? ft seems to me that this most depend om the

assumedform of the function which the variable quaternion q is

supposed to lie, of some independt nt and scalar variable ^, wliich

changes value from some t^ to some ^i, while q^ as depending in

90me way opon it, changes from qo to <7,. The simplest of all

snch laws of dependence appears to be the following linearfirm:

J « ^0 + < (^i - yo)i >*ilh the values, = 0, = 1.

With Mif aisomed Im, or fanctionalydmi of 9, we find

- (f1 + 9^) (yi " •i fe*- 9^) + * (Wi -«•)•

But we may also assume U dijferent iaw^ for example, the fol-

lowing :

9 4 I I- 9») + I (1 - l)p,

being here an arbitrary quaternion, \\hich may be supposed to

? con<^tant : the limits of the scalar variable t b<nng still 0 and 1.

And then we have.
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and the definite integral acquires this new value

:

where Q denotes theformer value of tlie integral, but £Q is the

following new quaternion

:

tlie term involving ji^ going off, beeauae the mmU theory of defi*

nite integrals gives,

627. More generally, if we make

where denotes some given and finite function ot ilu variable

quaternion 7,, we may interpret this integral in various ways, con-

ducting to different results, according as we attribute one form

or another to the supposed dependence of this quaternion q on an

assumed and variable scalar in order to accomplish the definite

integration, on the plan of 625. For let this quaternion liinc*

tion of # be more fully denoted by and let it receive some

small variation c y„ which vanishes for each of the two extreme

values of t, so that if these be still 0 and 1, we shall have

Then the original and the varied integrals become.

But

therefore, integraliiig by parte, and attendii^ to the limiting va-

lues of ^, we find that
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Hence we obtain the following formula for this new sort 4^
liofjofi a d^fiaUte iniegral:

or more ooneueljr*

an expression which, as here interpreted, does not in general va-

nish. In the example of the foregoing article^

/q^q'={^-Oqo + tqi, ^q^^^t{i't)p,

and the recent formula becomes^

''ilp(qi-qo)~(qi-go)pU
as before.

628. More generally still, if F(qy r) denote any function of

the two quaternions q and which is distributive with respect

to the latter^ so that

we are naturally led to adopt the following transformation,

with an interpretation for the latter of these integrals, of the

kind assigned in 625 ; but when we come to apply this expres-

sion, we shall still, in genercd, be conducted to different values^

according to the different formSf which may be assumed for the

function qt9 €ven iftkuJuneUan remain alwayefimU^ between ike

two given quaiemion Hmite ofiniegration. For if we write

SF(9,r)-i^(^,Sr)«S,J'(j,r),

and similarly,

AF(q, r) ^ F(q, dr) - ^F{q, r),

we shall have

Digitized by Google



LKCTOBB Vtt. 625

where

- F(q,6Sq)'^dF(q, ^) -d,P(?. «y)

;

bat F {q, 0) « 0, and therefore i- {q, ^qo) 0, -F (9, ^ji) ^ 0,

beeattie the limite of integration, q^ q^ are not supposed^ in this

tnvesdgatioD, to vary
;
hence, with these limits,

aiiii liie recent formula becomes,

an expression whieii does not generally vanish. As an example,

making ^ff7, r)-f{q)r^ we recover the formula of the forcu^oinfr

article; and by supposing r) = i/4|ywe obtain this analogous

formula,

629. There is, however, an extensive ea$e in which this new
variation of an integral does vanish, the limits being still given,

and the function being still known and finite, namely, as might

have been expected, ihe case where the subject o/the inleyralion

is an exact differential of somefunction of a single quaiemian.

In £Mit if we suppose, in the last article,

F(q, dg) = d/</, and therefore F{qf Bq) = ^q,

then, by the definiticn of adifferential in 568, combined with the

analogous definition of a variaHon of a function, namely,

= lim . m{f{q + »i * 5^) )

»

we shall have

l^dfq m lim . mnl/(q + m-^Sq + n'^dq) -fiq^ «"*d^)

-/(?+«»'8?)+/9l.

= lim . nm 1/(2 + n 'da + m 'Sy) -/(? +

2 s
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and, therefore, with these significations of the symbols,

whatever the form of the quaternion function/*may be. Hence,

wiiii ihe iofin of the function considered in the present article,

we have

V'(2.d«)-^f^(j.8?);

and, therefore, w^^/^ Uiis/orm of L\ we have also.

For example, if F(g', dj) = d . = ^ . d^ + dy . J, then, by the two

foregoing articles,

and although these two integrals do not uparatelg Tanish in this

calculus, yet their mm does, so that

Thus, by whatever law we oonoeive g to vary from 90 to ^„ re>-

oeiving always finite values, we have, in quaternions as in al-

gebra,

630. You will conceive that analogous interpretations may
be assigned for double (or triple^ dc.) definite inteffrals in guaier-

niona; or that such an expression as

where the function F is distributive with respect to each of the

differentials (!</, tlr, can be treated generally as the limit of the

result of ttvo successive summations. But besides all difficulties

arising from itifinite values of the function to be integrated, there

would be found, in this calculus, new sources of indetermination or

variation, arising from the non-commdtativb character of mtil-
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tiplicatiorty and analogoas to those oontidered in the few preced*

ing articles^ but on a more extensive scale^ in consequence of the

doubly (OT triply, &c.) arffiirary mode ofpassage^ from one given

system of limiting values of the varying quaternions, to the other

given liinit-syslem. If this difficult subject shall be pursued, it

will probiihly he useful, or even necessary, to consider it in con-

nexion with the important researches of M. Caucby, on definite

iniegraU taken between imaginary UmitSf when those imagina-

Ties are of the ordinary kind.

631. When I began (in article 568) to speak of the different

tial cahttlus ofquaternions, I had no expectation of being- led to

enter into it at so great length, aidi'ju<j,!i \ ou cannot fail to per-

ceive that only the merest sketch (couipure 477), of that calculus

and of others allied with it, has been given. But 1 was anxious

to point out (see again 668) the connexion between this differen-

tial calculus and Unear equoHons in quaternions, or equations of

thejirst degree^ such as were discussed in articles 554, &c. Let us

consider, with this view, the problem, to differentiate the square

root oj a ijuattriuun. Let ; ami il/- be any two given quater-

nions, from the fiirmer of which its own square-root = r* can in

general be definitely inferred, by the rules of the Fourth Lecture;

then the present question is to deduce from these another quater-

nion dg, by the application of the definition in 568» which gives

dg^d.H'^lim . «i(r + ii"'d7*)*~r*);

or,

j'«iim .»{(r + »' V)*-r*J, if ^' = djf,r'«=drf

or finally,

^=p^ = lim .jp„ if (r + «-»r')i-r* = j|-»|>,.

This last equation gives,

and therefore, at the limit, where n is infinite,

r'- qq'+ qq ; or, dr = qAq + Aqq*

in lact, we might at once have obtained this last equation,

282
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by differentiadtio; one which is supposed to connect q and r,

namely, r = q^; for this simple process would have ^iven (com-

pare 669» 692),

Mow the recent formulae are equations of the first degree^ reUt"

iivdy to the differential, dq or considered as a mmghi qnaier-

nian ; and more pardcularl^r, they are of the form discusaed in

articles 660, &c., namely,

and consequently are soluble as such, so as to conduct to a great

variety ol forms, for the required Differential of a Square

Root. Oue form, for instance, is the following (see again ^60):

d^ = d . ri = ^ (Vd/- + KqS . Arq ')
;

where (oompare 466, 604, 667), the symbol Bq'^ la treated aa

equivalent to this fuller symbol, (S^)~'«

632. With the same mode of notation, we have also (compare

662), these other forms, which might be further multiplied, for

the double of the differmitial qfthe square rootf q^oja quater*

iiuw, r:

2d^ = 2d . r* = i (dr + Kqdrq ') Sg- ^ = i (dr + 7-Mr K7) »

-(drj+ Kydr) (y + Kj)-^«(drj + K9dr)(r + Tr)-»

dr^ Uy-'drUy-^ drU^ + U^*dr jf ' {Vg^r+drVg-')

q-^ (//Hr + Trdr^-^) _ drUy + Uy 'dr drK^'^ + y^dr

"~Tj(Ug+UyO " Ty(l+ Ur) " 1+Ur

-|dr+V(VdrI,))^«{dr-V(Vdr^.7-))g^»

— +V (V a) >= V (V ,q^)
q ^ qs^^ q ^ q B ^ '

mdrq-' + Y (V.q-Wdr) (1 + - . »)•

For some of the foregoing forms 1 have found geometrical inter-

pretations and applications ; for instance, in connexion with an
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investigation^ on which 1 cannot here delay, of the angle of the

following quaternion product qfequate roaUf

and which led me, by a process quite different from that of the

Fifth and Sixth Lectures, to perceive that this angle represents

(compare 258, and the formula given at the end of 595) the semi-

excess (or semi-area) of a certain spherical triangle def, the vec-

tors of whose corners are, respectively, ^, c, ^ : but the recent

expressions are at present offered only as examplee of trans/br»

matim in this calculus, which may serve also as exerdeee therein.

633« In general^ if we are given an equation of the form,

where q and r are two variable quaternions^ and ^ is a function

of known form, we may regard one of these two quaternions, r,

as an unplicit function of the other, </, of which the differential

dr may be had, by first differentiatiny t/te equation^ and then re-

aolving the result, as an equation ofthefirst degree^ on the gene-

ral plan of articles 6d4, &c. (Compare again the reasoning in

592.) For example, to diffhrentiate the redproeal of a quater-

nion, we may differentiate thee^iutfion, r^/ = 1, and thus obtain*

drq + rdq - 0, dr - d . j"* « - q'^dqq-^f

as in 571. A^ain, to differentiate cube-root, r = ^*, we may
employ the equations (compare 569),

<2r « r*, d<^ « r'dr + rdrr + drr*,

and resolve the latter as a linear equation in dr: a process which

will be found to lead, after reductions, to this among other forms

:

df« d . <7j = 7> + (V. r* + rVr) » (rp -pr) ; where p» ^r^dq,

634. The following is a theorem of some generality^ respect*

ing differentials of functions of quaternions. Let/b denote a

powert or other ordinary and eealarJuneiionf of an ordinary and

scalar variable, x ; and let the differential coefficient of this sca-

lar Junction be denoted (compare 574) hyy 'a:. Then, supposing

^ to be a quaternion, and the functions J\f to retain the same
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forms as before (so that if, for infttauce, fq^^9 thenfq^ 2^)»

we shall iiave the ezpre89ion«

¥q . h + TV/g . dUV^, if = Sdy -r S (d^v^o ;

80 that

- =V^ = T . d U V^,

= that i)ari of which is a vector perpendicular (o Xq. Our
time will not admit of entering into the investigation of the

general theorem, enunciated in the present article. 1 can onljr

observe here» that one of the many transformations ofezpressioa,

of which the theorem admits, is easily seen (by what has been

already observed) to be the following

:

and tlial otie of the chiui elements in the investigalion is supplied

by the relation,

V.VvV/y - 0, or UV/^ - ± UVg

;

combined, for simplicity, with the supposition that the vpper

sign is adopted, or that the axes of the qnatembiis q und/q
have simiiar (and not opposite) directions. One general coraU

lary is, that

, Vyd/v 4 d/^V7

For example, ^hen fq^f^f'qt^^^ the general formula be-

comes,

V^d.7^4 d.^-.V^
^

a result which may easily be verified by shewing that

\'7tl . y- - 27 -Vq (Vqdq - dyVy),

d.qK\q^ 2qdq \g (\qdq - 6q Vj),

635. The process by whidi, in 631, we calculated the diffe-

rential of a square root of a quaternion, did not require (corn-

arc' .')4 2) any previous developitm nt in scries ; nor did it even

ssunie the existcnrc of any such developement, for tlio sjuare

'oot of a sum of two quaternions. But if we now propose to
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LECTURE VII. 631

ourselves to develope such a square root, we may proceed as fol-

lows. Assuming that

and supposing that Tc is small, with respect to we may de-

termine succeswKidy the various quaternion tenM of this series^

by means of a corresponding aenea ofImear equaUonSt namely,

the following, which are all of the form considered and resolved

in 560

:

bqj + Qih = - 7,'

;

hq*, + ^46 « - qiq^ - q^ - q^i \ &C.

It is evident that the S'luare-root ofa polyrwmial, such as {b- + c

+ e + f. . nfiay be developed on a similar plan, the question

of the convergence or sign of the series being not at present dis-

cussed : and that a great variety of more general problems, re*

specting dbvblopbhbnts of functions of foltnombs, is in

like manner reducible to the suecessioe sobUUm ofa seriei of
equations ofthefirst degree, on the principles of former articles.

In practice such a process of developement would be, it may be

admitted, a toditnjs one ; nor had even the fioiivn of so develop'

ing the square root of a sum occurred to me, when I found and

applied « some years ago, on the plan of article 63 1, an express

sion for the differenHal^ d • of the square root of a varia»

ble quaternion : although, do doubt, if any shorter or other way
of effecting the developement of (q +d^)« shall be hereafter dis-

covered, it will then be possible to calculate in a new way thiil

differential of 7^ by selecting the term or terms of the first di-

mension relatively to Aq, (Compare again the remarks of article

672.)

636. Let there be now proposed a guadratie eguaium in

guatemionSf of the form mentioned In art. 553, namely,

^^qa-¥di

where a and b arc two given quaternions, and g is a sought qua-

ternion. Writing
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63S ON QUATBRN10N8.

where to and p are supposed to denote the scalar and vector parts,

not here of but of the new quaternion^ 2^ - a ; making also^

for conciseness,

Va-a, S(a'+46)-«, V(a'+46)-27;

the proposed quadratic becomes,

-f -I- op - pa» e -f 2y

;

and breaks up into the two following equations, which are re^

spectively ofscakr and Tector forms (c being here given eeaiar^

and oy 7 being two given veciore) :

m;' + p' = c ; V. (m; + o) p - 7.

The latter equation, so far as relates to p, is of the form consi-

dered in J 14 (or in ^59), aod gives, with the present symbols,

Wp = y + (w+ a)"* V. ya = (w + a)"* {wy + S . oy)

;

whence, after a few reductions, it is found that

tff»p» - 7» - - a»)' » (V- - (««^ - o»)-
»
( i£»V - (S . *

Substituting for p* its value in terms of w\ namely, the value

p*^c- w\ we are led to the following scalar equation of xua
SIXTH OEOBBB in w, which is, however, only of cubic fobv,

0 «f(w*) = (w^ - d") {w' - cw* + y') - ( V. ayY

;

or, as it may be also written,

0 =J\iv') mu^{wi-{c + a') M?» + ca» + y')- (S . ay)'.

And when a eeatar rootw of this equation has been found by or-

dinary algebra, we may then in general easily determine the

corresponding value for the vector p, by the linear expression

assigned above : after which it will only remain to substitute

these values in the formula above written, namely,

in order to obtain a guaieruian which shall satisfy the pro-

posed quadratic equation^
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LECTURE VII. 633

G37. Now because 7*=-T7*<0, the ordinary quadratic

egwUioHf
«' - COP + -y* » 0,

has iiL-o real rootSy one positive, suppose =+ g*, and the other ««•

gatitie, suppose =- A*, where v and h are reaU, of the ordinary

and scatar kind. Hence, making

— TV.Ya = Jll,

we have

/(«)«= ij^-y') + A*) («+

+

80 that, in general,

=/ (- A') -/(- = > 0 ; and/(0) = - ( S . -ya)' < 0.

Sinee tben/(-») it is elear tliat thecMc eguaium^famO^

has in general thrbb rbal and onbqual routs : namely, one

root(aEi), which is positive and <g*\ another (a:,), which is )ieya-

tive, but algebraically <jreater than each of the two nc Lrative

numbers - and - /* ; and a third (x^) also negative^ and alge-

braically less than each of those two numbers. The algebraical

equation qfike sixth degree in w has therefore ttoo real andy&iir

imaginary raote {± ± V^tf ±V*»)f which may in

general be considered as corresponding^ at least symbolically,

by formulae given above, one determined mine of and thence

also one determined value of q. 'V\\m (compare 553) the pro-

posed QUADitATlC EQUATION IN QUATERNIONS, ff = qa h is

proved to have in general six boots; o/ which, however, only

two (suppose gu gi) are real qvatbrmions, such as have hi'

iherto been considered in these Lecinres : while the othbr podr

roots (q»f qii q^i qt) may be said, by analogy and contrasti to be

four IMAGINART QY7ATBRN10N8. For although these^W latter

EZFUKSSIONS symbolically satisj'y the proposed quadratic equa-

tion, as well as the two former ones, yet the parts which by

analogy are to be called their scalar parts are 720^ any real num^

bers (positire or negative or null) ; nor do those other parts of

these new roots» which must be called their vector parts, repre-

sent in general any real lines in space,

639. To illustrate this dbtinetion between real and imaginary

quatciiiiuns, and generally to throw additional light on the pre-
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ceding in?e8tigatioii, let it be now supposed that the two vectors

a and 7 of art. 636 are rectangular ; so that

S.ay-0,/(0)«0.

At this limit, one of the roots of the cubic equation (Jk^ 0) va-

nishes; and therefore two roots of the equation in w vanish also.

The general and linear expression for
f)

in terms ot w becomes in

this case illusory ; but on going back to the two original equa-

tions between w and p» and making u^sO, we find that they give

here,

/»«-c; V. ap = y

;

and that therefore (compare 460) tbey conduct to the two follow-

ing values of the vector p

:

where # is a sealar, namely.

The two corresponding values ofthe quaternion 9 are io this case,

or more fully,

639. To shew, a posteriori, that these two values of q Jti in

fact satisfy the proposed quadratic equation, which may be wriU

ten thus,

(25r-a)»+ 2 {aq - qa)« a«+ 45,

or thus, on account ofthe values (636) of a, 7, c,

(2^ - a)2 + a (2g -a) - (2,y - a) a « c+ 2^,

we are to shew that this equation is satisfied by the substitution,

2^^ - a = a'*7 + o"U, where = ca- + 7^

;

a and 7 being treated as two rectangular vectors, but c and t as

two scalars, so that

07 =» - 7a, but = + /a, 7< « 4 ty.
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LECTURE VII. 635

And because these suppositious give,

' (a- ' 7 + o-»<)* - (a- ' y)» + a'^ya'' t + a"* ta'^y + (a" ' /)»

« - a-«7»+ (70-* + a-' 7) + ^»o-» = a"* - 7') = c,

a (o" ' 7 + a ' /) - (a ' 7 4- a ^0 a = * + a) 7 = 27,

we see tbat tbe Bubstitutton succeeds, without restriction on the

sign of ^ : so that we have both

« a 4- 6, and « ^9a -f 6|

if 73 have the values assig^ned in tbe foreg^oing article. And
il in important to ubatrvt that, in the preceding' vei ilication, we

have made no lsk ofany mppositwn respectinrj the iiEALiiY of
the scalar t, but only of its coMMUTATivENEiis with otherfactors^

as regards arrangement m a product {ta = at, ty = 7/).

640. If we now suppose that t is retUj and different from

sero, so that

r=ca' + 7^>0, -c>(T.a '7)% c<-(T.a'y)\

then c and c + a* are negative scalars; and the quadraticfactor

(see 636, 637, 638),
««-(c+a*)ac + <»»0,

of the ctthic equation in Xy has tivo real and negative roots (one

algebraically greater and the other less than the negative scalar

a')f giving/our inuxginary values for the scalar Wp orfour ti»a-

ginary roots of the biquadratic equation,

M>* - (c + a-^ w + = 0,

which is here the remaining foctor of the equation of the sixth

degree. Let the two roots of the quadratic in a; be denoted by

where u und v are reals, and may be supposed to be positive

scalars, such that

U» + i;a = - (c + a*), UV'=^t;

then the four roots of the biquadratic in tomay be thus denoted

:

where it is very necessary to observe tbat the symbol V-l de-

notes the OLD AMD ORDIMAUT IMAGINARY OF COMMON ALGEBRA,
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and NOT ANY ONE of those square roots of negeUive unity which

have HITHERTO occurred in these Lectures, and have been con-

structed bt/ vector unitSf or by directed unit-lines in space. The

symbol V~ 1» as here employed^ in these last expressions for the

ibur new values of Wf denotes an imaginary scalar, instead of

denoting a rbal vector : and it admits^ as in algebra, of being

COMMUTED ivith all other Jdctors, as regards arrangement in a

product; which our peculiar roots oJ negative unity no noi\

641. The linear equation of article 636,

V. (io+a)/t>«7,

may have its solution thus expressed (compare 614, 659)

:

V.ya W^y-aS.ay
^ w^- a' w {w^ - o')

In general, therefore, the six roots of the eqnadon ^^qa + b^

which were spoken of in art. 637, are the six valnes of the ez«

pressioHi

a V.ya to y — w~^aS.ay

where w is some one of the six roots of the equation / (u:-) = 0,

in article 636. When we suppose S . ay* 0, as in 638, then (by

that article) two of the six values of w vanish, and the recent

expression for q becomes, for each, illusory; but the same article

assigns the two values qi, q^y of q^ which answer to that case*

Under the same supposition (S.ayBO), if the recently consi-

dered scalar t be real, thefour other values of w give, by 640,

these four other and imaginary values of q i

^3= 5^3 + q\ ; 'h = q , - y/'^ q\\

/-ig"*; ^• = ^»-/-i/»;

where (/a, ^"aj </a> a are four kkal QUATKuNio.Nb, uamely

:

^•~2'^2(ii»+a»)'^*"2^* 5mT«^'
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642. It may be interesting and useful to prove, d posteriorly

that these four imafjinary quaternions^ just assigned, are in fact

symbolical roots of the proposed quadratic equation. And this is

easy. For sincei by 640» the symbol 1 is here eommtUatioe

as a fiictor^ and is disiinet from all those square roots of negative

unity which enter into the expressions of real quatemions, such

as a and b are at present supposed to be, the equation

breaks up into the two/oUowing real equations^ or equations bC'

iween reaUf ixrhich it is necessary and sufficient to verify

:

q*^ - q"* = v'a + b \

' - . ft ' 't

qq + qq '»qa»

And there is no difficulty in proving that these two equations are

satisfied, when, retaining the recent significulious of the other

symbols, we suppose

, a Q'Y ^y Y

and treat \/y as a new scalar, or commutative symbol, such that

0-y»+ (c + o')y + = + o*) (y + c) + y«:

the rudity of this scalar l/y being here again unimportant.

643. If we now choose to consider the following supposition,

f»»c«o«+7*<0,

instead of tliat opposite supposition of inequality, which was con-

sidered in 640, t becomes an imaginary scalar of the form t \/- \

where i\A real; and the two expressions of 638 for and q.^ be-

come imaginary quatemUnu^ but are stiil^ by 639, MymlfoUcal

s(^utian$ of the quadratic equation proposed in 636. At the same

time the ordinary quadraiie equation referred to in 640, namely,

«• - (c + a') « + ca* + 7* » 0,

has one of its two real roots positive, the other root bein^ still

negative; thus one of the two roots of the lately mentioned equa^

dratic in y, namely.
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f* + (c + a') y + Ca* + 7' = 0,

remains tiill posittvei as before^ but the other becomes now ite-

gative; one value of y has therefore still a real square root, as

when t was real, but the other value of \/y becomes imaginary t

and finally, in 641, we may still suppose that the scalar u is real,

but must then treat v as an imaginary scalar of the form

t/\/-l, v being supposed real. Thus, with the present suppo«

sitions, the six roots of the quadratic equation f^^qa+b may be

collected into the following table

:

«= ^'i + V- I q"it - - V^- 1 q\f

qi = ^ q'^i q* 9** ~ qU ;

where gf^ ^'^ q'%^ qt$ q\ are eix real quaterniom^ expressed

as follows

:

}^-4(<I + a•»y);^^>-

' ^ oy - tt^j _y_\

,
_a ay 7 n

^'f V^t <^ being three real scalars, namelyi

where the quantity under the radical sign is now a positive sca-

lar; tf s y^^i, if ^1 be the positive root of the lately written qua-

dratic equation in^; and ^y/-y^t if yi be the negative root of

that quadratic.

644. We see, however, that tho imaginary soluLums of the

proposer! equation in quaternions still present themselves under

the GSuaaAL FoaM,

q^q'-^V-iq"^

where and ^'are real (juaft r/tions, while v^-l is still, as in 627,

the olfi and (tnllnary ima<iuiarij of algebra^ and is distinguished

from all those other roots of negative unity which are peculiar

the present calculus^ I*S by its not denoting any real Une^ on the

plan of interpretation which we adopt; and il^^ by ila 6etii^,as
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a factor, commntntivc with every other. Art expression of this

general form is called by ine Biquateunion. The theory of such

biquaternions is as necessary aad important a compiement to iho

theory of single or real quaternionst in algebra the theory of

coupleSf or of ezpressionB of the form

where af and x" denote aome two positive or negative or nnU num-

bers, is to the theory of tingle or real numbers or quantities. It

is admitted that the doctrine of algebrme eguatione would be en-

tirely incomplete^ if their imaginary roots, or solutions of the

above written and well known coupleform (ar + - 1 y), were to

be neglected, or kept out of view. And in like manner we may ai-

ready clearly see, from the foregoing remarks and examples, that

no theory of eguaHons in gHOternions can be considered as com«

plete, which refuses or neglects to take into account the^'^a/«r-

uton solutions that may exist, of the form above assigned, in any

particular or general inquiry. The subject indeed is one of vast

extent, and of no little diihcultyj but it appears to me to be one

which will amply repay the labour of future research.

645. To give a numerical example, or at least an example

with numerical coefficients^ let us take the quadratic equation,

J* = 5^+ 10;.

Here (see 636), we have the values, a a^f, 5« 10;, and there-

fore a » 5f , c a - 25, 7 B 20;. These values give (compare 638),

07- lOOA; S.ay^O; a' = -25; 72 = -400; a^y ^- 4iJ m-Ak\

+ 7*->625 - 400 » 225; 15; a-W--3i;

9i-i(5i-4l; + 30«4t-2ft;
= i (5t-4A-30«i-2A.

Such then are, in this example, the two real roots of the qua^

dratic. Accordingly we have, by the values of the squares and

products of ijk^

(4i - 2A}«« - 20 «^5 (41 . 2A)j ^ lOj,

(i-2A)»— 5«5(i-2A)i+ 10;;

and therefore, with the recent expressions for ^„

qi^ = 5^,1 + 1 Oj ; - 5fj^ + I Of.
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646. Proeeeding to investigate thefimr imaginary roots of

the same quadratic, qi iliefour different LiipiuttrnwHs whicli sa-

tisfy it, we are (by 640, 641, i\AT) to seek the two real and poci-

tive numbers, u\ v\ which are the values of y in the wdimtry
quadratic equation,

that is, here,

0-y*-.50|f+285; giving ^' = 5, t)»-4l.

Ueoce

+ 20 ; v'-i^ a' « 20 ; and by 641,

and finally Ihe £»ar biqnateinion Bolutiona of the equation ^«
ff^-f 1^' may be thm written

:

?4-2^*"*J—5-(i+»;

^•-5(»+*)—J— (i-»;

where V^- 6 is to be treated as an ordifNir^or scalar imaginary.

64r. To verify that each of these biquaternion expressions

does ill lad satisfy the proposed quadratic equation, it is suffi-

•ient to shew, on the plan of (i42, that the/mtr real or JU^^
quaternions, g\ satisfy the>^ following equations

:

And aoeordingiy it will be fonod that the eommon value of each

ber of the first of these equations is -5(54-^); of the se-
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cond, —^ (i - A) ; of the tbird, (5 - 9j) ; and of the fourtb,

—^— (i + A). We find, therefore, a posteriori^ that

ys' = 1 + 1 0; ; </4- = 5^4 « +10/;

g»' = i + I ()/ ; = 5^4 i +

648. To exemplify the case of 643, let ue cooBider this other

qnadratie equation,

q- = qi +>.

Here a « I, ft and therefore « = c « - 1, y = 2/, o* « - 1, »

-4, 07 = 24, a-»«=-i, a-'y = -2A, Ca« + 7»= 1 ~ 4 »- 3 -
;

60 that t becomes imaginary, and = \/-3, but t' real, and = ^3.
At the same time, c + a^ = -2, and the quadratic in ^ becomes

0»y»-2y-3-(y-3)(y+l)| we have thus «- ^3,
t<« 1, 4- a* B 2, t^- a* « 2. Thus the six real quaternions,

&e.| of the article above cited, become, in this example,

^»-2 + 2'^*"'2"^ -^^^

The two real roots of the proposed quadratic are, therefore,

9-*(i-*)±i(l+»5

and the four imaginary roots, or the four biquaternion solutions,

are given by the expressions:

y=it(lT V-3)-A;^ = i(« + ^)±4(I-»V^^;

where i/- 3 is the oid imaginary so denoted, and is not here to

be interpreted as any real lin€. It is easy to verify the fact of

calculation, that each of these six values of ^ gives = 9t+/
649* More generally let

H'faere a and j3 shall be supposed to denote any two rectangular

2t
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vectors. Then a = a, b ^
fi,

c ^ a\ y = 2/3, = a* + 4/3% (t^ + a«)-

+ 4f^-
= 0, tt» = Ta» + 2'173, t- = Ta- - 2T/i, and the six values of

g are included in the three expressions following

:

II. i(l + U0)(a±(a r 2Tp)i);

lii.i(l.U/3)la±(a»-2T/3)*J-

Of these expressionsi the third gives always two imaginary qna-

lernions, because a* -^3 is always negative ; and according* as

To^ is < or > 2T^'ji and ihercfurc u' i 4p- < or > (>, we shall have

two real quaternions horn the second expression, and two imao-i-

nary vectors from the first ; or else two real vectors from the iirst

expression, and two imaginary quaternions from the second. It

may be noted that when 4- 4j3* < 0, the two realguatemiam roots

qfthe qwdratie equation have a common ttneor^ «yfTj3;

whereas, when a* -f 40*> 0, 1^ two real vector root* have unequal

tensors, or lengths, one tensor being greater and the other being

less than y'T/S; which is, however, still the fjfome/rical mean

between ihem. And it is easy to see that the distinction between

these two cases corresponds to the imaginarinese or reality of the

intenecHone of the sphere and right Une^ whose equations are*

respectively,

p* » S. op, and V. ap = /3.

650. It may also be worth while to observe, that since

9*-^a«-^(a- g) = {r -a)r,i(r = a - q,

the method given in the foregoing articles (636, &e.), for reaolv*

ing a quadratic equation in quaternions of the form q^'^qa + bt

serves also to resolve a quadratic of this other form, r*^ar + b;

and that if a and b be the same given quaternions in these ttvo

equations, each o/fhr six roofs, of one^ will be connected with

a rootf r, o/the other^ by the relations^

q+r^a; qr^-b.

Conversely, this last system of two equations between two qua-

ternions, q and r, in which their sum and produd are given, may
be resolved by the foregoing methods. And we see that theie
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vtiii be, in general, two real s//st€7ns, andJour i m aginary gyHcms^

or pctirs, of quaternions satisfying the conditions.

651. One way in which such a quadratic equation may pre-

aeDt itaelf io a mearch is the following. Let it be required to

csttjnate the valuei or to change the form, of the following con-

TIMUXD FRACTION^

the notation implying that

a + Ug a+tii

and tfo being here any three given quatemioni, but z being

a poeidve whole number. Aisnme at pleasure any two quater^

nions, qt', then because, by supposition, <

we shall have

+ gi * + yi«

+

qiu,) (a

+

+ fli- (A + ysa + ^«if,) (a+

and therefore,

+ ^1 ^ + + j?i«x yr * 6 + a + Mx

Iff then, we suppose that and are any two roaU (real or

imaginary) ofthe quadratic equation in quaternions^

^ qa-^bf ot q = a-i^q'^bf

iothat

' 6 + a = yi, jf,- • & + a = qzi

and if we make» for abridgment,

SO that Vo =

we shall have

Vx*\^qt^xq\^% tliercfore rx= qz^i^oqi'i

which is the transformation that we desired to effect, and from

2 t2
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which the contioued fraction can easily be deduced, by tlie

formula*

652. A lew elementary mode of aecompliahing the same
transformation, but one which it is instructive to notice, is the

following. Assuming

and changing^ c to bx.\ (ox.i + and to Uj._^^ we obtain the

following equations inJiuite dtj/erences, with quaternion coej^-

ci&Us and variables

:

together with the initial conditions^

which allow us to sappoie

Making next

we have

Nx-=N X (a + ?/,,) + iV j-i />, Vx - D'x (a + + Z),.!^,

and may thus be led to assume

whence are obtained the values,

Hence we are conducted to express the continued fraction Mir as

the quotient of the two following expressions*

A^x = If/i {</i -^ Wo) + w<7/ iqt + tio),
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and this may suggest the connderation of another and auxiliary

quotient, i\rj which in this process is defined by the iormulii

(which iu the foregoing article was deduced),

for thus we deduce^ by the present process, a relation between

and Va (which in the former article was d^Jmed to ezist)t nnce

we find that

— + (I - (gi-y.) - (I - g,),

as before.

653. As an example, let a»if ti»- 0» ao that the eon-

tinned fraction becomes

Here the quadraUc equation becomes q^^^+jt as in article

648 ; and by that article, its two real rooU are the following

:

gi-i(UiV-A); e.-i(-l + t->-A);

whence, by 651

»

«,-(-l + i-j-A)**t (1

+

To transform these powers^ or the corresponding powers of the

two quaternion roots of the quadratic, I observe that those two

roots are versors, the tensor of each being unity, Tqi = Tg, = 1

;

which agrees with a remark made in 649, the /3 of that article

being here a vedor-mnU^ namely, j*. We have also^

UVy,= -^; UV(-g,) =—
and) therefore,

, / 1 \:r / ^ k~i^j . X7r\

- (- 1)' («»• T +
-73- T)•

anr k-i-j . rir
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»«-i-^.'s^i " = (-l)'((co»^J +— sin

2I + 2A-1
3

Thin

r,= -^, = i, i78=-l;&c.;

and generally,

Henee« as a TerificaUon, by the last formnla of 651,

- ( I - »•)•» (tWi - Jt) - - (1 + A)- * (Ay» ^ = 0

;

and by eontiiraing to apply that formula, we find

0 - 0* («(ri-«»)'-i(i + 0 0+*) =

If,- (I - - g.)— (I + *)

ii,-(i + 0-'(-iV,-yO = -i (1-0 («•-!) = -•;

after which the valoeft of the eontiooed fraction in the jmt-

because we have here

Accordingly, division givesy direcUyy

«.-5«0o; Hi^-^-O; «,«^-A,&c.
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654. To exemplify now the use of the ima^'Mtry rooU of

the same quadratic e<^uation,
*

lot u9 suppose, as by (548 we are allowed to do, that gi aiid

are the two following imaginary vectors

:

wheie i (I + 8) -(- l)i - (coe + mh) ^

;

the M uEMgiiiiuy of algehia being here the ooe employed, ao

that 2 is eommutoHve in multiplicetien (oomfuire 640, 644). Ae

u prclimiiiary verification, we have,

(«• - - - «»- 1 « - ar- («• - A) I +>,

so that the recent expressions gt$ g* do io fact satisfy the quadra-

tic. They give

f?».i - y»*gr** (cos sin)

-
1 V— 2nir

2 SIQ
3

2sin-j-

and theiefore by the last formula of 66I9 with the present Taiues

of g^t we hare

2njr

3 . nir

an expression from which <Ae Imajriiiiir^ «^MA<i« dka^ppeared.
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and which gives the following real valueM qfike eonihmidfrmo^
iion^ Uxt for odd values of x :

Iff B Ay Ut^k-^if iiiiBOd,&c.;

agreeing perfectly with the results of the foregoing article^

although here deduced by the help of the two magmofjf vedOirv

{zi-k^ z'H-k)^ which hare been taken as the two values of

and which may he said to he the vedcTB ike two mAOiNAKT
POINTS t>F iNTaasBCTioN o/the sphere p*«S .^9 and ike righi

line V. ip ^j, which line is situated wholly exterior to the sphere

(compare 649).

655. Again, to calculate the values of the same continued

fraction, ti»» for ewn values of by the help of the same two

imaginary vectors, qu qu we may proceed as follows. Since^ bj

601,

and

vo = (wo + q^ {«o + ^»)'' M>' '1 hecansc «• « 0

;

we have therefore

qi' (qt'' + ax"0 = qi-' iqi'^ +%f%

and finally

as a ffenmU expreeeim for the Talna of the continoed fiaetion

«-(^)''>.

qi and q^ being still a/^y two roots of the (quadratic equation.

In the present example,

formala gives,

. , . (a+l)r liir
» I -A sio

'
ooeec—

,

4
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LECTURE VII. 649

the imaginary symbol disappearing Iiere again. And accord*

ingly, this last expression gives the valutSy

or,

as found in article Q5'3. The method of the present article may
also be applied to the case of odd Yalues of and gives, for such

values, the expression,

, . (ii-l)w

"°T
as in 654. And the other pair of imaginary roots of the quadra-

tic, which was determined in 648, would bo found to giro still

the same real results.

656. It may be considered as still more remarkable that we
an even at liberty to employ one real and one imaffimarf root of

the quadratic, in order to calculate the retd valttes of the conti-

nued fraction ; the imaginary symbol still disappearing, when the

prescribed operations are performed. For example, if we sup-

pose, with the recent signihcation of 2, but with a new selection

of the /Nur root$ employed^

we shall have,

qi^ «= (- -)" = (cos + I sin) ;

q.'^n.i = (- zyn - t) « A (COS + sin)
^^^^"^^"^

3

(C0S+ /^sin) ?g^5

^jTTT i-f-k . 4xir

2(«-l).r i->-A . 2(»-l)ir
g.»--co»

3 •^-78"*"' a '
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Bat by 665, we have ibe forinola»

comparing then the co^ffkiente of i/Il^ find

, . , . (2ii-l)ir Suit
a t * a; sm codec

3 3

as m tike article jutt cited. Or we mlgilitliaveeom/Hiretflile real

parte (thoee Independent of the ordinary v/- 1), in the same ge-

neral formula, and so have obtained the same result, under the

form,

ife-t+>
,

. 2nir A-t+y • 2«ir . . 2(a-2)ir,
~^.ti,»- 8in ain_ + A 8in-L-- 1;

because this last product would easily be found to be

I - (real fwrt of) yr*'*«

Or we may write, at once,

and the imaginary symbol will still be found to disappear, and

the same real result as before be obtained, when the proper re-

dactions are made* in the manner indicated above.

Wl. It most, howew, be confiessed that sach calcnlatioiit aa

these with H^miemkm^ or with ndased expreeekme tiiTolnng

ijk and ^ -> 1 , are somethnes very ddicate, and reqoSre great caa-

tion, from the following circumstance, to which nothing analo-

gous occurs in the theory of pure or single or real <fuaicntioiis.

This circumstance is that the paoDOCT of two AiauATBaMiOMS

Moy vanish^ withoHi either/actor e^aroieiy vamMig* To gifc

a very suaple example, the prodoct

'e A 4 v' ' 1 k" ^"l mast each be considered as diHerent
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from zero, if k be still one of the peculiar symbols of this calcu-

lu8» while is the old imaginary. We might therefore write

whm^ is an arhitrary quaternion, nol meeuarify equal to zero.

In the recent qnestion, we might in like manner have written,

q being an arbitrary quaternion, reducible to the real kind : be-

eauMy by the rules of this calculus, we have

And thna it might appear tbat an atbitrary addition would be

made to the value lately lonnd for Ut^'^, Sw^ arbitrary addition

might indeed present itself, in some other Inyesttgatlon with

quaternions* But in the example of the foregoing article, we
knew, by the nature of the question, that \.ho final and reduced

expression for the continued fraction, Ux^ could contain no ima-

ginary tenn. We were therefore, in this cs&e^ justified in adopt-

ing those reductions, which caused the symbol ^"1 to disappear,

and which we found to be contieieiU among themselves. Still

the remark of the present article may shew, how eoMtiouatg it

might become needful to proceed in other cases, where no such

check was previously known to exist, on the results of operations

with biquaternions, in which anything like division is involved.

658. In the example of art. 653, it was supposed that Wo = 0.

But if we had considered, more generally, the continued fraction,

where e »tr»« any real and given quaternion, while and

shall stall be supposed to denote, as in 653^ the two real roots

of the quadratic equation 9^*= qi-^-j^ we might then calculate the-

value of by the two last formulas of 651, combined with the

following initial value of
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And because the quadratic gives,

+ - (j« +» • + «/- ? (; - 1)

and io like manner,

ve see thai the common value of the aixth poweis of ail the eiz

roots q is unity* a result which may easily be otherwiee prored,

from the expressions assigned in foimer articles, for each of thoeo

rooU in particular. Tlius,

and the values of the continued fraction form still a period of six

terms. Indeed if it happen that the quaternion c is a real root

of this otker quadratio equation*

C* + ci =7,

so tiiat either

or

— yI- - J (- 1 +
» -*)»

we shall then have

and the value of the continued fraction will become, in this case,

constant. But for every other real value oi tiic fraction circu-

lates, as above.

659. The following is an example of a continued fraction of

the foregoing form* which converges generally to a iimt<» inalead

of eiroiiating in a period. Let there be now»

e still denoting some real and given quaternion, as the initial

lue of the fraction. The quadratic in q becomes now
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of which the two real and the four imaginary roots have been al-

ready assigned. Atteudiog onijr to the foriner» we have by

645, 651,

v„ = (c + 1 - 2k) (c + 4i - 2A)-»,

r, = (i - 2^)-^ ro (4 1
-

Here

T (4t - ak) - 2V 5 ; T (»- 2A) - V5

;

and therefore

If we suppose that e is a real root of this new quadratic,

€'+5ci>>lQ;,

so that either

e>-9,«2ib-4t, or«=-yi«2ife-i,

then in the first case we shall have

«o«a>, v^^^aOf ii«M<-^i-2ib-4i»

and in the second case,

In these two eases, then, the value of the continued fraction r^
maiDS ccnsiafU (as in the example at the end of 658) ; in fact

these two real values of the initial quaternion e give

In fiict if we assume if» » 4j» we find

tf, - iq; (5i + Uo)"' - lOj (2A + - - 2> (2ifc + 1) ^2k- 4i,

and similarly for all subsequent values of m,; or if, on the other

hand, we assume the initial value, «o » ~ i, we find

Ui = 10;- (2* +40'* 2i)-» + 2*) « 2* -
1,

and the liracUon will still be constant. In other ea»c,

that is, for every other assumed and real quaternion value of c,
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the ftlue of the fraction will tMiry» m»4i \mng always diffiermd

from Us% but this value will converge to a definite qaaletQion»

namely, to 2k - i, as its limit : for we shall have,

It might thetiy perhaps^ aeem sot too faneilttl to say, that these

two valuesy

24;--t;and2i:-4t;

conespond lespeetively to panHom o/siabU and umiabU equi"

UbfinMf for the continued fraction ar«which has been the subject

of the piesent ardele. If we «e# tmi with assuming either^ we
shall never leave that assumed position, or value : but if we begin

with any other u^, the fraction will d lul indefinitely to become

equal to the stable valuer 2k - 1, and will not tend to equality with

the unstable value, 2k - 4t.

660. if the initial value c, of the fraction considered in the

foregoing article^ be assnmed eqoal to a vector perpendicular

toj\ 80 tiiat

U^— C = po = iXo + kZftf

where and may be regarded as the rectangnlar eo-ordinatea

of a point Po in the plane of xz ; then

lAW/K N 11 1 10{(6 + »o) A-^0t|

80 that we may write,

Ui^pi-ixi + kzi = the vector of Pi,

the new or derived point p, being, like the assumed point p,,, in

the plane of X2 or of ik, but having its coordinates therein deter-

mined by the two expressions,

« , "^0*0
2 , 10 (5 + go)

In like manner, from thisJirti derivedpoint p|, we may pass to

a eeeond derivedpai$U Pt» ofwhich tlie vector and the co-oidinates

are, respectively,
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- lOzi ^ _ l0(5 + a:i)

80 tbaty by BubstitaUon of the recent values for Zu we hare

these other values

:

-4(x, + 5) 4 (zq - 2)

If we assume a^»«-4, 4roa2, we shall have^ by these formulae,

Xi»-4, 2ri*2» «sa~4y jBi-2y &c.; or If we assume Xq^-\^

xb»> 2» then 1, 2riB 2, dB^ai- 1, Zt^% &c.; but ifwe begin

with any oiher ioidal values of x and the results of the 8ao>

cesaive sobstitntions will give a series of varying wUue$ for those

CQ-orJiuates ; lor ihe equations

'\0z \0(5 + x)

give

(6 + ac)« + z«»0, (5 + aj)»+«*«6(5 + Jt),

and therefore

We may however prove, even without qaaternious, what tiie

analysis of the foregoing article enables us at once to foresee,

namely, that if Fi and f, be the two fixed points whose co-ordi-

nates are respectively (-4, 2) and (- 1, 2)» then any other as-

anmed initial point Po will have its lUiimate derivaiwe at the lal-

ter of the two fixed pouit8» as a Umiting position: or in symbols

that

In fact we have

Sf>- 4)* + 2)% 7^^*^ («o ly + («o - 2)%

and similarly,

(*i + 4)» + {z, - 2)V PA» « (Xi + 1
)« + (zi - 2)«.

But

+ « 1 00
(
(5 + Jo)* +V )

~
'

;

and hence, after a few other easy reductions, we find that
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and therefoie that

PlF» -i- Pi Fi « J P»F, -i- P,F„

Henee

F«F« P»Fj - 2-»p« F, -s- p«ri

;

and therefore^ iinl«M it happen that the aisnmed initial point

incidet with the fixed point Fi, the derived point p« must tend to

eoindde with the oMer fixed point f, ; or in symhols, at the limits

p « Ft » 0, and p. - Ft, as ahove.

And the kuo of tkit approach^ of the point Pk to its limiting' po-

sition, is at the same time seen to be the conHmud buecHon qf
tke quoHeiiit of its distanoes from the two fixed points.

661. The recent calculallons with eo^dinaies, by which

this law and limit have been established, are no doubt sufficiently

easy: yet 1 think that they cannot compete in simplicity with

the quaiernion method, which expresses both (and indeetl also

other and more general results, depending on other suppositions

respecting the initial value c), by the formula of 659*

where the quaternion Vq is the initial quotient, and is the va-

riable quotient, of the two vectors drawn from the fixed points

to the point P. The formulas of the article just cited give also

essily^

and therefore

U»b»^Ut?o, Ut;wi = Ui^i.

An interesting geometriaU inUrpretoHon may be assigned lo

these last results. For, from the geometrical significaUons just

now stated, of the quaternions t?o, v^, combined with the princi-

ples of art. 32 i, Slc, it may be easily inferred that the alternate
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points, Po, P2, Pi, . . Psn* • • are all situated on one common circle

pauing ikrough the two fixed points; and that io like manner,

the other so'ieM qfaiiemaie points^ Pi, p,, P«f ftc., are all situated

an another eireidar eircumfireneef which contaioB also the two

fixed points Fi and Ff Accordingly, we may confirm this result

by the method of co-ordinates, by shewing that the values found

in 660 for and Zt give,

As a numerical example, ifwe place the inilial pmnt Po at the

origin of vectors, we shall have the following co-ordinates, for

points of tiie two alternate series:

Po-(0,0);P..(^^g); P.-(^'

Px=(0,2); p,«^:5?,2); p,.^I^,
2);

so that Po, Ps, and p^, are situated on the circle of which the

equation is

and which evidently passes through the fi^ed points (-4, 2) and

(-1,2); while Pi, P|, and Pi are on the straight line

2 = 2,

which passes through the earn pair of fixed points, and must be

regarded as the limit cfa circle*

662. As regards the general relaHan between the two cireu"

lar loci, considered in the preceding article, it may suffice to

observe that if o be the origin of vectors, and if we introduce the

symbols ici and to denote the vectors of the two fixed points,

making

we shall have, by 659, 660,

and therefore,

2u
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wfcere Xo= Voki- a cerUdn vector oLq io the plane of ik, namely

(see the Fonrth Lecture) the Jimrth proportumtU to the three

vectors po- Kit /9o*~K>» and ki» or to ki -pay <rt-p«i» and Kt, that is»

to PoF], ^ .Fs, and OFi, which are lines in the same given plane.

But we have also (comparu 061, (jG\ ) in the present question,

»i » 0>i - IE*) (pi- ri)*' = (Kt - pt) (lei - pi)'^= PiF, -s- PiFi

;

thus, equalinij the angles of the two quaternions fj and ic^X^"*,

which have been proved to have equal versors, we find that the

angle FiPiTs in the second circular segment, or the aagle avb*

tended at the derived point Pi by the fixed line FiPt» or the rota-

tion from P|Fi to PiFm is equal to the rotation from A« to or

from oLo to OFj ; while the rotation from vi to Xo, or from oFi to

OLo, is equal (by the above-mentioned propor/ioaa/tVi/) to the ro-

tation from ici - po to K-2 - pn, or from PoFi to p„Fv, or to the angle

F1P0F3 in the ^rst circular segment^ which the same fixed line

F1F3 subtends at the assumed point p^. But the sum of the two

rotations) from tei to X» and from Ao to 1^, is equal to the rotation

from Ki to Kk, or from ofi to OFa, or to thefixedangle FiOF* which

the same fixed line subtends at the origin o. The following is

therefore the required relation between the two circular loci, or

between the angles subtended therein, by the common chord

FiF, : " the sum of these two anyles^ in the two circles, or in those

segments of them which contain alternately the successive and

derived points p, is equal to thefixed angle ai the origin or in

tymbolsy

FfPoFti+ FiPiFt= FiOFf

If this formula should give a negative value for an angle, tjie

fixed angle FiOFt being considered as poeitivep it would imply

that the derived point which is the vertex of that angle liea in a
segment situated at the oppoeite side of the fixed line FiFf

663. The following is a shorter mode of obtaining the same

result. In general, kt k, k be any two vectors, and v any qua-

ternion coplanar with k, so that

Then
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and therefore, if K be also a line in the plane (or perpendicular to

ihems) of so that S . • 0, we sbali have the lormuia,

where the mgle$ are to be interpreted as rotations^ and added

with their proper sitffUf 9B such. Applying this result to tbe

expressions for 9^9 assigned in the fori going article, we might

Infer at once, that (with this interpretation of the angles^ as ro-

tations, which will not always cuiiieitle with that adopted in the

Fourth Lecture) the foUowiog relation holds good

:

which agrees with that recently found. As an example, when

we suppose that Po is at o, or that po 0, then Vo^ K3*^rS

ast formula gives Zi9t«0; and accordingly we saw in 661 that

n this particular case the alternate derived points Pi» Pm Pcf are

ttoated on the etraigkt One F1F3, prolonged through f,, since

e had, for the co-ordinates of each of them, a; > - 1 , z 2. But

cannot say that such conJiDnatioii^ by co-ordinaif s add any-

ing to my own conviction of the truth of a conclusion obtmned
' calmlatiim wiih quaternions.

664. It may be satis£u:tory, however, to gemralize the con-

ucticn of art. 660» for deriving the point Pi from Po* or Pt from

&e., and at the same time to state it, and its results, under a

re purely geomelricalform^ and one which shall be indepen-

t, as to its expression^ o{ hath co-ordinates and quaternions,

i you will ( I think) have little difficulty in now perceiving how

consideration of the continued fraction

e a, /3, Po, P9 are real vectors, 3 being perpendicular to the

three, and the condition a* + 4/3* > 0 being satisfied (see

49^, conducts to the followincr results, under the form of a

^trical theorem^ or rather series of theorems, which seem

somewhat new in their kind.

. JLret c and d be two given points, and P an assumed

2u 2
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point. Join dp, and draw cq perpendicular thereto, and towards

a given band, in the assumed plane cdp, so that the rectangle

CQ . DP may be equal to a given area. From the derived point

Qy as from a new assamed point, derive a new point r, by the

same rote of construction, Agrain conceive that 8 is derived from

R, and T from 8, &c., by an indefinite repetition of the process.

Then, if the (jiven area he less than Jmlf the square of the given

line CD, and if a semicircle (towards the proper hand) be con-

structed on that line as diameter, it will be possible to inscribe a

parallel chord ab, such that the given area shall be represented

by the product of the diameter cd, and the distance of this chord

therefrom* We may also conceive that B is nearer than a to c»

so that ABCD is an uncrossed trapezium inscribed in a circle, and

the an^le abc is obtuse. This construction being* clearly under-

stood, it becomes obvious, that because the given area is equal

to each of the two rectangles, ca . da and CB . db, while the an-

gles in the semicircle are right, then, whether we begin by assum-

ing the position of the point F to be at the corner a, or at the

corner b, of the trapezium, every one of the derived points, a, ft,

8, T, 8cc., will coincide with the position so assumed for p, how-

ever tar the process of derivation may be con tinned. But I also

say, II"*, that if any other point in the plane, (.irrpt these (n o

fixed points^ a, b, be assumed for p, then not only will its sue*

cessive derivatufcst Q, R,8,T, . . be all distinct from it, and froia

each other, but they will tend successively and indefinitely to

eomeide with thai one qf the twofisted pointe which has been

above named b. I add, 111", that if» from any point t, distinct

from A aiid Irum u, we go Z/acA, by an inverse process of deriva-

tion, to the ncjr/ preceding point s of the recently considered se-

ries, and thence, by the same inverse law, to a, q, p, &c., this

process will produce an indefinite tendency to, and an miiimate

coincidence with, the other of the two fixed points, namely, a.

Xv<^. The common low of these two tendeDCtss, direet and in*

is contained in the formula.

iiicb may be variously transformed, and in which the con^^taut

gB .PA

qaTpb
— « constant

:

CA
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is independent of the position of p. V^. The aUemaU paints, p»

B» T, &c«, are all contained on one common dreular segment apb ;

and the other system o/attemate points, q, s, &c., has for its

locus another circular segmejit^ aqb, on the sameJixed base, ab.

VI*^. The relation between these two segments is expressed by

this other formula, coDuecting the angles ia them,

APB -t-AQBs ACB;

the angles being here supposed to change signs, when their ver-

tices cross the fixed line ab. The symbols a, b, c, p, q, r, s,

T, of the present article correspond evidently to the less general

Vi» o» P«, Pi, Pa, P», P4, p» of 660, &c. It has not been thought

necessary^ at this stage, to draw any illustrative diagram,

666. If the giren area under dp and CQ were greater than the

halfsquare of the given line cd, there would then be no tendency

of the derivative points to converge to any limiting position ; the

points A, B, of the recent construction becoming then imaginary:

or the right line ab no longer intersecting the semicircle on cD

(compare 649). This answers to the case where a*4-4j3*<0,

Ta' <2Tj3, for which we saw (in 649) that the two vector roots

ofthe qnadratie equationf^qa+P became imaginary ;and it may
be exemplified by the continued fraction of art. 658, for which it

was shewn that there is circulation instead ofconvergence. Geo-

metricaliy, if the rectangle cq . dp be equal to the square on co,

instead of being less than its halj\ the construction of the forego-

ing article gives a period of six points (of which one may go off

to infinity), instead of giving a seriu of points, tending to a li-

mit. In the case of transition from real to what may be called

imaginary eonnergenee, namely, in the case when + 40* - 0, or

when the reetangle Is just equal to the half square, so that the

line ab touches the semicircle, some diffiouitics of a peculiar kind

present themselves, on wiiich 1 cannot enter now.

667. But in connexion with them, and with the whole sub-

k ject recently discussed, 1 may remark that the quadratic equa*

tlon ^ B -f /3 of 649, where a and /3 denote two real and rect-

angular vectors, will be found to conduct (compare 658) to the

following biquadratic equation,
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which is satisfied by the imaginary as well as by the real quater-

nion roots q ot the former quadratic equation, in facty the qua-

dratic giyesy

y^=y»o + </j3 = 0^a+/3)a + ^/3 = <7(a» + /3) + /3a;

^ - 7» (a' + /3) + 9/3a - </ (o» + a/3 + /3a) + j3 (a» + /3)

= <^o^ + Po^ + /3» - a» (go +/3) + /3« = o*J^ +/3».

Thia new and biquadraiie equaium in qh only ofquadraHe/orm^
relatively to q* ; and on account of the scalar character of its co-

efficients a- and it gives, as in algebra^

But in the criiical cose just mentionedj where

a« + 40*-O,or Ta*«2T/3, .2T/3,

we are noi to itifkr that

2g« - a« = 0,

cdNM}^ for the real roots ofthe original quadfatic» which toots may
in thU case be said to h^Jbur real and equal veeion^ namely^
by the fonnubs I. or 11. of the lately cited article 649,

^«ia+a-»P«4(l + U/3)a,

these two last expressions becoming equal here, because

lor besides these real and equal roots, the formula III. of 649
affords also in this case the two imaginary or biquaUmion solti-

tious included in the expressions^

Bq being a pyre imaginary eealar (compare 637» 640), namely,

Sy-± v^^lVT^, ginng S9«=-T0-4a«5

and Yq a mixed imaginary vector^ of the form

while p and p^ are two rcofand rectangular and equally long tiec-

iarif namely,
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^'-J(l-U^)a,p" = -U^V^Ti3;

SO Uiat

- ^«- - -p% S . - 0.

Hence, for these two biquateroion values of we iiave

and finally

(V- aO*- 0, aa above,

wUhmU iUelf here tamehinff. Theso feanlta, flo £ur aa

ihey relate to biquateniiona« will aoon be stated more generally.

668. The analysis of articles 661, 659, kc, enables us easUy

to prove the lullowiiig general theoreui : if a and denote any

two real quaternions, and if c be any other real quaternion, which

is not a root of the quadratic equation

then

c' h&ng thai real root of the last-mentioned quadratie, which baa

the lesser tensor. In the case of the continued tractions consi-

dered in 053, 058, the two real roots of the quadratic in c had

equal tensors (each «= 1); and the recent theorem of convergence

was therefore in that case inapplicable^ being replaced (as we
have seen) by a certain circulating property. In the more ge-

neral case» when such equality of tensors does not exist, if we
change a, by c, respectively, to

where the twelve new symbols adad''Wh'h"'cccc'^ are supposed

to denote su many real scalars, whereof a . . b . .may be supposed

to be given, and c. • to be wsumed; if we also make, for abridg-

ment»

e* « (a + c)» + (oT + cy + (flT+ cO»+ (flT + c"')*,

and then derive foor new aoalan Cx . . . from c ... by the fbrmalss,
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ei<^r'{b(a + c) + b'{a+ c') + b" (a +O + +O )

»

cr-r*{**(« + «)-*''(<*'+c')-*(a'+0+^'(«^+O)»

er-^«{r(a + c) + 6''(a' + c')-*'(a*+0-*(<^+0);

and 80 proceeding, derive a new tysiem offour aeaiar^^ e%, , • •

from a . . 5 • . C| . . , as Ci . . have been derived from a • .d . • c • •

»

and another new syetem from this, &c.,iHi tii/Efitliiai, we have the

following Theorem : the ulUmate reeuU of the proeeee thus de->

fined will generally be one fixed and Umiiing system ofJour
values,

namely, thai one ofthe two real syetems ofvahes of these lasi

symbols, satisfying the system ofthe foor equations

C= E'^b(a + C) +y (a'+ C) + CT) + ^^CiT+ CT))

C"&c., C-&C., C?^e&c.,

where JS ' = (a + C)» + (a' + C^ + (a" + CT)' + (a" + Cr)%

whieh gives the lesser^ oftwo real wlNet to the following otlier

eum qffour squares:

669. We may here dismiss the consideration of that class of

continued fractions which has been the subject of several recent

articles: but a tew more words must be said on the theory of the

biguaiemions. In general (see again 637t a biquatet^

nion, sttch as the following*

may he decomposed into a scalar part, of the form

and a vector part, of the form (compare 667),

where

w - , « B^, p - V^, p - VJ

}

w and w denoting here two real scalarSf p and p two real veC'
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torsy and q, q two real quaternions. And by the same analogy

of nomenclature^ we may agree to call an expression of the form

w -fV-^^aBiscALAR ; and an ezpresnon of the form /> -i- 1 fl

a BnmcTOR ; ao that we sball bave this general formula of
decomposition

:

BlQUATSBMlOH * BI8CALAR -¥ BlVBCTOR;

'"the ^rand distinctioii, in calculation^ between these two compo-

neot parts of a biquaternion being, that a biscakLr^ althougii

magmarjf a$a mmi^» is yet eammutatwe in nmU^itiieation with

every other &etor» so far as regards arrangemeni In a prodoct

(like the V- 1 of 644| or the z of 604); whereas a HveetoTf al-

though it may be said to denote an imaginary line in ipace' (an-

swering, for instance, as in 649, 654, to geometrically unreal in'

tersections of loci), is yet (like the real vectors of the present

calculus) in general non-commutative as a factor. We may also

write, by analogy to a formula of 408»

KQ = SQ-VQ;
and may say that the eot^ugaUf or, more fuUy, tiiat the Bieai^
gate ofa biqnatemion is equal to the hueaiUsr^ mmrne Ike hivectar^

With these enlarged meanings of the symbols S, V, K, it is easy

to extend to biquaternions a great variety of formulae, already es-

tablished for quaternions ; for instance, those of art. 499, all of

which are frequently useful ; and the following (compare 190$

619), whieh we shall shortly have occasion to employ

;

K.RQ^KQ.KR; Kn-n'K,

670. Pursuing the same train of notation aild nomenclature,

1 propose to write, by analogy to a formula of article 409 (or

432),

and to eall the TQ thus found the tensor^ or more fiiUy the Bi-

TXNSOR, of the biquatemion Q; so tliat we shall have the gene-

ral relation,

Bitensor squared = Biscalar squared - Bivector squared.

it is to be observed that the square of a bivector, like that of a
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biieabrs b gencmlly a bi8ca]ar;the tqnave ofabitmor k Uiete-

fore also in genend a Inscakr, or of the mized tongiDaiy Iml orw

dinary iurm,

where u and ti'afe rra^, of the oidtnary algebiaie kind; it k
therefore always possible, by the iiaual mlea of algebra^ to ez»

press the bitcnsor iucli under the analogous form,

where t and H are realsy satisfyiog the two conditions.

And beeante theso two conditions admit generally two $okiikmM^

or leare the $ign» of I and <^ ambignons, although related, I pro-

pose to rsMOve tkU ambiguity^ for the purpoaes of our ca1eiiliiay

by dining that Me real part ofa bitensor is never to be nega^

tive. Indeed it may happen that this real part vanishes, by the

square ot the bitensor becoming equal to a real and negative

scalar ; to meet which case, I propose to define that the coefi-

deni qf tn the imaginmy part qfa bitmuor is to be lotos

posithfelffi when the real part ef the biieneor tfoniehee^ For in-

stuucc, the bic^uateriiioii expressions of article G4G give,

T^.>- (i 1/^)' -(5 ' - 1 * + i; J

and therefore (\/iO being regarded as poaitive).

In general the uotatious oi the present and preceding articles

gire,

mtif-.p*-w^-^p'' + 2V^(ww'~S.pp');

that ia (oompaio IW),

I
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We may then writey generally,

and shall have, to determiue this real and positive scalar the

formula^

We have aiso^ genexaUy, this other and simpler equation,

QKQ = (TQ)S

80 that the product qftwo conjugate biquatemiona is equal to

ike iquart cf their common hUemor: which may be compared

with a leenlt of the lately quoted article 409, or of the earlier

article 163. We may alto agree to write (compare 90) tlie ge-

ueral ioimula,

Q-TQ.UQ-UQ.TQ;
and to say that the (juotient of a bh^uaternion, divided by its bi-

tensor, is generally the versor^ or, more fully, the Bivsbsob, of

that biquaternion.

671* A large nomber of other general formula may be ex-

tended in like manner to biquatemions ; especially all those which

depend only on the symbolic rulee for eaiculaiing witli ecaJUsn

and vectors ( V^- 1 still treated as a scalar)^ including the

commutative and associative principles of addition^ and the dis-

tributive and associative principles of multiplication; which prin-

ciples bare been so fully illustrated, and indeed proved (as theo-

rems) in earlier articles, in connexion with their geometrical

aignificationSf while onig real (or geometrically interpretabie)

quaternions wcie involved: whereas they are now d^juitU to hold

good also, for certain new or extendedfonns^ considered as rreflf-

tures and eubjects of calculaiion. Among these extended results^

or generalizedybrmtf/eS| it seems wortli while to notice here the

following

:
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wbere Q and R may denote any two biquaterniont. When a
corresponding iormulu was proved in article 189, for any two

real quaternions, it was done, at least partly, by an appeal (us

juAt now hinted) to the geometrical meanings of the acts of teu»

fion^ which were to be compounded and compared. But because

the acta qfbitefmmh to be now combined^ are gwrnetrkaUyima^

Ifinarff (or at least hitherto wiimUrpreted)^ we must employ some

tlfmboUcal processy such as the following, which depends upon

the final formuls of the two foregoing articles,

mB(TQy KBmBKR . (TQ)«- (TJI)»(TQ)*

Or we might observe that

(T .B Q)« - (S . B Q)« - (V. Q)%

and that

S . « Si2SQ r i (Vi2VQ+ VQV/2),

V./£Q«SJBVQ+ Vi2SQ+i(ViiV<2-VQVii);

whence

(S . i2 Q)' - SJR'S 4 2Si?SQS

.

VRYQ
+ J (Vi2V Q)« + i (Yq\R f ^ ; Vl?'V Q»

;

(V. J? Q)« « Si2»V + V22*S + 2S 72 S QS .V22VQ
+i (V21VQ)« + i (VQViiy- iV2PV Q»,

and therefore,

(T . Hgy- (SJl» -V^) (SQ« -VQO - (T-H)'(T Q)\ as aboTe

Henoe» taking on both sides the tqwtte^rootSf but prefixing now
an ambiffuauM t^fn, which it was unnecessary to do when we
were dealing only with real and positive tensors, we have, for

any two biquaternions, the formula :

T.22Q«±TB,TQ;

and more generally, for ang number of such factors, we may
write (compare 208 }»

TnQ^^nTQ.
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For instance, the hitensor ofa lyower of a biquatcmioii can only

differ in sign (at most), from the corresponding power oj the bi' ,

tensor* But such differences of sign may arise, in the applicar

tions of the definition given in article 670, which will occauon-

ally reqmre us to take the negative of a product of bitensora, in

order to obtain a new bitensor, with a real and positive part.

672. We saw in 667 that the square of a certain bivector va-

nished, without that bivector vanishing itself. It must then be

possible (as in the case of that bivector for example), to have a

null bilensor of a biquatemion which is not itself equal to zero*

And it ii easy to assign the conditions under which such a result

will take place. For by 670, if the biquatemion be Q = q+
where q and q' are real quaternions, its bitensor will vanish

when, and only when, the two following equations are satisfied

:

But q'Kq'^Tq'^; thus, if we still suppose that Q itself does not

vanish, we are to make

and the expression for the biquaternion becomes,

c here denoting sotuc real unit-vector. We may, however, trans-

form this expression, by writing

ic'q'Uq\iq^^K, Q^g^Cic+Z^);

where tt, by 286, will denote another real unit>line. It is easy

to infer, as a corollary from this general theorem, or to prove by

a process more direct, that a bivedor p + 1 will hare a

null bitensor, when the two real vectors p and p on which it de-

pends represent lines whose lengths are equal, and whose direC'

Honsm reetanguiar; or that

T (p+ i/ri p')-0, if T/» = V, and S.pp =0.

Accordingly these conditions were satisfied in the ease of article

667.

673* The following appears to be a remarkable example of

I
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the occurrence of biquatemions whose tensors are null. Sob-
tractin^ the expression in 641 for a root g of the quadratic equa-

tion 7' = (ja-^-bf from the analoo^ous expression for another root

^, which answers to another value w of w, supposed to corres-

pond to a different root of the cubic equation (6^) in 10*9 and
dividing the remainder by ^ («/- te^), we find, after tome eoay ie>

ductiooiy the following biquatemion vilue^

where X is an imaginary vector (or bi vector), naxnely,

X• (tp id') V. «7 * Y (m/ 4 a*)

+ tr» + lew/+1^- a») oS . «y

;

and fi is another bivector, on account of one only of the scalar

values of w, «/ being real. Squaring and reducing, we obtain

the equation,

vr X- («;- - a=)- ^ (u; - - o^" ^--w^id^f-^u?^ vr - a*) (S . ay)'.

But if we denote by k/^ the third root of the equadon 0 ^/{uf^

of article 636, regarded as a cubic, we have

ti^ + tt/^ + w'^ » c + a' ; (w?- + iv') w"^ + to" » CO* +7«

;

Eliminating therefore u/^ and c, we are conducted to the rela-

tion,

10* uf* (fO»- o») (11/*- «*)- »• + »'»-aO (S . ay)».

Comparing, we perceiire that

\*^{u^~ay{w'*-^y\ or,

Thus,

and finally

TQ-0;T(^r-^)«0.

If, then, ^ and q be (as above) two different roots a gufubra'

tic e^uaiion in guaiernwni^ of the form ^^ga-^bf which oorro*

•pond to two dSgkrM rooi$ of the oMxiUmrp and eubie egmatum
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(636» 637), thdr differenee^ q'-q^ it a biqitaUniUm wUk am

€vane9eent tensor. For ezample, if we lake the aix roote as-

signed in G45, 646, of the particular quadratic <f = ^qi + IQ/, we

shall easily ^nd that the twelve foilowiDg di^ereuces,

q% - qu qi - q^y q^ - q^ qi - q%9

qt - qi% q^ - qu q& - qu q^ - ^a,

q6 - ^3, q5 - 76 - 73, q$ - 7«,

are biqaateroiona of this particaiar kind ; thus

and (-
1
J + (- i

J
+ 4 (l^) - 0, T (J.

- g.) . 0.

But the tensors of the three following differences of pairs of

roots of the quadratic (each pair answering to only one root of

the auxiliary eMc),

q»-Qi9 ^*^iu q^-qn

^11 be found to be diffetent from lero. A more general ferifi-

cation may he had from the formula of 649.

674. We saw, in 657, that the product of two biquaternions

might vanish, without either^c^or vanishinir separately. If we
now propose to inquire into tiie t^eueral conditions under which

such a result may occur, we may proceed as follows* Breaking

uplthe imaginary (or biquatemion) equationt

(r+ \/^r') {q+ - 0,
r

into the two real equations,

rq - = 0, r^ + rq = 0,

and making for a moment r^^a^^ a real quaternion, which in

the present question is ditierent from zero, we find,

q~if'U^ q'-^-rU^ (rr'-»+/r»)«-0,

(ry»)'— It S«-0,Ti«l,

80 that the evaneseenee of the product may be said to depend on

the identity,
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where ^-lit still the ordinary symbol of that form, and < is a
real unit vector, of which, by the principles of the present cal-

culus, the square is negative unity. We may, however, also

write (compare OT'i), tr ^ tk, wlicre k (icnotes another real unit

vector; and therefore, with equal geiieraiity» under the conditions

of the present investigation^

and we see that when two biquaternion factors thus give a null

product (of the form 0-f 0\/-l), without either separately v»-

- nishing, the tensor ofeach ijs zero. Conversely, it is obvious now
(see ngrtxin 672), tiiat tvhen the tensor of a biquaternion vanishes,

that biquaternion may always be associated as a factor^ whether

as multiplier or as multiplicand, with another, in such a way that

their product may be zero} and indeed that this may be done in

indefinitely many ways, because an arbitrary but finite biquater-

nion factor may be introduced at pleasure. It seems eonvenient,

therefore, to call biquaternions of this class ndllific, or to say

that they are nullifiers; and it is worth observing, that the

reciprocal of such a nullilier is infinite. For in general we may
write, as a formula for the reciprocal ofa biguaterniom^ the fol-

lowing

:

where, by 672| we have now,

%
and therefore^

(jr +rV-l) *«« + « i/-l,if T(y + rV-l)-0.

We may also write this other general expression*

(g.rV-l)--'^'-f'^7S

where, when the tensor of q ^ r \/~\ is zero, the denominator of

the fraction vaiiisheSy without the numerator vanishing generally.
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It is scarcely necessary to add, after what has been shewn above,

that whenever (as in 6(i7) the squcure oi a biquaternion vanishes,

Ibe biquaternion itself must belong to tbe witi^fic dats. But it

nay be noted here tbat tbe equation

where g Is a given and rtal qoaternion^ admits generally of the

following imagimry or biqnatemion pair of solutions,

Q-±/=T(S^UVtf-TVy),

in addition to tbe obvious and rtal pair,

676. To give now, althougli very briefly, for the subject is

of great extent, some notion of the manner in which biquater-

nions may be useful in geometry^ let us resume tbe equation of
ihe 9mU sphere (168), + 1 - 0, and change tbe vector p to a l^i*

vectorfirmt such as 9<f r^-1. The equation of the sphere then

breaks np into the system of the two following,

a»-T*+l- 0, S.tfr-O;

and suggests our considering o and r as two real and rectangular

vectors, such that Tr = (Tor* - 1)* Hence it is easy to infer tbat

if we assume or
||
A, where A is a vector p^iven in position, tbe iteu^

real vector <r + r will terminate on the surface of a dotible-sheeted

and equilateral hyperboloidi and tbat if, on tbe other hand, we
assume r | X9 then the locus of the extremity of the real vector

a-¥T will be an equilateral but single^eheeted hyperhohidm The
etudy of these two hyperboloids is, tberelbre, in this way con-

nected very simply, through biquaternions, with the study of the

sphere : and thus it may be understood that the eminently simple

equation, p^^-l^ of the latter surface, may be made to furnish

the solutions ofmany difficult problems^ respeetiag other surfaces

of the second d^pree. I intend to reprint, as an Appendix to

ibis Course of Lectures, the abstract of a communication made

by me to tbe Royal Irish Academy in May, 1650, on the sub-

ject of the inscrijdion ofa gauche poly(jon in an ellipsoid^ or in

a hyperboloid, when the n successive sides ofthe polygon are re-

quired to pass through tbe same number of given points of space,

2x
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distinguishing between the two great cascs^ w here the number ot

the sides is oddy and where it is even. The Abstract referred to

has been drawn up in a geometrical/orm, but it is altogether a

translaticnlnto gtometncal language ofinvestigatioDB oonduded

with qiiatenilooBy and extended by the aid of biqnateniiont on

prindples already indicated. I may just remaik here, that ceN
tain formuln of the Sixth Lecture (in particular those of artides

335, 336) played an important part in the quaternion analysis

employed. Other geometrical uses of biquatcriiions will suggest

themselves to any one who will take the trouble to compare (for

example) the equations of 436 and 438« for the ellipaoid and dou-

ble-aheeted hyperboloidi nainely»

and to tee how the one pauet Into the other, by mefely changing

fi to /3i^-l ; or to compare on the flame plan cither of the two

equations just cited, with the equation of the nngle^eeted by-

perboloid in 430, namely, with the following,

(8.p.->)»+(V.rt3-')*— I-

In general all such investi^tions as those of PoTicelet, respect-

ing ideal secanU in geometry, admit of being conducted by hi*

quaternions.

676. Without longer dwelling at present on the general

theory of biquatemionsy it may he proper to glre here some rsr-

pid sketch of the manner in which the present calculus applies to

the inseHptitm ofa gauche pdfgan in the unit sphere^ under con-

ditions of the sort alluded to in the foregoing article. 1 observe,

then, I"*, that when the number of the sides of the polygon is

even^ n - the equation qfclosure in article 336 becomeSt

pqtm'^qimpi or 0»V.pV^a,>;

but, 11*^1 that when the number n is odd, »2fli-f l» the equation

of closure in the same article becomes,

pqm*i - - ^m«if»> giving 0 and 0 = S . ji»*ip.

Ill*', that from 335, we easily infer that it is allowed to write

generally, whether n be even or odd.
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where and q'n are two real quaternions incicpendeiit of and
satisfying the two equations in finite differences^

which may be coUecM into the single formuhi,

q'n±V^i - (a. ± T ^rVi),

and are to be eomblned with the initial conditions^

If g^o <- 0, or qi = oi, ^"1 « I.

IV% that these equations giv»» by a species of finite integratioOt

the two following among other relations,

Tgr,«- TjyV - (-!)• (a,* + I) (a««-i + !)..• («•»+ 1).

and 0-iS
.
^.K^ii-aft- S . 00,

ifa- ^-Sj « a-Vjr„ ^•V/,.

V*^, that if n be odd^ 2fli + 1, the equations of closure in IL
take til us llie forms,

which are both included in the single equatiouy

v. |97 - oa -I- where y jSa.

Vl% that this equation determines the position ofa certain real

righi Unef or ekord qfwlnihnf winch cats ^e nnit sphere p* -i-l

« 0 in I10O padUt (reid or imaginary), whose eetots are given by

the formulai

and which are adapted, and are alone adapted, to be the positions

of the initial point p of the inscribed and odd-sided polygon,

VII^, that if a be even, n^2m, the equation of closure in I«

assmnes then a form essentially different from the foims ui V.,

namely, the following,

V. pa. « />V. /9/3,

wiiich, when combined with p*"*!* conducts to one or othui of

2x 2
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the two fuUuv^iug stems oi scalar ci^uatioiis ui the hrst tiegreti

(VII.)' . . .S.Y/>-a»-«-*S.0a, S.O-«o)p»0,
(VII.)". ..S.7fi-a*+«S.|3ii» S.(/3 + ar*a)p-0,

where y still denot^^s V. jia^ and a; is a real scalar satisfying the

condition,

VI 11% that these two systems ot equations represent two real

right linesy which relatively to the sphere are reciprocalpolar9

of each other, because

(o» + S .^a) (a» - ar » S . Pa) = - 7% and S . (P - xa) (/3 + Of- ^ o) « 0

;

and these two lines may be said to be cAord!t ofreal ami imagi*

nary tohUioHy of the problem of inscribing the soug^ht even-Hded

polygon^ one of them giving two real positions o( the initial point

r, and, consequently, two real inscribtd polygons, while the other

line, which is wholly external to the sphere, may yet be said to

give tu)0 imaginary positions of that point, and therefore two

imaginary polygani: which latter may, however, become real

when we pass, by hnaginmry d^fimnoHan, from the sphere to a

single-eheeted hyperMM* IX*^, that, for example, we can ge-

nerally, by VIII., inscribe (or conceive inscribed) in a given

sphere two real and two imaginary gatiche quadrilaterals^ whose

sides shall pass successively throujrrh any four given points of

space; but X"', that we can on the other hand, by VI., inscribe

generally in the given sphere Iwo real or two imaginary gauche

pentagonSf but noi two of one kind, and also two of the other,

whose sides shall pass through Jive such points. No account is

taken here of any exceptional or limiting cases, such as might

arise, tor instance, from the supposition that the given points, or

some of them, were situated on the given spheric surface.

677. If instead ot conceiving, as above, a polygon pPiP, > •

whose n successive sides pPi, &c«, are required to pose

through n given points, Ai, &€», we now eoncdve a polygon

pp, . . Pn of ft -f I sides, whereof only the njiret are obliged to

pass through those n points, while the last wide p^p isfree^ then

it is clear that the initial point p of this new polygon is ai^oJree,
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or may be taken at pleasure anywhwe upon the spheric surface

:

but thai when this iniHal point p is once aamrn^ the./Siia/ point

p«9 and the eUmng nde p«iP» become eniirefy detennined. There

will thus be a deteimined sffstem of siieh eUmifig chords In the

sphere, namely, one for each point of its surface assumed as the

initial corner of the polygon : and a variety of interesting ques-

tions may be proposed, respecting the arrangement of those

chords^ considered as lines having position in space. For some

results respecting such arrangement with extensions to other

snr&cet of the second crder, I may refer to the Numbers of the

Philosophical Magazine for September, 1849» and April, 1850, in

which Magazine a nomber of other papers on Quaternions, and

on connected subjects, by myself and others, have within the

last few years appeared; also to the Abstract printed in the Pro-

ceedings of the rSoyal Irish Academy, of the communication made

by me in June, 1649, which, together with that already mentioned

of May, 1850, will perhaps appear in a fuller form, after no long

time^ in the Transactions of that Academy. Meanwhile, I may
remark, XI^, that a Teiy useful formula, for the case ofthe unit

sphere, is the following, which assigns the vector ol Llic final

point Pn as a function of the assumed vector p of the initial

point P, and is easily deduced from the principles of335 and 676

:

but X1I% that, even without employing this expresnon XL for

pwt the formula VI. of 676 enables us to infer that when the num-
ber of the given points Ai . . or of the given vectors oi . . is even,

= 2;/i, so that the number of sides of the variable polygon is od(^,

the final or closing side touches two distinct surfaces ((fthe second

ordsTf represented by the two separate equations,

ill which o, 5, a, ^ are regarded as linear functions of the vector

«w4if and which will be found to represent an inscribed siUpsoid^

and an csucribed and double^heeted hyperboMd, having doubh
contact with the sphere and with each other, at two real points

which on them are umbilics, and being also otherwise remarkably
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felated; whereas, X1I1*S if the number of the given pointo be

<nM »am- 1 , or of the sidee even, « 2mi, thenb by making the root*

equal in the qnwiintio equntion VII. fof or by other pvoeneM

mineeeiiary here to be deeeribed, we «« oondiwted to an $qm^

Hon of the fourth degri€ in a«„ wMch bieakt 'up (fof tfao eaao oC

the sphere) into two imaginary and quadraticfaeftfrt, of tho

formsy

representing two imoffhuay coiiesb wMeb Jointly oompoee llio «».

pelope of the closing sidcy or are the sorfimt wbieh are bodk

touched by it in all its varying positions; XIV*\that these ima-

ginary cones may become real, namely, by changing the sphere

to a flinglo-siieeted byperboloid, in which case the bases of the

diBodopMt mtrjke$$f eonpoeed bymutoally interseoting chords,

wbieh bases aio omtOogmm lOltet ofeitrvahtre^m r^at Hghi

lines (the gefwraiHees), although for the sphere they are ima^

narjf lines, represented in the present amlytis by the equation

d^»-0,

which admiu of being solved (eonpare 667, 67*, 675) by biqnth

ternions, without our supposing dp itself to vanish
;
XV^^, that

for the case XII. the two analogous curves through any point p

hne their tangents parallel to two conjugate semidiameiers of

the emfaeef in which Ibo variable and odd-sided polygon is to bo

inseribod; so that these onrvea eTeiywhera cnMst soeA elAer of

Hghi cyiSw whep that yven snf&ce nm tpkm^^ FfaiaUyitniay

be noticed, XVI^, that in the ease Xm. the two imaginary

cones touch the given sphere along two imaginary circles^ the

oquatioois of whose planes are^

and which may become two real and plane conies, by that imagi-

nary deformation wliieh was referred to in XIV.; their planet

beingt in all oases* ktumomk €Oiiftifait§ with icipaet lo tho psir

of planes feprescnted by the eqaations o»0!» ft-O^ whioh latter

plttMS are also otherwise important in these investigationi.

678. Reserving for another occasion (as has been hinted) the

fttUer developement and elucidation oi this whole theory of the
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inscription of polygons in surfaces, with the corresponding theory

of the circumscription qfpolyhedra^ and some comparisons of the

results so obtained with other and better known ones, which havo

beea discovered by geometers for pkme polf^ona^ inscribed in or

drcnmseribed aboiH pkm tomett I wish to offer here a few

marks on the ^eomHrieal signifieaiion of the equation

V. pa « /oV.

which occurred in 676, Vll.» and might give oocaaloB for a

longer discussion than we can at present afford to bestow. Sup-

posing still, as in the reoent inTestigations respecting inscriptions

of polygons in a sphere, that a and ^ denote two real and known

vectors, while p denotes a sought vector (real or imaginary), we

may endeavour to^nd this last vector by resolving the last-cited

tquaUon^ without any reference iiok^ to any other equation in-

volving such as the equation »- 1, of the unit sphere. And

t*l tmghi atftr^ mghi afpbar that, even withaiU any such em-

ployment of any addiUwud eqwUiUm^ the problem was more tktm

determinate. For if we should choose to substitute, in both mem-

bers of the equation, for the sought vector p a trinomial expres-

Htm of the form ix+jy-^kz (as in 507, &e.), with analogous re-

presentations for the given vectors a and /3, and then equate the

two leeolting eipressions of the Hondard quadrimmM formt

namely, w^iis^Jm-^hz (arte. 400, te.), it might seem that we

BhooM have to tatisfy four equoHcmBf ofthe crdinmy algebraioal

kind, ^'ith only three disposable guanHHeMf real or imaginary.

And even after perceiving, as we should soon do, from inspection

of the formula itself, that neither member contributes any acalar

term, and therefore that only three ordinary equations (at most)

are to be satisfied by the three sought co-ordinates, Xy y, z, on

which tbe vector p depends, it might still seem that (as in 613,

&c.) these three eqvoHons should et^fiee to deiermme those three

co-ordinates. But because a doser inspection of the formula

would shew that each member represents not only somevectOTy

but a vector perpendicular to p, we might thence perceive that

after expanding the equation into the trinomial form,

the coefficients X, T, 2, which would be certain scalar functions
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of lite leeond degne of llio touglit oo-oidiiuitit 9, must be

etnmeeUd 0f ike relolioii,

end thctefora tlitl the l/bve jeolor equations^

X-O, y-0, ZmO,

are not independent of each other. Accordingly, without resort*

ing to co-ordinates (compare again 513), we may perceive,

merely from the principle's of(he present co/cWitf, that the equa-

tion in question may be thus written

:

V.f>CV.Pp + a)-0;

or thus

y. « - a» wheie q^g-^fif

g being here an arbitrary scalar, HencOi by 614 (or by 659)f

we satisfy the equation by maidog

^—.(^4^)-»(a+i?-»S./3«);

or» as it ney be also written»

To eaeh aasomed aloe of the scalar g eonresponds a eertain de»

rived value of the veetor p i and the loeus of the terminttikm <^
lAtt variabU ^e^or, p, i$ a curve ofdoMe eurtMtture, whkk ie <^
<Ac THIRD ORDER, in the sense that it is cut by an arbitrary plane

in three points, real or imaginary ; because if the equation of the

assumed plane be thus written,

S ,pp-mf

the condition for determining its points of intersection with the

locus is the following:

which is an ordinary cable In The eunre just mentioned has

some interesting properties, respecting which it may suffice to

mention here that it isMe comsiofi mtereeetion ofaU the gurfaces

of the second order^ vviiicii are jointly represented by the equa-

tion.
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S . oXp « p*S .^X - S
.
/3/iS

.

obtained by operating on the proposed equation with the Bymbol

S . A, where X is an arbitrary vector ; and that by making suc-

cessively, and separately* X = a, X=/3, and X = 7, n here ^ - V ^a,

we obtain, in particular, the three following surfaces of the second

order» wliereof the enrye is the oommon intenectaon

:

p* S . a/3 = S . a/aS . j3p

;

(V./3p)'=S.7p;

S . 711P « S • /3pS • 7p

;

ofwhich three turfiieefl the first is a «ofie, the seeond a cylinder^

and the third an hyperbolic paraboloid ; while the cone and cy-

linder are connected as having a common rectilinear genercUrix^

represented by the equation

V.pp-0,

which right line Is contained in one qfth€ two atj/mptoiiepkme§p

S./3p = 0, S.y/> = 0,

of the pmboloidf namely, in the seeond of them, but is not a
part qfihe mmffhi /oetit, or of the eurve of the third order, here

considered (compare the Paper by the Rer. George Salmon, on

the classification ofcurves of double curvature
^ published in the

Cambridge and Dublin Mathematical Journal for February,

1850). As to the intersections of this curve with the unit sphere,

I obtained the formulas (VII.)', (V 11./, of art. 676, by seeing

that when p^-i - 1 the equation gives*

S . - (V. - ( V. «^)« » (S . ^p)^ + /3' - (S . + a%

and

if we make for abridgment >S . j3p -i- S . ; whence,

(x -\rO S . /3a = (S . ap)» - (S .^p)2«/3^- a%

as in 676,(Vli.);and

S . yp oa»-ar»S .0a, S . 03 - a?a)p « 0,

as in the equations (Vll.)'; from which those marked (Vll.)'
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weie derirad, by simply changing xto-x-K Bot MdttaoM
•entially eqiiiftilent» for detenmniog the iotcrtecCioiit of Um
phere and ennre, might be dedneed in qoHeaiiM«r «mf»aaBclf

,

by squaring the espieaaioB ofthe present artiele for p in Censsof

g ; which process, (xfter suppression ofa commonfactor^ namely,

^ - would give (compare 6^),

and therefore would lead, for to the following biquadra^

tic equation in g, which if» howoTer, only oiquadraUeJbrm leift-

tiveiy to^ :

Q»g*-^' + a* -g ' (S .^a)'; or. Q3> - - (S .^y.
In fiMst, the P0M99 tahio ol^ woold giro the iw^fttiwrnhMtM

Pf answering to the two real imterMtHtm of the sphere with the

curve, or with the chord of real solution in 676, VI H.; while

ih a negative value of would gwe the tiro imaijinnry ralxts of

answering to the two imaginary intersections of the sphere with

the same carre* or with the chord of imanraarg soittHam, amk
tioned in the tame paragraph 676« Vlil^ which waa thcie sham
to be the rec^oeal polar of the former chord, and to lie wkolfy

auinde tkt sphere. It mnat be remarked that the cemmemfBt^

tar - /3S which was suppressed in the recent process, and

which cannot vanish except wheu g takes one of the two imagi-

nary values,

appears to indicate two imaginary and infinite values for p, or

two imaginary points at infinity^ mtwo othrr interuciiom oi the

sphere with the curve of the third order (compare the remark

made at the end of 653); but I do not at present see of what geo-

metrical ^lOiUtf theae two new poinla can be, evcw when we paaa

by imaginary deformation (rem the iphcra to the nngle-aheelcd

hyperbotoid.

679. Without introdncing the connderation of any but rml
quaternions, a variety nf new forms might be assigned, in tins

calculus, for the representation of real loci, in adiiition to those

which have been already pointed out, and of which some appear

to be lemarkable. Thna if we amnme any fixed foctor oa« n^
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and denote (as usual) by p another and generally variable vector

OP, drawn from the same fixed origin o to a point v of which the

locus is required, introducing also for abridgment the following

symbol of a certain quaternion which depends on the position

of F,

thcD the equation

as giying p• 0, expresses tJiat p comctdM with o ; but the equa-

tion

which gives p» ±a, expresses that p is situated either at a, or at

another fixed point a', such that o bisects aa'; while thjia other

equation, of almost the same apparent form*

[3]..g— 1,

l^vesy as the loeus of a ctmilar (compaie 170),

namely, a gnat circle with a for pole, on the e/^^erie surfieef

with o for centre: aad tide spherio snrfiice itMlf is represented

by the equation.

The fmi^tle r^ki /tue through o and a is denoted by wridng

and the M^Smite plane through o, perpendicular to thia line, is

represented (see 172) by this other formula,

[6]..Uj— 1;

while the aystem of thie tine and plane may be expressed by the

equation

since this requires (compare 504) that we should have either

yy^ .0,or S%<^«0.

To write on the other hand,

[8].. 8,-0,

is to express (see again 504) that
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(S./t>o->)'+(V. pa'y^O;

md therefore (by 438), this Iocim [8] is ao eqmUaUral right come,

containing all the indefinite lines op which are inclined at 46* to

the fixed line oA. The equations

[9] . .S^-l, and [10] . — 1«

represent respectively (by 438, 439) a double-sheeted and equi*

lateral hyperboloid of revolution^ and the conjugate and single^

sheeted hyperboloid ; their common axis of revolution being the

indefinite line oa» and the finite line oa itself being the realsemi"

axis of the former. Any other assumed and eotuiemt scalar va-

lues of would give other, concentric, similar, and similarly

placed hyperboloids; and if, on the contrary, we assign a con-

stant vector value /3 to V^, where j3 - OB = a fixed line perpen-

dicular to a, writing thus,

[II]..V^-ft^X«.

the locus of p will be fouiul to be no surface, hutaciert>£, nannely,

an equilateral hyperbola, in a plane perpendicular to ob, with o

for centre, and oa for one of its asymptotes. Another mode of re>

presenting an hyperbola bg a single eqmaiUm in this calculus oc-

curred in fi05, and will be more luUy discussed in the next arti-

cle. Meanwhile* I observe that an ell^ffse may in like manner

be represented in various ways by a single equation in real qua-

ternions, for instance, by the following,

in which a, /3, y denote any three real and rectangular vectors;

because on developing the squares of the two quaternions,

yV . ap = S . yap - aS . yp, yV, j3/a = S . ypp - jfjS . yp^

it will be found that the only way of making the sum of those

squares equal to unity, by any real vector Is to suppose that

this vector satisfies the system of the ttoo scalar eqwOions^

[13] . . (S . yap)» + (S . 7i3|»)^
- 1. S . - 0,

whereof the latter represents a plane, and the former an elliptic

cylinder: the locus of the termination of p is therefore (as just
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now asserted) an ellipse, which lias its centre at the origin, and

itft axes in the diieclions ofthe two lines a and 0. For ezampie»

the equadon

[14] . . (a-» *V.jpy+(ft-»*V. 1,

wheie pmiX'^fy'i'ikZf can only be Batisfiedi for real ethordmates

xjfZf by suppouDg that those oo-ordinatet satufy the iwo equa^

tianst

On the other hand the equation*

[16] . . (S. a/j)»+ (y V. op)' - 1,

where y is still supposed X a» admits ofan aUemaiive qftwo jo-

iuHoiUf and eondnets to the following^ syetem cfiwo realewresi

[17] . . S
.

(S . apY + (S

,

yap)*" 1,

[18] . , S .7a/»*> 0, (S . ap)*- Tii>(S yf*)'-* 1»

whereof the former represents generally an ellipse^ and the latter

an hjfperbolat these two curves having one com »ion axis, aiMl one

ecmmm pair ofmmmitSi but being situated in two rectangulcar

.phmee. For example, the circle and equilateral hyperbola^ which

have their eqoatione in eo-ordinates as follows,

and of which the connderation has presented itself to some ibr-

iiier writers, in connexion with modes of interpreting certain re-

sults respecting the oydinary arc jointly represented in

this calculus by the one equaliont

[19]..(S.i»» + (AV.t^)»-l.

Again, the equation,
*

[20] . . p» + 6» + (ekYJpy - 0, where c» < I,

represents a jyston cf tufo ^Upsest in iwo reetanyular planes^ bnt

having in like manner two common sommits ; namely, the two

principal sections through the mean axis ofthe eliii^soid, of which

the equation in co-ordinates is,

[2i]..(i-*o«^+y'+0+^)«*-^'
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Again, if i and k denote any two Ei^ed vectors from the origii!,

the equation

[22] . . ipKfi»»pKpifOt 0 B y. tpKpf

nay easily be ifaewn te lepmaent a ifflm 4^imo rerttm^mlar

right Hnesy bUecHng ike migU$ beiweem t imd k ; wheieaa Chii

other equation, of nearly umilar form,

[23] « • 1^ V* pV. ipK^Qf

which may also be thus wiltten (oompafe 620),

[24] . . y. ipS . «y» 4>y• «p8. - Ob

orthnst

[26]. .(i^y-Owc)-. if

represents a system of three rectangular rigut linb8|

namely, the two bisecting lines just mentioned, in the directions

of Uc ± Uk, and €Uso a ^Air<^ iine, perpendicular to the given plane

of the two given lines i, k, and having therefore the directioa ef

y. IK. Aceordiagly, if we seek the d^eeHam qfMeMrse Aset of
am Mpitridf by inquiring wkere ike iiamUmannormoUf orby
making, in 4T4»

[26] . . V. « 0,
'

we are conducted precHely to the recent equation [24]. Or wo
mighty on the same principle [26], have deduced the eqnatioii

[23] from the last formula of 593 or of 696. This seems to be

a natural occasion for remarking, that the geMreH equation of
surfaces of the second order may in this calculus be* writteu thus

(compare 476, 552),

[27] . . 1 =/ (p) - + 2SS . a^»S . /Bp + S . yp,

giving for the vector qfproximity (compare 474, 475, 4Si, 575)

the expression,

[28] ..v«^(/»)«^p+S(oS.Pp+ /3S.op) + y;

and that when, by suitable reductions, the sign qfswtmation is

removed, the two cyclic normals of the surfooe, or the normals to

what have been called by MaeCuUagh the liso dlireclsBe plaiwe»

have the directions of the two comMtoMi vectors a and /3, in the

one remaining term of the form 2S . op S , (compare 469,

593). As regards curves and surfaces of higher orders, it may
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sufHce for the present to observe, in addition to what is sug-

gested by the remarks in 552, that any proposed equation in Xf

ft ma^ be trmrformedfrom tthor^imUi inio gmHtmkmSt by
•iiiiply making the mUUiiUHmif

[29] . . « = i- > S . y-/ ' S .
tp, « - A- » S

.

or

[30] . t'S. «->S Jpt z

m

-AS * V;
for instance, oneform of the qualcrnion equation of Fresners

Wave, obtained on this plan^ is the following

:

But it is usually possible, in interesting questions, to obtain cx>

pieaaiona more elegant, or at least better adapted to be treated by

the fecHUarmetkodM of thit calculus, than the fonns which reeuU

wmudiatefy from the foregoing very general aubetitation : and

accordingly I have been able to obtain other esqMro$don9 by qua-

ternions for the lately mentioned wave surface, which put in

evidence those conical cusps, and those circles of contact there-

upon, on which appear to depend the optical phenomena of co-

mical KBfRACTiON in cvystols with two axesy that were ex-

perimentally obeenred by the Rev. Humphrey Lloyd abont the

end of the year 1838, with a carefully cut specimen of arrago-

late. Finally,aa additional iUnetrationa ofthzjMHU^, combined

with distinciness, of the symbolical language of the present caU

cuius, it may be noticed that by subjecting a variable quaterniony

qy instead of merely a variable vector
y p, to satisfy a given equa-

tion, and allowing the scalar pcwt to vary, new sources of e^i^re^

oiom arise. For eiample, if we write (as we have often done)

q»w+p, and regard the part was arbitrary, and p as variable,

bvl boUi as reo^ while a and fi are any two given and constant

and real vectors from the origin, the equation*

will be found to represent a vull circlb, inasmach as the va-

riable vector p will now be free to terminate at any one of all

those points of space which are contained ujjutif or included
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wUkin^ tliat dmiar eiremnferenee of which the vector of the

centre is a, while |3 is perpendicular to its plane, and its radius is

B T/3 : because the qtiaterDion analysis shews that we have her%

[33] . .S •(p-«)0-Ot T<p-a)*-Tp»-ie>»,

The equation

would represent, on the same plan, the system of a full circle

and qftwo points, related to each other as the equator tmdpoU9
of a spheie. And the very sunple eqnatbo*

[35] ..T(^=l, or T(ii? + /o) = l,

represents in like manner a full sfhekb, namely^ the onit-

spheie^ regarded now as no mere tm^fitee^ hut as a solid locvs^

whereof all the iniemalpoinU are here to be taken into aeoottnf,

as being oH ineloded in the formula. Results of the sorts as-

signed in the present artiele might be almost indefinitely multi-

pi ied : and if the subject shall be hereafter pursued, the difficulty

will much less be to interpret than to class the expressions.

660. After these general remarks on equations in the present

calculus, let us resume the particular equation of art 505,

and treat it as if it had now for the first time presented itself, in

some geometrical investigation. One general and- always per*

mitted process of transformation, of any equation in quaternions,

has been seen to be the taking separately the scalar and the vec-

tor parts of the two members, and then equating them respec-

lively. Taking therefore the vector parts, the first member of

the equation gives, *

V(V.i,p.V. p0)«pS.i,Op;

but also by the scalar character of the square of a vector,

(V.H0)*«V-»O, V.(V.,0)« = O;

and the proposed equation forbids us to suppose ^^O, it being

understood that n and 9 are not parallel ; we are therefore con-

ducted to this other equation,
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Thoa,

p\\\vyO; p = xrj + yB;

and finally the equation of condition, which the two variable

scalar coeiiicienU x and y are obliged to .saiisfyi is iound to be

the following:

It is therefore necessary and sufficient to admit that the variable

vector p hm some one the values included in the expreasion*

where Is an arbitrary scalar. The locus of the extremity of p
IS conseqaently a (plane) hyperbola^ having its centre at the origin

of vectors* with if and $ for portions of its two asymptotes, and

with ff + ^ for one of the values of p, or for the vector ofone point

of the curve. Hut jj and 0 have been seen in earlier articles

(compare 497, 503), to be portions of the axes of the two cylin-

ders of revolution, within which the two spheres slide, in one of

our modes oigmerafing the ellipsoid (art. 49G), and within each

of which two cylinders the ellipsoid iUeffis inscribed. We saw

also (in 502) that i| + 9 is an tmbUiear vecCor of the ellipsoid.

No uncertainty therefore can now remain, respecting theJitness

and ndt 'juacy of the equation assigned in art. 505, to repre8ent5

in this calculus, that known curve which has been named th^

focal hyperbola^ of a certain eliipsoidt and of its confocals. Jn-

deed, that the equation expressed^ among other things, the co-

phaianiy of 9, p, might have been more rapidly inferred

from the consideration that because the vectors V. i}p and V. p$
are asserted to have a scalar product, they must be supposed to

1)0 parallel to some one line j to whicii one lino therefore the three

liiTcs 77, 0, p must be perpendicular, and consequently must be

co|>ianar with each other.

681. Let p and p, expressed as follows,

be any two vectors, ap, ap^, of the focal hyperbola ; iheir diffe-

rence is evidentlyi

2t
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and if this difference, or the rAor</ joining" the extremities oi tlie

two vectors^ is to be paraliei to q - 6, we must iiave

and therefore generally

the scalar difference x - a; being supposcni not generally to vanish.

The game chord pr' meets the asymptotes q, 0^ in two points Q»

q'» of which the vectors are^

whence,

pa«a H^i-f); Pa = -«(if-fl){ Ptt.PQ'»T(i|-d)»;

and, as b known,
p'q = Q P, r'li' = QP.

But ai m appiMiilies to 1, or as the variable vector p approaches

to the particular value 19 ^ or w (art. 502), the chord p'-p tends

to vanish in length, and to heeome in direction tangential to the

curve; and the portion of the tanrrciit intercipted between the

asymptotes is seen, by the recent analysis, to be (as is well

known) bisected at the point of contact. Thus, al the umbilic

of the ellipsoid, which is (by 502) the termination of the vector

Iw, the tangent to thejbeal hjfperbola has the direction of i| - 9, ev

of c (art. 498)$ that is (as is known), of the tmbUicar normal

(compare 501) to the ellipsoid. Or we might have differentiated

the scalar variable x in the expression for and then made a: = 1;

which would have given d/> dx = i| - 0, when p = ij + d, and

would have conducted to the same conclusion respecting the eft-

reciim of the tangent to the hyperbola, at the same umbilic of

the sur&ce. And hence we may prove, fly guaternionep the

known theorem already alluded to (505), that the focal hyper>

bola cute the dUpeaid perpenSadarly , at each mnbilicar point

Combining the recent results with others somewhat OLirlier ar-

rived at, we are conducted without difficulty to the follow! ii<r con-

struction. At an umbilic u, draw a tangent tvv to the focal hy-
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perbola, meeting ilie asymptotes in T and as in the annexed

iigure 102. Then the sides of

the triangle tav are, as res-

pects their leugtlis, av = 2Tii;

lT-2Tfl; TV-2T (11-^);

that is, by 501,

And the >i and 0 of this Lec-

ture are precisely the halves

0/the sides av and at of this

triangle; or they are the two

Mique echordnuUes at» ax cf

iheumbiiie 9, rejkrred to the {ispmptotes of ike hyperbola^ when

directions as well as lengths aro attciulLcl to.

682. Ithashecn so much my wish, in tlio presentCoOTSc of Lec-

tures, now drawing rapidly ti^ its close, to lay a sound and strong

geometrical foundation for future applications of tins Calculus

;

and 1 so well foresee that through necessary lutore extensions of

the theory, such as the intfodoGtion, already sketdiedy of wlmt I

lisve called Biqnatemionsy many diffienlties as yet unapproaefaed

will arise : that I Lave anxiously sought to provide a large

amount of what might become, throucrh the united extrtions of

myself and others, a settled, established, and common ground^

respecting the validity of which no diversity of opinion could

ever alkerwards occur. Andf in this spirit^ I ask you now to allow

me to state a few peomeirieai reasonings, ofa very simple kind,

by which the recent results, and some earlier geometrical conclo*

aions, of this new mode of calculation may be confirmed.

The sum of the squares of any three conjugate semi-diameters

of a given ellipsoid being known to be a constant quantity (^st*

-I-^ 4- e*), while the umbilicar vector au (= u), and any two recU

angular radii (each » 6), of the dnsnlar and diametral section

made by a plane parallel to the umbilicar tangent plane, compose

a conjugate system, we are to subtract 2^ fr<Hn o' + &*4 e*, and

sliail thus obtain the value w^a^-A' + c', as in art .'502 A^^ain,

the parallclepipedon under any three conjugate se]oi*diaineteni

2 Y 2
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being known to be constant, and =ahcy we are to divide tiiis by

and so obtain ab'^c (compare 501)» a« an ezpfesrion for the

perpendicular let fall from the centre on the umbilicar tangent

plane; or for the projection au^ of the umbilicar vector au (in

ligr. 102), on the umbilicar normal titv to the elltpsoid, which

normal is known to coincide with the tangent to the iucal hyper-

bola (as proved by quaternions in the foresroing article). Thus
^{a^-iP + c^) is the hypotenuse a u, and b ^ac is one side su

about the right angle» in the triangle asu; so that the other aide»

A89 mnat be Such, then, is the aldtude of

the triangle tat, if the centre a of the ellipsoid, or of the hyper-

bola, be coDsidered as the vertex. But, by the properties of the

curye, this area does not vary when we change the point of con-

tact u ; it is theretore equal to the rectangle under tiie semiaxes

of the focal hyperbola, or to the product (a' - b^)^ - c*)^; and

it is known that the tangent tv is bisected at the point of con-

tact; the semibase, tu, or uv, of the triangle tat, must therefore

be " 6 : which would be a geometrical confirmation, If such were

needed, of the proot pfeviously given by quaternions (see 498,

499), that T(>i - 0) = h. To find the lengths of the sides, av, at,

of the last-mentioned triangle, we have, as before, the altitude

«6->(a*-6')^(6^-c*)^, and the segments,

sv = su + I y ^ b'^ae + b » b'^ {ac + i^)^

8T« si - uv«6'»ac -6 » 6'* («c - 6*)

;

whence by two right-angled triangles,

AV = (a' + c^+ 2ac)\ = a + c,

AT-(a*H- ^c)* a - c;

these sides are therefore the sum and difference of the t wo ex-

treme semi-axes of the ellijisoid : a result which agrees with the

values found otherwise in article 501, namely, Tif «^(a-»-c), TO
= i(a - c). It may be remarked that the triangle bcg of figfure 98

would admit of being superposed on the triangle tax of fig. 108,

if both triangles were constructed for one common ellipsoid*

683. Resuming (partly as an ezeieise) the calculations with

quaternions, it is easy to see liiat

Digrtized by Google



LECl URB YII» 693

S.(pn-Op)(f)-0)'S {pn' - pnO - Bpn + dpQ) - - 2S

.

because

0 - S . ^n*» S . Opd, and S . » S , 9/011 » S . ^Qp.

Hence generailift for any Mree veeiars, 9| we ]ia?e tlie

traiMformationB,

S.(p„-ap) U(i,~0) = -2T(i,-0)-»S.n«>/t>;

TV . • 0/o) U( n - 0) - V I T(pn - Op)* - 4T(, - 9)-^(S . n9p)»}

- V ( (fwi - (ha - pB) + (h - 9)- -pOnYU

also for a«y /f£?c) co))jugate quatemiom^ jr', and any vector

we have the identity,

TV. go = TV. g'a =V {
(TV, aVj)^ + (Ta Sg)»

)

;

and ilierefores

TV. (,^p - p0) U (ii - 0) = TV. (pi, - Op) U (q - 0).

For the ellipeoid, by 499, we have tbe equation,

TV.(i,p-pa) U(i,-0)-0»-„«;

and hence, by squaring, we obtain this new form of the equation

of that snr&ce

:

u*).- (p, - Op) (np-p9) + (n- 0)-' (ifip

Or, by a partial re-introcluctiou of the signs S and T, we find

Uus somewiiat shorter form

:

T(p„ - OpY + 4(„ - a)-« (S . nOpy - (0« - „»y j

of which we shall presently assign the interpretation, and in

which, instead of the.sqaare of tbe tensor of the qoatemioii

- Opy we may write any one of several general expressions for

that square, of which the proofs will easily suggest themselvea

to those who have studied with attention the transformations

alroatly given, and tlie jtriiiciplesi of the presenC calculusi for in-

stance, any of the following :

TO.i-dpV-T(np-p^
« (pi? - Bp) (np - pB) = (»;p - pO) (pii - 9p)

- (i|' •¥ B^)p - pupO - Bpi\p = + B^) p' - iiptfp - pBpn
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- (n - ey p«+4S (V. .V.

All these transformations, it roust be remarked, bold good, iade>

pendently of any relation between the three vectors % 0, p.

684. To interprtt tliat iotm of the equation of the eUlptoid,

whiefa was asBigned at ifae begkuung of ardefe £00, we may ob*
•enra that

if for condaeneaa we write^

Bttl pt n the perpeadicnlar from the eentre a of the ^fiioid oa
the pbuie of a drenlar aeetion, passing through the eztremity of
the vector or semidiameter and perpendicular to the cyclic

normal ij-B; and may be easily shewn (conipare 441) to be

a radius of the same circular sectioo^ multiplied by a §fnlar oo*

efficient, namely, by

if then, from the foot of the perpendicular, let fall (as above) oo
the plane of a circular section, we diaw a right line ia that plaae^

which bean to the radios of that seetion the eoastaatialio oflha
leelangle ae mder the two eztrana seniazcs to the square ^ of
the mean semi-axis of the ellipsoid, the equation for that surface,

which was given at the beginning of article 500, expre^^sc^ that

the line so drawn will terminate on a q)heri€ smrjhct^ which has

its centre at the centre of the ellipsoid, and has its radius «

It was thus, in lact, that I happened to peredve this property of
the tnrfiiee, by hilerpretiag as above one of the qoatenhm ftmas
of its equation ; but it is not difficult to prove gtomttrxmUy tliat

the described construction conducts to the last-men lioued spheric

lous; aanKly, to the sphere concentric with the cUipsoid, which
iuches at once the ibur umbilicar tangent planes.
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665. Proceeding to the interpretation of the equation of the

ellipsoid, wbicli was arrived at in 683, we may remark that since

/o II
-

0f> « 8 . p (i|- a) +V. p (q + 0)

,

the quaternion pri - Bp gives a pure vector as a prodnct, or as a

quotient, if it be multiplied or divided by the veetor + $ (com-

pare 500) I we may therefore write

Xi being a new vector symbol, of whidi the value may be thai

cj^prcssed :

This vector Xi is evidently such as to give,

T (pi, -^p)«TAi.T (!,+ »);

T(pii-«py-Xi«(ii+a)s

W e have also the identity,

which may be shewn to be such, by observing that

(n-oy (fi + ey = 2s

.

tiO) (n»+ ^+ 2s . vO)

= (i,»

+

e^y - 4 (S . noy = (t,« - (^)* + 4 (t . noy - 4 (S . ^Qy
= („« - - 4 (V. ney - (d^ - - (uO - tinyi

or by remarking that (compare 454),

ii«-(>»-S.(n-e) + »,0-0n=V.(n-e) („ + «),

•od(,-d)»(ii+«)»«(T.(i|-«)(,+^))»;

or in several other ways. Introducing then a new vector c, such

that

i|d-Oi|=-cT(i}+&), ors-2V.q0.T(i|+0)-';

and that therefore

(n&'Ony»-**{n+ey,
and

3S.i|^«S.fp.T(ifi-0), 4(8.i|ep)«»-(S.ep)«.{i, + 0)«;

while, by 498, or 499,

T(„-(?) = ^, in-Oy^-b^i
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we find that the equation of the ellipsoid above referred to»

iiaiiiely»

T (pyj- Spy + 4 (n - ey* (S . fiSpy «

-

after being divided by (i| + 6)% assumes the following form

:

Ai«+ft-« (S. v)»+^« + £»-0.

But alio» by the recent values of Xi and s

i

S • iXi S . fp ;

the equation just found may therefore be also written thus

:

and the scalar 6 -f S . tp is positive, even at an eitiemity of the

mean axis of the ellipsoid, because

and therefore

We have then this new form of the equation of the ellipsoid, de-

duced by transposition and extraction of square roots, according

to tiie i ules ui the present calculus

:

By a process exactly similar to the foregoing^ we find also the

form

T(Xi + i)-6-*6-'S.^;

which differs from the equation last found, only by a change of

sign of the auxiliary and constant vector t ; and hence, by addi-

tion of the two last equations^ we find still another form, namely»

T(Xi-€) + T(Xi + €) = 26;

or substituting for Xi, c, and 6 their values^ in terms of i|» 0, and

and multiplying into T(i|4-6)»

GBG. The lucub oi the termination Li of the auxiliary and
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variable vector Xi, wMcb is derived from tlie vector p of the ori-

ginal ellipsoid by the linear formula of the last article, namely,

being thus represented by the equation of the same article^

T(Xi + f)-i>T(Xi-€)«26,

is evidently a certain nbw ellipsoid; namely, an ellipsoid of

revolution^ which has the mean axis 26 of the old or given ellip-

soid fo& its nuyor axis, or for its aais ofreiHiUttion^ while the

vectors of its two foH are denoted by the aymbols + c and -c.

In fact if we Btill place the origin of vectors at the centre a ofthe

ellipsoid of arts. 466, &c«» and make

we shall have^ for the locus of the point Li, the following eqoft*

lion of a very simple and well-known form

:

FiLi + FiLi = 26.

We have also^ by the foregoing article, combined with 601, 502,

Te- = + - n-y {n + 0) • = 6^ - a^cHt *
;

«.,i»-_^,(«'-,y-^).ife.T..

Such then is the expression for the square of the distance (e) of

either focus (Fi or y^) of the new or derived ellipsoid, which has

Ai for its varying vector, from the common centre a of the new

and old ellipsoids, which centre is also the common origin of the

vectors Xi and p i while these two foci of the new ellipsoid are

situated upon the mean axis of the old one. There exist alao

other remarkable relations, between the or^nal ellipsoid with

three unequal semi-axes a, b, c, and the new ellipsoid of revolu-

tion, of which some will be broui^ht into view, by pursuing the

quaternion analysis in a way which we shall proceed to point

out.

687 • Combining the recent expression for Xi with three other

analogous expressions, aa follows

:

~ '—Tipi ^i" TTT*
» . II \ U i| + o
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it is easy to prove (compare 494) tbat

TXi-TA,-TX,«TX4;
and that

S . IfOXi -> S . n^Xt• B . lydXs « S . ^(9X4 S . iv^p

;

whence it follows that the four vectors Ai, A2, X3, Xi, being sup-

posed to be all drawn from the centre a of the original eHipaoid^

terminate in four points, Li, l,, l,, L4, which are thefour cor-

ners qfa quadrUaieral mBcribedm a circle qfthe Uudy derived

dUpiM cf revobtiian ; the plane of this circle being parallel to

the plane of the greatest and least axes of the original ellipsoid

(abc), and passing through the point E of that ellipsoitl, vviiich is

the termination of the vector We shall have also the equa*

tionsy

Xi-p S,fip
Y^^^^

X<-p ^S.r?-'p^y,,^^

Xi— /» S»Bp ' X4'*p iS^Q'^p
'

which shew that the two oppo^te sides LiL^, l^l^, of this in-

scribed quadrilateral, beini^ prolonged if necessary, intersect in

the lately mentioned point e oi the original ellipsoid. And be-

cause the recent ej^pressions give also

these opposite sides LiLo, l,Lj, of the plane qiuidrilateral thus in-

scribed in a circle of the derived ellipsoid, are parallel respectively

to the vectors n + O, + 0'\ or (by 502, 503) to the two umbi-

licar vectors la, ^\ of the original ellipsoidt constructed wiih the

semi-axes abc* At the same time^ the equations

hold good, and shew that tlie two other and mutually opposite

sides of the same inscribed quadrilateral, namely, the sides LjLai

LaLi, are respectively parallel to the two vectors 0, or to the

axes of the two cylinders of revolution which can be circum-

scribed about the same original ellipsoid.
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688 Hence it is easy to infer the following Theorein, else-

wlicre already })ubli'5hcd by me a<< a result of the Calculus of

Quaternions : ''^I/un the mean axis^ 26, qfa given ellipsoid^ abCf

Of the nuffor iunSf and wUh tujofod Pi, ofwhich iht eommom

distancefhm the emUre a it

we conatruci an eUipsoid of revolution ; and iff in ang circular

eeeiian ofthis new eUipeoid, we inscribe a fuadriiateralf hihtUU$

which the two oppoiite eidee LiL,, h^u are respectively parai-

M to the two umhiHcar dUmetere ofthe gieen tlHpeoid; while

the two other and nuituallij oi>posite sides l^Li, ofthe same

inscribed fjuadnlateral, are resptch'vrh/ parallel to the axes of

the two cylinders ofrevolution which can be circumscribed about

the same given ellipeoid; then the point ofintersection b ofthe

first pair qfopposite sides (namely^ of those fwrallel to the am*

bilicar diameters) will be a point upon that given eWpsmd^* It

seems to me that, in eonsequence of this remarkable relation

between these two ellipsoids, tiie two foci Fj, of the above-de-

scribed ellipsoid of revolution^ which have been seen to lie situated

upon the mean axis of the original ellipsoid, may not iiiconve*

Diently be called the TWO ubbial foci of that original ellipsoid

(a6c) ; and that the new ordMvei/ ellipsoid ofleyolution itselfmay
be called the mban bllipsoid ; but 1 gladly submit the question of

the propriety of these designations, to the judgment of other and

better geometers. Meanwhile it may be noticed, ibat the two

eliijisoids interstct each other in a system of two el//jjs('s, of

which the planes are perpendicular to the axes of the two cylion

ders of revolution above mentioned ; and that those four common

tangent planes of the two ellipsoids, which are parallel to their

common azb, that is to the mean axis of the original ellipsoid

abc, are parallel also to its two umbiUcar diameters. It may be

added that if ^' denote the miuo?- semi-axis {Ij^ - ' ^ acn^) of

the above-mentioned 7ncan ellipaoid, and if we construet another

concentric ellipsoid, ab'c^ which will thus not be of revolution, the

equation of this third ellipsoid may in our symbolsbe written thus

:

«
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aod that its cyclic normals have the same directions as those of

fkatfwrih elUpaoid a'bc\ for whldi ac'^h^^ed^ and wlueii ia, in

a welUknown sense, redproeal to ^Jint or ^bsmi ellipsoid,

abCi liaving also the same mean axis, bat having its WH^r axia

in the same direclioii as the minor axis of the other. A.s to the

interstction of the other pair of sides l^l,, L4L1, of the inscribed

quadrilateral, it is easy to see (compare again 494) that if we
call this point s, aod denote its vector as by a, we shall have the

expression,

a«(i| + er((ii*+^)p-2V.,/»d)}

80 that (compare 597) the locus of the point s is a certain Jijlk

elUpsoidi on the properties of which I cannot enter here.

689* The same general methods of calculation (compare the

remarks made at the end of 624) admit of a vast variety of other

geometrical applications. For instanoe^ if we combine the foi^

mala S . vdvdp = 0, of artide 609, with the last expression for

V in 593, we find, for the lines oi curvature on an ellipsoid, the

differential equations,

0 B S • vdp^ 0 B S • v^pidfNCf or 0 » 8 • vmnr^ 0« S • vr^

If r be a vector parallel to the tangent to sneb a line; and then,

by combining these two last equations, we find that r may be

expressed as follows, r = UV. vt+UV. vk ; w hich reproduces the

theorem, discovered (1 believe) by M« Chasles, that the iines of
atroature on an ellipsoid (or other surface of the second order)

Used at eacA point the angles between the two drealar eeetiont

qfthe swrface. Again, if the last formula of 6<M, or of 605, be

suitably combined with quaternion forms of the equation ofa coae

of the second degree, such as those assigned in 438, where
ft is

afocal linCy and in G78, w licre a, j3 are cyclic normals, those theo-

rems may be deduced, respecting the curvature of a spherical

eonic, which have been published by me in the Cambridge and

Dublin Itfathematical Journal, as part ofa Paper entitled ** Sym-

bolical Geometry.'* But it is manifestly impossible, in any sin*

gle Course of Lectures such as the present, to include all such

applications: and vvith thanks to those persons who have favoured

me 80 fiir by their attention, I now heartily bid them farewell.
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[The following is the Abstract of a Communication by the Author to the

Royal Irish Academy, wliu li i,vas rofcrrod to in article 675, page 073, of tho

forotroinn;^ Lootor^,. and is reprinted here fromtbo published ProoecdiDgs of

the Academj.j

KoYAL Ibisu Academy, May 13, 1850.

Sir William Rowan Hamilton gave an aeeonnt of some

geometrical reasonings, tending; to explain and confirm certain

results to which he had been previously conducted by the

nethod of qnateroioiM^ mpectlng the ioscription of gaticho

polygom in central Buriaeet of the second order*

1. It is a very well known property of the conic sections,

that if three of the four sides of a plane quadrilateral inscribed

in a ^ren plane oonie be cot by a rectilinear transveisal in

three given points, the fonrth side of the same Tariable qoa*

drilateral is cut by the same fixed right line in a fourth point

likewise fixed. And whether we refer to the relation of invo-

lution discovered by Desargues, or employ other principles,

it^ is easy to extend this property to surfaces of the second

order, so lieir as the inscription in them ofplane qnadrilaterala

is concerned. If then we merely wish to pass from one point

p to another point r of such a suriacc, under the condition

that some other point Q of the same surface shall exist, such

that the two snecessive and rectOinear chords, pq and qr,

shall pass respectively through some two given gmde-poinis^

A and li, internal or external to the snrface; we are allowed

to substitute, for this pair ui guidc-fiaints, anuihcr pair,

SQch as b' and a\ situated on tiie same straight line ab ; and

nay choose one of diese two new points anywhere upon that

line, provided that the oMer be then suitably chosen. In fact,
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if c and c' be the two (real or inaginary) points in which the

Bttiiaee is eroased hj the girai trantvenal ab, we have only

to take care that the three pairs of points Ak\ bb', cc', shall

be in involution. And it is important to observe, that in

order to determine one of the new guide-points^ B or a', when

the other is given, it is by no means necessary to employ the

points C9 c'f of inteisection of the transversal inth the snrftce^

which may be as often imaginary as real. We have only to

assume at pleasure a point p upon the given surface; to draw

from it the chords paq, qbr; and then if a' be given, and B*

sought, to draw the two new chords RA'sySn'p; or else if a' is

to be fonnd from b', to draw the chords vb% sa'r. For ex-

ample, if we choose to throw olT the new guide-point b' to in-

finity, or to make it a guidc-stcu'y in the direction oi the given

line AB, we have only to draw, from the assumed initial and

superficial point p, a rectiliiiear chord rs of the satfiM^ whick

shall be poiallal to ab^ and then to joui sr, sgsd exaauBe i»

what point a' this johuBg line ctosscs the given Hne ab. TIm
point a' thus found vviil be entirely independent of the assumed

initial point r, and will satisfy the condition required : in

sacb a manner that i^ from any olAsr assnmed snperfidal

point p» we draw the chords s^aq', q'bb', and the parallel

fV to AB, the chord rV shall pass through the same point a'*

All this toiiows easily from principles jierfectly well known.

2. Since then for two given guide-points we may thus

substitute the system of a guide-stsr and a gnide-pointf it

follows that for lAm given guide-points we may subsdtute a

guide-star and two guide-points; and, therefore, by a repeti-

tion of the same process, may substitute anew a sysLeni ui two

Stars and one point. And so {)rr)ceediDg, for a system of m

given gttide-pointSy through which m suoosmive and rectiliacat

dMtds of the surfrK» are to pass, we »»y substitute a system

of n- 1 guide-stars, and of a single guide-point The pro-

blem of inscribitig, ill a given burfacc of the second order, a

gauche polygon of a aides, which are required to pass succes-

sively through n given pointe, is, therefore, in general, redo*

dble, by opemtions with strmght tioes alone, to the problem
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of inscribing in the same surface another gauclie polygon, of

which the last side shall pass through a new hxed poiiit9 whUa

ail its other (n- 1) sides shall be parallel to so many fixed

•tfsigbl lines. And if tkejirti n tides of an iosoribed poly-

gon of ti + 1 sidesi pPi • . . Pn , be obliged to pass, in order^

through n given points, Ai ao . . . a„
,
numely, the side or chord

ppi through Ai , &c., it will then be possible, in general, to

incrtbe also another polygon, fqi qb • • • Pa» having the same

fiist and nth points, p and p«, and themlbre the mmeJimU or

closing side PnP, but having the other n sides different^ and

such thai the 3i-l first of these skies, tqi, QiQs, ... Qn-a

Qtt.i, shall be respeotively parallel to i»~ 1 given right lines,

while the nth side Q* . i P« shall pass througha fixed point Bs*

Tho analogous fednciions for polygons ui eonio seodons have

long been fiMniliar to geometers.

3. Let us now consider the inscribed gauche quadrilateral

PQi Qs Qs> of which the four corners coincide with the four

first points of the kst-nwntioaed polygmi. In tha plana

Qi<)tQ8 of the tsooad aad thbd sides of this ganehe qnadri-

latersly draw a new ebord qi Bf , whieh shall have its direetion

conjugate to the direction of pqi, with rcs])eet to the given

surface. This new direction will itself be h:s:ed, as being pa-

falkl to a fixed plane, and conjugate to a fixed direction, not

gsoeially conji^^ate to that plane ; and henos in the plane in*

scribed quadrilateral Rs Qi Q2 Q39 the three first sides having

fixed directions, the fourth side Q ;
will also have its direelioii

fixed: which may be proved, either as a limiting form of the

thooram rderred to in (1), tespeetiBg four points in one Iine»

or from principles still more elementary* Aad there is no diffi-

oulty in seeing that because pqi and ai Rs have fixed and con-

jugate directions, the chord PR2 is bisected by a fixed diameter

of the suriiace, whose direction is conjugate to both of their s ; or

in other words, that if o be ike centre of the surface, and if we

draw thavorM^Me duuneterpon,the variable chord hR) will then

be parallel to the Jixed diaawterjust mentioned. So fiir, then,

as wc only coucern ourselves tu construct the fourth or closing
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side Q3 p of the gauche quadrilateral roi Q3» whose three fir»t

skies hairegiven or fixed direcUooSywemay substitate it forano-

ther ganehequadrilateral pmrs q»» inscribed in thesameaurfiMe^

and sneh that while its first ride pn passes through the centre

o, its second and third sides, nr.> and k>q;,, are parallel to

two fixed right lines, in other words» we may substitute^ for

a ayslam of l4rae guid^-^im^ a system of the eaiire and imo

Har$t as guides for the three first sides; or» ifwe choose, to-

stead of drawing snecessively three chords, pqi , q, q^, Q;^ 03,

parallel to three given lines, we may draw a iirst chord PRf

,

so as to be bisected by a given diameter, and then a second

chord Bt Qs« parallel to a given right line.

4. Since, for a system of three stars, we may snbelitnte a

system of the centre and two stars, it follows that for a system

offour stars we may substitute a system of the centre and

three stars; or, by a repetition of tiie same process, may sub-

•tttate a ajntem of tha centre, the tame centre again^ and two

atam; that is, nltunately, a ajrstem of two stars nmy be suIk

stituted for a system offimr stars, the two employments ofthe

centre as a guide havino; simply neutralized each other, as

amounting merely to a return from n to p, after having gom
firom p to the diametrically opposite pmnt m« For five start

we may therefeia aubatilnte three; and for six atait we may
substitute four, or two. And so proceeding we perceive that

for any proposed system of guide-stars, we may substitute two

stars, if the proposed number be even ; or three^ if that nam*

ber be odd. And by combining this result with what was

found in (2), we see that forany given system ofngiude-points

we may substitute a system oi tico ^tars and a pointy if n be

odd ; or if» be even^ then in that case we may substitute a sys-

tem of three stars and a point: which may again be changed,

by (3), to a system of the caAlre, two stars, ami one pontic

5. Let as now consider more closely the system oi two

guide-stars, and one guuie-|>oint ; and fur tliis purpose lot us

conceive that the two first aides fQi and Qiq^i of an inscribed

gauche qnadriiateral pqiQiFs are parallel to two given right
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liiieiy while the third eide QsPs ib obliged to pass through a

fixed point Bs; the first point p, and therefore also the qua-

drilateral itself, being in other respects variable. In the plane

PQi Q2 of the two first sides, wiiich is evidently parallel to a

fixed plane, inacribe a chord whose direction shall be

conjugate to that of the fixed line OBst and therefore shall

itself also be fixed, o being still the centre of the surface; and

draw the chord PS. Then, in the plane inscribed quadrilateral

PQi Q^s, the three first sides have fixed directions, and there-

fore, by (3), the direction of the fourth side sp is also fixed.

In the plane 8Q9P3, which contains the given point Bs, draw

through that })oint aa indefinite right Hoe b^c^, [jaraih-l to

SQs; the line so drawn will have a given position, and will be

intersected, at some finite or infinite distance from B3, by the

chord tP), which i« situated in the same plane with it, namely,

in the plane SQt ps* But if we consider the section of the sur-

face, which is made by lliis last plane, anil observe that the

two first sides of the triangle sq^ F3 pass, by the construction,

through a star or point at infinity conjugate to 83, and through

the point B3 itself, we shall see that, in virtue ofa well-kttown

and elementary principle respecting triangles in conies, the

thirti side P3S must pass through the point d^, if D3 be the pole

of the right line B3C3, which contains upon it the two conju-

gate points; this poU being taken with respect to the plane

seciioH lately mentioned. If then we denote by 03X3 the in>

definite right line which is, with respect to the surface^ the

polar of tile lixed line B3C3, we see that the chord sp,, must in-

tersect this reciprocal polar also, besides intersecting the line

BaCs itself. Conversely this condition, of intersecting these

two fixed polars, is sufficient to enable us to draw the chord

SP3 when the point s has been determined, by drawing from

the assumed poinfc p the chord PS parallel to a fixed right line.

We may then substitute, for a system of two guide-stars and

one guide-point, the system of one ffmde^ttar and iwo ffuide*

line§; these Itxe* being (as has been seen) a pair ofredprocai

paiarSf with respect to the given surface.
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6. If, then, it ho required to inscribe a polygon ppi p.> . . p.»„

with any odd number 2»-t- i of sides, which shall paw auo-

cesuvely through the same namber of given poiats» Ai^t*,

A9b*u we nay begin by asmminff a point p upon the giwn
turface, and drawing through the given points 2it + I succesaire

chords, which will in general conduct to a final point p>n . i,

dUliHCt from the assumed initial point p. And then, by pco-

eesses ofwhich the nature hat been already explained, we can

find a point 8 such that the chord P8 shall be parallel to a fixed

right line, or shall have a direction independent ofthe assumed

and variable posinon of p; and that the chord sp^n . i shall at

the same time cross two other iixed right lines, which arereci-

procal polars of each other. In order then to find a mew point

p, which shall satisfy the conditions of the proposed problem,

or shall be such as to coincide with the point psr* b deduced

from it as above, we see that it is necessary and sufficient to

oblige this sought point p to be situated at one or other ex-

tremity of a certain chord ps, which shall at once be parallel

to a fixed line, and shall also cross two fixed polars* It is

clear then that we need only draw two planes, eontaining

spectively these two polars, ami parallel to the fixed direction ;

for the right lineof iutersectioo ot these two planes will be the

chard <ifsolution required ; or in other words, it will cut the

sur&ce in the two (real or imaginary) points, p and a, which

are adapted, and are alone adapted, to be positions of the first

corner of the polygon to be inscribed.

7* But if it be demanded to inscribe in the same surfi^e a

polygon pPiP» Pta.i, with an even number 2n ofsides, pass-

ing suecessiyely through the same even number ofgiven points^

AiAs .. Aa», the problem then acgtnree a character totatfy dU^

tinct. Fur it, after assuming an initial point p upon the sur-

face, we pass, by 2n successive chords, dfawn through the

given points ai, &c., to a fioal point F»« upon the sarftiee,

which will thus be in general distinct from p ; it will indeed be

possible to assign generally two fixed polais, across which, as

two given guide-lines, a certain variable chord sr^ is to be
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dftwn, like the choid svu^t of(6); btii the ehonl re will noi,

in iki9 qaeedon, be parattel to a given line, or directed to a

given star; it will, on the contrary, by (3) (4) (5), be bisected

by a given diameter^ which we_may call ab ; or, if we prefer to

state the result 8o» it will be now the suppUmenUtry chord Ma

of tbe iame diametral seotioii of the snifaee (n being still the

point of that tor&ee opposite to p), whieh will have a given

direction, and not the chord rs itself. In fact, at the end of

(4), we reduced the system of 2n guide-points to a system of

the centre, two start, and one point; and in (5) we reduced

the system of two stars and a point to the system of a star

and two polars. In order then to find a point p which shall

coincide vfhh the point P2„ tli tluced from it as a1)oye, or whicli

shall be adapted to be the first corner of an inscribed polygon

of 2n sides passing respectively through the 2n given points,

At Ate, we most endeavour to find a chord ps which shall be

at once bisected by the fixed diameter ab, and shall aho inter-

sect the two fixed polars above nieiitioiird. And coiiversLly,

if we can find any such chord ps, it will necessarily be at least

one chordTqfaolution of the problem; understanding hereby,

that if we set out with eOher extremity, p or s, of this chord,

and draw from it 2ii soccessive chords pP|, &c^ or 8S|, &c.,

througli the 'In given points a,, &c., we shall be brought 6acA

hereby (as the question requires) to the point witli which we

started. For, in a process which we have proved to admit of

being euhetituted for the process of drawing the 2n chords, we
shall be brought first from p to s, and then back from s to p;

or else first from s to r, aud tlicii l)uek from p to s : provided

that the chord of solution h>s has been selected so as to satisfy

the conditions above assigned.

8. To hueribe theih for example, a gauche ehiHagon in an

eUipsoid, ppi .. pmp, or ssi .. im* under the condition that ite

thousand successive sides shall pass successively throwjh a

thousand given points k\ .. AiooO) ^ e are conducted to seek to

inscribe, in the same given ellipsoid, a chord ps, which shall

be at once tieecUdby a given diameter ab, and also crossed b§

2x2
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chord CD, md hff the polar qfthai ghem chard. Now
in general when any two proposed right lines intefwet each

other, their respective polars also intersect, namely, in the

pole of the plane of the two lines proposed, bioce then the

•ought chofd PS intsfsects ths polar of the given chord cH^ it

follows that tha polar of the sane sought chord P8 must in-

tersect the given chord CD itself. We may therefore reduce

the probleni to this form : to find a chord rs oi the ullipsuid

which shall be bisected by a given diameter ab, and shail also

be such that while it intersects a given chord cd in some point

E» its polar inteisects the prolongation ofthat given chord, in

some other point f.

9. The two sought points E, F, as being situated upon two

polars, are of course coi^ugate relatively to the surface ; they

are therefore also conjugate relatively to the chord co, or, in

other words, they cut that given chord harmomieaUff. The
four diametral planes abc, abb, abd, abp, compose therefore

an harmonic pencil ; the second being, in this pencil^ har-

monically conjugate to the fourth ; and being at the same

time, on accoont of the polars, conjugate to it alio with re-

spect to theMii;^!iee, as one diametral plane to another. When
the ellipsoid becomes a ophore^ the conjugate planes abs, abp

become rectangular ; and consequently the sought plane abe

bisects the angU between the two given planes abc and ABD.

This soloeo at once the problem fir the ephere; for i( con-

versely, we thus bisect the given dihedral angle cabd by a

plane abb, catting the chord cd in r, and if we take the har»

monic conjugate f on the same givcii chord prolonged, and

draw from a and f lines meetin<( ordinately the given diame-

ter AB, these two right lines will be situated in two rectangu-

eonjugate diametral planes, and will satisfy all the other

tions requisite for their being polars of each other; but

h intersects the given chord cd, or that chord prolonged,

. therefore each intersects also, by (8), the polar of that

jord ; each therefore satisfies all the transformed conditionsof

0 probleflu, and gives a chord of solution, real or imaginary.

Digitizdb by Google



APPENDIX. 709

More fully» the ordinate bb' to the diameter ab, drawn from

the ifttemai point of harmonic section b of the chord co^

gives, when prolong-ed both ways to meet the surface, the

chord of real solntujii
, ps ; and the other ordinate Ft ' to the

same diameter ab, which is drawn from the external point of

section f of the same chord cd, and which is itselfwholly ex-

ternal to the snrfaee, is the chord ofimaginary MOhtHan. But

because when we return from the sphere to the ellipsoid^ or

other surface of the second order, the condition of bisection of

the given dihedral angle cabo is no longer fulfilled by the

sought plane abb» a slight generalization of the foregoing

process becomes necessary^ and can easily be accomplished as

follows.

10. Conceive, as before, that on the diameter ab the or-

dinate eb' is let £dl from the internal point of section e, and

likewise the ordinates cif and dd' from c and d ; and drawalso*

parallel to that diameter, the right lines cc% dd% bb% from

the same three points c, d, e, so as to terminate on the dia-

metral plane throup^h o which is conjugate to the same dia-

meter ; in such a manner that oc OD oe' shall be parallel

and equal to the ordinates c'c, n'o, b'b ; and that the segments

CB, BO of the chord co shall be proportional to the segments

c^'b^ b^o"* of the base c^d" of the triangle c'od", which is

situated in the diametral plane, and has the centre o for its

vertex. For the case of the sphere, the vertical angle c "od " of

this triangle is, by (9), bisected by the line ob"; wherefore

the'sides oc\ o d% or their equals, the ordinates c'c, d'o, are»

in this ease, proportional to the segments c'^b", B^o'^ofthe

base, or to the segments ce, ed of the chord : while the

squares of the ordinates are, for the same case of the sphere,

equal to thd rectangles ac'b, ad'b, under the segments of the

diameter ab. Hence, the tpherey the equaree q^ the seg-

mente of the given chord are proportional to the rectangles

n^der the seymenls of the given diameter ^ these latter seg-

ments being found by letting fall ordinates from the ends of

^he chord ; or, in symbols, we have the proportion,
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Cf^ : df' : : ce* : sd^ : : ac'b : ad b.

But* by the general principles of geometricald^brmaiiom, the

property^ thus stated, cannot be peeuHar to the sphere. li

must extend, without any further modification, to the tlUpsoid;

and it gives at once, for that surface, the two points of har-

monic sectioiiy B and p, of the given chord cd» through which

points the two sought ehordt ofreed and imaginarjf soholom

are to pass; these chords ofsolution are therefore completefy

determined, since they are to be also ordinates, as before, to

the given diameter ab. The problem qf inscription for (he

Mpsoid is thcr^fiireJuUy resoheds not oufy when» as in (6),

the number of sides of the polygon is odd, but also in the

more difficult ease (7), when the number of sides IS even*

11. If the given surtace be a hyperboloid of two s/ieet^^,

one of the two fixed poiars will still intersect that surface, and

the fixed chord co may still be considered as real. If the

giren diameter ab be also real, the proportion in (10) still

holds good, without any modification from imaginaries, and

determines still a real point e, with its harmonic conjuijate r,

through one or other of which two points still passes a chord

qfreal solution^ while through the other point of section stiii

is drawn a chord pf imajfinarp solution^ redprocaliy polar to

the former. But if the diameter ab be imaginanj, or in other

words if it fail Lo meet the proposed hyperboloid at all, we

are then led to consider, instead of it, an ideal diameter a b',

having the same real direction^ but terminating, in a well-

known way, on a certain suppiementary sMjtcc; in sndi a

manner that while a and b are now imaginary points^ the

points a' and B are real, although not really situated on the

given surface ; and that

OA* • OB* « - OA^ - OB'.

The points c' and d' are still real, and so are the reetaaglca

ac'b and ad'b, although a and b are inuginary ; for we mmjf

write,

AC B = OA^ - OC'*, AO'a «= UA* - UD *,
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and the proportion in (10) becomes now,

cf« : DF« : : cb» ; bd* ; : oc'« + oa « : od « + oa^.

It gires tlierefofe still a reai point qfteeHon b, and area/ cm*
jugate pakU F ; and through these two points ofsection of cd

we can still draw ttco real right lines, which shall still ordi-

nately cross the reai ciirection ot ab, and shall still be twore-

dprocal pokrs, satisfying all the transformed conditions of the

question, and coinciding still with two chords of real and

imaginary solution. Forthedoubte'gheeied h^perbohid, there*

fore, as well as for the ellipsoid, the problem of inscribirij^ a

gauche chiliagotiy or other even-sided polygon^ whose sides

shall pass soccessivelyy and in order, through the same giTcn

Bumher of points, is solred by a system of two polar ehardSf

which we have assigned geometrical processes to determine;

and the solutions a.re6iillt in general, yow/' iu number; two of

them being stiU rea/, and two imaginary.

12. If the given surfiMse be a hyperboloid of<mi« sheets then

not only may the diameter ab be real or imaginary, but also

the chord en may or may not cease to be real ; for the two

fixed polars will now either both meet the surface, or else both

Jail to meet it in any two real points. When ab and CD are

both real, the proportion in (10), being put under the form

CF* ! Df* :: CB^ : bd* :: oa* - oc''" ; oa* - on'*,

shews that the point of section b and Its conjugate f will be

real, if the points c' and n fall both on the diameter ab itselfi

or both on tiiat diameter prolonged ; that is, it the extremities

c and D lie both within or both without the interval between

the two parallel tangent planes to the surfacewhich are drawn

at the points a and b : under these conditions therefore there

will still be two real right liiiex^ which may htill be called the

two chords oj solution ; but because these lines will still be

two reciprocal polars, they will now (like the two fixed polars

above mentioned) either both meet the hyperboloid, or else

both fail to meet it ; and consequently there will now be either

Jour real^ or else /ry//r imaginary solutions. If ab and cd be

still both real, but il the chord co iiave one extremity within
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aad the other extremity wiikomi the interval hetwecn the two

parallel tangent planeSi the proportion above written will

Msign a negaiwt ratio for the squares of the segments of cd ;

the points of section e and p, and the two polar chords of so-

iutioD; become tiieretore, in thit case» ilieniselves imaginary ;

and of coarse, by still stronger reason, the four solutions of

the problem become Uien imaginary likewise* If co be real*

bnt AB imaginary, the proportion in (11) condncts to two real

points oi section, and consequently to two real chords, which

may, however, correspond, as above, either to four real or to

four imaginary solutions of the problem. And, finally, it will

be found that the same conclusion holds good also in the le*

matning case, namely, when the chord cd becomes imaginary,

whether the diameter ab be real or not ; tliat is, wlien tiie two

fixed polars do not meet, in any real points, the single-sheeted

hyperboloid.

13, Although the case last mentioned may still be treated

by a modification of the proportion asngned in (10), which

was deduced from considerations relative to the sphere, yet in

order to put the subject in a clearer (or at least in another)

point of view, we may now resume the problem for the ellip-

soid as follows, without making any use of the spherical de-

formation. It was required to find two lines, reciprocally

polar to each other, and ordinately crossing a given diameter

AB of the ellipsoid, which should alsso cut a given chord cd of

the same surface, internally in some point s, and externally

in some other point f. Bisect cd in a, and conceive kf to be

bisected in H ; and besides the four old ordinates to the dia-

meter AB, namely cc', dd', be', and ff^, let there be now sup-

posed to be drawn, as two new ordinates to the same diameter,

the lines gg' and uh'. Then g' will bisect c'o', and h' will

bisect bV; while the centre o of the ellipsoid will still bisect

AB. And because the points b' and / are harmonic eonjn-

gates, not only with respect to the points a and B, but also

with respect to the points c' aad D, we shall have the follow-

ing equalities

;
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H'f'*- HV- H'a . H'b m h'c'. HV,
« HV - OA«- tf'o* -OW

Hence»

OH - - U U - = OA- - C'g'',

that iSf

, OA^ -f OG'^ - c'g'^ OA^ -^ PC . OD^

2o0' " oc+OD'
•

Now eaeh of these two last exjpressions for oh' remains

real, and assigns a real and determinate position for tlie point

h\ even when the points c', d', or the points Ay B, or when

both these pairs of points at once become imaginary; for the

points oand o'are stiil in all cases real, and so are the squares

of OA and cV, the reetangle under oc' and od', and the sum

Oc'+Od'. Thus h' can always be found, as a real point, and

hence we have a real value for the square of h'b', or hV, which

will enable us to assign the points n'and f' themselves, or else

to pronounce that they are ima^nary.

14. We see at the same time, from the values h'o^-oa*

and c'g - above assigned for h'e'^ or h'f'^, that these two

sought points e and f' must both be real, unless the two fijced

points A and c' are themselves both real, since o, g', h', are, all

three, real points. But for the ellipsoid, and for the double

sheeted hyperboloid, we can in general oMtj^e the points c, o,

and their projections c', d', to become imaginary, by selecting

that one of the two fixed polars which does not actually meet

the surface ; for these two sorts ofsurfaces, the two polar chords

of solution of the problem*of inscription of a gauche polygon

with an even number ofsides passing through the same num-

ber of given points, are iheretore found anew to be two real

imeSf although only one of them will actually intersect the

sorfiice, and only two of the four polygons will (as before) be

lenl. And even for the single sheeted hyperboloid, in order

to render the two ehords of solution nnaginarp Unes^ it is ne-

cessary that the two given polars should actually meet the

surface ; for otherwise the polar lines deduced will still be

real. It is necessary also, for the iraaginariness of the two
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lines decluced, that the given diameter ab l^houl(i be itseii a

real diameter, or io other words that it should actually ioter-

tect the byperboloid. Bat even when the given dumd CD

and the giren diameter ab aie thus both real» and whien the

sar&oe is a 9in^ tkuUd hyperbolmd^ it does Botjblhw that

the two chords of solution may not be tea! lines. We shall

only have Jinlf d to prove their reality by the expressions re-

oentiy referred to« We must resum€j for this case^ the reason-

ings of (12)y or soiM oChen eqnifaient to tkcs; and we find,

as in that seetioB of Uus Abstactp Ibr the InMginarincsa oftlw

two sought polar Unes, the condition that one of tlie two ex-

tremities of the gfiren and real chord cd shall fall within, and

that the other extremity of that chord shall Mi without the

interval between the two real and parallel tangent fdanea In

the single sheeted hyperboloidy which are drawn at the ezlie-

naties ofthe real diameter an. 1^ W. R. Henilton eonfesMs

that the case where all these particular coiulitious are earn-

bined, so as to render imaginary the two polar lines of solu-

tion, had not oocnrred to him when he made to the Boyai

Irish Aeademy his eommnnication ofJnne^ 1849.

15. It seems to him worth while to notice here that instead

ol; ihe loregoing metric processes for findinj^ (wlien they exist)

the two lines of solution of the prohkm, the tuUowing ^ra/^ic

pioeess of eonstmction of those lines may alwrnys, at least in

tiieoryy be snbstitatedy althongh in praetiee it will somsttmsa

modifieation for imeginaries. In the dtametml plane

ABC, draw a chord kd l, which shall be hisi-cteii at the known

point d' by the given diameter ab; and join CK, CL. These

joining lines will cut that diameter in the two songht poinis

^» which being in this manner foond, the two songht

lines of solotion nn', wt^, are constmeted withoot any difi-

culty. 1 or the sphere, the ellipsoid, and ilie hyperboluiii of

two sheets, although not always for the single sheeted h) per-

boloidy this simple and graphic proeeis can actually be applied*

withoot any such modiication from imagtnaties as was nbove

alluded to* The oonsMemtion of non-cential sorfiices dosn
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not enter into the object of the pratent eomaunieation; nor

has it been thouffpht neeesaary to ooneider In it any limiting

or exceptional eases, such as those where certain positions or

directions become iodeterminate, by some peculiar combina*

tiona of the data» while yet they are in gmmU definitely as-

signable, by the piooesaas already explained*

16. Sir William Rowan Hamilton is nnwilHng to add to

the length of this communication by any historical references;

in regard to which, indeed, he does not consider himself pre-

pared to furnish anything important, as supplementary to what

seems to be pretty generally known, by those who feel an in-

terest in such matters. He has however taken some pains to

inquire, from a few geometrical friends, whether it is likely

that he has been anticipated in his results respecting the in-

scription of gauche polygons in surfaces of the second order}

and be has not hitherto been able to learn that any such an-

ticipation is thought to exist. Of oourae he knows that he

must, consciously and unconsciously, be in many ways in-

debted to his scieutiiic contemporaries, for their instructions and

suggestions on these and on other subjects ; and also to his

aeqoaittlaacey imperiect as it may be, with what has been done

in earlier times. But he conceives that he only does justice

to the yet infant Metliod ot Quaternions (communicated to the

Royal Irish Academy for the first time in 1843), when he

states that he considm himself to owe, to that new method

of geometrical research^ not merely the retulU stated to the

Academyinthesnmmer of 1849, respecting these inscriptions

of gauche polygons, and several other connected although

hitherto unpublished results, which to him appear remarkable,

but also the tuggetiion of the mode of geometrical inmtiga*

tlon which has been employed in the present Abstract. No
donbt the prineiples used in it baye all l>een very elementary,

and perhaps their combination wcniki have cost no serious

trouble to any experienced geometer who had chosen to attack

the problem. But to his otvn mind the whole foregoing in-

estigation presents itself as being (what in fisct in his case it
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was) a mere translation ofthe quaternion analysis into ordi-

nary geometrical language^ on this particular subject* Aad
he will not complicate the pment Abstract by giWog, on tkh

oecasioo^ any aeoonnt of those alkar theorems respecting po-

lygons in saHaces, to wfaieh the Calcnlns of Quaternions has

conducted hiin, but of which he has not yet seen how to

translate the proqft (lor it is easy to translate the results) into

the nsual language of gtametrif,*

• It will not bare escaped the notice of geometrical remders of the fort*

going Abstract of May, 1850, that, instead of the centre and guide-«lar«,w
may as easily conceire any fixed point o, with points in its polar (or coi\ji»»

gate) plane Q ; and that then, by v^'mfr the* two principles : I"*, that for «y
tiDo gui do-points two others on the sanjc right line may bo substituted,

whereof one may be assumed at pleasure ; and, II"'', that a system of two

conjugate ffuide-poinlK is oquivali nt to a system of two conjugate yuide-Unes^

namely, the lino of the two givta points, and its n'riproral polnr, and tliere-

fore aliio t<i a sy'item of ttpo other conjuyatt pvtals, on this latter jiular line;

we mav first lrai\sform any jiroposed system of n guide-puiuls into another

system of whieh fill but ihi hmt sliali be contained in the assumed plane Q;

and may then subslitutt' fur ^ny three points in fliat jilane the system of ihe

assumed pole o, and of two points in Q. In this way, by au easy extension

of the process employed in the Abstract, we may transform any proposed

odd system of n gnide-points into a system of thksb sncb points, which wiU

then give easily (as in the plane problem) om rigkt at the iiiu^« chord

of real or imayinary solution, for the proUMa ofthe iiueriptims <ffan odd-sided

polygon^ whoM eides abell past in order through die ii given goide^pMota.

BatxnthoooatrtryeeeeLiiaiiiriv.when % is the Muiie moral Pffooen

oondoeti to « tranefionoed system of vovb guide-poinu, coiyugato two by

twos BSBdy, the sssaattd pole o^ a point in the piano Q, end a aeoond pair

of aitttaallj ooqjagnte points, which may all he replaead by ftro poUtt psun

^ffmde^hieti ocrest itlkkkfom im€t there may generally be drawn (as in

the Abstract) imo polar tAnrdk oftobiiiom (real or Imaginary), for the prob>

Ism ofthe mser^pliM qfoii sssn-si'dSMljBo^psn.* tUslattsr profalom being thna

agafai rednoed(by» slight modlSoatioB oftho process hi art IS) to the well*

knownonoof UndfaigtwopobtsonaglronUaOiWliich shall bo atoneeW-
flMmicel^ to^psffo^ irith respect to two ptsoa jmiVs ofpoints thereon. Tim
writer is still nnablo to say whether these peasrof rtdbcMbnt, ^ikoprobkm
^MScntiNp « OAUOHB roLTooM Dt A SWACS swentf ord^(oromin n
sphoni), biToWing as they do a praof oftho nssmnrut. lOMtwmtm (in rssnlta,

and not merely in wtothods) between lAs odtf cntf fssn cows, hsfo hitherto oe-

enrred to geometers. (April, 18531)
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APPENDIX B*

[BaptlBted (with NoCm) from the FMoetdiiifS <rf th« Amdmnj.]

RoTAL Irish AcADEifT» June 25, 1849.

Sir William Hdwan Hamilton communicated to the Aca-

demy some results, obtained by the quaternion analysis, re-

specting the itucripHim qfgauche pol$g<mi in wrfaees ofthe

Meeond order.

If it be required to inscribe a rectilinear polygon p, p„

p2 • • • Pn-1 in such a surface, under the conditions that its n

successive sides, pPi, Pi f„ • • • Pm.iP, shall pass respectively

through n given points, Ai, At, • . • Am, the analysis of Sir W*
R. H. conducts to ofi«, or to two real\ right Hnes, as contain-

ing the first comer p, according as the number n of sides is

odd or even : while, in the latter of these two cases, the two

real right lines thus found are reciprocal polars of each

other, with reference to the surface in which the polygon is

to be inscribed* Thus, for the inscription of a plane triangle,

* It bsd b«Hi dMigiMd that with th« foregoing Appendix, which hso beea

ropriated withoutany altwationfrom the Proccodiagt ofUiaBoyal IrishAea-

taiy, of tho data alraady maatiomd (May 18th, 1080), the preeeot Tolaiaa

ahooM oomloda. Bat it liaa abioabean thought that thow pereonawho amy

have done the anthor tho hoaoar to f«ad to far, might like to fiare at hand a

oop7 ofthe pal»tiihed Ahstraet of aa <arlj<r eonmaaioatioii to the Aoademy,

made at the Meeting ofJme SSth, 1849^ which it intimately oonoected with

tho eabjeot oftho foragoing Appandiz, and ia indeed referred to in it (at

page 714), and alio la Leotave VII. (at page 677)> It ia tfaereforo now

theaght aeeftd to reprint that earlier Ahttraet, with a few notee annexed,

aa a leoond Appendix to tbia work : and indeed to fellow it np by another

abort and appended paper.

t For a ease in wliich the two Un«$ beoone iNu^Mayy, see the foregoing

Appendix. Art. 14 (page 714).
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or of a gaoefae pentagOD, bepCagoD, in a 8iit&ee of tlio

•eecMid Older, wbere Uiree, fire, teren, &c. p<Niits ore given

upon its sides, a sine^le ri^ht line is found, which may or may '

not iolersect the surface ; and the problem oi inscription ad-

mit! generally of two real or of two imaginary aolntions.

Bal for tlio inteription of a gavobo qoadrilaleral, lieaagon,

oetagon, &e., when lour, siz, eight, &c. points are given on

iljs successive sides, two real ri;^tu lines are found, which (as

above stated) are poiars of each other; and therefore, it the

surface be an ellipaoid» or a byperboloid of ttao sheets, the

problem admits generally of two real ml of two imaginaiy

solutions : while if the surfiuse be a byperboloid of one sheet,

the tour solutions are then, in general, together real, or toge-

ther imaginary.

When a gauche pentagon, or polygon with 2m + 1 sides*

is to be inscribed in an ellipsoid or in a double-sheeted hyper*

1>oloid, and when the single straight line, fonnd as aboye^ lies

wholly outside the surface, so as to g;ive two imaj^inary solu-

tions of the problem as at first proposed, this hue is still not

Qseless geometrically ; for its reciprocal polar intersects the

swr&oe in two real points, of which each is the first comer of

an inscribed decagon, or polygon with 4ni-f'2 sides, whose

2m + 1 pairs of opposite sides intersect each other respectively

in the 2m + 1 given points, Ai, a,, . . . Am^i. Thus when, in

the well-known problem of inscribing a triangle in a plane

conic, whoso sides shall pass through three giren points, the

known rectilinear locns of the first comer is fi»nnd to have no

real intersection witli the couic, so that the problem, as y^ually

viewed, admits of no real solution, and that the inscription

of the triangle becomes geometrically impossible; we have

only to conceive an ellipsoid, or a double-sheeted byperboloid,

to be so constraeted as to eontain the given conic upon ita

surface ; and then to take, with respect to this surface, the

polar of this known right line, in order to obtain two real or

geometneally possible solutions of another problem, not less

inteiestlng : sbce this leetilinear polar will cot the aufftoe in
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two real points, ofwhidi each k the first comer of ao tiiferiM

^aueke hiSMgcm whose appimieMei mUneei eaeh other in the

three points proposed. • (It may be noticed that the three

diagonals of this gauche hexaoron, or the three ri^ht lines

joining each corner to the opposite one, intersect each other in

cme common foini,* namely^ in the pole of the given plane«)

Ifwe seek to inaoribe a polygon of4m sides in a surlaoe of

the second order, under the condition that its opposite sides

shall intersect respectively in 2m jriven points, the quuternion

analysis conducts generally to two polar right lines, as loci of

the first comer* which iioes are the same with those that wouhi

be otherwise found as loci of the first comer of an insoribed

polygon of 2fli sides, passing respeetirely thron^h the 2m
given points. Thus, in general^ the polygon oi 4m sides,

found as above, is merely the polygon of 2m sides, with each

oide iwice traversed by the motion of a point along its peri-

meter* But ifa certain eondiltofi be satisfied, by a certain

arrangement of the 2i» given points in space ; namely, if the

last point Aim he on that real right line \\ hlch is ihe locus of

the first corner of a real or Imaginary inscribed polygon of

2m- 1 sides> which pass respectiveiy through the first 2m- I

given points Ai, . « . a«..i; then the inscribed polygon of4m
distinet sides becomes not only possible but indeterminate^

its first corner being in this case allowed to take any jjosi^

Hon on the surface. For example, if two triangles t i

F^i be inscribed in a conic, so that the corresponding

aides f^f^i and f^ f^s intersect each other in Ai; f'i f, and

p* p'^ in A, ; and v\ p', p% p", in A3 ; and if we take a

fourth point A4 on the right line p'p", and conceive any sur-

fiice of the second order constructed so as to contain the given

eonic ; Uien oayj»oM p» on thb surfoce, is fit to be the first

comer of a plane or gauche oetagony f Ft . • • Ft, inscribed in

the surface, so that the first and fifth sides p p^, Pi Pt shall

• More gtoflrAlly, if the ofipotlte ri^s of aa Inierlbed gftodie polygoB of

4fii-f3 tides interseet opoa one eomaon plaiie, the IfaiM eonneetiiig ofFoelte

oornert iatereect in the polo of that plane.
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intersect in Ai ; the second and sixth sides in ; the third and

imnth rides in a^; and the foortli and eighth in And
generally if 2m giTen pmnts be pointe of intenectlon of oppo*

rite sides of cmy one inscribed polygon of4m rides, the

1m points are then fit to be intersections of opposite sides of

injiniielif many other inscribed polygons, plane or gauche, of

401 sides. A very elementary example is famished by an ia-

seribed plane qoadrilateral, of whieh the two pobts of meet-

ing of opposite rides are well known to be conjugate, relatively

to the conic or to the surface, and are adapted to be the points

of meeting of opporite sides of infinitely many other inscribed

quadrilaterals.

When o/l the Met bui oMt of an inscribed gauche poly-

gon
,
pass through gi^en points, the remaining Me maybe

Said (jenernlhj to be doubly tangent to a real or imaginary sur-

face of thefourth order^ which separates itself into two real

or imaginary murfoceB nfthe second anUr, having real or ima-

ginary dSoifAls* cmUaei with the original snrfiuse of the second

order, and with each other* If the original surface be an

ellipsoid (e), and if the number of bides of the iiiseribed po^

lyi>0"> rPi . . . Fmi, be odd, = 2m + 1, so that the number of

fixed points Ai, . . . Am is even, - 2nh then the two surfaces

enveloped by the last ride Pm p are a real interibedMp$M
(b'), and a rtai ex$eribed hifperbohid oftwo sheeis (e') ; and

these three surfaces (e) (b') (b") touch each other at the two

rea/f points b, d', which are the first corners of two inscribed

polygons BB| . . . Bmi,| and b' b'i • • . B'm'i» whose 2m rides pass

• It will be seen below that this contact may become quadruple, namely,

for the case of an et^m-sided polygon, in accordance ^viih an acuto remark

which WM nuule in 1849 by Arthtir Cayley. Esq., in a Ifttpr to the Rer.

George Sftlmon, F. T. C. D. Perhaps 1 may be permitted to add, that be-

fore I saw Mr. Cayley's letter, I had been conducted to the sune remit ia

my own unpublished researches.

f The three surfaces must he considered to touch each othor also at tho

two imaymaTy pouUs w liich are sitiiattd on ihe polar of the chord hb : aud. tho

Jour points of contact become aii real, or all imaginarif, when the original sur-

face becomes a single-sheeted hjperboloid.
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respectirely through the 2fli given pointB (a)* If these three

surfaces of the second order be cut by any three planes pa^

rallel to either ofthe two eommon tangent planes at b and b',

the secuons are three si/nilar and similarly placed ellipses;

thus B and b' are two ot the four wnbilics of the ellipsoid

and also of the hyperboloid (b'') when the original surfim B

IS a sphere. The closing chorde Pm, p touch a series of real

curves {c!) on (b'), and aUo another series of real curves (c")

on (e"), which curves are the aretes de rehroussement of two

series of developable* surfaces^ (o') and {p")^ into which latter

surfaces the closing chords arrange themselves ; but these two

sets of developable surboes are noi generally reeianguiar to

each other, and consequently the closing chords themselves

are 7wt generally perpendicular to any one common surface.

However, when (a) is a sphere, the developable surfaces cut

it in two series of curves, (p'), (p^), which everywhere cross

each other at right angles ; and generally at any point f on

(b), the tangents to the two curves (f') and (f'') are parallel

to two coiijuirate semitliaraeters.

The centres] of the three surfaces of the second order are

placed on ofie eiraight Une; and every dosing chord Pm p is

cut karmmUeallif at the points where it touches the two sur-

• Malni ditooT«r«d that right Uhm protweding from mny Mrface^ accord-

ing to any law, Arrange thtniMlves faiCo two s«rioi of developable niTfaoee,

•ad tooeh two aeriee of earvee (the arir«a)» whieh are ooataiaod upon two

other svrfikoet, or rather generally upon imo fAecft ofone eomnion anrface.

What teemed to me remarkaUe inthe pretent qneitioB, iadq^eadentlj of the

NON-rMtoa^ert^ of the developablett waa chiefly the §^imrMlHjf of the two

aiqperflcial envelopes, inboth the odd and even oaaet, aad their Hiu^nuarm9$$

tor the latter eaee; at least if the original tarhcB, in whleh the even-sided

gaaobe pdjgen is inscribed, be not anM one.

f Mr. Cayley observed, in that letter of kis to Mr. Selmon which has

tieen mentioned in aferoMr note, that this statement of mlae^ respecting the

edlinearity of the lAree «raM» onght to be replaced bj the more general

eoe, that the Iftret pelis of anj arbitrary plane, with respect to the three

surfaces, are situated on one straight line. In general, as it was well re-

marked by Mr. Cayley, the relations between these three snrfaces are merely

those between three which have /bnr geimnting line* in eammom,

3 A
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faces* (b'), (e ), or the two curves (c'), (c*), which are the

writes of the two deYelopable forfacea (o')» {u")^ pauing

throi^h that chord In a oertam data ofcam the thiee

turlhoes (b), (b'), (b") are all of revolvlMW, round one eonmon
axis; ami when this happens, the curves (c'), (c"), (f'), (f*)

are certain spirea\ upon these surfaces, having this comijuMn

tfAoroeler, that for any one aueh apire equal rotatiem round

the azia give equal oMkarmome ratiae; or thaty more ftiUy, if

on a spire (c'), for example, there be taken two paira of pointa

c'li c'.. and c'3, c\y and if these be projected on the axis B b'

in points g'i, o'a and g',, g'*, then the rectangle BG 1 • 6 f B

will be to the rectangle BO t . o'l b'^ aa bq\ . b' to bo 4 . o t b',

if the dihedral angle c'l ae'c't be equal to the dihedral angle

&i bb' cV In another extensive class of cases the hyperbo*

loid of two sheets (e") reduces itsult to a pair of planes, toucii-

ing the given ellipsoid (b) in the points b and b'; and then

the prolongations of the closing chords, PmPi all nwet the

fight line of intersection of these two tangent planet : or the

inscribed ellipsoid (b') may reduce itself to the right line B9\

which is, in that case, crohstd by all rliL" closing chords. For

example, if the first four sides of an inscribed gauche penta-

gon pass respectively through four given points, which are

all in one common planet then the fifth side of the pentagon

intersects a fixed right linet in that plane.

An example of uuayiuary tnvtlupes is suggested by the

* In general^ if aaytwopoiott be conjugate reUtirely to any two of thf^

three surfaces, they are conjugate also relatively to the third; so that the

three polar planes of an arbitrary poiDi, tak«a with VMp«Ot tO the three tar-

faces, interst'ct in one right line.

f In this case, if thr snrt'acf (e) bo a sphere, the spires (f ) (f^ may be

stereo^r^phically projcctud into two Mtt 9{ logarithmic tpiraUt which cross

each other at right anc:1os.

X This littlo theorem is perhaps well known ; it may, among otlu r v, n\^,

be ot)tained by j>rnjection from a property which is proved by quat*.i uion9

in Lecture VL, namely, that if the four first sides of a ganehe pontas^on in-

scribed in a sphere be respectively parallel to four given hnes^ the hiih Mdc

will then bo parallel to a given pUvw,
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probkm of inscribing a gauche quadrilateral, hexagon, or po-

lygon of 2m tides in an eUipioid^ all the tides Irat the last

being obliged to past throDgb fixed points. In tbis problem

the last side may be said to touch two imatrinary surfaces* of

the second order, which intersect each otht^r in two real or

* Scxm after tbis Abstract had been printed, I perceived* by continuing

the calcnlatkma with quatemioiM, that these two enveloped surfaces of the se-

cond order were tMW muffimtujf eone$t which touched the original ellipsoid (k)

along tu>o imaginary eonic»f and might be considered to have damkk eorntad

with it and with each other (in agreement with an earlier paati^ <^Uie

Abstract) ; namely, at those two points whore the two imaginary conia of

contact, just now mentioned, crossed each other, and wliich were also si-

tuated on the rcaf fine of intersection of the piano?? of thn two ronic~ of rnter-

iectioH (racutione<l ii) the text): tho four (real and imaginary) planca through

that line composing an harmonic penal ; and the line itself being the chord

of tolution^ of the problem of inncrihinj^ a polygon of 2iii - J sides, passing

throue;h the 2m - 1 given points. 'I'ln d. relopable surfaces wore at the same

time tonnd to bpcnrne imaij'/mri/ jdanen, touching the cones, ami reslineon

the imayUK iry <jrin rnlrice» ol Lhc original surface; (ic), as what might be called

their bases on tliat snrface : so tliat the cones, planes, and lines became all

rea/, when the surfacu (k) became a siugie-sheeted hyperboloid. (Compare

art. 677f page C7B, of the Lectures.)

These geometrical results, at least so far as related to the conical cdto*

lopes, and to the gencratiieet ofthe original tnrface, w«r« commimlcafH bj

mtt without donoaatrirtlon (in lotton of Oetobor, 1840), to mj friendi

Mr. Townaend aad Mr. Sahnon. A eliort iketdb of the analysia bj wbicb

thoM MiolU wore porcoiTed will periwps be given in a tubM%«ent Appendix

:

bnt inUw nMontiaielmay mention na oaiy geometrical conArmation ofsome of

tbem, wUeb hae onlyreoentljooonrNd to me, while reprinting the Abetmot

nenbore. Let there be any tonr nwnmed pobite f, q> e, i, en eome onejirf-

Mwy (^OTiMlm) ofngiven nod liqgle-eheeCed hjperboleid; tbnt ie on n line

belooi^ng to one g^ren qrttem, whiob we may oall the primar$ tjfUm, ofge-

neratrieee of that enrfnoe: end let four chords fpi, %ab Mb sti, be dmwn
from these fenr points, tfaroQgh some one given gnide<^obt ai. In like

nnaner, let the ehords niHt Ae*t be dmwn throngb another girenpoint Aa

;

1% fte., tbvougfa If } and eo en for any odd nnmtMora 2m 4- 1 ofgmde-pdnta,

till n final set of iiomr pointe on tbesnrliMe is obtained. Then the foor points

PiQiBiSi will be sitaated en soew one wtamdarjf {gBH^nirix), and their on*

karmMie nOio wiU be the same as that ofthe poinU v^nn. Hence, on ac

eonnt of the supposed odd number of the gnide-points as a« . . » the fonr

initial and fonr final points, ront and vsmm i bimu SiM«^it nre arranged

on two gsneratriees t^^ppatU* agUtam, which therefore smcI in some point

3 a2
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imaginary conies, situated in two real planes; ami when these

two conies are real, they touch the original ellipsoid in two

red and common points, which are the two positions of the

first comer of an inscribed polygon, whose sides pass through

the 2m - 1 fixed points. Every rectilinear tangent to either

conic is a closing chord Pjm-i p ; ^>ut no position of that clos-

ing chord, which is not thus a tangent to one or other of these

conies, is intersected an^fwhert'* by any infinitely near chord

T; and they hare the same anharmonic ratio; consequently (bj a known

theorem) the four crmnfctint? lines (or closing suit s ot tlu- inscribed and

even-sided polygon^, iiaineiy, T%m-\ P, &o., tHvtivpf a conic (c:) in

their common plane; and this conic /ouc/its each of the two generating lines TP,

TP-iiw^i of the .surface; one in some point o, auJ the other in some point v.

In like manner, ii q be an initial point taken on the sccondanj tl r mgli f,

then the final point Q'ja, » i will be on the primary through v^m , i , and if t be

the point of meeting of these two genmitiiig linM, titoa the new closing

diords Pte^i p, Q2m*i 0:, &c., envelope « new oooic (ct) in their own pUne»

wUbii emio traelwt sliotlie gwwrating linM I'p, 7fB3m*u the aamm

point ift «ad the In tome other point V. Thus the original hjperboloid

being called (e), its generating linea FT, Pi'', maybe called (Pi) (p,), by ana-

logy to a notatioB in the Abatraet} the derelopable enrfaoes (di), (d^), which

reet on theee two lineo* are aeen tobe the two planes pty, ftYi tcnehingthe

hyperbdeld (n) at T and t^; while the two coiucs (oi) (e%) most be conn-

dered at their respective cNltee; the ftrot aitperficial envelope, (ni), ie the

loena of the conic (ci), and ie at die eave time the developable eorface drw

enmicrilied abent the hypetbdoid (n), along that corve of contact wUch b
the locoe of the point tlierecn; and the eeccnd inperfieial envelopi^

of tiw doting diordt vw^i p» it at once the loena of the ccoict (cd), and the

developable drcomtcribed abont (n) along that other carve of contactwbidi

it tiM local of the point T. AU these geometrical coastrnctioni agree per-

ftctly frith the retnlts of calcnlation stated above : the two latt devdopable

anrfaces (Bi) (b^), which thos contain each indefinitely many plane conies,

whereof each is touched by indefinitely many positions of the dosing chord,

being evidently the two conical tm>dopest which have been mentioned in the

present Note. We see, at the same time, that the reciprocal polar of the

doting chord f%m* \ p is always another chord drawn from some point T of

the one plane conic of contact, to some point T' of the other : this polar, and

these two conies of contact, as well as the enveloping cones, becoming thus

together imaginary, when the surface (s) becomes an elUpsdd or a doable-

sheeted hyp'^rholoid. (April, 1853.)

• That is to say, in any real point : for the analysis which was employed
(lid not fail to recognise the existence of two imat^tnary interaections.
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of the system. These results were illustrated by an example,*

in which there were threef given points ; one conic was the

known envelope of the fourth side of a plane inscribed qua*

drilateral ; and this iras found to be the eUipte de gorge of a
certain single^sheeCed hyperboloid, a certain section of which

hyperboloitl, by a plane perpendicular to the plane of the el-

lipse, gave the hifperbola which was, in this example, the oiAet

real conic, and was thus situated in a plane perpendieukar to the

plane of the ellipse. And to illustrate the imoffineay chanus

ter of the enveloped surfaces^ or the general non-intersection

(in this example) of infinitely near posiiiuns of the closing

chords in space, one such chord was selected ; and it was

shewn that all the infinitely near chords, which made with ihta

chord equal and infinitesimal angles, were generatrices (of

one common system) of an infinitely thin and single-sheeted

hyperboloid.

Conceive that any reciiliuear polygon of n sides, bBi . . .

B«.t, has been inscribed in any sur&ce of the second order»

and that it points Ai . . • a» have been assumed on its n sides,

BBi, . . . B„.iB. Take then at pleasure any point p upon the

same surface, and draw the chords paiPi, . . .Pn.iArjPn, passing

respectively through the n points (a). Again begin with Th,

* Li the particttlar txampU whieh wm thns naed«m Ulwtntioii, in the

oommiiiiiefttien of 1849, the polygons were qnadrilftterels inscribed iiva spherei

nnd the particoUr dosing chord, whidi wm ocnnpftred with Infinitely nnnj

others Infinitely near to it, was a diameter : some degree of symmetry being

also introduced into the selection of Uie three fixed points, which rendered

the results slightly more simple than they would otherwise have beeOi with*

out essentially altering their character.

f Any odd number of guide-points may be reduced to ikrttt as is shewn In

the Note to Appendix A (page 71C) ; and then the system of these three

points may be indefinitely varied, according to fixed laws, not only within

their own plane, but also (by the principles of the same Note) in a certain

other and conjugate plane, wliich passes through a certain chord of solution

determined by the given ^r"''^'-]»ointh : and thus is furnished a geometrical

explanation of the existence ot the second plnnv rnntc im nttonod in the text,

as l>. ii!^^ enveloped by one set uf closing chords, and as being r^t if the firHt

plane conic be so, even when the enveloped eontt arc imaginarjr.
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and draw, through the same n points (a), n other eiioeefnTe

chords, P^AjPn^i, . . . Pm.iAr Ag^ain, draw the n chords,

PmAiPm^u • • • Pm-iAbPhi. Draw tangent planes at p, and Pi^t

meeting the two new chords pPm and PsPj. in points m» a';

and draw any rectilinear tangent bc at a. Then one or other

of the two following theorems will hold good, according as

n 18 an odd or an even number. When ft is odd, the three

[M>int8 Baa' will be situated in one straight line.* When a is

the three pyramids which hare bc for a common edge*

and have for their edges respectively opposite thereto the three

chords Fi'M» Fm^.i ^nY»t being divided respectively by the

• It is clear (as wa;. inarkL 1 in the Philosophical Magazine for April,

1850, page 306), that this coHmeanty enables m, by the help of two poini > e

and r' tiius found, to determine the unique chord of solution bb, conuecnng

are required to pass succeKsivelj through the n giTpn guide-points (a), «

through those points from Q to Q„, as we tiave done from p to r^, P and q

being both assumed at pleasure on the surface (provided that they be not

taken on one common generatrix) ; and if the trausverse chords, rn<i» *iM i*i

Intertect in any point a ; it will be found to follow, as a sort of converse of a

theorem of the present Appendix (see page 719), that this point qf tiilcr«0«>

ihn%wmMtbt»UiiaUd upon that mMfiki«k»dqfaobiti9m,wii. The tmmtnm
of tbia aew tlieoNiB with the one above refecnd to i» emlj iee« to eouiet

in thia: that if wo take m aa a neto guide-pointy foUowiagthe a «b jba- 1 girea

otiet, wo Aall bo ooodoeted, by the repeated enpIojONBt of this system of

Sm pointOt firtt ftom f to <|» and then back from a to daeeribing thoa a
doti and dowkfy even polygon (qaadrilataral, or octagon, Ac) of 4fli aidca,

whoKof the cppwiU mdn hnUnatt In the^> 1 given polntt (a)^ and hi tho

now point a. Tho eaee of a>«q»f^on fo ike twuMtm of tho theorem of page

7t9^ or tlie oaeo of poeaibie iucriptlon ofa gaoohe polygon, wbooo oppoeito

•idee •hall iataroeotoach other two bytwo in an emm nnmborof point8,«jlA*

tmt tboflo pointa being obliged to tatiaiy tho eoodttion mentlonod in thait

page, namely, the eaeo wtwro t^ppotUe tmrmen of the polygon aro dtnaled en

eaa eoonien ^eaerolna of the anrfaoo, at first oeeaped my notioe, wlien invoa-

tigating tho theorem itaeifby moaaa ofmy own aaaiyaia : whteh aroee ohieflj

from tile einmmatanee that in reproeenting by ealoniation with ^wainrai'iine

thopaasagofrom araletfanrflMetoaipAa«.anyportionofagoMrntris wao
replaced by an imejyiaary oedor, or Acfoelor, of whidi tbo afnorr wao noA

pore tho intorpfotation of tho diierential o^natioB ^»0l ae repro-

th« two positions ol the initial corner of an inscribed polygon, whose sides
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squares of those Ihree ebotds, and multiplied by the squares

of the three respeedvely parallel semidimeters ofthe surfaeOy

and being also taken u ith algebraic signs which it is easy to

determiue, have their sum equal to zero. Both theorems cod*

senting the tw tfUnu of g«iMr«trioM> in art. 677 of the Loeturas.) And
in faot the exception exists only m an imoffimry Mmt* for polygons in a

sphere, ellipsoid, or dmUfk-AwiU^ fajperboloid. Bnt, for a ^ii^-ttieeted

hjperboloid, tho geometrical reasoning of a nomi Note abewe eaailj,

that if the two initial points p and q be attained vpon one common ge-

neratrix TO (the number n of the given guide-points being odd), the

transverse chords pQa, qp^ are then both situated in a certain common plane

UTV, and may cross each other anywhere on a certain chord uv, which is not

in general coincident with the unique chord of solution, of tho problem ot* in-

scription of an odd-sided polygon. However, the theorem of the Appendix,

to which the present Note relates, and which may be thus stated, that ''the

chord pp.,, (if n bo odd) intersects generaily the chord of solution nn in a point

R, which is situated on the tangent plane to (he onytnai surface at receives

a satisfactory veriiication by the same (niietrical reasoning. For if, in tho

construction just referred to, and with the letters therein employed, wo

place Ihti puiiii p at C, then p„ will be at t, and Pa» at v; and the chord uv,

or the polar of the point T with respect to the eonic (Ci), that is with respect

to the section of the cone (Ei) made by the tangent plane uTv to the given

hyperboltjid (k; at T, passes through the point x where that tangent plane in-

tersects the chord of solution BU. In fact, by tho theory sketched in this

Appendix, and in its Notes, this chord ofsolution (for an odd system of given

points) M the polar^ relatiteljf to the given surface (e), ofike line eonneeting tkg

two (real or imaginary) mtImm, oftk* two cvnonscritcd contt (ki) (£;<) ; and

therefore the point x of tlus ohord, as being sitnated ia the ploM ofttmiiact

of (s) (Ei)> ^® 9ampohrpla»M with retpeot to thote two torfaeet : bat

the poiat T it conjugate to it relatiTely to (what is liwe) the hyperbdoid

(a), and therefore alto relatively to tho oooo (ei), or to the oonio (ci), to

thnft tho three pointo u, v, a are ooOinear. The tame polar relation of tha

ohofd of tolntieo to the Iwe qfoertue* gives obviontly a geometrioal oonilr*

natioB of aa earlier theorem of the tame Appendix (page 7i8). retpectiag

the intcriptioa ofa gaoche polygon of4m + 3 tidet, which tidet interteet tlieir

respective oppotitetin 9» -hi given pointe: of which polygon that Una is

^in poeitum) a di^feNolL

It fliay bo here remarked that, ifwe attend only topo§Uion in spsea, there

is ia geaersl only one tadi polygon, which however tounta a$ tioo, ia confor-

mity with the general tbtory> becsato either of two oppotUe eornen may bo

tnhen aa the imUialpomt apon the sorfkoo. Thns the two ganohe hexsgons

ofpage7l9 are wholly saperpoted on eneh other. (April, 1853.)
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duct to a form of Poncclct s coiistructiou* (the present writer's

knowledge of which is derived chiefly from the valuable work

on Conic SectlonB* by the Rev. George SalmoOt F. T« C. D*)«

when applinl to the problen of inscribing a polygon in a plane

• My acq iiaintanco with the great work of M. PoncHft (Traite des Pro-

prictfs Frojcctives, Paris, 182*2) is very partial and imperfect: but I beliPTe

that I am ^nfp in statin}^, that after shewing {Trmff, p. ?%[>7) that the /'re<-

tide of fiuij |M>iygon, inscribed in a plane conic, took in su€c«. >siiui the same

pMMtiniis as the free side of a trianyle, and therefore (p. 245) that it etiTe-

loped a second conic having double contact with the given one. because it wan

projectively eqaivalent to a chord of given length inscribed iu a circh, aa«i

touching another conemtrit therewith (pp. 65, ()9), Poncelet inferred f p. ."152)

that the lines (u^ , a k"), joining opposite extremities of atny two such posi-

tions (ak, a k), intcrmcltd on the chord ofcontact^ on account of the parallelism

of the lines oppositely joining the extremities of two equal chords in a circle

(pp. 948, 249) : and theoM coneiiiM tluttiMdM^MMa oftN prttUan

of interiptimi of a polygon in n givan oonio, whoM ridii Bhoold pMt toooet-

tivolj and in an atrigned ordar timmgli tiio aama nanbw ofgivan pointa,

waa tha Pa§etitt4M* tit a eartain ktxasfon {tJC^WIT^ obtainad by mwmma»§

^p. 892) any three points (a, a', a") on th« oQilio, and tlMttoa itriwiitg thraa olAfr

pointa (A* k\ IC)» by drawing linat tbnogb tho givan gnide-pointt. A aortal

aaleasloii of tbia baantifbl conatraction to ^paan, fortba aaaaofan oMayataa

of given points, baa bean given in a raoant NoCa: tha aeoond and tUrd triah

being enppoMd to fcyia where tlie lirat and eaeond «nd^ and Hmfm^ pi—

w

being employed. It might at firat eight aaem that tiia rnle thna etatad ilionld

apply, for ipaef, aa wall aa for tbejvlaaa, not only for an odd, bnt alaofor an

oven nnml»ar of given pointa: bnt 1 have foond that tha loenaoftba point n»

in which tba ebord pr^ inteneota the tangent plane to the given aorlaoa at

Pb is not a right line» bnt a sai/a«e o/tkm §nomdcrd«r (n donble^heetadby-

perboloid, if the given snrfaoa be an ellipsoid), when the nnmbar m is eean.

However, when the given points are all aitnated m ana osmsmm plsae^ tliia

anporfioial loons of n la fonnd to dmiiuihmioa right img, namely, tha one na-

signad by Ponoalet*s oonstmetlon. A very dtogant proof oftliat adebmind

ooostmction was proposed some jears ago by BIr. Townsand, who baa

remarked that the aama problem of Inaaription ofa polygon ina ooaie mmj ba

rednoed to finding a point upon the latter, which shall have tha mmt mmkar-

monie mtio with three initial as with three final points thereon : or whidt

sliall be, in the language of Chasles, one of the two f/oeMsposett oftwoAa*

SMiprapAic darisimt on the curve. This baa si^[gested to me some researchea

respecting a new sort of svmorapht in geometry, and of tynffrapkkmt^^urcn,
dirfct and inverse, on turfbct* ofthe tecond order; with determinations of the

TWO POINTS (real or iniaginnry) on <tieh n upr fae*^ of which each is its emu

^^^pnrnass aTNOKAPU, and of the roua poxmts of wbiob each ia Ms mm wmmcs
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oonic ! and the secand theorem may easily he stated generally

under a graphic* instead of a metric form.

The analysis! by which these results, and others connected

with them, have been obtained, appears to the author to be

sufficiently simple, at least if regard be had to the novelty and

difficulty of some of the questions to which it has been thus

applied ; but he conceives that it would occupy too large a

space in the Proceedings, if he were to give any account of

it in them : and he proposes, with the permission of the Coun-

cil, to publish his calculations as an appendage to his Second

Series of Researches respecting Quaternions, in the Transao-

•THO&Apn, ntuMf to Tamsa cmm faibs of points on the sum raHSwo

:

respecting whidi retearehei I ahftll onlj wit present snj, thnt they eoofinn in

n new and setisfectorj way some of the main results of this Appendix,

It may, however, be here added, tliat it is in general jNMijftbto pass,by lAres

or by foMT reflexiom (through So many iixed pointa), from one of any two

given syngrapMcal Bgores to the other, aoeording as the syngraphy is in-

vent or direct : but that the one or the other sort of syngraphy with

the proposed signification of the words, when any odd or eiqf eseanomberi^

reflectiDg p<Hnts is thns employed. (April, 1853.)

* The graphic form thus referred to, of this second theoreUi was ex-

pressed by me as follows, in the lately cited number of the Philosophical Ma-

gazine (for April, 1850), having been also previously communicated in an

unprinted paper, which was read in the Mathematical and Physical Section

of the British Association for the Advancement of iSctence, at Birmingham,

in September, 1849:— *' If n be evm. and [f v,e describe hm pain nfplane co-

nirK on th^ 'vrface, each cooic being determined by the condition of passing

througii three points thereon, as follows : the first pair of conies passing

thrm);^h Bpp.„, and p„ p..,, p,i„ ; and the second pair through BP„p.t„ ariil i f„P2»;

it will then b*
]
;>-sihlc to trace, on the same surface^ treo other plane cunict, of

which the firtt shuU tuurh i/u two conies of tht first jKiir, at the two points B

and P„ ; while t/te second new conic thai/ tc'iich the two conict ofthe second paift

at the two points b and Psh " In other word'?, tlie tangent at b to the section

BPP^N intersects the tangent at p» to the section p^Pj,, „ ; and the tangent at

the same point n to the section nVuVi,, intersects the tangent at Pj«to pPhP2«:

the CTistenco of both which intersections is proved by quaternions in the fol-

luwing Appendix C (with a slightly different notation), for the case of an

original sphere, and therefore generally.

t Some sketch (or at least some specimen) ofthfa analysis, in addition to

what lias been giren in articles 676^ 677 of the Lee^nres, will Iw found in the

following Appendix.
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tions oi the Academy. Ue would only further observe, on Uie

present occasion, that be has made, in tbeae InTcstigationSy a

frequent use of ezpreiaiont of the form Q + ^ (- 1) a'» where

1 ) is the ordinary imaginary of the older algebra, while

Q and q' are two different quaternions^ of the kiiul introduced

by him into analysis in 1843, involving the three new imagi-

nanUf i^jt A, for which the fundanental formula*

.1,

holds good. (See the Proceedings of November 13th, 1843).

And Sir W . R. Hamilton thinks that the name " Hnu a-

TEttMioM,*' which he has been for a considerable time accus-

tomed to apply* In his own researches, to an expression of

this form q + v^(-l) q', is a designation more appropriate to

such expressions than to the entirely different (but very inte-

resting) octonomials of Messrs. J. T. Graves and Arthur Cay-

ley, to which Octaves* the Kev. Mr. Kirkman, in his paper

on Pluqnntemicn»y^\xdA suggested (though with all courtesy

towards the present author), that the name of biqiuUenmn

might be applied.

• Mr. Cajlej was the 6rst to publish (Phil. Mag., March, 1845, p. 210)

•a octonomial expruMm of the form here referred to, namely, x«4 Xi »t i- . .

.

Xi 17, where n, ... were Mven imaginary tquare roots of - 1, gronping ac-

cording to wvtn ternary type»t or forming grrm trinds analogous to the triad

ijk : and he shewed that the product of two such ootonomiaN wa^ another of

the same form, having a certain modular relation to the factors. Rfsnlts es-

8f-ntially the sanio had been previously commuiiu ;it 1 1I to nw (comparr' Lec-

tures, p. 539), by .Mr. J. T. Graves, in letters of December 26th, 1843, and

Januarj 4th| 1844 : his octave bi-in<r of the form

« I ib ' Jc fid + le i- to/*+ ng+ oh^

with the r.anir lumliditr jn-^ijierty as Mr. Cayley's ; and the relations between

his sevni imutjinarits, ijklmno, admitting of bciog thus summed up (compare

a formula ubovc)

:

. 1 B j» . AP a |i 8 fl^a « «t as

(See Trnnt. R. I. A., Vol. XXL. Part n., pp. 888; 880.) But ia ikam oeto-

nomial forms, no natnral Mparation into Iwo Mif of/ev takot placeg as H
does In what I call on that aecotint a htfuattrnwrn s namelj (if k denote hero

the ordiNMy Imagiaary of algebra), an exprnssion of tUs other htm,

(» + ut^ jy + ks)'^k(w'^uf'^j!f^kif)»

t Phil. Hag. for Deoember, 1848, p. 44a
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APPENDIX C.»

L If we suppose that p \% an unit vector derived from a

proposed but variable unit vuctor ^, bv the process of drawing

ft successive chords from an assumed point p oi liie unit sphere,

through a syBtem of n given guide points, a,, . . . a„, to a de-

rived point p', then, hy principles already explained, in the

text of the preseot work, we shall have not only the equations,

(1)

but also a relation of the form,

(i^{-Yqp<r\ (2)

where 9 is a quaternion, involving the variable vector p only

in the first degree, and including two constant quaternions in

its expression. Let Q, be that biquatemiont which is formed

from ^, by changing p to the ordinary square root of - 1 ; and

let A and p be two constant and real veciort^ entering into the

following expression of a certain derived biveclor:

M + Ai^-l-^Q. (3)

Then, instead of the relation (2), which involves (as has been

sud) iwo constant qnat^tanSf we shall have this other or

transformed relation, which is equally reai with the former,

but is in some respects simjjlcr, as involving only lico constant

vectors,

P'{-r(l+P^Xp)p{\+P^Xpy^; (4)

or, as by (1), it may also be written

:

{I + p) p - X

p + Xp

the upper siga answering to the case where the number n of

• T\n^ tliird App<'n<iix contains a rapid outline of the quatiTnion analysis

bv vvlaeli .some of the fort-going results were obtainitl, and is desif^ned as a

sort of suppkmeat to articles 676, 677 (pages 674 to 678), of the L&cture^.
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the guide points is (xld, and ihe lower sign to the case where

the number of those points is even. And fur conciseness, we
shall Bometimes call the former thexage ofan odd syaiem^ or

simply the odd casb ; and the latter the cote an even

tern, or simply the bvbn casb.. So &r, these two g^real eases

appear to have much in common; but the distinction of si^

(+) will be found to lead to an important difference oi proper-

tite. It may, howe7er, be here noted that the formula (5)

conducts to this tftt^erte formula, in which the ambiguous sign

is retained, so as to comprehend both cases:

and which may be also thus written,

by changing p and p to p and p^ respectively, so that the unit

vector p shall be derived from p, or the point from p, by

drawing n chords dae^uwi^,through the system of the fi guide

points reversed, or taken in the contrary order, as Ab, . . . Ai.

II. Considering now specially the odd case^ we find that

we may write,

where

A'=2S.X/up, ij =2V./i(X-^), (9)

but the scalar A and the vector if are independent of the sign

of /I ; 80 that

$.pil'B-A'«S.Xii« S.^t •O; (10)

and S.^S--l-S.A5, S ./iS = 0, if A $= (11)

>]ow the equations,

S.Xp4.l.S.pp«0, (12)

are precisely those which belong to and determine that (real)

straight line, or chord qfeoiutionf which satisfies, for the odd

ire considered, the condition of closure,

f»'-/>. (13)
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or the equation,

p(l+/[i + Ap) + (l+/tt)^-X«0. (14)

Henee it is easy to infer that this chord of solution (bb") is the

rectilinear locus ofthe terminal point r of the vector ^, which

point is, by (8) and (11), the intersection of the chord p'p'

wUk the tangent plane at p ; and thus is proved for the sphere^

and consequently (by obvious deformations) for other surfaces

of the second order, a theorem of Appendix B ior the odd ca^e^

or rather a theorem somewhat more general.

III. On the other hand, in the even case^ by taking the

lower signs in (5) and (7), and attending to (1), we find that

\p + ^^-(p'''py^ip^p-2p); (15)

and therefore that

V + - (f» -p")^ 0> +/ - V)« (*«)

if//be formed from p\ or from p', by going againforward

through the same even number of given guide points, as p'

was formed from p, or p' from p. Hence the two constant

vectors, X and ^» admit, in this even case, of being thus ex-

pressed, in terms of the four successive unit vectors, p^ppp":

3 2 2
X=-i ; + ; (IT)

p -p p-p p -p

M-^;^^!-^. (18)
p -p p-p p-p

If <r be the unit vector of a point b, which admits of being

taken as the first corner of an inscribed and even-sided poly-

gon, whose sides pass respectively and successively through

the given guide points, so that

</»(r,anda>»-l, (19)

9 being formed from 9 as p' from p in (5), where the lower

sign is to be taken ; or if, with -> 1, we have also

<r(l + /i + A<r)-(l +^ + X<r)a: (20)

we find then that

0 -V. afi - ^V. <rX - V. <rV Oi - crX); (21)

and therefore that

«r| V(/«-aX), r X V<;*-(rX). if r J_ a; (22)
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or that
0- 8 . r Ok -(rX)» if S . «r - 0, (83)

that 18, if T have the direction of any tangential vector BC, at

the point of solution b (real or imaginary). But if w« flMike»

far ahndgmenif

80 that jC'* four chords from ^ to p\ . p'*, we have,

M-X-2^r^,.^, +^; (26)
x-x x-x X -X

aod consequently, by (23),

(X-X)* (x-x')' (x'-x)* ^
'

This result of calculation with quaternions gives, by an innme-

diate and easy interpretation, combined with a passage from

tpherei to other surfaces of the seeood order, of which the

geometrical principles are obvioos, that metric ikeorem for the

which was enunciated in Appendix B. And to de*

duce, from the same formula (26), that qraphic theorem^ for

the same even case, which has been stated in a Note (p. 729)

to the lame AppendiJ^ we have only to observe, that the for^

mula gives these two otiiers

:

0-S.rx(x-x')(x'-X*)(x*-x). whenO - S .rxx'j (27)

and

0 - S
. rx (x - X) (X - X ) (X - X')» when 0 . S . rxx' : (28)

whereof the former (27) shews tliat the tangent at b Co the

section bf'p' tnteisects the tangent at p to the section pp>*;

and the hitter (28) shews that the tangent at b to bpp" inltr-

sects the tangent ut p to p'pp\

IV. Let a, 6, a, /3 retain the same significations as in 676,

I V. of the Lectures, n being now supposed even, and Sm ;

let the corresponding things, for fi«2ei-f-l, be denoted by
a', b\ a /3'; and write for shortness, w instead of a««,|. We
shall then have, by 676, 11L, the values.
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^'-a-S.^ni; 0^-«-i«+V./3«: J
^^^^

which are to be substituted in the equations of the two enve-

loped surfaces of the second order, assigned in 677, XII., or

rather io the two following (obtained by aoeenting the letteft)»

a'» +
i3'»

= 0; 6'« + o'« = 0. (30)

Let ffi, 93 be the two real, and o'u 9% the two imaginary unit

vectors which satisfy the equation of closure in 676, VIL;
then, by tlie principles of that article and paragraph, and ge-

nerally of the present calculus, it will be found, after some

reductions, that if we make

» 1 S . <ritf,j9a» 1 + S . 9%^ip\^ 1 + S . ir'i w, j>'t 1

-I- S . </«

y=V.i3a, X = a» + i3»-2S.7a) + (S.aw)' + (S./3o)%
\ (31)

C + c' = + /3*, cc' = - 7», c> c*,

U = u>»+ 1, li' = a'* + u'^b"* + a\

then L^eu^dpipt^eu-vcp\p\y
H'.i+ (3a) i + (a» - a«) tl. S

^ '

The original surCftce (a) being supposed to be the unit-sphere

tl • 0, the two enveloped surfaces (b') (a") have for their equa-

tions i^>i 0, 11^ B 0 ; their three eemires are seen to be collinear,

because they have for their respective vectors, 0, (A' - /3')'' 7,

(a*-a')'*y: and other geometrical relations, already mentioned,

may be deduced from the same equations. In particular, the

Jhur imaginary right Unes^ for which . jp^ » 0, p\ . p't

=

0» are

seen to be commoit io the three eurfaeeet because the equations

of these surfiuses may be written thus

:

cp'ip't-cpip,; cp'ip't»depxp%\ ep\p\^4iirpip^ 5 (33)

where

e'(A»- p»+ c) - ft»-i3»+c ; e^ (a* - o» + c) - e? - a«+ c
; (34)

and consequently,

irV(ft*-p«+c)««-4rV(a^-a» + c)»«^-0«+a*-a» (36)

If this last constant l)e positive, then c'>0, ^" < 0 ; and the

surfaces (a') (a") are respectively an ellipsoid and a double-
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sheeted hyperboloid, the surlace (s) being still, for simplicity,

a sphere: but (b') and (e") inlerchaoge characters, wheo b^-fi*

«f a*- <i* changes sig^.

V. The vectors A, ^ of the present Appendix are con-

nected with o, a,/3, for an even system, by the relations,

o-a/u-AX;/3 = 6/i + aX;(a*-6')S.Afi=a6(l + X'-/i');(36)

and for an odd system by these otheis,

a = a fi -r bX aX ; {b'' - o^) S . X'/i = ab'

+ (37)

among the consequences of which it may suffice to mention

here, that when an even number of giude»points is given, the

equations of the two enveloped surfaces (b') (b'') are jointly

included in the formula, ju'* = (V. Xy)- ; and that when the

number of given points is odd, the vectors of the summits of

the two imaginarif eonet, which are then touched by all the

dosing chords, have for their joint expression, X'± ft ^- 1.

VI. Finally, as regards the conception of stnorapbical

FIGURES ON A suRFAn: ot the second order, mentioned in a

note (pp.728, 729) to the preceding Appendix B, it may be

briefly remarked, in conclusion, that when the sur&ce is the

unit-sphere, two constant vectors, X and fi (or X'and f{) admit

in general of b«ng ^e/znzVe/^ determined so as to satisfy three

conililions of the form (5), pit^purccl so as to be c(|uiv;ik'nt to

six scalar equations, with one definite selection of the alge-

braical sigm (7) ; three unit-vectors ^i, p„ pa being assumed

or given as miHed^ and three others, p'l, p» p» tsfinal; and

that then each new initial unit-vector p will give one new

fined unit- vector or, in other words, each superjicial point

p will give another such point p' as its syngrapu : this syn-

grapby being inverse or direct^ according as upper or lower

signs arc taken in the fonnuUu

THB Birn.
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ERRATA.*
In Pbkfacb :

—

Page (4)i IJne 1 from foot, than read as compared Irith

— ^24), line 8j for not read nor

Page ixM line 14 from foot, for vector minus vehend r«i<l vectom iwiim rehend

— XV., line 4 of § xxiv., /or = Tp, r«a<f = Tp',

xviL, line IQ from foot, for biaecU the tupplemeni rtad ia oppoaU* to the

bisector

_ xviii., Kne 11 of § xxxi., /or 7 + 2Zx: rearf J + Sir

— xxxii., lino 1 from foot, for y'fiva* read y*^aF

xxxviil., line i of §Lxiy.,>br aocor^Ung as recuf according tt ap

Page 76j line 7» dele " perpendlcnUr thereto"

— 85i line Ij /br readj^a

129, lines 6j 6^ for quarter tpire read quadrant at tfu pott

— 174. line IS^ the exponent of - Ar should be - ^

_ 177, line 18, read (q -^K^-

+

208. line 8,/or parallelipipodon read parallelepipedoo

— 211^ line 6, read V9 = (Uy -f- Ua) x Uij

;

— 262, line li from foot, /or aba'qa read AQA'ba

— 321, line liL, for qn-i read

— 866, line 15,fore read o
377^ line 1 from foot, for 120' read 150'

— 379. line IS^/or so long read so long ago

— 408, lines & and 2 from foot, for a read a
— 460, line Ifi from foot,/or p" read j3*

469. line 15 from foot, a fftr dlipsoid insert if al s AL' = BX*

— 608. line 3 from foot, /or beginning read xniddb-

— 545. line 2 from foot, /or f read

546. line 10, for inequalitiea read formula)

—T 660. line 6, for SAiZ read 8 . \<r

df
695, line 3 from foot, insert + before—

— 603. line 1 . rggrf S S^ - 8 f^ y.
* V V \ V /— 612. line 10, for length read amount

— 622, line 18,/or and Q read and 7— 629. line I from foot, fbr q^ read gi

688, line lfi,/or Vy read u
— 640, line 8, /or p« = 41 read 45
— 665. line 22. for 4fla read dia
— 672. line 1 from foot, /or rq-^-t read ry-i = -1

— 687, line 5, fbrj- » 8 . ip readj-^ S .>p

• A few other triflinir tvpr.frmplilcal cTTomliavc been dctocted, wliidi liowcvcr (like mtwt of t^lo^c

In Ihf pr«^nt lb»t) c< -iilil not jiONhilily cmbarraas u rouicr. No pa^eA have ^»ccn printed, annwcrlrn:

to the nuiiKmlt L to \ Hi. of tho Contents. As regards the astronomical aUnstons in the First Lecture,

see « Note to page iMl of iha rrt-tace.
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